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Preface
It is a pleasure to welcome all participants of the 4th International Conference on Computational
& Mathematical Biomedical Engineering to Cachan. This fourth edition is hosted by one of the four
‘French Grandes Écoles’, which constitute the top level of research-training education in France, the
École Normale Supérieure de Cachan.
CMBE is an important forum for sharing progress and knowledge within the community interested in engineering mathematics, computational and experimental methods applied to biomedical
problems. This year’s conference has received an increased number of abstracts, each of which was
reviewed by at least 2 referees. We would like to thank all the authors and session organisers, committee members and external reviewers for their efforts.
The CMBE15 proceedings is given in electronic format to all delegates, and will be available to
download from the conference website. All authors are invited to submit an extended version of their
paper to the ‘International Journal for Numerical Methods in Biomedical Engineering’.
The conference consist of an opening plenary lecture, 7 keynote lectures, 19 tracks (mini-symposia)
divided into multiple sessions and 2 standard sessions. Poster abstracts are included in the conference
programme and proceedings. This year has also seen the introduction of the ‘International Journal
for Numerical Methods in Biomedical Engineering (IJNMBE) Best PhD Award in Biomedical Engineering’ and the ‘CMBE Best Poster Presentation’.
Finally, we would like to thank all delegates who attended CMBE15 and made its success.
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COMPUTATIONAL CHALLENGES IN CARDIOVASCULAR FLUID
MECHANICS
Ajit P. Yoganathan
Wallace H. Coulter Department of Biomedical Engineering, Georgia Tech College of Engineering and Emory
School of Medicine, Atlanta, Georgia, U.S.A., ajit.yoganathan@bme.gatech.edu

SUMMARY
The challenges in computational cardiovascular fluid mechanics address a cross-section of problems
when using the computational fluid dynamics or fluid-structure interaction techniques to simulate
cardiovascular related processes, such as blood flow with or without cardiovascular devices, blood
damage, surgical planning, inverse characterization of soft tissue properties, and other applications.
This opening lecture gives an overview of the computational challenges encountered in 35 years of
the existence of Cardiovascular Fluid Mechanics laboratory at Wallace H. Coulter Department of
Biomedical Engineering.
Key words: cardiovascular, computational, challenges
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INTRODUCTION

According to World Health Organization, cardiovascular diseases are the number one cause of death
globally, i.e. more people die annually from cardiovascular diseases than from any other cause [1].
By 2030, an estimated 23.3 million people worldwide will die from cardiovascular disease each year
[2] and 40.5% of the US population is projected to have some form of cardiovascular disease [3].
Thus, the importance of cardiovascular research is axiomatic.
Some aspects of cardiovascular fluid mechanics, it being related to a complex moving human body,
can only be studied through computer simulations. However, the lack of realistic human models limits
the ability to simulate realistic boundary conditions and approximations are used to replace them. The
vast majority of new devices are not tested in a human environment before approval, which results
in a significant number of recalls. The cost, when utilizing human testing, is too high, which is yet
another need for more accurate and stable computational models to overcome these obstacles.
The cardiovascular fluid related applications begets complex physical and mathematical models of
such difficulty that, even with the current most powerful supercomputers at hand, it is still convenient
to simplify, to a certain extent, the geometries and algorithms used. The input data required by the
models are of high complexity and uncertainty and the numerical solutions require algorithms that are
not only accurate but also computationally efficient as human lives may ultimately depend on their
accuracy and computing efficiency resulting in prompt response.

Scan

Image Processing

Mesh

Method

Post-Processing

Figure 1: Pipeline of the computational patient-specific cardiovascular fluid mechanics process from a medical
imaging technique to post-processing the results in order to investigate the anatomy and physiology of the body
in both health and disease.
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2

METHODOLOGY

Five phases need to be completed to reach and display the computational solutions, as demonstrated
in Fig. 1. Firstly, a (preferably human) subject has to be scanned in order to obtain the images of
the area and volume in question. Secondly, image processing has to be performed on the results of
the first phase to create a 3D model. Thirdly, high quality robust mesh is to be generated of the
3D model from the second phase. Then, fourthly, the numerical algorithms are to be employed to
produce solutions, often spanning multiple space-time scales. And, lastly, the results are to be postprocessed. Each of these five phases offers opportunities for further enhancements. Scanning can
be more accurate and faster; image processing can be more automated, i.e. less laborious, and more
precise; mesh generation can be more efficient and of higher quality, e.g. hexahedral elements using
automated algorithms only; numerical methods can be computationally more efficient and accurate;
and post-processing can be more user friendly and, again, automated.
3

CONCLUSIONS

The challenges in the area of cardiovascular fluid mechanics are of higher complexity and necessity
than in most other areas. Yet, interestingly, there still exists large room for continued development
while other areas, such as car industry, are pretty much computationally covered. Here, the quality of
human lives is to be improved by investing more time, effort and resources in order to get to the point
when clinicians get to routinely rely on computational results.
REFERENCES
[1] World Health Organization, Fact sheet No 317, Cardiovascular diseases, Published online, Updated: January 2015
[2] Mathers CD, Loncar D. Projections of global mortality and burden of disease from 2002 to
2030. PLoS Med., 3-11-e442:2011-2030, 2006.
[3] Paul A. Heidenreich, Justin G. Trogdon, Olga A. Khavjou, Javed Butler, Kathleen Dracup,
Michael D. Ezekowitz, . . . Y. Joseph Woo, Forecasting the Future of Cardiovascular Disease
in the United States, A Policy Statement From the American Heart Association, Circulation,
123:933-944, 2011
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REDUCED ORDER MODELING-BASED REAL TIME
COMPUTATIONAL SURGERY
Francisco Chinesta1
1

École Centrale of Nantes

SUMMARY
Computational surgery has been defined recently as ‘the application of mathematics and algorithm
design, enabling imaging, robotics, informatics, and simulation technologies, incorporating biological
and physical principles, to improve surgery’. It has been since the early times of development of
computers that their promising use in the field of medicine has been investigated. With the irruption
of endoscopical and minimally invasive procedures, on one side, and robot-operated surgery, on the
other, training of surgeons has becoming a task in which computer simulation has acquired a preeminent role in recent years. In essence, surgeons have begun to access organs during surgery in an
indirect way, through a screen, and this needs for real time feedback as well as a period of intensive
training to avoid costly errors.
In this talk we revisit the concept of computational vademecum, analysed in detail when applied for
the real-time simulation in the field of computational surgery. In essence, a computational vademecum is an off-line computer simulation of a physical process in which different parameters have been
considered as coordinates, thus giving rise to a high-dimensional problem. To avoid the numerical difficulties associated to meshing high-dimensional domains, and also their respective post-processing,
Proper Generalized Decomposition (PGD) methods have been employed. These allow to express the
high-dimensional solution as a finite sum of separable functions, that can be post-processed on-line
at tremendously high feedback rates, even on the order of kHz. These vademecums allows real time
haptic feedbacks, real time simulation of contact problems, simulation of cutting, ... and even patientspecific computational surgery. These works are developed in very close collaboration with the Elias
Cueto’s research group at the University of Zaragoza in Spain.
Key words: computational surgery, proper generalized decomposition
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MECHANOBIOLOGY AND MODELING OF ATHEROMA PLAQUE
FORMATION AND DEVELOPMENT
Estefanı́a Peña1
1

Department of Mechanical Engineering, University of Zaragoza

SUMMARY
Atherosclerosis is a vascular disease caused by inflammation of the arterial wall, which results in the
accumulation of low-density lipoprotein (LDL) cholesterol, monocytes, macrophages and fat-laden
foam cells at the place of the inflammation. This process is commonly referred to as plaque formation.
The evolution of the atherosclerosis disease, and in particular the influence of wall shear stress on the
growth of atherosclerotic plaques, is still a poorly understood phenomenon.
This talk presents a review of mathematical models of atheroma plaque and presents a new mathematical model to reproduce atheroma plaque growth in coronary arteries. This model uses the NavierStokes equations and Darcy’s law for fluid dynamics, convection-diffusion-reaction equations for
modelling the mass balance in the lumen and intima, and the Kedem-Katchalsky equations for the
interfacial coupling at membranes, i.e. endothelium. The volume flux and the solute flux across the
interface between the fluid and the porous domains are governed by a three-pore model. The main
species and substances which play a role in early atherosclerosis development have been considered
in the model, i.e. LDL, oxidized LDL, monocytes, macrophages, foam cells, smooth muscle cells,
cytokines and collagen. Our current approach is on the process on plaque initiation and intimal thickening rather than in severe plaque progression and rupture phenomena.
Key words: model of atheroma plaque growth, convection-diffusion-reaction.
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SUBJECT-SPECIFIC NUMERICAL MODELS WITH MATERIAL
PROPERTIES AND BOUNDARY CONDITIONS DERIVED FROM
MEDICAL IMAGING
Marie-Christine Ho Ba Tho1
1

Université de Technologie de Compiègne

SUMMARY
The objective is to address the methodology developed to model musculoskeletal systems with personalised geometric and material properties and boundary conditions derived from medical image
data. For hard tissue, from Computed Tomography (CT) personalized bone mechanical properties
could be extracted and moreover its follow up could provided data for validation of patient specific
predictions. For soft tissue advanced MRI such as dynamic MRI and Magnetic Resonance Elastography (MRE) allowed respectively to analyse the in vivo forces generated by the muscles in movement
but also its mechanical properties in passive and active behavior. Based on these knowledges, patient specific geometry, mechanical properties and forces are assessed derived from advanced medical
imaging techniques. These data are of importance for developing patient specific computer modelling
for prediction and evaluation of therapeutic, surgical or functional rehabilitation treatments.
Key words: patient-specific computer modelling, medical imaging
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CRIMSON: AN INTEGRATED COMPUTER MODELLING
FRAMEWORK FOR SUBJECT-SPECIFIC CARDIOVASCULAR
SIMULATION
C. Alberto Figueroa1
1

University of Michigan Health Systems, Conrad Jobst Vascular Research Lab

SUMMARY
Advances in numerical methods and three-dimensional imaging techniques have enabled the quantification of cardiovascular mechanics in subject-specific anatomic and physiologic models. Research
efforts have been focused mainly on three areas: i) pathogenesis of vascular disease, ii) development
of medical devices, and iii) virtual surgical planning.
However, despite great initial promise, the actual use of patient-specific computer modelling in the
clinic has been very limited. Clinical diagnosis still relies on traditional methods based on imaging
and invasive measurements. The same invasive trial-and-error paradigm is often seen in vascular disease research, where animal models are used profusely to quantify simple metrics that could perhaps
be evaluated via non-invasive computer modelling techniques. Lastly, medical device manufacturers rely mostly on in-vitro models to investigate the anatomic variations, arterial deformations, and
biomechanical forces needed for the design of medical devices.
In this project, our aim is to develop an integrated image-based computer modelling framework for
subject-specific cardiovascular simulation (CRIMSON) that can successfully bridge the gap between
the research world and the clinic. The main features of the CRIMSON simulation environment are:
i) A parallel blood flow solver based on the academic code SimVascular;
ii) A modern GUI for medical image data segmentation based on the Medical Imaging Interaction
Toolkit (MITK);
iii) Libraries for automatic estimation of parameters required for boundary and material parameter
specification. These parameter estimation routines are based on Kalman-filtering theory;
iv) Routines to enable the automatic simulation of transitional cardiovascular stages. These routines mimic the action of key cardiovascular functions such as the baroreflex, and local autoregulations such as those in the coronary and cerebral circulations.
In this talk, we will provide an overview of the most novel features for the software, specifically
the functions for parameter estimation and simulation of transitional stages, and highlight a series of
future developments for the project.
Key words: subject-specific, cardiovascular simulation, computer modelling
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MODELING ACTIVE LIQUID CRYSTAL SOLUTIONS AND GELS
WITH APPLICATIONS TO COMPLEX BIOLOGICAL SYSTEMS
Qi Wang1
1

Department of Mathematics, University of South Carolina

SUMMARY
Active liquid crystals solutions and gels are complex fluids whose anisotropic molecules undergo selfpropelled motion by either burning ATP or reacting with the host matrix. The self-propelled motion
introduces new active stresses to the momentum balance together with self-propelled velocity, which
can lead to spontaneous flows and symmetry breaking flow patterns. In this talk, I will first present a
systematic development of hydrodynamic theories for the active matter system using the generalized
Onsager relation. Then, I will study a specific system for polar active liquid crystals in confined
geometries with physical boundary conditions aiming at exploring flow instabilities due to the flowactivity interaction. Finally, I will discuss the employment of this active liquid crystal model in the
development of a whole cell model to simulation cell mitosis and motility. 3D numerical simulations
of cytokinesis and cell motion will be presented.
Key words: complex fluid, hydrodynamic, cell model & simulation
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ON THE DEVELOPMENT OF AN ANATOMICAL, STRUCTURAL,
AND BIOMECHANICAL INTEGRATED MODEL OF THE MITRAL
VALVE
Michael Sacks1
1

Institute for Computational Engineering & Sciences, The University of Texas at Austin

SUMMARY
The mitral valve (MV) is one of the four heart valves which locates in between the left atrium and left
ventricle and regulates the unidirectional blood flow and normal functioning of the heart during cardiac cycles. Alternation of any component of the MV apparatus will typically lead to abnormal MV
function. Currently 40,000 patients in the United States receive MV repair or replacement annually
according to the American Heart Association. Clinically, this can be achieved iteratively by surgical
repair that reinstate normal annular geometry (size and shape) and restore mobile leaflet tissue, resulting in reduced annular and chordæforce distribution. High-fidelity computer simulations provide
a means to connect the cellular function with the organ-level MV tissue mechanical responses, and to
help the design of optimal MV repair strategy. As in many physiological systems, one can approach
heart valve biomechanics from using multiscale modeling (MSM) methodologies, since mechanical
stimuli occur and have biological impact at the organ, tissue, and cellular levels. Yet, MSM approaches of heart valves are scarce, largely due to the major difficulties in adapting conventional
methods to the areas where we simply do not have requisite data. There also remains both theoretical
and computational challenges to applying traditional MSM techniques to heart valves. Moreover,
existing physiologically realistic computational models of heart valve function make many assumptions, such as a simplified micro-structural and anatomical representation of the MV apparatus, and
thorough validations with in-vitro or in-vivo data are still limited. We present the details of the stateof-the-art of mitral valve modeling techniques, with an emphasis on what is known and investigated
at various length scales.
Key words: mitral valve repair, valve biomechanics, multiscale modeling
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TOWARDS AN INTEGRATED MULTIPHYSICS MODELLING
FRAMEWORK FOR DRUG DELIVERY TO SOLID TUMOUR
Xiao Yun Xu1
1

Department of Chemical Engineering, Imperial College London

SUMMARY
Effective delivery of therapeutic agents to tumour cells is essential to the success of most cancer treatment therapies. The transport of anticancer drugs and their effects on tumour cells involve multiple
physical and biochemical processes. Mathematical modelling provides a tool to help us understand
the interaction of these complex processes, thereby contributing to the improvement and optimisation
of drug delivery [1]. In this talk, a computational modelling framework will be described which incorporates the key physical and biochemical processes involved in drug transport in solid tumour and
drug uptake by tumour cells [2-4], as well as real tumour geometry reconstructed from magnetic resonance images [5,6]. Our most recent work on computational modelling of thermosensitive liposomal
delivery of anticancer drugs activated by high intensity focused ultrasound will also be discussed.
Key words: anticancer drug delivery, biochemical processes, mathematical modelling
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ROLE OF DETAILED CHORDAL STRUCTURE IN MITRAL VALVE
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SUMMARY
The mitral valve is comprised of two leaflets, annular attachment, tendinous chords (chordal structure)
and papillary muscles. Since image capturing the precise structure of the chordal part of mitral valve
is challenging, the current computational models commonly take advantage of the chordal beam-type
structure to justify the use of beam elements. However, it is safe to say that these simplifications
in the geometry create a computational model that is only to approximate the real behavior of such
a complex structure as mitral valve and is not its real representation until an actual patient-specific
chordal structure is used in these simulations.
Key words: Mitral Valve, Chords, FSI

1

INTRODUCTION

The anatomy of the mitral valve (MV) is rather complex, the chords extend not only from the free
edge of the leaflet (primary chords) to the papillary muscles but also from the ventricular surface
(secondary chords) and some smaller chords (tertiary ones) do not connect to the leaflet at all, see
Fig. 1. For the sake of efficiency, current computational models of the MV often use simplified
Primary
Tertiary

Secondary

Figure 1: Primary chord attached to the edge of the mitral valve leaflet and secondary chord attached to the
belly of the mitral valve leaflet. Tertiary chords do not extend from the leaflets.

geometry. The models commonly take advantage of the chordal beam-type structure to justify the use
of beam elements and the thinness of the leaflets to justify the use of shell elements, e.g. [1]. Some
models do represent the leaflets with 3D elements (e.g. tetrahedral) but often only single layer in
order to save the computational time. Further the detailed 3-D branching nature of the chords has not
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been well-represented. All such assumptions sacrifice the accuracy of the computations. However,
improvement in computer technology has been exponential in recent decades, allowing the use of
more detailed models without unnecessary limitations in regard to geometry and its complexity.
2

METHODOLOGY

Depending on what medical imaging technique is used and how it is used, as well as how the resulting
images are processed to create the resulting surface mesh, the smallest chords (or even midsize chords)
tend to get lost in the process. Techniques to preserve the geometry have to be developed and utilized.
Fig. 2 shows the pipeline of the entire computational process from scanning the MV through creating the surface mesh, volume mesh, running computer fluid dynamics (CFD) and/or fluid-structure
interaction (FSI) simulations to post-processing the results. Certain experimental research studies,

In Vitro Scan

Image Processing

Mesh

CFD/FSI

Post-Processing

Figure 2: Pipeline of the computational process from a medical imaging technique to post-processing the
results in order to investigate the anatomy and physiology of the mitral valve.

e.g. the measurement of forces exerted on the chords from papillary muscles [2], cannot be used for
validation of computational simulations that use simplified chordal structure. Therefore, among other
reasons explained above, the full and detailed patient-specific chordal structure need to be preserved
in the model used. As shown in Fig. 2, there are five phases that need to be completed to reach and
display the computational results of the patient-specific MV with preserved chordal structure. Firstly,
MV has to be scanned in order to obtain the medical images. Secondly, image processing has to be
performed on the results of the first phase to create a 3D model. Thirdly, high quality robust mesh
is to be generated of the 3D model from the second phase. Then, fourthly, the numerical algorithms
are to be employed to produce solutions. And, lastly, the results are to be post-processed. However,
in its natural settings, it is difficult to examine and measure the complex anatomical structure of MV.
Therefore, functional MV simulator is designed for the validation of numerical MV models and can
be used to study MV geometry [3]. Depending on how the MV is fixed in the in-vitro chamber the

MicroCT

Locate Annulus &
Papillary Muscles

Extract Full Model

Chords Tracing

Figure 3: Extraction of high-fidelity model from ex-vivo DICOM microCT [4].

chords can bunch together resulting in a seemingly smaller number of thicker chords, and therefore
losing a substantial part of the chordal structure in the first phase of pipeline. In addition, depending
on the quality of the segmentation and subsequent processing of the geometry, see Fig. 3, certain
chords, particularly the tertiary ones, can get lost in the process. However, if special care is taken
when creating the surface mesh from the segmentation and chords tracing, the resulting geometry can
preserve all the chords present in the actual MV. All of the above mentioned issues with creating a
realistic geometry have been addressed in this work. Two geometries are shown in Fig. 4. In Fig. 4(a),
the smallest chords were lost in the processing. The model in Fig. 4(b) was reached by carefully processing the medical images with the focus on preserving every detail of the geometry. In addition,
the way the MV was fixed when scanned allowed to process the images while keeping the secondary
chords separated from the leaflets.
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Secondary
Tertiary
Primary
Primary
Tertiary

(a) less detailed MV model with no secondary chords

(b) detailed MV model with all chords preserved

Figure 4: Two MV models extracted from DICOM microCT images with different level of details preserved.

2nd Piola-Kirchhoff stress [kPa]

All the computer simulations reported in this paper have been done using finite element tool IMPETUS
R a software package for non-linear computational mechanics. The package comprises
Afea Solver !,
four different solver modules and a Post Processor. Two modules are used, namely finite element
(FE) module and smoothed particle hydrodynamics (SPH) module. The FE module is a non-linear
explicit FE code, primarily developed to predict large deformations of structures. The SPH module
is used to describe fluids, and adds to and communicates with the FE module in order to obtain fully
coupled simulations through an FSI interface. The implementation enables a high scalability on GPU
machines and allows up to 20,000,000 SPH elements on a standard desktop computer. The number
of SPH elements used in the FSI simulations is 346,676. The number of tetrahedral elements of the
two MV models in Fig. 4 is 217,462 and 1,165,534, respectively. The elements of the leaflets are of
quadratic degree and the elements of the chordal structure are of linear degree as bending forces are
not present in that part of the model. The fluid particles are confined in a pipe like rigid structure
surrounding the model and two pistons within moving with prescribed velocity. The nodes at the
bottom of the papillary muscles are fixed in all three directions, as well as the nodes on the annular
attachment. Fig. 5(a) shows anterior mitral valve leaflet stress-strain behavior, fiber and cross-fiber
180
140

fiber direction

α

θ

cross fiber direction

100

µ

60
20
0.05

0.15
0.25
0.35
0.45
Green’s Strain [mm mm−1 ]
(a)

(b)

Figure 5: Anterior MV leaflet stress-strain behavior, fiber and cross-fiber directions (a) and structural paradigm
for mitral leaflet tissue (b).

directions, where arrows indicate the effect of increasing strain levels in the orthogonal direction [5,6]
and Fig. 5(b) shows structural paradigm for mitral leaflet tissue, where collagen fibers (wavy lines)
are embedded in an isotropic matrix (α). Locally, the fibers have a mean preferred direction (µ). The
standard deviation (σ) determines the Gaussian distribution of collagen fibers about that mean as a
function of the splay angle (θ).
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3

RESULTS AND CONCLUSIONS

Results of the FSI simulations using the geometry in Fig. 4(a) at two different time points are shown
in Fig. 6. It can be seen, in Fig. 6(b), that a relatively good closure can be reached. However, the
stress is not equally distributed amongst all the chords of the chordal structure and not all chords are
fully stretched at the peak systole, possibly because of the material properties chosen for the given
chords. These results are further compared with equivalent FSI simulations using the MV model with

1.0 × 106
9.0 × 105
8.0 × 105
4.0 × 105
1.0 × 103

(b) T=Tclosure

(a) T=0.75·Tclosure

Figure 6: First deviatoric principal stress [Pa], FSI simulation results using the geometry in Fig. 4(a) at two
different time points.

more detailed geometry of its chordal structure, Fig. 4(b). The comparison shows the redistribution
of the stresses across the leaflets with and without secondary chords present in the models and allows
detailed analysis of the role given chords, especially the secondary ones, play in the MV closure.
4
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COMPARISON BETWEEN IB AND ALE FOR THE MESH
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SUMMARY
To the best of our knowledge, all the reported 3D heart valve FSI simulations are based on the IB
technique, allowing for large deformations of the structures without compromising the quality of
the fluid domain [1-4]. Nevertheless, it is well-known that the ALE-FSI approach guarantees more
accurate results at the interface. We present a feasibility investigation by comparing FSI-ALE and
FSI-IB simulations for a 2D and 3D aortic valve model. If in the 2D case the differences are
unsubstantial, in our experience the performance of a full-3D ALE-FSI simulation is significantly
limited by technical problems related to the ALE formulation.
Key words: heart valve simulations, IB-FSI simulation, ALE-FSI simulation
1 INTRODUCTION
When setting up a FSI simulation, several choices have to be made to select the most suitable
approach for the case of interest. To simulate flexible leaflet cardiac valves, the most important
decision is the type of discretization of the fluid domain, which can be described with an ALE
(arbitrary lagrangian-eulerian) or an IB (immersed boundary) formulation. In the immersed
boundary approach (IB), introduced by Peskin in 1972 [5], the fluid domain is discretized with an
eulerian grid, while the structure is modeled with a lagrangian mesh, free to move through the fluid
domain. The effect of the presence of the solid bodies immersed in the fixed grid is taken into
account by the introduction of an external body force term in the Navier-Stokes equation: it
accounts for the effect that the structure has on the underlying fluid by means of an interpolating
function, therefore no real interface exists in the fluid domain. On the contrary, if the ALE
approach is used, the fluid grid is built as the negative of the solid, and it is allowed to move
accordingly. Imposing the no-slip condition at the interface guarantees the equivalence of the fluid
and solid grid velocity at the interface. Within each iteration, the grid velocity is extended to the
entire fluid domain with extension functions or by solving a system of equations resulting from e.g.
a spring model or a pseudo-elasticity model. If the movement of the structure is large, in an ALEFSI simulation remeshing of the fluid domain is usually needed.
The main advantage of the IB over the ALE-FSI approach is that only the structural grid deforms,
the calculation of the variables is less expensive and there are no issues related to a highly
deformed fluid grid. Thanks to the fixed fluid grid, this approach is commonly used to solve
problems where the structural domain undergoes large displacements, as in case of heart valve
dynamics studies [6]. On the other hand, this technique results in a less accurate description of the
fluid-structure interface, which is normally the area of interest in the cardiovascular field.
Quantities such as the wall shear stress (WSS) and pressure on the leaflets can be an indicator for
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the occurrence of pathologies e.g. the calcification of the valve [3]. Also, a very refined fluid mesh
in the area where the movement is expected is required. These are some of the reasons why,
theoretically, it would be preferable to perform heart valve simulations using the ALE technique
[7]: in this case, in fact, the interface is sharply defined, and the variables are actually calculated on
the surface and not obtained from interpolation, as it happens in the IB instead. In this case, the
large deformation in the fluid domain introduces the need for remeshing, increasing the
computational time of the solution.
2 METHODOLOGY
To perform all the described IB-FSI simulations, the module Abaqus/CEL of the commercial
software Abaqus (Dassault system) has been used. It is an extended version of Abaqus/Explicit,
which includes the capability of combining the structural (lagrangian) calculation with the eulerian
calculation of a fluid material behavior. Abaqus/CEL results in an explicit, monolithic FSI
algorithm, with the eulerian (i.e. IB) description of the fluid domain. To perform the ALE-FSI
simulations the in house-written algorithm Tango has been used [7]. It allows for a strongly
coupled, partitioned FSI simulation, by coupling any fluid (Fluent Ansys, in this work) and
structural (Abaqus/Standard) solver. The interaction between the two is ensured by the coupling
algorithm, which iterates the solution of the two segregated solvers until convergence is reached.
By using Fluent Ansys as a CFD solver, the fluid mesh can be described with the ALE approach.
In this work, we compare the results obtained for a IB-FSI and ALE-FSI simulation on a 2D and
3D aortic valve model. A Carpentier-Edwards PERIMOUNT Aortic Heart Valve (Edwards
Lifesciences LLC, Irvine, California) was scanned with a µCT scan. The images were segmented
with the commercial software Mimics (Materialise, Leuven, Belgium) to obtain the desired
geometry. To realize the 3D geometry (Figure 1.b), the reconstructed valve was placed into a
straight rigid tube with three hemispherical enlargements to mimic the sinuses of Valsalva [8]. In
the 2D case a section of this geometry is considered, including two symmetric leaflets placed in a
straight rigid tube with two enlargements (Figure 1.a). The dimensions of the domains are
consistent in the IB and FSI models, and have been chosen according to literature data.

a.

b.
Figure 1: computational domain; 2D model (1.a), 3D model (1.b)

The solid and the fluid meshes have been realized, the dimensions are listed in table 1.
2D
3D

ALE-FSI
IB-FSI
ALE-FSI
IB-FSI

SOLID
492
328
5184
1248

FLUID
2418 (initial)

3506
150000 (initial)
1147392

Table 1: dimension of the computational meshes.

The leaflets tissue is assumed to be linear elastic (Young modulus 1 MPa, poisson ratio 0.45) , and
the blood is modelled as an incompressible newtonian fluid (density 1060 Kg/m 3, viscosity
0.003Pas). A negligible compressibility factor is added to the fluid to enhance the convergence of
the solution, in particular for the IB-FSI [3]. In all the simulations, two physiological pressure
curves have been applied on the inlet and outlet surfaces (ventricular and aortic surface,
respectively). Before the loading cycle begins, in all the simulations a preconditioning cycle has
been performed, to ensure the removal of initialization artefacts, to provide an initial developed
inlet flow, and to limit the influence of the minimal compressibility of the flow. The contact
between the leaflets is managed differently between the ALE and the IB simulations, due to the
intrinsic differences of the solving codes. The solid-solid contact in the IB-FSI is managed within
the Abaqus/CEL software, which includes the interaction in the calculation. The contact in the
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ALE-FSI is not available automatically, therefore on the fluid software a condition on the
displacement has to be imposed: when coming into contact, the motion of the valve is hampered
and a two-layers-cell gap is preserved between the leaflets, with an arbitrarily high artificial
porosity value imposed in this gap to limit the backflow [9]. This method replicates the contact
between the structures without splitting the fluid domain, which would cause the failure of the ALE
simulation.
3 RESULTS AND CONCLUSIONS
3.1 2D comparison
Despite the differences between the two approaches, the comparison of the IB-FSI and ALE-FSI
results is satisfactory in the two dimensional case. In the figure below, the flow field velocity (2.a)
in three significant time-points, as well as the displacement of the extremity of the leaflet (2.b) are
reported.

Displacement [mm]
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Figure 2: Velocity field (left panel) during systole (a), closing phase (b), and closed position (c). In
the right panel the displacement of the distal portion of the leaflet.

Although a small time delay is noticeable in the results of the IB simulation (Figure 2, right panel),
the obtained kinematics of the leaflets and velocity in the domain are overall comparable among
the 2 models and in agreement with the available literature studies, both based on the IB-FSI [10]
and on the ALE technique [11]. The 2D configuration, due to its features, cannot bear the ΔP during
diastole, and the leaflets reverse into the ventricle in both cases (results not shown).
3.2 3D comparison
Due to the high complexity of the simulated design and the great computational challenge of the
ALE-FSI simulation (i.e. the large deformation of the fluid grid, the need of extensive remeshing,
and the computational restriction on the allowed time-step size), the 3D ALE-FSI simulation failed
and no full comparison is available for the 3D case. Considering the closed position as the initial
configuration for this model, the ALE-FSI simulation stops in the early opening phase, as shown in
figure 3.a, due to the generation of negative volume cells in the fluid domain. On the contrary, the
FSI-IB simulation reaches the open configuration (figure 3.c). The velocity and the leaflets position
in the early opening phase are comparable between the two different approaches (figure 3.a, 3.b).
In figure 3.c the velocity is reported for the fully open configuration of the IB-FSI valve.
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Figure 3: 3.a maximum open configuration for the ALE-FSI 3D simulation; 3.b IB-FSI in the
same configuration of 3.a; 3.c open configuration for the IB-FSI 3D simulation. All the IB-FSI
images include the solid domain in the visualization (leaflets and rigid wall in blue).

3.3 Computational time
The computational time required is significantly different, as table 2 shows. All the simulations are
run on the same number of CPUs.
2D
3D

IB-FSI
1h
3 days (entire opening)

ALE-FSI
48h
> 3 weeks (early opening)

Table 2: computational cost
3.4 Conclusion
To our experience, due to the technical limitation of the ALE formulation in case of large
displacements, the simulation of a heart valve with a fluid-structure approach seems to be
infeasible, even though preferable, in theory. Beside this aspect, the IB-FSI offers a significant
advantage in terms of computational costs, even though the number of elements is much higher in
the 3D IB-FSI, compared to the corresponding ALE-FSI. In alignment with the previously
published works, the present study verifies the feasibility of both the ALE and IB FSI simulations
in the 2D case, but agrees on the necessity of an IB approach when simulating structures which
undergo severe deformation and displacement.
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SUMMARY
We present a numerical method and computational models for fluid-structure interaction simulation of
the dynamics of aortic heart valves. The methodology is based on an ALE finite element discretization
of the unified fluid-structure continuum including contact. We present simulations of both mechanical
and biological aortic valves.
Key words: unified continuum fluid-structure interaction, ALE finite element method, aortic valve

1

INTRODUCTION

In [1] we develop a computational framework for patient specific modelling of the blood flow in the
left ventricle (LV) of the human heart. In this paper we present numerical methods and computational
models of biological and mechanical valves to be combined with existing LV models.
The computational model is based on numerical discretisation of the combined fluid-structure domain
as one single continuum using an ALE finite element method [2]. A model for contact is integrated
in this framework. With a stabilised finite element method both laminar and turbulent flow can be
simulated [3], which can be important in valve dynamics. The computational model is implemented
in Unicorn [4], which allows for simulations using massively parallel hardware architectures, and
which is part of the FEniCS open source project [5].
We illustrate the computational framework for both biological and mechanical valves, based on inflow
conditions from the LV model.
2

METHODOLOGY

To model a fluid–structure interaction problem as one single continuum, we may express the incompressible unified continuum (UC) equations (using index notation with summation over repeated
indices) as
✓
◆
@ui
@ui
@
⇢
+ uj
=
(1)
ij + fi ,
@t
@xj
@xj
@uj
= 0,
(2)
@xj
@✓
@✓
+ uj
= 0,
(3)
@t
@xj
where ⇢ is density, ui is velocity, and we write the total stress as a linear combination of fluid and
solid stress using the ✓ phase function: = ✓ f + (1 ✓) s . We can also decompose the stress into
D
a pressure p ij and deviatoric part: ij = ij
p ij .
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2.1

ALE finite element discretization

We split the time interval I into subintervals In = (tn 1 , tn ), with associated space-time slabs Sn =
⌦ ⇥ In , over which we define space-time finite element spaces, based on a spatial finite element space
W n over a spatial mesh Tn discretizing the spatial domain ⌦. We use a cG(1)cG(1) method [3],
where we seek an approximate solution Û = (U, P ) which is continuous piecewise linear in space
and time. With W n a standard finite element space of continuous piecewise linear functions, and W0n
the functions in W n which are zero on the boundary , the cG(1)cG(1) method for constant density
incompressible flow with homogeneous Dirichlet boundary conditions for the velocity takes the form:
for n = 1, ..., N , find (U n , P n ) ⌘ (U (tn ), P (tn )) with U n 2 V0n ⌘ [W0n ]3 and P n 2 W n , such that
((U n

Un

1

)kn 1 + (Ū n · r)Ū n , v) + (2⌫✏(Ū n ), ✏(v))

(P n , r · v) + (r · Ū n , q)
n

n

n

+ SD (Ū , P ; v, q) = (f, v) , 8v̂ = (v, q) 2
where Ū n = 1/2(U n + U n

1)

V0n

⇥W

(4)
n

is piecewise constant in time over In , with the stabilizing term

SDn (Ū n , P n ; v, q) ⌘

( 1 (Ū n · rŪ n + rP n

f ), Ū n · rv + rq)

+( 2 r · Ū n , r · v),
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v · w dx,
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with the stabilization parameters
1
2

= 1 (kn 2 + |U n
= 2 h n ,

1 2

| hn 2 )

1/2

,

where 1 and 2 are positive constants of unit size. We choose a time step size
kn ⇠ min(hn /|U n
x2⌦

1

|).

We note that the least squares stabilization is not fully consistent since it omits the time derivative in
the residual, which is a consequence of the test functions being piecewise constant in time for a cG(1)
discretization of time [3].
2.1.1

Fluid-structure interaction

For the Unified Continuum FSI model, we introduce a piecewise constant solid stress term Ss , and
the mesh motion adds an ALE mesh velocity h to the convective velocity:
(⇢((U n
+ (1
n

Un

1

)kn 1 + ((Ū

h)
n

n

· r)Ū n ), v)

✓)(Ss , rv) + ✓(2µf ✏(Ū ), ✏(v))

(P , r · v) + (r · Ū n , q)

+ SDn (Ū n , P n ; v, q) = (f, v) , 8v̂ = (v, q) 2 V0n ⇥ W n
Mesh smoothing in the fluid part of the domain is handled by Laplacian mesh smoothing, or using
an elastic analogy for deforming the fluid mesh [2]. With suitable boundary conditions and a constitutive law for the solid stress, the method models incompressible fluid-structure interaction with a
Newtonian fluid. A model for contact is integrated in the framework by switching the phase function
✓ based the distance between solid surfaces.
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3

RESULTS AND CONCLUSIONS

The finite element method is validated for laminar and turbulent Newtonian flow in a number of
benchmark problems [3], and the unified continuum model is validated for incompressible fluidstructure interaction in FSI benchmark problems [2]. Particular features of the methodology is a very
robust coupling of the fluid and structure models, including contact, whereas the main challenges
are related to the ALE mesh deformation. Although with suitable mesh smoothing algorithms we
find that it is possible to maintain mesh quality also for simulating valve dynamics without excessive
remeshing.
Results are presented for both biological and mechanical valves, where models of biological valves
are taken from the literature [6].
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SUMMARY
Bicuspid aortic valve (BAV) is associated with aortic dilatation, dissection, and valve regurgitation.
These complications are assumed to be associated with hemodynamics. This study aimed to
evaluate the impact of the BAV treatment on aortic hemodynamics. Computational fluid dynamics
(CFD) simulations of three treated (stent placement) aortic coarctation patients in whom the BAV
was virtually replaced with a mechanical or biological valve and CFD of three patients who
underwent valve surgeries were performed and analyzed. The treatment of the BAV is associated
with changes of the aortic hemodynamics including wall shear stress values, pressure course,
turbulence and secondary flow features.
Key words: valve treatment, computational fluid dynamics, magnetic resonance imaging
1 INTRODUCTION
Bicuspid aortic valve (BAV) is associated with aortic dilatation, dissection and aneurysm as well as
aortic valve calcification and regurgitation [1]. These sequelae are assumed to be partly caused by
unfavorable hemodynamics induced by the diseased valve [2]. Furthermore, BAV is a common
comorbidity in coarctation of the aorta patients which is present in roughly two thirds of patients
[3]. Treatment of BAV is typically only recommended if complications arise. Treatment for BAV
consists of aortic valve replacement with a biological or mechanical valve, a procedure carrying a
non-negligible risk of bleeding, endocarditis and thrombosis [4]. Hence it is typically only
performed if clinically relevant aortic valve stenosis, severe aortic regurgitation or ascending aortic
dilatation is present [5]. In patients presenting with dilatation there is no consensus with regard to
treatment aggressiveness. The purpose of this paper is to evaluate whether virtual replacement of
the aortic valve is capable of predicting changes in the flow pattern induced by the changed valve
morphology. Furthermore the differences in flow pattern induced by different methods of valve
replacement or repair are to be compared. To this effect CFD simulations of three CoA patients in
whom the aortic valve was virtually replaced with a mechanical or biological valve were
performed. Additionally pre- and post-procedure simulations were made for three patients who
underwent various aortic valve and/or ascending aorta surgeries to analyze the effect of these
interventions on aortic hemodynamics.
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2 METHODOLOGY
Six patients (3 treated CoA patients with untreated BAV and three treated BAV patients) who were
treated at the Department of Congenital Heart Disease and Pediatric Cardiology of the German
Heart Institute Berlin for bicuspid aortic valve disease and/or aortic coarctation underwent cardiac
MRI imaging using a Philips 1.5T Achieva R device. 4D flow and conventional MRI image data
was acquired from the patients at 2.5×2.5×2.5 mm and 0.7×0.7×1.6 mm voxel size, respectively.
Temporal resolution was 1/25th of the heart period.
The image data were segmented and reconstructed using ZIBAmira version 2013.55 (Zuse
Institute Berlin, Berlin, Germany). The method for segmenting and reconstructing vessels has been
described previously [6]. All reconstructed geometries include the distal part of the ascending aorta,
the aortic arch, the proximal part of the descending aorta and the proximal parts of the branching
vessels. Furthermore, for CoA patients the proximal part of the ascending aorta, the area of the
aortic valve and the bordering part of the left ventricle were also reconstructed. The valve-less
segmented geometries of the BAV patients were not manipulated further and directly used for
simulation. For the CoA geometries the valve area was subsequently removed using ZIBAmira. A
replacement valve model was then connected to the rest of the geometry using Gambit version
2.4.6 (Ansys, Inc., Canonsburg, USA) and the result was smoothed and cleaned using ReMESH
version 2.0 (IMATI, Genoa, Italy) and MeshLab version 1.3.3 (ISTI, Pisa, Italy), respectively. Two
replacement valve types were used: one biological and one mechanical. The mechanical valves
simulated the SJM-Regent valve series (St. Jude Medical, Inc., Saint Paul, USA) while the
biological valves modeled the Fisics-Incor valve (INCOR, Hospital das Clínicas, University of São
Paulo, São Paulo, Brazil). The biological valves were scaled to fit the patient geometry at hand,
whereas for the mechanical valves the best fitting valve size was chosen from the available SJM
Regent sizes.
Based on experience from earlier aortic studies [6], tetrahedral meshes were generated
using Gambit with cell counts ranging from 925,000 to 3,310,000 for BAV patients and 3,330,000
to 8,180,000 for CoA patients with simulated valves. To capture near-wall flow features and wall
shear stress in the lower resolution meshes, boundary layers were created adjacent to the vessel
wall. Each boundary layer consist of three layers of wedge shaped elements, with the lowest layer
(i.e. directly at the wall) having a height of approximately 0.4 mm. This provides the necessary
resolution to achieve a y-plus value of <10, which is required by the turbulence model used.
Subsequent layers grow with a factor of 1.1-1.2, making the boundary layer approximately 1-2 mm
thick in total. A mesh independence study has already been performed for very similar geometries
and flow conditions in a previous work [6].
The inlets were specified as velocity inlets using the peak flow velocity fields obtained
from the 4D MRI measurements. Turbulent intensity at the inlet was assumed to be low at 5 %.
Outflow boundary conditions were specified using flow rate fractions. Outflow through the
descending aorta was set to the flow rate measured there with 4D MRI. The difference between
peak ascending flow rate and the corresponding descending flow rate was distributed between the
branching vessels according to Murray’s law describing the relationship between flow rate Q and
vessel diameter d: flow rate Q~d3.
Calculation of the flow field was performed using Fluent version 14.5.7 (Ansys, Inc.,
Canonsburg, USA). An implicit, steady state finite volume solver was used to calculate the flow
field. The fluid was considered incompressible with density of 1050 kg/m3, viscosity was modeled
using an adapted non-Newtonian generalized power law model described previously [7] and
turbulence was modeled using the SST k- turbulence model. Simulations were deemed converged
if the fluent residuals fell below 10-4 and there were no relevant changes in the flow parameters
anymore. To determine changes in the flow parameters, surface monitors were attached to one of
the valve leaflets, one of the aortic sinuses, one of the branching vessels and the descending aorta.
3 RESULTS AND CONCLUSIONS
First we analyzed simulation results for virtually treated BAV in patients with treated CoA. All
three patients revealed similar tendencies:
Biological valve prosthesis increases the degree of secondary flow in the aorta ascending
by an approximately factor two vs. the DSF formed by the ventricle, which than decreases
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by a factor three in the aorta descending. In contrast, mechanical valves cause only slight
increase of the DSF by 5% in the aorta ascending with a further decrease by 20% in the
aorta descending.
Biological valves produces approximately double higher turbulence if compared with the
mechanical valve.
Biological valves causes approximately 30% higher surface averaged wall shear stress
values that is explained by a higher degree of secondary flow.
Biological valves caused aortic flow resulting in a 15 mmHg higher pressure drop if
compared with pressure drop in a case of mechanical valves.
Figure 1 exemplary shows differences in the aortic flow after the treatment of the bicuspid aortic
valve.

Figure 01: Differences in the aortic hemodynamics (left to right: path lines, surface of the constant
turbulent kinetic energy and wall shear stress) between valve treatments with a biological (upper
row) or mechanical (bottom row) valve.
Next, we analyzed difference in the aortic hemodynamics before and after the treatment of the
BAV. Different effects as also visualized in figure 2 were observed:
Two treatments caused a decrease of the SFD whereas one treatment results in an increase
of the secondary flow degree.
All three treatments of the BAV caused an increase of the surface-averaged WSS.
Both cases with the post-treatment decreased SFD caused simultaneously an increase of the
produced turbulent kinetic energy.
Furthermore, these two cases generated a post-treatment aortic pressure drop
approximately 3 mmHg lower as the pre-treatment, whereas the third case generated higher
pressure drop after the treatment.
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A
B
Figure 02: Path-lines visualizing pre- and post-treatment flow fields of two patients. Two cases
with opposite treatment effects are shown: treatment (A) causing reduction of the SFD parameter
(0.88 vs. 0.49) and treatment (B) causing an increase of the SFD (0.79 vs. 0.98).
Comparing aortic hemodynamics in a group with virtually and really treated BAV some similarities
and some differences could be stated. The major commodity is that a treatment of the bicuspid
aortic valve is associated with changes of the aortic hemodynamics including wall shear stress
values, pressure course, turbulence and secondary flow features (swirl). The major difference
between two groups regarding the effects for WSS and pressure courses could be explained by two
facts: the valve self was not considered in the group with really treated BAV and because all these
three treatments of the BAV were also accompanied with a treatment of the dilated aorta ascending
using the Hemoshield Prostheses reducing the aorta ascending diameter. All hemodynamic
parameters could be affected in both directions: increasing or decreasing values. The prediction of
the treatment effect on aortic hemodynamics could affect the patient outcome and is recommend to
be investigated intensively.
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SUMMARY
The lymphatic system is vital to homeostasis and fluid balance in the body. The transport of lymph
takes place through a network of vessels segmented by bi-leaflet valves, and is facilitated by both
intrinsic and extrinsic mechanisms. The former mechanism influences lymph transport via
contraction of lymphatic muscle cells. In this study, dynamic confocal images of a rat mesenteric
lymphatic vessel moving over time were acquired. The images were used to create 2D
computational meshes and were then implemented as the dynamic boundary conditions for the
fluid domain in flow simulations. Simulations revealed higher peak velocities when the valve was
in the more constricted state. This work serves as a basis for future computational studies involving
dynamic lymphatic valve movement.
Key words: lymphatic, valve, fluid mechanics, confocal imaging
1 INTRODUCTION
The lymphatic system is an expansive vascular network that plays a vital role in fluid homeostasis
and physiologic function within the body. It is responsible for the transport of fluid from the
interstitial spaces to the venous return. Its dysfunction could result in a number of pathologies
including lymphedema, or swelling of lymphatic fluid within the interstitial spaces. Additionally, it
is important for proper immune system functionality and macromolecular balances [1].
Terminal or initial lymphatics are composed primarily of lymphatic endothelial cells (LECs) that
have overlapping cell junctions. They passively take up fluid, cells, debris, and solutes from the
interstitial spaces. These microanatomical features improve the interstitial to lymph-fluid flow by
minimizing the leakage of lymph (largely aqueous with relatively low concentrations of proteins
and cells compared to blood) back into the interstitium [2] . In particular, it has been shown that
when particles of sufficient size are taken up by the initial lymphatics (e.g. greater than 150 nm in
diameter), they are prevented from going back into the interstitium [2].
Eventually, this initial network of vessels gives rise to the collecting lymphatics. The main
difference between these and the initial lymphatics is the presence of lymphatic muscle cells
(LMCs) [2]. Lymph is propelled through the collecting lymphatics via two primary modes: intrinsic
and extrinsic mechanisms. The former, also known as active pumping, is the result of LMC
contraction, while the latter influences the flow of lymph via external compression mechanisms
such as the movement of skeletal muscle or other tissues surrounding the lymphatics [1]. Velocities
observed experimentally in tubular portions of lymphatic vessels due to these dramatic contractions
have peaked around 10 mm/s [3] resulting in peak diameter changes of up to 80% [4]. Previous
modeling efforts using image-based geometries of lymphatic vessels have identified higher wall
shear stress (WSS) regions at the trailing edges of the valve leaflets. For example, the highest value
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of shear was approximately 15 dyn/cm2 using an imposed inlet velocity of 3.0 mm/s, which is
comparable to WSS values in large arteries [5]. However, the geometry used in this study was
static, and the lymphatic valve leaflets experience large deflections over small time-scales. Thus,
further work incorporating dynamic boundary conditions is required to fully capture the flow
features near the lymphatic valve.
In this study, confocal images of an isolated lymphatic vessel were captured over time. These
images were then used to generate boundary conditions for subsequent computational fluid
dynamics (CFD) simulations to create a dynamic model of a lymphatic valve.
2 IMAGE-BASED MODELING
2.1 Image acquisition and geometry reconstruction
Pentobarbital (50 mg mL-1, 50 mg kg-1, IM) was used to anesthetize male Sprague-Dawley rats
(280-380 g) and a midline laparotomy incision was made to expose the mesenteric lymphatic bed.
Appropriate sections of the mesenteric lymphatics were carefully isolated and all living cells were
fluorescently loaded by extraluminally loading the vessel with CellTracker Green CMFDA
(2.5 μM,   MolecularProbes).   After   cannulation,   the   vessel   was   placed   in   a   CH2   Microvessel  
Chamber (Living Systems Instrumentation) containing physiologic saline solution. The temperature
within the chamber was maintained at approximately 37°C to facilitate the onset of contractions by
the vessel. The vessel was placed in such a way so that the valve leaflets were perpendicular to the
bottom of the chamber.
Using confocal microscopy, 2D images (in x and y) were acquired along the z-direction throughout
equally spaced time-points (~0.01 s) in the vessel contractile cycle. Specifically, we used the Fast
NanoFluor II Integrated Microscope System that includes a fast scan confocal capable of sectioning
of up to 100 frames per second. Half of the vessel was imaged at 4 X 4 binning using a 512 X 512
field of view with a spacing of approximately 3 µm between each slice. This resulted in an image
acquisition rate of approximately 104 frames per second, yielding about 5 time-point geometry
configurations per second. The neutral density setting of the laser was adjusted to 30-40% of full
power so as to limit the exposure of the vessel and prevent photodamage and photobleaching. In
general, a high intensification of around 700-800 a.u. was used so that the vessel wall was clearly
visible. The vessel was imaged until constriction of the vessel wall occurred due to the phototoxic
effect of imaging the intracellular dye.
Each time-point stack was reconstructed using Scan IP/FE (Simpleware, Exeter, UK). Images were
imported and Median and Gaussian filters were applied to the background images of the vessel
wall. A mask of the vessel wall was created and the lumen geometry was subsequently extracted.
By assuming axisymmetry, the complete vessel was generated by mirroring the luminal mask and
merging the two segments. The full mask of the lumen of the vessel was exported as a
stereolithography (STL) file for subsequent displacement analysis.
2.2 CFD Modeling
While a fully 3D simulation would be optimal to analyze the fluid mechanics near the lymphatic
valve leaflets, limitations in the quality of the images (due to temporal and spatial resolution
balances), present highly complex computational challenges. Thus, a 2D simulation of the moving
boundary using two sequential time-point configurations (during lymphatic diastole, using the
cardiovascular analogy) was performed as a preliminary step to the fully dynamic 3D case. The
mid-plane nearest the center image-stack of the vessel was used to construct the 2D computational
mesh; the boundary of each mesh was subsequently divided into sections to create one-to-one
curves so that a spline could be fit to each boundary in Matlab (Mathworks, Nattick, MA, USA).
For simplification, this method will be explained by referencing two configurations at consecutive
time points, To and T1 (Figure 1), where To represents the earlier time point and T1 represents the
more expanded configuration 0.017 s later.
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Figure 1. Depiction of the displacement prescribed in the 2D simulation of the rat mesenteric
lymphatic vessel geometry. The geometry moves from the more constricted state at T o to the more
expanded position, T1. Voids on either side of the throat of the lymphatic valve represent solid
leaflet bodies. Note this is a mesh of the fluid region of the lymphatic valve.
The coordinate-values of the curves in each section of the respective geometries were divided into
equivalently spaced segments, and corresponding splines were fit. The coordinates of the To spline
were subtracted from coordinates of the T1 spline at corresponding indices to obtain the
displacement values. These displacement values were then divided into further increments so that
mesh movement would be possible during the CFD simulation. That is, by applying incremental
displacements using smaller time-steps, negative volumes and severe skewness of the elements in
the mesh during simulation were avoided. These new interpolated displacement data were then
imported into the commercial CFD package Star-CCM+ (v9.02.007,CD-Adapco, Melville,
NY, USA) for simulation.
Lymph was assumed to be incompressible with  a  dynamic  viscosity,  µ,  of  0.9  cP  and  density,  ρ,  of  
1 g/cm3. An implicit unsteady flow solver was used within the software with a 0.0034 s time-step
and a total physical time of 0.017 s. A uniform velocity profile was applied at the entrance with an
average velocity, V, of 1.0 mm/s, which is in the physiologic range of velocities observed during insitu experiments [3].
3 RESULTS AND CONCLUSIONS
Simulations revealed a maximum velocity magnitude of approximately 7.0 mm/s near the trailing
edges of the valve leaflets when the valve was in the more constricted state at To (t = 0.000 s),
compared to a maximum velocity of 1.7 mm/s in the more expanded configuration at T1
(t = 0.0170 s) (Figure 2). Additionally, notable differences in the velocity distributions are apparent
in the upper (Figure 2, A arrow) and lower (Figure 2, B arrow) domains of the geometry between
the leaflet surfaces and the sinus wall. For example, the upper portion of the valve near the sinus
wall appears to have areas of higher velocity magnitude compared to the lower portion across all
time values. To what degree this would influence transport of particulates such as lymphocytes or
even low molecular weight molecules such as nitric oxide, remains to be determined.
A few limitations should be noted when interpreting the results of this study. Only two time-points
were considered in the morphing analysis. Incorporation of previous and subsquent time-points in
the unsteady simulations may change the resulting flow solution, and should be included in future
work. Consequently, because the lymphatic flow is highly viscous (with Reynolds number much
less than 1), it would also be intertesting to determine the degree to which the extreme movement
of the vessel wall affects the overall fluid dynamics near the valve leaflets throughout the full
contractile cycle.
Addtionally, one limitation of this study is the use of a two-dimensional cross section to model a
3D valve.
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Figure 2. Velocity distributions from 2D simulation of the geometry moving from one time-point
configuration to the next. The total displacement between the two geometries was divided into fifty
increments, resulting in a time-step of 0.0034 s. The geometry starts in the initial configuration at
0.000 s, To, and moves to the new state at 0.0170 s, T1. The inlet velocity boundary condition was
set at 1.0 mm/s. Reference arrows with labels A and B represent the upper and lower geometric
portions of the valve, respectively.
However, future work will build upon the experimental and computational techniques developed in
this study to generate a 3D dynamic model of a lymphatic valve. Finally, the results presented in
this paper will add to the breadth of knowedge that could serve to aid in the development of
theraputics to treat disorders of the lymphatic system.
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SUMMARY

Venous valves play an important role in ensuring that blood returns to the heart. Nevertheless there
are few quantitative reports of venous valve function. This study reports results from a 3D fluidstructure interaction model of a venous valve, including the valve sinus, for varying Reynolds
number. Analysis of valve orifice deformation, trans-valvular pressure drop and velocity increase
through the valve demonstrate the influence of changes in venous flow on valve geometry and the
variation in pressure drop with flow rate. These results inform understanding of the role of venous
valves in disease processes and their contribution to circulatory haemodynamics.
Key words: venous valve, fluid-structure interaction
1 INTRODUCTION
Venous valves assist in venous return, preventing flow towards the extremity when the proximal
venous pressure becomes larger than the distal pressure, ensuring that blood returns to the heart.
The venous valves may open and close under a range of physiological conditions including changes
in posture and activation of the skeletal muscle and respiratory pump mechanisms. Whilst Lurie et.
al [1] have reported the behaviour of valves in the greater saphenous and superficial femoral veins,
detailed 3D studies of valve geometry and deformation are lacking. This is due to the challenge of
imaging valves in the smaller peripheral vessels and the location of valves deep within the
musculature, particularly in the lower limb.
In contrast to the significant literature addressing cardiac valve function, there have been few
attempts to study venous valves using 3D numerical models, which include reports by Buxton and
Clarke [2], Narracott et al. [3] and Tien et al. [4].
A more detailed understanding of venous valve function, and the variation in valve behaviour
under different conditions, is required to allow modelling of the venous system to reach the same
level of maturity as existing arterial models. Potential clinical applications of models of venous
haemodynamics include; initiation of deep vein thrombosis [5] and venous return following
creation of an arterio-venous fistula for haemodialysis treatment [6].
This study reports results from a 3D fluid-structure interaction model of a venous valve including
the local geometry comprising the valve leaflets and sinus region. These results are discussed in
the context of both understanding of local valve fluid dynamics and to provide detail of the transvalvular pressure drop to inform 1D and 0D models of venous haemodynamics [7].
2 METHODOLOGY
A 3D fluid-structure interaction model of the local valve geometry was constructed using ANSYS
APDL (ANSYS Inc.) as a pre-processor and LS-DYNA (Livermore Software Technology
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Corporation) to solve the fluid-structure interaction problem. In the following description LSDYNA input cards are referred to directly (e.g., *CARD_NAME). The valve geometry was
represented in parametric form using a similar approach to previous work [3], with the extension of
the model to include the sinus geometry and the simulation of the full valve geometry without
symmetry assumptions. The geometry of the valve leaflets and vessel wall are shown in Figure 1
with vessel radius (rvein) 2.5mm, sinus radius (rsinus) 3.93mm, leaflet length (lleaf) 5mm and leaflet
radius (rleaf) 5.89mm. A gap of 0.25 mm was defined between the valve leaflets to ensure fluid was
able to flow through the valve from the start of the analysis. The solid domain extended 2.5 mm
before and 8.8 mm after the sinus region which was 12.5 mm in length (lsinus).

a

b

c
Figure 1: (a) YZ view of solid model mesh (vein wall, valve leaflets and sinus region) (b) XY view
of solid model showing leaflet gap (c) Location of solid model within fluid mesh
A Boolean operation was used in ANSYS APDL to define the intersection between the valve
leaflets and the valve sinus. The solid components of the model were represented using shell
elements with a varying thickness defined for the sinus wall to represent greater distensibility of the
sinus region [1] (as shown in Figure 1). The thickness of the vein wall (hvein) and valve leaflets
(hleaf) were defined as 0.375 mm and 0.050 mm respectively and the form of thickness variation
within the sinus region was defined by Equation 1.
h(z) = hvein*(1-0.75*sin( πz/(lsinus) ) )

EQ. 1

where z is the axial distance from the start of the sinus region. In this study the valve was assumed
to be stress free in the closed position and the vessel was assumed to be stress free under zero
pressure. The valve leaflets and vessel wall were simulated using a linear elastic material model
(*MAT_ELASTIC) with Youngs modulus 50.7 MPa and 0.507 MPa respectively, Poissons ratio
0.499 and density 1e5 kg.m-3 using type 16 fully integrated shell elements. The density of the solid
elements was higher than physiological values to reduce the timestep of the solution with mass
scaling defined using *CONTROL_TIMESTEP to ensure a minimum timestep of 5 x 10-6 seconds.
The fluid domain was defined to extend beyond the region of the solid geometry, as shown in
Figure 1, the radius of the fluid domain was defined as 2.5 mm in the inlet and outlet regions and
4.75 mm in the region of the valve. Solution in LS-DYNA results in an Eulerian representation of
the fluid domain with fluid-solid interaction included using a penalty method to impose the velocity
of the solid onto the fluid domain (CTYPE = 4). Fluid elements were defined using a null material
(*MAT_NULL) with density 1050 kg.m-3 and viscosity 0.0035 Pa.s and a Gruneisen equation of
state (*EOS_GRUNEISEN) with speed of sound, c = 10 ms-1.
Ambient inlet and outlet regions were defined at the extremes of the fluid domain with zero
pressure applied at the outlet and a parabolic velocity profile defined at the inlet of the domain.
The time variation of the inlet velocity profile was defined by Equation 2.
V(t) = Vmax ( 1 + e- (t - t0) / T )-1

EQ. 2

where Vmax is the desired parabolic velocity profile, t0 = 0.1695 and T = 0.017. Ten analyses were
undertaken to compare the steady-state equilibrium condition of the valve with Vpeak from 0.091
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ms-1 to 0.823 ms-1 corresponding to Reynolds number from 68 to 617, in increments of 68. The
analyses were run for a time of 0.5 seconds to allow equilibrium to develop, with solution timestep
of 3.5 x 10-6 seconds determined by solid mass scaling as described above. Typical element size
for both solid and fluid domains was specified to be ~ 0.13 mm, resulting in 36 elements across the
vein diameter and a mesh of 10,240 shell elements and 461,340 solid elements. The simulation
was run on a single core of an Intel X5690 3.47GHz processor, with typical run times of the order
65 hours per analysis.
Results were saved in increments of 5ms and the deformed geometry of the valve orifice was
compared at 0.45 seconds for the lowest and highest Re value. Velocity augmentation and pressure
changes through the valve region were assessed by exporting nodal velocity and pressure results on
the centreline and plotting as a function of nodal z coordinate.
3 RESULTS
The variation in valve orifice geometry with Reynolds number is shown in Figure 2. Orifice
deformation is quantified in Figure 2a where the displacement of the centre of the leaflet is plotted
against analysis time, demonstrating the development of a steady state condition. The orifice
geometry is shown in Figure 2b and 2c at Re values of 68 and 617 respectively.
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Figure 2: (a) Variation in leaflet centre displacement with simulation time for all Reynolds
numbers. Valve orifice deformation at 0.45 seconds for (b) Re = 68 and (c) Re = 617.
The variation in fluid velocity with Reynolds number is shown in Figure 3. The centreline z
velocity is shown in Figure 3a, normalised relative to the inlet velocity. The velocity distribution in
the YZ plane at the centre of the vein is shown in Figure 3b and 3c for Re values of 68 and 617
(with colourscale from 0 to 0.457 ms-1 and from 0 to 1.234 ms-1), respectively.
6

Re = 68
Re = 137
Re = 205
Re = 274
Re = 343
Re = 411
Re = 480
Re = 548
Re = 617

Normalised velocity

5
4
3
2
1

a

b

0
0

c
0.01

0.02
0.03
Axial distance (m)

0.04

0.05

Figure 3: (a) Variation in centreline z velocity, normalised relative to inlet velocity. Velocity
distribution in the YZ plane at 0.45 seconds for (b) Re = 68 and (c) Re = 617.
The variation in fluid pressure along the centreline of the vein with Reynolds number is shown in
Figure 4a. Figure 4b plots the pressure drop over the fluid domain against the Reynolds number.
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Figure 4: (a) Variation in fluid pressure along centreline for all Reynolds numbers. (b) Variation in
trans-valvular pressure drop with Reynolds number.
4 DISCUSSION
These results demonstrate valve behaviour in line with in vivo ultrasound measurements made by
Lurie et al. [1]. In vivo the centreline velocity between the valve leaflets is reported to be 1.9 times
the value distal to the valve, with a reduction in orifice area at the leaflets to 35% that in the distal
region [1], this is in good agreement with the results of the Reynolds number 272 simulation (2.2
fold increase, orifice area 46%). However, this Reynolds number represents a higher velocity
magnitude, 36 cm.s-1, than that observed in vivo, 10 cm.s-1. This model allows sensitivity of valve
behaviour to valve material properties and the stress free configuration of the leaflets to be
explored in future work. The variation in pressure drop with flow reported in Figure 4b, and the
variation of this response with valve parameters in this 3D model, can be used to inform 0D models
of valve behaviour in the context of 1D modelling of circulatory haemodynamics [7] along with
extension of the model to transient valve behaviour and pulsatile flows.
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SUMMARY
We present an integrated model of mitral valve (MV) coupled with the left ventricle (LV). The model
is derived from clinical images and takes into account of the important valvular features, left ventricle
contraction, nonlinear soft tissue mechanics, fluid structure interaction, and the MV-LV interaction.
The integrated MV and LV model can simulate the cardiac function both in diastole and systole.
Although the model is a step closer towards simulating physiological realistic situation, further work
is required to ensure that the highly complex valvular-ventricular interaction, and the fluid-structure
interaction, can be reliably represented.
Key words: human mitral valve, left ventricular coupling, fluid structure interaction, immersed
boundary method

1

INTRODUCTION

Computational modelling of the MV mechanics, particularly within the context of the left ventricle
(LV) environment, can enhance our understanding of the valvular-ventricular interaction, and potentially lead to more efficient MV repairs and replacement. Since the structure of the MV is closely tied
to the left ventricle through the chordae connection, it is important to simulate the dynamics of MV by
taking into account of LV dynamics, as well as the fluid-structure interaction (FSI) between the MV
and LV. Kunzelman, Einstein and co-workers first started to simulate normal and pathological mitral
function [1, 2] with FSI. Over the last few years there have been a number of FSI valvular models
[3, 4], none of these included the effect of the LV motion, hence the flow field is not physiological.
Yin et al. [6] modelled a chordaed MV inside a LV and identified fluid vortices associated with the
LV motion. However, the LV motion was modelled as a set of prescribed moving boundary, and the
MV model was simply constructed using a network of linear elastic fibres. Chandran and Kim [2]
recently reported a prototype FSI MV dynamics in a simplified LV chamber model. To date, there has
been no work reported that includes both the MV and LV models and the fluid-structure interaction
properly.
In this study, we have developed a fully integrated MV-LV model, which is image-derived and simulated using a hybrid immersed boundary-finite element framework (IB/FE) [7], and takes into account of the important valvular features, left ventricle contraction, nonlinear soft tissue mechanics,
and fluid-structure interaction.
2

METHODOLOGY

The hybrid IB/FE method employs an Eulerian description of the viscous incompressible fluid, along
with a Lagrangian description of the structure that is immersed in the fluid. Interactions between the
Lagrangian and Eulerian fields are achieved by integral transforms with discrete Dirac delta function
kernels. Readers may refer to [7] for more details of the IB/FE method.
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(a)

(b)

Figure 1: The MRI-derived MV model (a), and the MRI-derived MV-LV model (b).
The MV geometry was reconstructed from a stack of cardiac magnetic resonance (CMR) cine images
of a young volunteer at early-diastole when it first opens, as shown in Fig. 1(a), with sixteen chordae
distributed evenly and running through the leaflet free edges to the annulus ring. Details on the
subject-specific MV reconstruction from CMR images are similar as in [3, 4]. The LV geometry
including the inflow and outflow tracts was reconstructed from the same volunteer at early of diastole
just before the MV opens (Fig. 1(b)) [8]. The MV geometry is mounted to the inflow tract according
to the relative positions derived from the CMR images. This forms the integrated MV-LV model.
Simulations of the MV-LV are run using the open-source IBAMR software framework1 , which provides an adaptive and distributed-memory parallel infrastructure for developing the IB/FE models. In
the MV-LV model, the structure below LV base is contractile, the regions above the LV, including the
MV and its apparatuses, are made to only bear the load passively. The LV base is allowed to have
radial expansion, but fixed in the long axial and circumferential directions. During diastole, zero flow
boundary condition is imposed in the outflow tract. The pressure that is linearly ramped to the enddiastolic pressure (assumed to be 8 mmHg) is applied in the inflow tract in a period of 0.8 s. Because
80% of diastolic filling volume is due to the sucking effect of the LV in early of diastole for healthy
subjects, therefore an additional pressure loading (linearly ramped from 0 to 6 mmHg) is applied to
the endocardial surface within 0.4 s, and then linearly decreased to zero at end of diastole. After enddiastole, the LV region simultaneously contracts, triggered by a spatially homogeneous intracellular
calcium transient [8]. The increased LV pressure will close the MV and open the aortic valve (AV)
when the LV pressure exceeds the diastolic aortic pressure, assumed to be the measured diastolic cuff
pressure from this healthy volunteer (85 mmHg). Because the aortic valve is not included in the MVLV model, the aortic tract is either fully open or fully closed, determined by the pressure difference
between the value inside LV and the aorta. During the systolic ejection, a three-element Windkessel
model [9] is connected to the outflow tract to provide a physiological pressure-flow boundary condition, the systolic phase ends when the LV no longer pumps blood out. The end-diastolic pressure
(8 mmHg) is maintained in the inflow boundary until the end-systole. The chordae are not directly
attached to the LV wall, but modelled similarly as in [4].
3

RESULTS

In diastole, the volumetric flow rate across the MV linearly increases along with the increased pressure
applied to the endocardial surface, with a maximum value of 140 mL/s at 0.4 s, after that the diastolic
filling is maintained by the increased pressure in the inflow tract, but with lower flow rates. Fig.2 (a)
shows the deformed MV leaflets of the MV-LV model in the middle of diastolic filling, the MV
orifice has not been opened enough to allow a fully rapid filling, which is also reflected by the peak
flow rate, much less than the measured value (around 600 mL/s). Due to the lower flow rate across
the MV orifice, the total inflow volume in diastole is less than the actual cardiac output (59 mL v.s.
80 mL). It takes 62 ms for the LV to develop high enough pressure to open the aortic valve in order to
eject blood, Fig.2 (b) shows the MV leaflets when the LV starts to eject blood. The total regurgitation
closing volume across the MV is 8 mL. Fig. 3 shows the flow rates across the MV and AV during
systole. Notice that the MV leaflets have small gaps near the commissure area even in the fully closed
1

36

https://ibamr.googlecode.com

state, as shown in Fig. 2 (c). Because of these gaps, small regurgitation persists in the systole (in total
2 mL), indicated by those red segments in Fig. 3. The small regurgitation during systole also prevents
the ventricular pressure to increase further, with a peak value of 140 mmHg. The maximum flow rate
across the AV is around 400 mL/s, and the total ejection volume is 47 mL with a systolic duration of
220 ms.
(a)

(b)

(c)

Figure 2: The opened MV in diastole (a), the closed MV when the LV starts to eject blood (b) and
when the LV develops peak pressure (c). Coloured by the displacement magnitude.

Figure 3: Flow rates across the MV and the AV during systole. Diastolic phase ends at 0.8 s, the
duration 0.8 s – 0.86 s corresponds to the isovolumetric contraction, and the ejection phase begins
right after the isovolumetric contraction.
Figs. 4 (a, b, c, d) show, respectively, the streamlines in the MV-LV model during the early diastolic
filling, the late diastolic filling, when the MV is closing, and when the LV is ejecting blood through
the outflow tract. The flow moves directly towards the LV apex in the early filling, forming large
vortices in the late diastolic filling in the whole LV cavity, mixing the fresh blood from left atrium
with the remaining blood from the previous heart beat.
(a)

(b)

(c)

(d)

Figure 4: Streamlines in the MV-LV model at the early diastolic filling (a), at the late diastolic filling
(b), when the MV is closing (c), and at the middle of the systolic ejection (d). Coloured by the velocity
magnitude.
4

DISCUSSION AND CONCLUSION

In this study, we have built an integrated MV-LV model based on in vivo CMR images of a healthy
volunteer. This model incorporates a MV, a contractile LV, and the fluid structure interaction for the
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first time. The integrated MV-LV model is able to simulate both the MV and LV dynamics, while
improvements are needed in order to achieve subject specific modelling.
During diastole, the MV-LV model seems to produce a smaller orifice. which can be partially explained by the extra resistance offered by the LV wall. In the rapid diastolic filling, the transvalvular
flow is resulted from the relaxation of the LV (the sucking effect), and 80 % transvalvular flow occurs. During the slow filling and atrial contraction, the left atrium needs to generate higher pressure
for further filling. In the MV-LV model, the ramped pressure in the inflow tract during diastole is
similar to the slow filling and atrial contraction, and the linear ramped pressure directly applied to the
endocardial surface is to produce the sucking effect. However, the model is still unable to simulate
the rapid filling phase accurately, with a reduced total diastolic filling volume. This suggests that
our boundary conditions need to be improved. We also notice that during systole, the MV does not
close fully with small regurgitations, especially in the commissure area. By incorporating the annulus
ring’s dynamics and the papillary muscles in the model can be helpful in producing a physiological
fluid mechanics around the MV.
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SUMMARY
The smoothness or unevenness of biological structures after image segmentation can vary considerably depending on the geometry itself, the quality of the scan, the segmentation techniques used and
the individual performing the segmentation. When segmenting these geometries it is necessary to
assess whether certain features affecting behaviour are removed during smoothing and whether such
features should be included in any idealised or parametric model. Using manifold harmonic analysis and finite element analysis it is possible to identify changes in behaviour when such features are
removed, thus elucidating the function of these features. Imaging of lymphatic valves reveals some
wavyness and this work shows that for a single valve these features contribute approximately 10%
of peak axial displacement of the centre of the trailing edge and may have an effect on the pressure
required to achieve valve closing.
Key words: lymphatic valves, harmonic analysis, segmentation, FEA, confocal images

1

INTRODUCTION

An important role of the lymphatic network is to maintain a healthy fluid balance in the human body
by draining excess fluid from tissues. This is achieved by a network of many contractile tubular structures that pump the lymph fluid against gravity into the venous system. The many lymphatic valves
play an important role in overcoming gravity and their performance is currently not well understood.
Confocal imaging performed at Texas A&M [1] allows segmentation of the lymphatic valves [2] that
can then be studied further through finite element analysis. The construction of parametric models
allow the study of biological structures in a well-controlled manner. However minimising the geometric complexity in these models without compromising the mechanical characterisation, remains
a challenge. Wavy geometric features encountered when studying the lymphatic valve leaflet pose
a problem as their relevance is difficult to determine. The aim of this work is to elucidate the effect of these features on the mechanical behaviour through filtering in the frequency domain upon
triangulations of these geometries.
2

MANIFOLD HARMONIC ANALYSIS

Taubin [3] first constructed analogues of common image processing functions by analysing the discrete Laplacian of graphs. Lévy [4] then used the eigenvectors of the Laplace-Beltrami operator as
bases for the Fourier transformation of triangulations.
For any triangulation, X, we can define the Laplace-Beltrami operator [5].Principally, if Dii equals
the sum of the area of triangles attached to the ith node in X and Wij is the average cotangent of
!
the angles opposing the edge ij and Wii is the sum of the W for all edges attached to i. Then
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the Laplace-Beltrami operator can be found as
= D 1 W [5]. Performing its eigendecomposition gives a series of eigenvectors or bases, and the eigenvalue matrix, ⌦, whose diagonal, ⌦ii ,
corresponds to the frequencies those bases represent, !. We can therefore transform X to give the
frequency representation X́,
=⌦
(1)
X́ = hX, i

(2)

where ha, bi is the inner product of a and b. Filters can now be performed upon the transform, much
like any Fourier transform of an image. By simply truncating the transform prior to taking the inverse
transform we achieve a low pass filter [6]. Removing high frequency features from the valve surface.
This allows us to differentiate features that affect valve behaviour. To reduce filtering artefacts a high
roll-off low-pass Gaussian filter was used with a defined cut-off frequency, !cut , we can define the
filter kernel f (⌦ii ),
(
1
for ! < !cut
f (!) =
(3)
2
e r(! !cut ) for ! !cut
with r being a constant related to the roll-off (in this case r = 50000 was used). The new geometry,
Y, can now be defined as,
Y = (f (⌦ii ) ⌦ )T hX, i
(4)

Figure 1: Spectrum of each valve. Vertical lines indicate chosen cut-off frequencies, coloured as Figure 4

Figure 2: Leaflets after subjection to low-pass filters at differing cut-off frequencies, !cut Top: Leaflet 1.
Bottom: Leaflet 2.
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3

COMPUTATIONAL MODELS OF LYMPHATIC VALVES

Using harmonic analysis the transform of this geometry was found (Figure 1). Future work could look
at comparing spectra for different valves looking to associate frequency signatures with pathology.
The segmented leaflets of one valve are smoothed at twelve different cut-off frequencies sampled
exponentially through the spectrum present in each leaflet (Figure 2). ANSYS workbench is used to
perform a static FEA of valve closing, upon these smoothed geometries. The model consists of two
segmented surfaces representing the leaflets, each with an associated thickness of 5 µm.

Figure 3: Left: Model before pressurisation. Right: After pressurisation coloured by von Mises strain.

The leaflets mainly consist of elastin, which is modelled through an incompressible neo-Hookean
model with a shear modulus of 60 kPa based on the literature. The annulus of the leaflets was fixed
in space and thus neglecting the effects of wall motion, which will be studied at a later point in time.
Contact between the two leaflets is captured with an augmented Lagrange algorithm. The displacements of the original subject-specific geometry were converged with a mean relative error, in the
euclidean norm of displacement, below 1% at a mesh refinement of 19128 elements. The assumption
was made that the smoothed geometries would be similarly converged at this discretisation. Shown
in Figure 3 is original geometry before and after pressurisation to 6 cmH2 O with the von Mises strain
shown.
4

RESULTS

Figure 4 shows the peak axial displacement of the centre of the trailing edge at various loads for each
case. From this figure two distinct aspects were identified: 1) the initial gradient, representing the
initial leaflet motion before the leaflets come into contact, and 2) the final displacement at 6cmH2 O.
Both of these are graphed below in Figure 5. Impact of the leaflets occurs between aspect 1 and 2.
This is more pronounced in smooth leaflets as there are no undulations in the leaflet surface that are
flattened before full contact is achieved.
In both charts of Figure 5 two plateaus can be observed, where the frequencies seem to have little
effect on axial displacement or initial gradient. Suggesting a band of frequencies which, when added
to the lowest geometry, are responsible for the valve behaviour and thus maybe considered when
constructing a parametric model. Secondly it also suggests that an automatic segmentation method
that fails to capture some of the highest frequencies may not have a deleterious effect on valve behaviour. Whilst the affect of these higher frequencies on the axial displacement is slight, 11.95% in
the first leaflet and 9.19% in the second, the effect on the gradient of response to load prior to contact
is greater, 31.08% in the first leaflet and 38.6% in the second.
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Figure 4: Peak axial displacement of the trailing edge against loading pressure for low-pass filters with different
cut-off frequencies, legend shows cut-off frequency ordered from lowest, blue, to high, red.

Figure 5: Left: The initial gradient of peak axial displacement of the trailing edge for differing cut-off frequencies. Right: The peak axial displacement of the trailing edge under a pressure of 6 cmH2 O for differing cut-off
frequencies

5

CONCLUSION

Manifold harmonic analysis can be used to evaluate the effects of wavy features present on segmented
geometries and can reveal insight into their physiological role. Further work will look into how these
wavy features can be approximated in a parametric model and exactly how they affect the pressure
required to close the valve.
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SUMMARY
Solutions to the governing equations of blood flow in the aorta are highly dependent on the outflow
boundary conditions imposed to represent the downstream vasculature of the modelling domain.
This study aims at employing a 1D model to describe this downstream domain. MR images are
used to reconstruct a 3D patient-specific aorta and extract physiological blood flowrates. A 1D
model describing global arterial circulation is developed, also using physiological data, and
defining the cross section and length of each of the downstream vessels forming the arterial
structural tree. The multiscale model is then created by coupling the 3D-1D domains.
Key words: multiscale modelling, patient-specific, computational fluid dynamics, arterial network
1 INTRODUCTION
The aorta can be affected by a number of diseases, including aortic dissection, aortic aneurysm and
atherosclerosis. The development and progression of these diseases have been linked to the
hemodynamic environment in the aorta, with parameters such as endothelial shear stress being
known to stimulate mechanoreceptors, resulting in altered gene expression and structural changes.
Computational methods which enable the quantification of these parameters (otherwise impossible
to obtain in vivo) and the assessment of blood flow patterns in patient-specific aortas have been
developed, and are used as clinical tools for surgical planning, medical device design and disease
research [e.g. 1, 2]. These methods range from lumped-parameter models to 3D computational fluid
dynamics and fluid-structure interaction models [3, 4]. Critical to these models is the selection of
realistic boundary conditions. Typically, these take the form of either flow, pressure or a
combination of both at the inlet and outlets. For 3D analysis of blood flow, while prescribing the
velocity or pressure outflow is a common practice, it is inappropriate when considering flow and
pressure wave propagation along the aorta, since the amount of blood exiting the vessel branches is
often unknown and should be part of the desired solution. It has been suggested that a better
strategy is to employ 1D models to simulate the downstream vessels and integrate these with
anatomically realistic 3D models [5]. The objective of this study is to investigate the local
hemodynamics in the aorta as well as globally in the circulatory system by coupling a 3D patientspecific aortic model with reduced-order models of the downstream vessels.
2 METHODOLOGY
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2.1 Development of 3D model
Electrocardiographic-gated MR images covering the entire thoracic aorta of a healthy 24-year old
female volunteer was obtained using a 1.5 Tesla scanner (Avanto, Siemens, Erlangen, Germany).
Phase-contrast (PC) mapping using a fast gradient echo sequence was used to obtain the pixelbased time-varying velocity at a location just above the aortic valve. The scan parameters were as
follows: TE = 1.63 ms, TR = 275.81 ms, flip angle = 90°, field of view (FOV) = 320  230 mm,
slice thickness = 1.6 mm, image frequency = 63.7 Hz, and encoding velocity = 1.5 cm/s.
The MR images were stored in DICOM format and 3D reconstruction performed using Mimics
(Materialise, Louven, Belgium). ANSYS ICEM CFD (ANSYS, Canonsburg, PA, USA) was then
used to generate the computational mesh defining the fluid domain, employing 700 000 hexahedral
elements. Fine resolution of the wall boundary is required for accurate representation of near-wall
velocity profiles, and is ensured by fulfilling the criteria y+  2, where y+ is the dimensionless
height of the near-wall elements.
The continuity equation and the Navier-Stokes equation are used to describe 3D incompressible
flow. Blood is assumed to be Newtonian and incompressible. The arterial wall is treated as solid,
rigid and non-permeable and a no-slip boundary condition is specified. PC-MR images are used to
extract the flowrate waveform which is imposed at the inlet of the aorta using a flat spatial velocity
profile, allowing the flow to develop naturally. At each outlet, the corresponding 1D models
(described below) are attached as shown in Figure 1.
2.2 Development of 1D model
The 1D model is used to describe the global blood circulation. The main part of the model
initialisation is the construction of the arterial vessel tree. Based on previous studies [6], the
morphological structure of the arterial tree is similar to that of the venous system, but with different
sizes and vessel wall elasticity. The mean cross-sectional area and the length of each vessel are
determined based on physiological data in the literature.
The governing equations include the 1D form of the continuity and Navier-Stokes equations. The
constitutive equation that describes the elastic behaviour of the vessel wall is also required. These
are derived under simplifying assumptions and by considering integral average quantities such as
mean axial velocity, mean pressure and mean cross-sectional area. For initial conditions, the mean
velocity and the cross-sectional area are prescribed.
The mass conservation law and Poiseuille’s pressure drop condition are demanded at every node to
ensure continuity of the solution between vessels. The same conditions are used between connected
arteries and veins. The hydraulic resistance at such nodes is assumed to be higher than at other
nodes to simulate the existence of the microvascular bed. This model of the global blood
circulation can be closed with the heart model.
2.3 Coupling of 1D and 3D model
The multiscale 3D-1D model is developed by coupling the 3D aortic model and the 1D global
circulation model. The inlet velocity profile in the aorta is known and prescribed through the
Dirichlet boundary condition in the 3D model. At the terminal point of the venous system the
pulsation is small. Therefore, constant blood flux is set as the outlet boundary condition, where
outflow flux equals to the inlet blood flux averaged in time.

45

Figure 1. Arterial vessel tree for global circulation (left) and 3D healthy aorta reconstructed from MR images
(right)

One of the main challenges for multiscale modelling is defining appropriate coupling conditions
between models. A common approach is to ensure continuity of the normal stress and the fluid flux
between 1D and 3D domains [7, 8]. This choice may be considered to be energy inconsistent,
which can be overcome by specifying continuity of a linear combination of the fluid and energy
fluxes between the 1D and 3D domains [4]. In both cases a splitting algorithm can be applied.
The finite volume method program ANSYS CFX 14 (ANSYS, Canonsburg, PA, USA) is used to
solve the governing equations of the 3D domain while an in-house program developed using
Fortran is used to solve the equations in the 1D domain. Current work involves the coupling of
these two programs to solve the multiscale model. A uniform time-step of 0.001 s is being used
and three cardiac cycles will be simulated to achieve periodicity. Convergence of the solution is
controlled by defining a root-mean-square residual of 10-6.
3 SUMMARY & FUTURE WORK
The multiscale 3D-1D model enables the quantitative and qualitative assessment of average blood
flow parameters in the entire vascular system, with detailed analysis of aortic hemodynamics. The
first step in the development of a multiscale model for the aorta is discussed here.
Distributions of the wall shear stress, helicity densities, blood flow patterns and velocity profiles,
both spatially and temporally, will be investigated. These will then be compared with other 3D
models which employ alternative outflow boundary conditions such as prescribed pressure or
flowrates or lumped-parameters of the downstream domain.
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SUMMARY
Thrombosis is a medical condition characterized by the formation of a clot which can stop or perturb
the flow of blood inside a blood vessel. Blood coagulation is initiated by activated tissue factor (TF).
Once initiated, the formation of the thrombus is propagated and amplified via thrombin. On the other
hand, activated protein C (APC) functions as an inhibitor of coagulation. In this work, we use a
hybrid DPD-PDE model to conduct numerical simulations of thrombosis. We show how activated
TF, thrombin and APC play respectively a crucial role in the initiation, propagation and inhabitation
of thrombosis.
Key words: Thrombosis, Blood coagulation, Dissipative Particle Dynamics

1

INTRODUCTION

Blood coagulation is a defensive mechanism in which blood plasma changes from its fluid form
into a fibrin gel in order to stop blood loss in a damaged vessel [1]. Thrombosis occurs when the
thrombus formed by activated platelets perturbs or stops blood flow. In this process, the formation
of the thrombus by platelets is triggered by intrinsic and extrinsic pathways of blood coagulation.
Tissue factor (TF), a membrane protein that is activated upon the rupture of endothelial tissue, triggers
blood coagulation by converting the factors IX and X into their active forms IXa and Xa [3, 2]. The
formation of the thrombus is propagated and amplified via thrombin feedback.The feedback loop
begins with prothrombibn which is activated into thrombin by activated factors Xa and Va. The
latter is activated by both Xa and thrombin. Thrombin also activates other factors that contribute
to the amplification of thrombin generation such as factor VIII and factor XI [4]. Under normal
conditions, anticoagulation mechanisms take place to stop the generation of thrombin. The most
important anticoagulation mechanism is induced by protein C. When activated, this protein modulates
the activity of two factors V and XIII[5].While present at the surface of intact endothelial cells, protein
C is activated by a thrombin-thrombomodulin complex. The activated protein C (APC) functions as an
inhibitor of coagulation by inactivating the factor Va. In this work, we will use mathematical modeling
and numerical simulations to show how the initiation, propagation and inhabitation of thrombosis are
dependent on key factors and proteins.
A hybrid DPD-PDE model was developed in [6, 7]. In this model, platelets are represented as small
spheres that interact with flow particles and with each other. When two platelets are close they may
attach to each other, forming an aggregate, however they can also detach because of increased flow
shear rate. Furthermore, we use partial differential equations to simulateproteins which affect the
coagulation. Among these blood factors, TF, thrombin and APC are either modelled with a reactiondiffusion-advection equation or described by boundary conditions. Another important factor is fibrin
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which plays an important role not only in strengthening the aggregation of platelets but also in the
formation of a fibrin clot in blood plasma. After reviewing briefly this model, we will use it to study
the initiation, propagation and inhibition of blood coagulation.
2

MODEL

We used the Dissipative Particles Dynamics (DPD) method to model blood flow through a blood
vessel. This method is described in the literature in [8]-[10]. It is a mesoscale method in which three
pair-wise forces are applied between each two fluid particles. These three forces are respectively the
conservative, dissipative and random force:
C
FC
ij = Fij (rij )r̂ij ,

FD
ij =

(1)

! D (rij )(vij .r̂ij )r̂ij ,

(2)

⇣ij
R
FR
ij = ! (rij ) p r̂ij ,
dt

(3)

where ri the vector of position of the particle i, rij = ri rj , rij = |rij |, r̂ij = rij /rij and vij = vi vj
the difference between the velocities of two particles.
and ! are coefficients that determine the
strength of the dissipative and random forces respecitvely. ! D and ! R are the weight functions and
⇣ij is a normally distributed random variable with zero mean. dt is the time step. The motion of
particles is determined by Newton’s second law of physics (Eq. (4)):
dri = vi dt,

dvi =

dt X C
R
(Fij + FD
ij + Fij ),
mi

(4)

i6=j

where mi is the mass of the particle i.
The velocity of the fluid is determined/calculated by averaging of velocities of particles. Coagulation
factors present in blood flow are then transported by blood plasma flow. We use reaction-diffusionadvection equations to model the blood factors of interest. We begin by the equation of thrombin
(Th ):
@Th
+ r.(vTh ) = D Th + F (T, Ba , Ca )P
@t

Th ,

(5)

where v denotes blood plasma velocity. The reaction term F (T, Ba , Ca ) can be written explicitely
as:
F (T, Ba , Ca ) = k4 Ba +

kT Thn
,
1 + k5 Ca

(6)

where k5 is a reaction rate.
Prothrombin concentration (P ) is modelled as follows:
@P
+ r.(vP ) = D P
@t

F (T, Ba , Ca )P,

(7)

In Eq. (5), Th denotes the concentration of thrombin, Ca of activated protein C and Ba of factors
IXa and Xa that are activated by TF. P is the prothrombin concentration. D and are diffusion and
degradation coefficients. The second term in the right-hand side of Eq. (5) represents the conversion
of prothrombin into thrombin. We use reaction-diffusion equations to model the concentrations of
factors IX and X (B) and their activated forms (Ba ) as shown in Eq. (8) and Eq. (9).
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@B
+ r.(vB) = D B,
@t

(8)

@Ba
+ r.(vBa ) = D Ba ,
@t

(9)

Boundary conditions of B and Ba depend on the concentration of activated tissue factor (TF ).
@B
=
@n

k1

k1 BTF
,
1 + k1 BTF

@Ba
k1 (B 0 Ba )TF
= k1
,
@n
1 + k1 (B 0 Ba )TF

(10)

where TF is activated tissue factor, k1 is a reaction rate, B 0 is the initial concentration of B and n is
the outer normal vector.
We use similar equations to model protein C (C) and its active form (Ca ) concentrations. The latter
is considered as an inhibitor of the thrombin generation.
@C
+ r.(vC) = D C,
@t

(11)

@Ca
+ r.(vCa ) = D Ca .
@t

(12)

In boundary conditions we consider the activation of protein C by the thrombin-thrombomodulin
complex:
@Ca
=
@n

k2+ C((Th Tm )

(CTh Tm )),

@Ca
k2 (C 0 C)(Th Tm )
= k2
,
@n
1 + k2 (C 0 Ca )(Th Tm )

(Th T m) =

(13)
k 3 Th Tm
.
1 + k 3 Th Tm

(14)

where k2 and k3 are reaction rates. Activated protein C (Ca ) inactivates the factor V which reduces
the levels of thrombin produced by the intrinsic pathway.
We add fibrinogen (Fg ), fibrin (F ) and fibrin polymer (Fp ) to the system of equations. Let k4 and k5
be the respective reaction rates of fibrinogen and fibrin polymer generation:
@Fg
= D Fg
@t

k4 (Th )F g,

@F
= D F + k4 (Th )Fg
@t
@Fp
= k5 F,
@t

50

k5 F,

(15)

(16)

(17)

3

RESULTS AND CONCLUSIONS

Depending on the parameters, blood coagulation will either be initiated and the thrombus will form,
or anticoagulation mechanisms will prevent its initiation. In Figure 1, we show an example of the
formation of a clot inside the flow after the initiation of blood coagulation. If initiated, the clot will
continue to grow until it will occludes of the blood vessel. The final clot patterns can be different
depending on the parameters. In the area where fibrin polymer is present, blood plasma will lose its
fluidity and become a fibrin gel.

Figure 1: The formation of the thrombus in flow. The spheres in green are platelets. Weak connexions between
platelets are shown in red, strong ones in black. The blue substance is fibrin polymer. Platelets in dark green
are covered by fibrin polymer.

We study how thrombosis can be initiated. For this reason, we show how the concentration of activated TF triggers blood coagulation starting from a certain threshold. By analyzing the number of
platelets and concentrations of different factors, we show how thrombosis propagates and culminates
in the occlusion of the blood vessel. We also demonstrate how activated protein C functions as an
anticoagulation mechanism and how it prevents the clot from expanding along the vessel. Lastly, we
study the impact of clot formation on the blood flow.
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The work deals with the coupling of numerical models of cardio-vascular system with models of
other systems, such as endocrine and lymphatic systems. Fluid (blood and lymph) flow and mass
transfer described by systems of quasi-one dimensional partial differential equations in on a graph.
On this base the way of modeling of propagation of lymph along the graph of lymphatic vessels is
suggested. Formalization of the net of lymphatic vessels and some results of numerical calculations
are presented. Conservative algorithm for calculating of mass transfer by blood along the graph is
developed. Models for glucose and insulin production are elaborated. Examples of numerical
simulation of glucose-insulin time and spatial distribution are given.
Key words: hemodynamic, numerical modeling, glucose, lymphatic system
Commonly mathematical modeling of cardiovascular system (CVS) is used to study the
features of blood flow in damaged vessels, the regulation of arterial pressure and so on. It means
that numerical simulations are aimed on the estimation of hydrodynamic parameters of blood flow
in cases, when cardiovascular system is affected. Though the problem is far from its final solution,
modeling in this field has significant achievements. These achievements allow to make the step
forward – to start development of models, which describe the interaction of CVS with other
systems and organs of human body, to simulate transport function of blood.
In this work we consider application of quasi-one dimensional global looped model of
CVS and of its software implementation for modeling of transfer-production processes of glucose
and insulin, and for modeling of lymphatic system, using similar technique as in [1].
In order to simulate the spatial-time dependent dynamics of glucose and insulin, a number
of appropriate models must be developed. We propose 0-dimesion models (with feedback) of
income and excretion of glucose and insulin in relation to glucose burden, functioning of pancreas,
liver and kidney. Special quasi-one dimensional model and appropriate conservative finite
difference scheme were constructed for computing of solute substance transfer along the closed
graph of CVS vessels [2].This model consists of the system of quasi-one dimensional convectiondiffusion equations, written on each vessel of looped graph with specific integral and algebraic
conditions of conjugation at points of bifurcations, tissues and heart. Models and algorithm were
integrated into the closed model of systemic blood circulation. Parameters of models were verified
with the help of special procedure according to the typical physiological data for patients in basal
state. Numerical modeling shows that developed models are suitable for modeling of glucose–
insulin dynamics and shows the ways for future activity.
Rigorously speaking, in itself CVS is not closed. It is closed by lymphatic system, which is
connected with CVS through interstitial fluid, so modeling of lymphatic system is actual. Lymph
system (as CVS) consists from vessels and nodes and we can use the same technique as for CVS,
but in this case, properties of vessels and nodes differ from their CVS analogues. From
mathematical point of view, lymph motion along vessels net can be described by the same
hemodynamic quasi-one dimensional system of equations, but it is necessary to formalize topology
of lymphatic system, to elaborate models of lymphatic vessels with respect to specific equations of
state, to take into account low internal gradient of pressure and the presence of valves in vessels
52

during the development of model and numerical algorithm. Numerical experiment was carried out
to study the question whether the pressure drop is sufficient cause to move lymph along the system.
The way of coupling CVS and lymphatic system, based on the convection-diffusion equations, is
suggested.
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SUMMARY
CT scans of coronary region are used to construct patient specific 1D blood flow model. Algorithm
involves segmentation of aorta and coronary vessels, skeletonisation and obtaining vessels centerlines.
Constructed network of coronary region is supplemented with major vessels of systemic circulation
and used to calculate blood flow in coronary arteries. This method can be used for prediction of
surgical treatment and assessment of hemodynamic parameters in any region on vascular bed.
Key words: 1D hemodynamics, blood flow, patient specific

1

INTRODUCTION

Patient specific modelling (PSM) is one of the crucial problems of modern hemodynamics [1, 2]. It
involves using various patient data in construction of mathematical model, which delivers information
on the the most optimal way of treatment. One of the problems of PSM is that amount of data that
can be obtained in a reasonable time with reasonable spendings is sparse. The construction of 1D
blood vessels network would require information on the whole systemic circulation. CT scans and
MRI usually provide data on a specific region of human body. Other regions can be simulated via
boundary conditions. Another approach is to use network of vessels based on anatomical databases
and substitute its parts with patient data. In this work this approach is used to simulate blood flow in
coronary vessels. CT scans are used to construct 1D network of coronary region. The rest of systemic
circulation is based on anatomical database.
2
2.1

METHODOLOGY
1D blood flow model

As a core model for blood circulation we use 1D network dynamical model [4]. The model is based on
the model of viscous incompressible fluid flow through the network of elastic tubes. The network can
be obtained with the help of anatomical databases [3] or from patient specific data such as computed
tomography scans. The flow in every vessel is described by mass and momentum balance in the form
@Ak /@t + @(Ak uk ) /@x = 0,
@uk /@t + @

u2k /2

+ pk /⇢ /@x = ff r (Ak , uk ) ,

(1)
(2)

where k is an index of the vessel; t is time; x is distance along the vessel counted from the vessel’s
junction point; ⇢ is blood density (constant); Ak (t, x) is vessels’s cross-section area; pk is blood
pressure; A0k is unstressed cross-sectional area; uk (t, x) is linear velocity averaged over the crosssection; ftr is a friction force given by
ftr (Ak , uk ) =
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4⇡µ

uk
⌘k + ⌘k 1
A2k

(3)

where µ is blood viscosity; ⌘k =

Ak
.
A0k

Elastic properties of the vessel wall material are described by the wall-state equation providing response to the transmural pressure (the difference between blood pressure and pressure in the tissues
surrounding the vessel)
pk (Sk ) p⇤k = ⇢c2k f (Ak ) ,
(4)
where S-like function f (S) is approximated as
(
exp (⌘k
f (Ak ) =
ln ⌘k ,

1)

1,

⌘k > 1
,
⌘k 6 1

(5)

p⇤k is pressure in the tissues surrounding the vessel. It is used to simulate myocardial pressure in
coronary region or muscle pump in legs’ vessels during walking. ck is small disturbances propagation
velocity of the wall material in the relaxed state (⌘k = 1).
At the entry point of the vessel connected to the heart the blood flow is assigned as the boundary
condition
u(t, 0) S(t, 0) = QH (t) .
(6)
where function QH (t) represents cardiac output of the human heart taken from the [5].
At the terminal point of the venous system (x = xH ) the pressure is set as the boundary condition
pH (t, xH ) = pH .

(7)

At the vessels junctions the Poiseuille’s pressure drop condition and the mass conservation condition
are stated
pk (Ak (t, x̃k ))

plnode (t) = "k Rkl Ak (t, x̃k ) uk (t, x̃k ) , k = k1 , k2 , . . . , kM ,
X
"k Ak (t, x̃k ) uk (t, x̃k ) = 0,

(8)
(9)

k=k1 ,k2 ,...,kM

where M is number of the connected vessels, {k1 , . . . , kM } is range of the indices of the connected
vessels, Rk is the hydraulic resistance of the vessel, pnode (t) is pressure at the junction point, " =
1, x̃k = Lk for incoming vessels, " = 1, x̃k = 0 for outgoing vessels.
Boundary conditions (6)–(9) at every node are extended with compatibility conditions of the hyperbolic set (1), (2). Finite differences discretization of compatibility conditions provides implicit linear
dependence between uk (tn+1 , x̃k ) and Ak (tn+1 , x̃k )[6].
2.2

Reconstruction of 1D network

In order to construct patient specific vascular geometric for implementing blood circulation modelling we need to perform the sequence of actions. Extraction geometry of specific tissues from
diagnostic data (computed tomography scans) requires complex image processing and segmentation
algorithms. Figure 1 shows general stages of this process. Segmentation algorithm uses Hough Circleness transformation [7] and thresholding to find an initial mask, and Isopererimetric Distance Trees
(IDT) algorithm [8] to cut initial mask and find the aorta mask. Hessian based Frangi Vesselness filter
[9] is used for ostia points detection and coronary arteries segmentation. Then reconstruction of a
topological structure of vessels is produced using thinning approach.
CT scans allow to reconstruct vascular geometric for a specific region of human body. Acquiring patient specific geometric of the whole systemic circulation is usually impossible. The are few ways of
solving this problem. The first one is setting boundary conditions on the borders of available patient
specific network [2]. Other way is to use systemic circulation network based on anatomical database
or some averaged measurements. This network can be completed with patient specific regions obtained from CT scans. This method was used in this work.
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Figure 1: The process of 1D model construction: (a) anatomically topmost slice of CT data; red circle denotes
the aorta slice, which is found using Hough Circleness; (b) 3D initial mask for IDT; (c) result of applying
the IDT algorithm (green) and arteries segmented with Frangi filter(red); (d) result of skeletonization; (e) 1D
structure of elastic tubes

3

RESULTS AND CONCLUSIONS

A 1D vascular network of systemic circulation was built with the help of anatomical database [3].
Its part corresponding to coronary region was then replaced with the sub-network obtained from CTscans of the patient.

Figure 2: Blood flow through the left and right coronary arteries. Solid line – calculated blood flow; dashed
line – blood flow according to medical books [10]

Results (figure 2) show good qualitative agreement of calculated blood flow and theoretical data.
Similar method is also capable of producing precise enough quantitative results [2] and can be used

56

to predict blood flow patterns after surgical procedure.
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SUMMARY
This presentation focuses on two aspects of one-dimensional (1-D) arterial blood flow modelling that
are important to make this modelling approach a useful clinical tool. We first present a novel methodology for investigating the minimum number of arterial segments required to simulate precisely blood
pressure and flow waveforms at an arbitrary location in a given 1-D model arterial network. We then
show a pulse wave analysis tool for separating numerically-generated pressure waveforms into several
components, each related to distinct physical properties of the cardiovascular system.
Key words: 1-D modelling, blood pressure waveform, pulse wave analysis

1

INTRODUCTION

One-dimensional (1-D) blood flow modelling is commonly used to simulate blood pressure, blood
flow and luminal area pulse waves in large systemic arteries. Several comparisons against in vivo [6,
9, 7, 12], in vitro [2, 1, 8, 4] and 3-D numerical [5, 13] data have shown the ability of the 1-D formulation to capture the main features of pulse waveforms in human systemic arteries. In in vitro and
3-D numerical studies, it is feasible to measure accurately the model parameters required by the
1-D formulation. However, accurate measurements of model parameters from in vivo data to achieve
patient-specific simulations is more challenging, specially in the clinical setup.
Patient-specific 1-D modelling has the potential to enhance and complement clinical information
available to cardiologists, and clinicians in general, to improve disease diagnosis and treatment. For
example, a 1-D approach could integrate available in vivo measurements for a given patient in order
to predict haemodynamic quantities that cannot be measured directly in the clinic, such as arterial
stiffness, and quantities that can only be measured invasively, such as aortic blood pressure [10].
Both quantities are good predictors of cardiovascular events and, hence, clinically relevant.
In the 1-D formulation, the arterial network is decomposed into arterial segments connected to each
other at nodes. The larger the number of arterial segments in a given 1-D model, the greater the
number of model input parameters that need to be prescribed. In the first part of this presentation we
will describe a novel method for investigating the minimum number of arterial segments required to
simulate precisely blood pressure and flow waveforms at an arbitrary location in a given 1-D model
arterial network (Section 2.1). This is important because a reduction in the number of input parameters
should facilitate the estimation of a greater percentage of the total number of parameters from clinical
measurements. Lowering the number of parameters, therefore, should increase the degree of patientspecific modelling that can be achieved for a given problem.
Patient-specific 1-D modelling could also help clinicians relate, on an individual basis, features from
pulse waveforms to distinct physical properties of the cardiovascular system (e.g. cardiac, aortic
and peripheral properties) that are altered by disease. This is important to identify specific physical
properties that should be targeted by pharmacological drugs or other clinical interventions to treat a
patient. In the second part of this presentation we will describe a novel post-processing tool for separating numerically-generated pressure waveforms into several components, each related to a particular
physical property of the cardiovascular system (Section 2.2).
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2

METHODOLOGY

We describe briefly our methods for (i) reducing the number of arterial segments in 1-D modelling
(Section 2.1) and (ii) analysing simulated pressure waveforms to separate them into components with
a relevant physical meaning (Section 2.2).
2.1

Reducing the number of arterial segments

We have developed a novel methodology for investigating the minimum number of 1-D model arterial
segments required upstream and downstream of an arbitrary arterial site in order to model precisely
the pressure and flow waveforms at that site. This is achieved by systematically lumping peripheral
1-D model segments into 0-D Windkessel models that preserve general mechanical properties of the
cardiovascular system. Details on this method are described in [3] and will be provided during the
presentation.
2.2

Arterial pressure waveform analysis

We have developed a new approach for analysing numerically-generated pressure waveforms. It combines the strengths of existing wave analysis methods: wave intensity analysis and separations into
several types of waveforms: (i) forward- and backward-travelling, (ii) peripheral and conduit, or (iii)
reservoir and excess. Our combined pulse wave analysis decomposes the pressure waveform in a
given cardiac cycle into several components: (i) a history pressure waveform made up of pressure
wavefronts (infinitesimal changes in pressure) originating in previous cardiac cycles; (ii) a cycle pressure waveform formed of pressure wavefronts originating in the current cardiac cycle; and (iii) an
outflow pressure determined by the venous pressure. The cycle pressure can be decomposed into a
peripheral pressure, made up of pressure wavefronts originating at peripheral reflection sites during
the current cardiac cycle, and a conduit pressure containing the rest of wavefronts. Lastly, the conduit
pressure can be divided into a cardiac conduit pressure formed of forward-travelling wavefronts from
the aortic root and a vascular conduit pressure made up of their reflections at peripheral reflection
sites and at other sites of impedance mismatch, such as tapered vessels and arterial junctions [11].
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Figure 1: Pressure (P) and flow (Q) waveforms at the aortic root and midpoint of the thoracic aorta of a 55artery model (solid grey) produced by two reduced models (dashed black), one for each row. The number of
segments and the arterial topology for either reduced model are given in the first two columns. Average (avg),
systolic (sys) and diastolic (dias) relative errors are indicated in the top right corner of each plot.

59

3

RESULTS AND CONCLUSIONS

Results provided by both methods are illustrated using waveforms generated in the aorta of a 1-D model
containing the 55 larger arteries of the human systemic circulation. Figure 1 shows that reduced 15and 11-artery models are able to simulate the pressure waveform at the aortic root and thoracic aorta
with errors smaller than 2% relative to the corresponding waveforms produced by the 55-artery model.
According to these results, the 55-artery model is over-parameterised to simulate the aortic pressure
waveform. Thus, a patient-specific 1-D model of blood pressure in the aorta only requires arterial
segments of the upper aorta and first generation of bifurcations. It is, therefore, unnecessary to estimate from available in vivo data the greater number of parameters required by the complete 55-artery
model.
Figure 2 shows a decomposition of the thoracic pressure waveform generated by the 55-artery model
into different components, each one with a distinct physical meaning. The outflow pressure Pout ,
which is related to the venous pressure, contributes 10% to the total pressure. About 50% of pressure
is caused by the history pressure generated in previous cardiac cycles. About half of the cycle pressure
is formed of reflected waves originating at peripheral reflection sites, which are identified by the
peripheral component. The remaining pressure is given by the conduit pressure made up of pulse
wavefronts propagating from the left ventricle and their reflections at internal reflection sites, arterial
bifurcations and tapered vessels. The cardiac conduit pressure contributes 4.4% to the total pressure,
whereas the vascular conduit pressure contributes 13.9%.
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Figure 2: Analysis of the pressure (P ) waveform in the thoracic aorta of the 55-artery model. P in the cardiac
cycle bounded by dashed vertical lines is separated into contributions from: (i) vascular and cardiac conduit
wavefronts (red hatched area); (ii) peripheral wavefronts originating within the current cardiac cycle (green
hatched area); (iii) wavefronts originating within the three previous cardiac cycles calculated from the Windkessel history pressures Phis,1 , Phis,2 , Phis,3 and Phis,4 (black hatched areas); and (iv) the outflow pressure Pout
(grey area). Pper is the peripheral pressure which is made up of wavefronts originating at peripheral reflection
sites. Contributions are quantified as a percentage of the total area under the pressure waveform P .

Once a 1-D model has been validated for a particular study, the pressure waveform at a site of clinical
interest could be decomposed into the different components shown in Figure 2 to analyse how pressure
is affected by previous cardiac cycles and distinct regions of the cardiovascular system, each with a
precise physical meaning.
The methods that will be presented study important aspects that need addressing in order to achieve
patient-specific 1-D simulations of arterial blood flow which provide clinically relevant information
in the clinical setup.
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[7] P. Reymond, F. Merenda, F. Perren, D. Rüfenacht, and N. Stergiopulos. Validation of a onedimensional model of the systemic arterial tree. Am. J. Physiol. Heart Circ. Physiol., 297:H208–
H222, 2009.
[8] M. Saito, Y. Ikenaga, M. Matsukawa, Y. Watanabe, T. Asada, and P.-Y. Lagrée. One-dimensional
model for propagation of a pressure wave in a model of the human arterial network: Comparison
of theoretical and experimental results. J. Biomech. Eng., 133:121005, 2011.
[9] B.N. Steele, J. Wan, J.P. Ku, T.J.R. Hughes, and C.A. Taylor. In vivo validation of a onedimensional finite-element method for predicting blood flow in cardiovascular bypass grafts.
IEEE Trans. Biomed. Eng., 50:649–656, 2003.
[10] S. Vennin, A. Mayer, Y. Li, H. Fok, B. Clapp, J. Alastruey, and P. Chowienczyk. Non-invasive
calculation of the aortic blood pressure waveform from the flow velocity waveform: a proof of
concept (under revision). 2015.
[11] M. Willemet and J. Alastruey. Arterial pressure and flow wave analysis using time-domain 1-D
hemodynamics. Ann. Biomed. Eng., 43:190–206, 2015.
[12] M. Willemet, V. Lacroix, and E. Marchandise. Validation of a 1D patient-specific model of
the arterial hemodynamics in bypassed lower-limbs: Simulations against in vivo measurements.
Med. Eng. Phys., 35:1573–1583, 2013.
[13] N. Xiao, J. Alastruey, and C.A. Figueroa. A systematic comparison between 1-D and 3-D
hemodynamics in compliant arterial models. Int. J. Numer. Meth. Biomed. Eng., 30:204–231,
2014.

61

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

NONLOCAL HEMODYNAMIC PROPERTIES OF CEREBRAL
ANEURYSMS
Alexander K. Khe1,2,3 , Alexander P. Chupakhin1,2,3 , Alexander A. Cherevko1,2,3 ,
Sergey S. Simakov4 , Alexey L. Krivoshapkin5 , Kirill Yu. Orlov5 , Vyacheslav A. Panarin5 ,
Shalva Sh. Eliava6 , and Yury V. Pilipenko6
1

Lavrentyev Institute of Hydrodynamics, Novosibirsk, Russia, alekhe@hydro.nsc.ru
2
Novosibirsk State University, Novosibirsk, Russia
3
Institute International Tomography Center of the Russian Academy of Sciences, Novosibirsk, Russia
4
Moscow Institute of Physics and Technology, Moscow, Russia
5
Meshalkin Novosibirsk Research Institute of Circulation Pathology, Novosibirsk, Russia
6
Burdenko Research Institute of Neurosurgery, Moscow, Russia

SUMMARY
In this work we study nonlocal hydrodynamic properties of cerebral arterial aneurysms. Using numerical simulations we determine the area of influence of the aneurysm on the surrounding blood
flow, the changes induced by increase and decrease of the pressure, and we study the flow features in
the case of multiple aneurysms.
Key words: hemodynamics, cerebral aneurysm, mathematical modeling, numerical simulation

1

INTRODUCTION

Cerebral aneurysms are local enlargement of the arterial wall due to the wall damage and weakening.
In most cases aneurysms occur in the places of anatomic variations and pathological conditions or
high-flow arteriovenous malformations which cause locally increased flow in the cerebral circulation,
and, at points of flow bifurcation [1]. Aneurysm is one of the most frequent and dangerous diseases of
the cerebral arteries. The most serious consequences of the presence of the aneurysm are their rupture
and intracranial hemorrhage which could be lethal. According to statistics, up to 5% of all deceased
people being in autopsy have cerebral aneurysms. Treatment of aneurysms is a challenging task, as
often there are no visible symptoms of aneurysms before its rupture. At the same time, treatment
carries a risk which often exceeds a risk of having an aneurysm rupture on the early stage. So, at the
moment when neurosurgeon recognizes that patient has aneurysm, he meets a problem of determining
the time when it is better to treat the patient. To start a surgery on time, a surgeon must know how
aneurysm is growing and when it will rupture.
Nowadays the aneurysm investigation is a very urgent subject: aneurysm is a very frequent disease,
and yet mechanisms of its formation, evolution, and rupture are not well understood. Thus, the
planning of an effective surgery is a very difficult task for neurosurgeons.
There are several factors involved in the aneurysm formation, growth, and rupture, such as histological, hemodynamic, and genetic factors. Modeling of aneurysms is a complex multi-parametric
problem. There are several theories of aneurysm formation and growth. For example, in [1] it is
stated that the main factor influencing a dynamics of the aneurysm is the wall shear stress (WSS)
provoked by the blood flow. It is considered that endothelium could sense WSS and effect the wall
structure. At the same time, Sforza et al. doesn’t assert that it is exactly the WSS increase that leads to
aneurysm, or to its growth, or rupture. According to them, there are two main hypothesis: “low-flow”
and “high-flow” theories (low and high velocities of the blood flow). We are not able to decide which
of these theories is correct, as each of them has its pros and cons.
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Figure 1: Computational geometry with aneurysm

Treating an aneurysm requires a surgery. There are several types of endovascular surgery that could be
used. The main idea of such treatment is to cut off an aneurysm from the blood flow by an introduction
of the agents provoking thrombosis inside aneurysm, or, in other words, to do embolisation of the
aneurysm.
The main difficulty of the endovascular treatment is coming from a wide-neck aneurysm, as it is often
too difficult to occlude an entire aneurysm sac. In that case, neurosurgeons usually resort to put a stent
either to redirect flow and reduce cross-neck flow into the aneurysm or to bring a vessel geometry to
its initial state. Usually neurosurgeons don’t try to coil such aneurysms because of the risk of the coil
falling out after a surgery even with the stent support.
In our previous papers [2, 3] we studied local characteristics of flow in the vicinity of aneurysm (both
hydrodynamic and mechanical parameters). Our focus was on the analysys of the main hemodynamic
parameters and elastic stresses for the clinical data analysys of a specific patient. To understand
how the fluid flows in the aneurysmal sac and how the flow changes after a surgery, we examined
streamlines’ behavior. Furthermore, we examined pressure distribution, its gradient, and wall shear
stresses.
In this work our goal is to determine how far the aneurysm affects the hemodynamics in the circulation
network.
We carried out several numerical experiments for different case studies: effect of the presence of the
aneurysm, influence of the pressure change, presence of the multiple aneurysms.
2

METHODOLOGY

In this work we perform nonstationary 3D numerical simulations of relatively large cerebral arterial
circulation areas with aneurysms (Fig. 1). Computations are carried out at the Informational and
Computational Center of the Novosibirsk State University using the ANSYS commercial software.
Hydrodynamic properties of the flow are simulated using the ANSYS CFX solver, while the deformations and stresses in the vessel wall are computed with the ANSYS Mechanical.
For our simulations we use patient specific MRI and CT data obtained at the Meshalkin Novosibirsk
Research Institute of Circulation Pathology and the Burdenko Research Institute of Neurosurgery.
The patients underwent minimally invasive (endovascular) or open surgery. To reconstruct the flow
domains preoperative scans are used. The segmentation was performed with ITK-SNAP [4] and
VMTK [5].
Blood flow parameters (velocity and pressure) are taken from intraoperative monitoring with Volcano
ComboMap endovascular blood flow measurement system [6].
When modeling such complex and multifactorial objects one always has to find a balance between a
mathematical model describing the phenomenon the most accurately, however being computationally
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Figure 2: Comparison of the pressure distribution on the vessel walls

very expensive, and a simpler one, but describing the main features of the case. In our work we consider blood as a viscous incompressible Newtonian fluid governed by the Navier—Stokes equations.
The vessel wall is considered a linearly elastic isotropic material. However the elasticity parameters
of the healthy vessel wall and the one of the aneurysms can be different.
3

RESULTS AND CONCLUSIONS

In our first series of numerical simulations we studied the effect of the presence of the aneurysm of
the flow. The “treatment” of the aneurysm was performed numerically with an appropriate software
surface editor. The calculations show the localness of such an influence. The influence area spreads
out no far than several diameters of the aneurysm. In Fig. 2 a comparison of the pressure distribution
is shown: 1 — original configuration with aneurysm, 2 — with aneurysm numerically removed, 3 —
the pressure difference between the two calculation (where applicable) is shown.
In the second series of the experiments we gradually increased and decreased pressure at the outlet
of the flow domain. These changes can be considered as hypertension (high blood pressure) and
hypotension (low blood pressure). In Fig. 3 a diagram of relative change in velocity and pressure
is shown. The computations show localness of the changes in flow structure and linear quantitative
changes of flow parameters.

Figure 3: Relative velocity and pressure changes
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Figure 4: Wall shear stress

In the last series of our work we studied hemodynamic properties of the blood flow in a vessel net
with multiple aneurysms. The purpose of this simulations were to determine if there is an influence
of the aneurysms on each other. An example of the numerical simulations is shown in Fig. 4.
4
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SUMMARY
We target the simulation of blood flow at moderately large Reynolds number (in the range of few
thousand). We consider a Leray model and for its implementation we adopt a three-step algorithm
called evolve-filter-relax that requires the solution of an incompressible Navier-Stokes problem, the
solution of a Stokes-like problem to filter the Navier-Stokes velocity field, and a final relaxation step.
Our approach is validated against experimental data for fluid flow in an idealized medical device
consisting of a conical convergent, a narrow throat, and a sudden expansion, as recommended by the
U.S. Food and Drug Administration.
Key words: Computational fluid dynamics, nonlinear filtering, experimental validation

1

INTRODUCTION

Hemodynamics in a healthy human body is mostly characterized by low Reynolds number. However,
relatively high Reynolds numbers (in the range of few thousand) are observed at some specific locations. The peak Reynolds number in the human aorta has been measured to be approximately 4000
[5]. Surgical constructions such as the arteriovenous graft, which consists of a prosthetic graft material surgically attached between an artery and a vein, also results in relatively high Reynolds number
flow (1000 to 3000) [3]. Complex geometries such as a severe stenosis also can cause turbulent flow
in the vasculature [4].
As well known, from the phenomenology point of view, strong convective fields compared with viscous forces may trigger flow disturbances up to turbulence. When the Reynolds number increases,
the flow is characterized by the presence of flow structures over a large variety of space scales. Numerical discretization needs to capture all these structures to give an accurate description of the flow.
Unfortunately, as the Reynolds number increases, this demands for very fine space reticulations that
quickly lead to large algebraic systems. This approach (Direct Numerical Simulation - DNS) may
be therefore computationally unaffordable. The simulation of turbulent vascular flows presents significant numerical challenges, because such flows are only weakly turbulent. Thus, the effects of
flow disturbances cannot be neglected, and yet Reynolds-averaged Navier-Stokes (RANS) models
are generally too crude.
A possible way to keep an affordable size of the discrete problem without sacrificing the accuracy is
to solve the flow average and model properly the effects of the small scales (not directly solved) to
the medium and large scales. Here, we consider a variant of the so called Leray model [7], where
small scale effects are described by a set of equations to be added to the discrete NSE formulated on
the unresolved mesh. The extra-problem can be interpreted as a differential filter. More precisely,
the variant of the Leray model we deal with was originally proposed in [2] and for its actual implementation we use the evolve-filter-relax (EFR) algorithm presented in [6]. One of the advantages of
this approach is that it is easily implemented in a legacy Navier-Stokes solver, since the filtering step
requires the solution of a Stokes-like problem.
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2

METHODOLOGY

2.1

Problem definition

We consider the motion of an incompressible viscous fluid in a time-independent domain ⌦ over a
time interval of interest (t0 , T ). The flow is described by the incompressible Navier-Stokes equations
⇢ @t u + ⇢ (u · r)u

r·

= 0 in ⌦ ⇥ (t0 , T ),

r · u = 0 in ⌦ ⇥ (t0 , T ),

endowed with suitable boundary and initial conditions. Here ⇢ is the fluid density, u is the fluid
velocity, @t denotes the time derivative, (u, p) = pI + µ(ru + ruT ) is the Cauchy stress tensor,
where p is the pressure and µ is the constant (dynamic) viscosity.
Let us introduce operators rs = (ru + ruT )/2 and s = r · rs u. The “Leray model” couples
the Navier-Stokes equations with a differential filter. The model can be written as

⇢ @t u + ⇢ (u · r)u

u + rp = 0 in ⌦ ⇥ (t0 , T ),

(1)

2 r · (a(u)r u) + u + r = u in ⌦ ⇥ (t0 , T ),

(3)

2

2µ

s

s

r · u = 0 in ⌦ ⇥ (t0 , T ),

(2)

r · u = 0 in ⌦ ⇥ (t0 , T ).,

(4)

Here, u is the filtered velocity, can be interpreted as the filtering radius (that is, the radius of the
neighborhood were the filter extracts information from the unresolved scales), the variable is a
Lagrange multiplier to enforce the incompressibility constraint for u and a(·) is a scalar function
such that
a(u) ' 0 where the velocity u does not need regularization
a(u) ' 1 where the velocity u does need regularization.

This function, usually referred to as indicator function, is crucial for the success of the Leray model.
To discretize in time problem (1)-(4), let t 2 R, tn = t0 + n t, with n = 0, ..., NT and T =
t0 + NT t. Moreover, we denote by y n the approximation of a generic quantity y at the time tn .
For the time discretization of system (1)-(4), we adopt a Backward Differentiation Formula of order
p (BDFp).
A monolithic approach for Leray system discretized in time would lead to high computational costs,
making the advantage compared to DNS questionable. To decouple the Navier-Stokes system from
the filter system, we adopt a version of the EFR algorithm, which reads as follows: given the velocities
uk (k = n p + 1, . . . , n) needed for the approximation of @t u by BDFp at tn+1 ,
1. Evolve: find intermediate velocity and pressure (v n+1 , q n+1 ) such that
⇢

↵ n+1
v
+ ⇢ u⇤ · rv n+1
t

2µ

s n+1

v

+ rq n+1 = bn+1 ,
r · v n+1 = 0,

where u⇤ is a suitable approximation of the end-of-step velocity un+1 based on previous timesteps solutions, the coefficient ↵ depends on the order of BDF chosen, and bn+1 contains the
contributions of the non-homogeneous boundary conditions and the solutions at the previous
time steps required by the BDFp formula.
2. Filter: find (v n+1 ,

n+1 )

⇢

such that

↵ n+1
v
t

r · 2µ rs v n+1 + r

n+1

=⇢

↵ n+1
v
t

r · v n+1 = r · v n+1 = 0
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2

where µ = ⇢ t a(v n+1 ) is an artificial viscosity. The success of these nonlinear filters in
simulations ultimately depends on the reliability of function a(·), which tunes the amount and
location of the artificial viscosity. We choose a deconvolution-based indicator function proposed in [2].
3. Relax: set
un+1 = (1

)v n+1 + v n+1 ,

pn+1 = q n+1 + ↵
where

n+1

,

2 [0, 1] is a suitable relaxation parameter.

The EFR algorithm has the advantage of modularity: being the problems at steps 1. and 2. numerically standard, they can be solved with legacy Navier-Stokes solver. It was shown in [8] that the EFR
algorithm is equivalent to a certain viscosity model in Large Eddy Simulation.
For the space dicretization, we use the Finite Element Method. In particular, for the approximation
of velocity and pressure, we will the inf-sup stable FE pair P2 -P1 .
3

RESULTS AND CONCLUSIONS

In order to demonstrate the effectiveness of our approach, we have selected a benchmark from the
U.S. Food and Drug Administration (FDA). This benchmark consists in simulating the flow of an
incompressible and Newtonian fluid with prescribed density and viscosity (⇢ = 1056 kg/m3 and
µ = 0.0035 Pa·s) in an idealized medical device shaped like a nozzle at different Reynolds numbers.
The fluid flows through a cylindrical entrance region, a conical convergent, a cylindrical throat, and a
sudden expansion into a larger cylinder.
The complete FDA benchmark requires to study this system for a variety of conditions, including
laminar, transitional, and turbulent regimes: the results of the published inter-laboratory experiments
refer to values of the Reynolds numbers in the throat of Ret = 500, 2000, 3500, 5000, 6500. In a
previous work [9], we have successfully validated open-source software LifeV [1] against this benchmark for Ret up to 3500 using direct numerical simulations. To test our methodology, we focus here
on Reynolds numbers Ret = 3500, 5000.
For both flow regimes, we considered several meshes with different levels of refinement to understand
the performances of the EFR algorithm described in the previous section. We will show comparisons
between the experimental data provided by the FDA with our numerical simulations in terms of
normalized axial component of the velocity and normalized pressure difference along the centerline.
We will show that the EFR algorithm succeeds in curing the convective term instabilities even on
mesh with an average diameter more than 40 times larger than the Kolmogorov scale (the smallest
scales in turbulent flow). Moreover, the computed average flow quantities agree very well with the
experimental data for all the meshes we considered.
For a qualitative comparison, we report in Fig. 1 the velocity magnitude at Ret = 3500 computed
with different meshes on a section of the domain after the turbulent regime is fully established. The
name of each mesh is the number of elements the mesh has. The results with mesh 1200k (in Fig.
1(a)) have been obtained with DNS and therefore show a high level of detail. With meshes 330k and
140k, the finer details of the smaller turbulent structures are lost, yet thanks to the EFR algorithm the
average behavior of the flow is well captured (see Fig. 1(b) and 1(c)) at a fraction of the computational
cost. In fact, a time step of the DNS with mesh 1200k takes around 240 s on 80 CPUs, while a time
step of the EFR algorithm with mesh 330k takes around 80 s (50 s for the evolve step plus 30 s for
the filter step) on 48 CPUs and with mesh 140k around 65 s (50 s for the evolve step plus 15 s for the
filter step) on 24 CPUs. These computational times refer to simulations run on Maxwell, a cluster of
the Research Computing Center at the University of Houston.
In conclusion, through the FDA benchmark we demonstrated the effectiveness of the nonlinear filtering technique described in the previous section in a realistic 3D flow problem at moderately large
Reynolds numbers. Nonlinear filtering stabilizes marginally resolved scales without over-diffusing,
thereby allowing to use less degrees of freedom than required by a DNS without sacrificing accuracy.
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(a) mesh 1200k

(b) mesh 330k

(c) mesh 140k

Figure 1: Case Ret = 3500: velocity magnitude computed with meshes (a) 1200k, (b) 330k, and (c) 140k on
a section of the domain after the turbulent regime is fully established. The results with mesh 1200k have been
obtained with DNS, while the results with meshes 330k and 140k have been obtained with the EFR algorithm.
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SUMMARY
We will review basic and advanced topics on the numerical treatment of boundary conditions in computational hemodynamics. In practice, data available in patient-specific settings are not complete
for the correct mathematical formulation of the blood flow problem. The mathematically sound and
reliable solution of defective Navier-Stokes problems is challenging from the numerical standpoint.
We will focus on (i) the effective prescription of flow rates via the Lagrange multiplier approach;
(ii) a hierarchical reduced formulation of the fluid equations oriented to geometrical multiscale modeling of the circulatory system; (iii) the stabilization of backflows. Applications of dimensionally
heterogeneous modeling to cases of practical interest will be presented as well.
Key words: Multiscale Modeling, Defective Boundary Conditions, Model Reduction

1

INTRODUCTION

The treatment of boundary conditions in computational hemodynamics has been engaging bioengineers and mathematicians for several years. Numerical solutions are particularly sensitive to the
treatment of these conditions and reliable methodologies are necessary to eventually bring numerical
modeling from a proof-of-concept stage to use as a routine tool in clinics. This issue is particularly
challenging for (at least) two reasons [1].
1. In practice, there is a gap between data required by mathematical models at the boundary and
the data actually available. Data available from measurements either for practical or ethical
reasons do not provide the complete set of information required by the partial differential equations describing the fluid dynamics. This leads to solving defective boundary problems and to
investigating how the gap can be reliably filled.
2. Local and systemic dynamics influence each other reciprocally and a numerical model should
be able to include this feature. Local disturbances in the flow induced by a pathological condition like a plaque may determine a change of flow distribution at a systemic level. This led
to the introduction of the so called “geometrical multiscale approach”, where models with a
different nature (lumped parameter, 1D, 3D) are coupled together [1]. This approach naturally
brings back to the solution of defective problems as a step for managing the numerical pairing
of different models.
In this talk, after reviewing different methods and techniques for pursuing a geometrical multiscale
modeling of the circulatory system, we will present recent advancements and applications.
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2

TOPICS OF THE TALK

We will consider specifically the following topics.
Prescription of flow rate boundary conditions A challenging problem for defective boundary conditions is the prescription of flow rates. Engineering approaches based on fitting a guessed
velocity profile are practical yet generally inaccurate. For this reason, alternative approaches
based on constrained minimization arguments have been proposed. In one case, the flow rates
are forced as a constraint to the Navier-Stokes equations via Lagrange multiplier approach
[3, 4]. In another general approach, the defective problem is formulated as the minimization of
the mismatch between the computed flow rates and the avilable data under the coinstraint of the
Navier-Stokes equations [6, 7]. These approaches have the drawback of a significant increment
of the computational costs. This led to the introduction of approximate algorithms [5]. We will
address a new method for the Lagrange multiplier approach, based on algebraic arguments to
effectively solve the problem with multiple inflows and outflows [2].

Figure 1: Velocity field in a cylindrical pipe featuring an enlargment that triggers transverse motion via a
HiMod approach. The solution is obtained by combining the solution of a system of 1D problems, by coupling
finite elements (mainstream) and spectral methods (transverse components).

Hierarchical Model (HiMod) reduction of the incompressible Navier-Stokes Equations One difficulty of managing geometrical multiscale models is the dimensional heterogeneity between
the different components. This makes the numerical coupling challenging. We will address a
different approach based on a Hierarchical Model reduction (HiMod) of the blood flow problem [8]. By taking advantage of the nature of blood flow where we can recognize a mainstream
component added by local transverse components, we illustrate an approach for solving the incompressible Navier-Stokes equations by coupling 1D finite elements to spectral methods. This
results in a computationally efficient approach, where a few spectral components are generally
enough to capture the transverse dynamics. The equations are thus solved as a coupled system
of 1D problems as illustrated in Fig. 1. In addition, this formulation is naturally oriented to
a heterogeneous description of the circulation with a different number of modes in different
vascular districts. This is achieved by an adaptive solver that automatically selects different
transverse modes with an appropriate a posteriori error estimator. The different regions are
naturally coupled by matching the common transverse components [8] - see also [9]. We will
present basic features of the method and applications to hemodynamics.
Geometrical Multiscale Approaches for the Stabilization of Backflows It is well known that the
flow entering a domain of interest with natural boundary conditions can induce numerical instabilities. We will revisit methods of stabilization presented in [10] from the perspective of
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multiscale modeling and discuss their theoretical properties. The role of LES modeling of flow
disturbances in this respect will be also addressed.
Finally, we will present some recent applications of the geometrical multiscale approach to cases of
surgical planning for the Total Cavopulmonary Conncection, a surgical palliative operation performed
in new born babies affected by Left Ventricle Hypoplasia Syndrome.
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SUMMARY
We investigate the blood flow inside idealized left ventricles with prescribed wall movement by defining a formulation of boundary conditions for the Navier-Stokes equations accounting for the valves.
Specifically, we consider an extended Nitsche’s method for the treatment of general boundary conditions modelling the mitral and aortic valves. The proposed weak formulation includes boundary terms
which provide a stabilizing effect for numerical instabilities occurring due to backflow regimes. We
present and discuss numerical results for blood flows in left ventricles, both under healthy conditions
and in dilatated cardiomyopathy, for which we highlight the effectiveness of the proposed method.
Key words: heart modelling, fluid dynamics, extended Nitsche’s method, weak imposition of boundary conditions

1

INTRODUCTION

The dynamics of the blood flow inside the human heart represents a complex phenomena to be accurately modelled from both the mathematical and numerical points of view. By focusing on the human
left ventricle, among the most challenging aspects there are the significant fluid-muscle coupling and
the presence of the valves, which both define fluid-structure interaction problems. Moreover, the
difficulty in obtaining accurate clinical data describing e.g. the ventricular geometry, the mechanical
properties of the wall, or the blood flow profile through the mitral valve, leads to consider, in first
analysis, simplified models for the left ventricle.
In this work, we investigate the blood flow inside an idealized left ventricle modelled as a truncated
prolate spheroid with prescribed wall movement by focusing on the mathematical and numerical formulation of a proper set of boundary conditions (BCs) for the Navier-Stokes equations to treat the
valves. However, in this setting, accounting for the presence of the valves through BCs gives rise to
challenging mathematical and numerical problems. First of all, the opening and closing phases of the
valves are associated to different types of BCs, namely, essential and natural, which switch during the
heart beat. In this respect, even the well posedness analysis of a simple equation requires a careful
treatment [14]. Moreover, at the discrete level, if we consider a standard Galerkin approach, it could
be easily seen that, for each time step, the number of degrees of freedom associated to the approximation changes, due to the necessity of rebuilding the finite dimensional space, and consequently
leads to a significant computational cost. Furthermore, the problem is affected by all the main causes
which produce backflow divergence [13] in correspondence of the outlet boundary representing the
open aortic valve. Specifically, partial or total flow reversal, as well as local flow recirculation, could
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occur in proximity of this valve, and the use of defective BCs [5, 15] accounting for the presence of
the downstream circulation may lead to numerical instabilities.
In this work, in order to contain the computational cost and to correctly characterize the blood flow
through the valves, we propose an extended Nitsche’s method [10] for the weak imposition of general
BCs for the Navier-Stokes equations, which allows a simplified but realistic treatment of the mitral
and aortic valves. Indeed, this method considers the weak treatment of generalized boundary conditions by embedding the valves in the variational formulation of the fluid problem, without the need
to introduce additional unknowns, as e.g. for the Lagrange multipliers methods. In addition, we include in the proposed formulation boundary stabilization terms to prevent the numerical instabilities
associated to backflow divergence.
2

METHODOLOGY

We model the blood flow inside the left ventricle by assuming a Newtonian rheology for the fluid moving in an expanding and contracting cavity experiencing large displacements. We numerically solve
the incompressible Navier-Stokes equations in ALE formulation with the extended Nitsche’s method,
in order to determine both the velocity and pressure fields. Specifically, we consider NURBS-based
Isogeometric Analysis (IGA) in the framework of the Galerkin method [7] for the spatial approximation, stabilized by means of a variational multiscale method for large eddy simulation [4], while we
use the generalized ↵-method [9] for the time discretization. The use of IGA for the spatial approximation allows us to define an exact geometric model for the computational domain represented by
an half of a prolate ellipsoid, which is considered in literature [2, 3] as a geometry sufficiently accurate to represent the average actual configuration for different human subjects. We prescribe a priori
the structural ventricle movement by considering a simple elastic model and a given flow-discharge
profile in the framework of [2, 3].
The mitral and aortic valves are modelled as orifices of infinitesimal thickness located on the upper
equatorial plane and treated as generalized boundary conditions of the Navier-Stokes equations by
means of the extended Nitsche’s method. We firstly prescribe a pulsatile periodic flow with either
parabolic or flat velocity profile at the boundary representing the mitral valve and we focus on the
formulation of BCs accounting for the aortic valve behaviour. In this respect, we introduce a proper
set of BCs able to describe the opening and closing of the aortic valve and to control the occurrence
of the numerical instabilities due to the partial or total flow reversal arising from the imposition of
defective BCs of the Neumann type [5] accounting for the downstream circulation. Then, we consider
a similar treatment for the BCs mimicking the mitral valve, for which we add a suitable regularizing
term to obtain realistic velocity profiles.
3

RESULTS AND CONCLUSIONS

In order to show the effectiveness of the proposed method, we present and discuss numerical results
for blood flows in idealized left ventricles, both under healthy conditions and in dilatated cardiomyopathy, i.e. by considering oversized ventricles.
By considering the results of [3] as reference, we perform numerical simulations which highlight the
role of properly accounting for the valves behaviour when describing the blood flow patterns inside
the ventricle. Specifically, we consider two different prescribed inlet profiles at the mitral valve by
using the generalized boundary condition only for modelling the aortic valve. Then, we compare the
results obtained by the imposition of the inlet flow profile with the numerical simulations considering
the proposed extended Nitsche’s method for modelling both the aortic and mitral valves. We show
that the typical inlet jet profile [8] is correctly identified and the complex blood flow pattern inside the
ventricular cavity is well represented. Moreover, we recover other parameters of clinical relevance,
as the pressure field. In Fig. 1, we show the results obtained in a two dimensional left ventricle with
the proposed approach during the filling of the ventricle. In Fig. 1a, we show the case for which the
mitral valve is treated as an imposed velocity profile, while in Fig. 1b, we model the valve by means
of the extended Nitsche’s method similarly to the aortic valve.
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(a) t = 0.3 s.

(b) t = 0.3 s.

Figure 1: Blood flow velocity in the left ventricle during filling. Comparison of the results obtained
with an imposed velocity profile (a) and wih the extended Nitsche’s method (b) for the mitral valve.
In conclusion, the proposed extended Nitsche’s method for the treatment of the valves as generalized
BCs of the Navier-Stokes equations in weak formulation allows to model in a satisfactory manner
the blood flow inside an idealized left ventricle. Indeed, by prescribing a time law of inflow-outflow
discharge of the left ventricle adapted from clinical data [2], we correctly recover the typical behaviour
of the inlet jet which enters the ventricular cavity through the mitral valve [8] and the complex blood
flow pattern inside the cavity [11]. We remark that our approach, formulated for the valves modelled
as orifices of infinitesimal thickness located on the boundary of the domain, yields the formulation
of a set of BCs changing in time and on different portions of the boundary, which ideally represents
the valves’ leaflets. The proposed approach represents a significant generalization with respect to
the Nitsche’s formulation considered in [6] and used in [1] to stabilize the pressure jumps across the
valve leaflets. Indeed, we consider the more general case in which we are able to control in time and
on different portions either the velocity or the normal stress. A possible extension of the proposed
method consists in considering the valves as immersed surfaces inside the domain for geometries
including the aortic root.
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SUMMARY
In numerical simulations, the geometrical complexity of the networks in which air/blood flows leads
to a classical decomposition of two areas: a truncated 3D geometry corresponding to the largest
contribution of the domain and a removed part connected to the 3D part, modelling air/blood flows in
smaller airways/vessels for which 0D reduced models are used. The resulting Navier-Stokes system
in the 3D truncated part involves Neumann nonlocal boundary conditions. Different discretization
processes are analyzed in terms of numerical stability. In particular, new estimates in appropriate
norms for the discretized-in-time Navier-Stokes system are derived under smallness conditions of the
data, enlighting the intrinsic difficulty encountered with such systems to perform realistic simulations.
Key words: Stokes and Navier-Stokes equations, coupling of models, numerical stability, numerical
computations, finite element method

1

INTRODUCTION

In the present work, we focus on the numerical simulation of physiological flows such as airflows in
the respiratory tract, see e.g. [13, 1, 5, 9] and blood flows in the arterial network, see e.g. [11, 12, 4,
3, 6, 10]. In this context, direct simulations of 3D flows in such geometries are limited by the high
complexity of the domain leading to prohibitive computational costs. Therefore the whole domain is
usually truncated, restricting the computational domain to a smaller part which is considered to be the
most significant one in terms of flow description at the global scale. As a countereffect, the removed
part has to be taken into account thanks to suitable reduced models in order to describe the global
behaviour of the whole system.
This paper is concerned with the numerical treatement of the coupled 3D/0D models. The efficiency
of the numerical methods associated to these problems relies on the analysis of two types of numerical
difficulties: on the one hand, the explicit / implicit treatment of the coupling, which may lead to
numerical instabilities and thus possible restrictions on the time-step, even with an implicit treatment
(when achieved by an iterative procedure). On the other hand, the more intrinsic difficulties coming
from the convective term in the Navier-Stokes system which induces a lack of energy estimates and
subsequent numerical instabilities. In particular it is well-known that, in practical simulations, when
large pressures are applied, the system becomes unstable.
2

MODELS

The bronchial tree and the blood network have a complex structure which can be described as an
assembly of tubes in which the biological fluid (air or blood) flows. We first describe the 3D part of
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the global model and, second, the 0D reduced models which are classically used to mimick the fluid
behaviour in the regions that have been truncated.
After truncation of the whole domain, we get a domain ⌦ ⇢ R3 involving artificial boundaries. We
denote the inlet 0 and the multiple outlets i , with i 2 {1, · · · , Nout }, Nout being the number of
outlets. The lateral walls of the respiratory tree or of the aorta are noted ` . In these 3D domains,
we assume that the velocity u and the pressure p of the fluid satisfy the following incompressible
Navier-Stokes system:
8
⇢(@t u + (u · r)u) ⌘ u + rp = 0
in ⌦,
>
>
>
>
div(u)
=
0
in ⌦,
>
>
<
u = 0
on ` ,
(1)
⌘ru
·
n
pn
=
p
n
on 0 ,
>
0
>
>
>
>
⌘ru · n pn =
pi n on i , i = 1, . . . , Nout ,
>
:
u(0, ·) = u0
in ⌦,
with u0 the initial condition, n the outward unit vector on every part of the boundary @⌦ and ⇢ and
⌘ the density and the viscosity of the fluid respectively. In order to model the whole system, i.e. the
whole respiratory tree or the whole blood network, taking into account the fluid flow in the removed
part, the 3D model has to be completed with a well-chosen reduced model. In this paper, we focus
on models which involve generalized Neumann boundary conditions based upon the modelling of
phenomena in the truncated part. Note that, as they involve the velocity flux at the artificial boundary,
the boundary conditions are nonlocal:
Z
pi (t) = Fi (Qi (s), 0  s  t) with Qi (s) =
u(s, ·) · n
i

where Qi is the flux on i which depends on the instantaneous velocity field u at the boundary, and
Fi is a function associated to the chosen 0D model. In the respiratory tract, a 0D model is classically
coupled at each ith artificial boundary of the three-dimensional geometry, see e.g. [9, 7], as the
removed part is represented by its resistive and elastic global properties modelled by parameters,
leading to the RC model. In the aortic region, a possible 0D model to describe the removed blood
network involves two resistances and a compliance [8, 12, 11], leading to the RCR reduced model.
For the sake of simplicity, we will mainly discuss the R model, which is defined by
Fi (Qi (s), 0  s  t) := Ri Qi (t),
and point out the extensions of our results to the RC and RCR models.
3

RESULTS

We investigate the numerical stability of various coupling strategies between the Stokes system and
the 0D models that have been discussed in the previous section. Using classical time-discretization
process for the Stokes and Navier-Stokes systems, the numerical method still relies of the way the 0D
model is connected to the 3D model. We will denote f n the approximation of a function t 7! f (t, ·)
at time tn = n t, where t = T /N is the time-step and T is the final time. When computing
the approximations of the velocity and pressure fields at time tn+1 , namely (un+1 , pn+1 ), we may
consider either explicit or implicit coupling at the artificial boundary:
(
Ri Q n
in the explicit coupling,
n+1
Fi (Qi (s), 0  s  t
)'
Ri Qn+1 in the implicit coupling.

Theorem 3.1 (R model coupled to the Stokes system) For the implicit coupling, the approximation
of the velocity is unconditionally stable and its discrete energy is bounded by its initial energy and
the external pressure load. For the explicit coupling, the approximation of the velocity satisfies the
following estimates:
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• The following discrete energy estimate holds: for all n 2 {1, ..., N },
n

⇢ n 2
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2
4
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The explicit scheme is unconditionnally stable with an exponential growth in the upper bound. Under
some conditions on the physical parameters on the one side, or a CFL condition on the other side, the
upper bound may be improved. Note that the CFL condition involves the ratio ⇢/R which drastically
depends on the physiological application.
When considering RC and RCR models with an implicit coupling, the unconditional stability can
be proved in a similar way. With an explicit coupling, discrete energy bounds can be derived under
restrictive conditions: in the RCR model these conditions are similar to the R case whereas in the RC
model they also depend on the elastic properties of the 0D model. Moreover, in the RC model, the
exponential upper bound is even deteriorated in comparison to the R case.
Let us now discuss the coupling of the reduced model to the Navier-Stokes system. When dealing
with the Navier-Stokes equations, difficulties arise from the convection terms. In particular, the energy
R
2
balance is associated to a boundary term ⇢ 0 [ i |u|2 u · n that represents the flux of kinetic energy at
the boundaries (including the artificial ones), whose sign is not known a priori. Consequently, unlike
in the Stokes system, one can not derive an energy estimate so easily. However with a Galerkin
method based upon a special and well-chosen basis (linked to a modified Stokes operator denoted
AR ), we derive an existence result together with stability estimates for the semi-discretized system in
norms associated to the modified Stokes operator.
Theorem 3.2 (R model coupled to the Navier-Stokes system) For the implicit coupling, assuming
that the initial and boundary data are sufficiently small, the variational formulation admits a unique
solution and defines a sequence of solutions (un )n which is bounded in l2 (D(AR )) and such that
(run )n is bounded in l1 (L2 (⌦)). For the explicit coupling, under smallness assumptions (that are
more restrictive than in the implicit case), a similar estimate holds (up to the modification of AR onto
A0 ).
The smallness condition on the applied data to obtain the existence of a solution is really restrictive
and its order of magnitude strongly depends on the considered application.
When considering the RC or RCR model coupled to Navier-Stokes equations, even with an implicit
coupling, the analysis differs a lot from the one performed for the Stokes system or from the NavierStokes system with implicit coupling with the R model. Indeed the existence and stability results
follow the same lines as for the Stokes system with RC or RCR models with an explicit coupling and
thus lead to some requirement of CFL-like conditions and smallness of the data.
Many of these theoretical observations can be illustrated by numerical simulations underlying the
different behavior of each particular applications.
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4

CONCLUSIONS

We investigated stability issues for the Navier-Stokes system in a truncated domain and its coupling
with different 0D reduced models. The considered numerical strategies to advance in time the associated linear 3D/0D coupled system lead to unconditionally stable schemes in the implicit case
and possibly conditionally stable schemes in the explicit one. We derived new estimates for the
semi-discretized Navier-Stokes system coupled to 0D reduced models, under strong assumptions of
smallness of the data. It underlines the intrinsic difficulty when performing computations for the
Navier-Stokes system with Neumann boundary conditions and justifies the need to design and use
appropriate backflow stabilization methods to perform realistic simulations [2, 6].
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SUMMARY
We address here the notion of equivalent resistance, that is a key ingredient in elaborating lumped
models in the context of ventilation modeling. In particular, we discuss the relevance in terms of modeling and mathematics of different definitions that can be proposed, and we investigate the variability
of the equivalent resistance of a tree-like structure with respect to geometrical parameters.
Key words: Respiratory system, equivalent resistance, lumped models, Stokes and Navier-Stokes
equations

1 INTRODUCTION
Since direct simulations of the air flow in the respiratory tract are out of reach, it is common practice
(see e.g. [1, 7]) to restrict the computational domain to the first generations, and to link the artificial
exits to simplified, lumped models. Each of those corresponds to a subtree, the end of which is
embedded in the paremchyma. A typical situation is represented in Fig. 1: the overall tree-like
domain in truncated, and the actual computational domain is restricted to the first generations. The
domain denoted Ω is replaced by its equivalent resistance, that linearly relates the flux through it and
the pressure drop Pin − Pout . Elaborating such simplified models calls for a proper definition and
estimation of lumped quantities, such as elastances and hydrolic resistances. The latter play a crucial
role in elaborating relevant 0 − D models of the windkessel type: their values reflect the current state
of the distal subtrees, but they are likely to condition the balance of fluxes in the upper part. We aim
here at addressing two issues:
1. The very definition of equivalent resistance is not canonical outside the range of purely linear
fluid models. In particular, in the case of Navier-Stokes equations, inertia rules out a straight
definition based on a linear relation between flux and pressure drop.
2. Introducing an equivalent resistance of a network amounts to lump a huge number of parameters
or features (diameters, length, shapes) into a single number, the relevance of which requires
some sort a stability with respect to microscopic parameters. In order to assess the validity of
the approach, it is of great importance to control the dependence of this number upon the many
sources of variability that are involved.

2 HYDROLIC RESISTANCE OF A DOMAIN
In the case of Stokes flow, the resistance of a domain Ω between two “ends” Γin and Γout (disjoint
subsets of ∂Ω) is based on the so called pressure drop problem. An external pressure Pin (resp. Pout )
is prescribed on Γin (resp. Γout ). Thanks to the linear character of Stokes equation, the induced
velocity, and consequently the global flux Q, linearly depend on the pressure drop, and the definition
of the resistance R follows
Pin − Pout = RQ.
(1)
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Comput. domain

Ω

Γin (pressure Pin )

Γlat
Γout (pressure Pout )

Figure 1: Geometric setting

As soon as linearity is lost because of inertial terms, the definition no longer makes clear sense. A
common way to overcome this difficulty consists in considering a similar pressure drop problem for
Navier-Stokes equations, and accepting that R (still “defined” by the equation above) may depend on
Q. For inertial flows, the basic pressure drop problem reads as follows: given pressures Pin and Pout ,
solve
 %
&
∂u


+ (u · ∇) u − µ∆u + ∇p =
0 in Ω
ρ



∂t


∇·u =
0 in Ω



u =
0 on Γlat




µ∇u · n − pn = −Pα n on Γα , α = in, out.
'
If a steady state is reached, compute Q = Γout u · n, and define R as (Pin − Pout )/Q.
This approach raises further issues:

1. It supposes that an overall stationary flow is attained, which may require a time significantly
longer that the ventilation time scale (around a few seconds);
2. The straight pressure-drop problem is in some way ill-posed for Navier-Stokes equations, in
the sense that it may lead to never-ending increase of kinetic energy within the domain. This
phenomenon appears when the area of the oulet is significantly larger than that of the inlet,
which induces a constant influx of kinetic energy. From a modeling standpoint, it is due to the
fact that the kinetic energy of the incoming fluid comes “for free”;
3. Various types of boundary conditions can be proposed to elaborate a pressure-drop problem
adapted to the underlying phenomena, and respectful of energy considerations. Yet, such extensions are not canonical, and the behavior may highly depend on the direction of the flow
(inspiration or expiration).
We shall investigate these issues from different standpoints: modeling, mathematics, and numerics.
3 VARIABLITY OF THE EQUIVALENT RESISTANCE WITH RESPECT TO GEOMETRIC PARAMETERS
In case of linear (Stokes) flow, the equivalent resistance is well defined by (1), but the actual estimation
of R usually requires a numerical computation in the considered domain. In the case of a tree like
domain, standard rules of electric networks make it possible to analytically compute this resistance,
even when the tree is not symmetric (the branches of a same generation may differ). Actual knowledge
of the geometrical parameters (lenghts and diameters of the branches) for a given patient at a given
instant is out of reach, but orders of magnitudes can be found in the literature for all generations of
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Figure 2: Effect of generation-wise variability upon global resistance variability

the repiratory tract, together with coefficients of variations (see e.g. [6]). We propose to investigate
the variability of the equivalent resistance with respect to its constitutive parameters, and to estimate
which amount of this variability is explained by the different generations, by means of Sobol indices
([2, 5]). Fig. 2 illustrates this approach, applied here to the (purely viscous) resistances of the 15
first generations of the respiratory tract. These estimates support the robustness of the lumped model
approach in assessing a very low effect of the variability of distal branches upon global resistances:
the largest part of the variability is due to the proximal generations (generations 0 to 8), whereas
further (distal) generations play essentially no role in this variability.
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SUMMARY
In this paper, we present a framework that couples three-dimensional (3D) to one-dimensional (1D)
transport models to predict particle deposition in the respiratory airways throughout respiration. During respiration, the time dependent flow rate and particle concentration can be passed between the
domains (inspiration: 3D to 1D, expiration: 1D to 3D). This framework enables us to predict particle
transport and deposition in the whole lung and throughout both inspiration and expiration.
Key words: computational fluid dynamics, particles, respiratory tract, inspiration and expiration

INTRODUCTION

Recent advances in computational resources
have enabled sophisticated airflow and particle transport simulations in the pulmonary airways, however it is currently unfeasible to
solve for airflow and transport for all length
scales of the lung. Furthermore, while there
has been significant focus on predicting particle transport during inspiration [8, 4, 3], there
is limited knowledge on particle fate during expiration.
Our group recently developed a computational
framework to simulate airflow and particle
transport in the conducting airways of the lung
[9]. We showed favorable agreement between
the simulation predictions and in vivo experimental data [8] for lobar deposition fractions
in healthy rat lungs. However, we assumed
that the number of deposited particles is proportional to the number of delivered particles
and is the same for each lobe. However, due
to the lobe-specific airway branching structure
[6], this assumption may not be valid. Furthermore, this assumption is likely inaccurate in
emphysema, a chronic obstructive pulmonary
disease [8].
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Figure 1: 3D-1D particle coupling illustration between
the 3D image-based airways and 1D trumpet models
(panel A). Panel B shows the flow rate of each lobe determined from the 3D flow simulation [9]. This lobespecific flow rate, Q0 , was employed to solve the 1D flow
model.

2

METHODOLOGY

3D Flow and Transport Models: Airflow and particle transport in the 3D domain has been described
previously [9, 8] and thus only briefly discussed here. Airflow was found by solving the incompressible Navier-Stokes equations by employing finite element methods. A custom linear solver was
employed which incorporated a resistance-based pre-conditioner with a combination of GMRES and
conjugate gradient methods [1]. A mechanical ventilation pressure waveform was prescribed at the
trachea face and resistance and compliance lumped parameter models were implemented at each of
the distal faces. To ensure numerical stability a convection stabilization scheme [2] was employed
at the boundary faces. Flow waveforms at each distal face (Figure 1B) was determined from the 3D
flow simulation and employed in the 1D model. In the 3D domain the particle trajectory was determined by solving a reduced form of the Maxey-Riley equation by Lagrangian methods, thus each
individual particle is convected by the hydrodynamic forces imposed by the flow field obtained from
the 3D Navier Stokes solution. Convergence of the solution was determined for both the mesh size
and number of particles simulated.
1D Flow and Transport Models: A single path convection-diffusion model [11] was employed to
determine transport in the airways peripheral to the 3D geometry and is given as
"
#
@[AE (x, t)c(x, t)]
@
@c(x, t)
=
D(x, t)A(x)
@t
@x
@x

@[Q(x, t)c(x, t)]
@x

L(x, t)c(x, t).

(1)

mass
where c(x, t) is the concentration ( volume
), A(x) is the bronchial cross-sectional area, AE (x, t) includes A(x) and the additional area due to the alveoli, Q(x, t) is the flow rate in the conduits, D(x, t)
is the effective diffusion due to mixing in the airways, and L(x, t) is the deposition loss term. With
this model, all airways within a given generation are lumped together. The airways in the alveolar
region of the lung expand and contract throughout respiration. The loss term, L(x, t), models deposition due to gravitational, inertial and diffusive forces based on empirical models [11]. The 1D
@AE
continuity equation is solved for Q(x, t), @Q
0. Q0 is the
@x = @t with Q(0, t) = Q0 and Q(x, 0) =
RL
flow rate at each distal airway found from the 3D Navier-Stokes solver (Figure 1B). As 0 AE = VTi ,
where VTi is the inspired volume of each lobe, the flow rate approaches 0 at the last airway generation.

Equation 1 is solved with an semi-implicit finite volume scheme [5]. The initial condition for inspi@c
ration was set to c(x, 0) = 0 and the boundary conditions were set to c(0, t) = c0 and
= 0,
@x x=L
where c0 is the concentration at the 3D-1D coupled surface. For expiration, the boundary conditions
@c
@c
are taken as:
= 0, and
= 0. A mass convergence study of the numerical scheme
@x x=0
@x x=L
was performed. Lobe specific airway dimensions were employed [12] and were scaled to represent a
lung at functional residual capacity (FRC).

3D-1D Particle Coupling: With this framework particles can be passed between the two domains
throughout respiration (inspiration: 3D to 1D, expiration: 1D to 3D, Figure 1). Particles then either
exit the distal airways of the 3D domain or deposit on the airway walls. If the particles exit the 3D
model they will be passed to the 1D model. For the 3D and 1D domains a Lagrangian and Eulerian
approach is taken, respectfully. Thus, the description of particles must be converted at the 3D-1D
interface. For inspiration the particle concentration is calculated by dividing the mass of particles
exiting the model by the volume of air the particles were suspended in. Particles were released back
into the 3D model at each 3D-1D interface throughout expiration. The number of particles to be
released during expiration was prescribed such that there was convergence of the solution.
Comparison of Model Predictions to Experimental Data: The 3D-1D simulated results were compared to experimental data [8, 10] by
V Pdepi =

Pdepi
↵i

(2)
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Volume normalized deposition results are
given in Figure 2. Values of 1 indicate that
the particle deposition (3D-1D or experimental
data) or delivery (3D only) is directly proportional to the volume fraction. Good agreement
was found between model predictions and the
experimental data of Oakes et al. [7], with
the exception of the cardiac lobe. However all
predictions matched well with the experimental data of Raabe et al. [10]. Deposition was
found to be dependent on lobar specific geometric parameters (e.g. path length to start of
acinus).
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where Pdepi is the number of particles deposited in each lobe normalized by the total
lung deposition and ↵i is the volume of each
lobe divided by the total volume of the lung.
Similarly, for the 3D simulation, V Pdeli was
calculated, where del is the number of particles delivered to the lobe.
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Figure 2: Preliminary comparison of simulations results
with experimental data of Oakes et al. [9] and Raabe et
al. [10]. Definitions of V Pdepi and V Pdeli are given in
the Methodology Section. The 3D simulation results are
for only the 3D model and the 3D-1D Simulation results
is for the coupled model. Results are for particles with
MMAD of 1.2 µm.
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Figure 3 shows the predicted deposition during inhalation (panel
A) and exhalation (panel B). The
percentage of deposited particles
was calculated as the number of
particles depositing normalized
by the total number of particles
entering the 3D model. More particles deposited during the exhalation phase of respiration than
during the inhalation phase (Figure 3). This enhanced deposition
is caused by the slow flow rate
during the last 0.1 seconds of exhalation. During this time, the
particles suspended in the airway
have time to sediment and deposit
on the airway walls.

In this work, we demonstrated
the ability to couple a 3D model,
where flow and particle transFigure 3: Preliminary results showing particle deposition sites during
inspiration (Panel A) and expiration (Panel B). Particle deposition loca- port are complex, to a 1D sintion based on lobe particle was originating from is shown for the exha- gle path model. With this new
lation simulation. Deposition percentages are calculated by the number framework, we have the ability to
of particles depositing normalized by the number of particles entering perform whole lung simulations.
the 3D model.
Additionally, we can now predict regional deposition throughout both inspiration and expiration, facilitating physiologically realistic deposition predictions. This
framework may be applied in future studies to determine lung burden in diseased lungs (e.g. patients
with chronic obstructive pulmonary disorder (COPD) or asthma). Future work should also include
comparing the 1D single-path model to a 1D multiple-path model. A 1D multiple-path model will

88

Left

Apical

Inte

enable direct comparison between 1D models and 3D simulations.
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[5] Sébastien Martin and Bertrand Maury. Modeling of the oxygen transfer in the respiratory process. ESAIM: Mathematical Modelling and Numerical Analysis, 47(4):935–960, June 2013.
[6] J M Oakes, M Scadeng, E C Breen, A L Marsden, and C Darquenne. Rat airway morhometry
measured from in-situ MRI-based geometric models. Journal of Applied Physiology, 112:1921–
1931, March 2012.
[7] Jessica M. Oakes, Ellen Breen, Miriam Scadeng, Ghislain S. Tchantchou, and Chantal Darquenne. MRI-based measurements of aerosol deposition in the lung of healthy and elastasetreated rats. Journal of Applied Physiology, 116:1561–1568, 2014.
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SUMMARY
A mouse-specific fluid-structure interaction (FSI) model of the abdominal aorta is presented. The
aortic geometry was based on contrast-enhanced in vivo micro-CT images in ApoE-/- mice, while
aortic flow boundary conditions and material model parameters were based on in vivo highfrequency ultrasound. The model incorporated in vivo stresses. Flow waveforms predicted by FSI
simulations corresponded better to in vivo measurements than those from CFD simulations.
Locations of locally increased peak-systolic principal stresses at the inner and outer aortic wall
coincided with locations of medial tears previously observed in angiotensin II-infused mice.
Key words: Fluid-structure interaction, hemodynamics, biomechnaics
1 INTRODUCTION
Mouse models are often used to study the onset and progression of cardiovascular disease due to
the availability of different genetically modified strains and the rapid time course of disease
development. The angiotensin II-infused ApoE -/- mouse model in particular has long been an
established pre-clinical model for abdominal aortic aneurysm [1]. On the other hand, recent
insights challenge the relevance of this particular mouse model to study human aneurysms
pathophysiology, and indicate that aortic dissection plays a key role in the induced aortic disease in
these animals, with a pivotal role for aortic side branches [2]. We recently used a novel post
mortem imaging technique called PCXTM (phase contrast X-ray tomographic microscopy) and
could indeed confirm this hypothesis [3]. Our high-resolution post mortem images showed that the
intramural hematoma was related to ruptures in the tunica media near suprarenal side branches
(such as intercostals and the superior suprarenal artery). Moreover, apparent luminal dilatation
could be linked to a tear in the tunica media that appeared caudal, cranial or left lateral to the celiac
artery.
The biomechanical factors involved in the pathological processes in mice are impossible to
measure directly, but could be estimated from mouse-specific Fluid-Structure Interaction (FSI)
simulations. Ideally, such computational methods require a mouse-specific geometry and boundary
conditions for both the fluid and solid domain. These are, however, difficult to obtain since the
small size and rapid heart rate of these laboratory animals put high constraints on in vivo imaging
tools. To the best of our knowledge, such mouse-specific FSI simulations are yet to be performed.
The principal aim of the current work was therefore to set up a mouse-specific FSI simulation
framework, based on in vivo measurements, in which fluid and solid mechanics are simultaneously
accounted for in the murine abdominal aorta. As a secondary aim, the distribution of wall shear
stress and maximum principal stress in the vicinity of abdominal side branches was studied in
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relation to the distribution of medial ruptures that had previously been observed in angiotensin IIinfused mice.
2 METHODOLOGY
2.1 Data collection
Data were obtained from a 37 week old in house bred ApoE -/- mouse on a C57Bl/6 background.
The animal was first scanned using micro-CT dedicated for small animal imaging following
intravenous injection with 150 microliter/25 g body weight of Aurovist (Nanoprobes) to allow for a
better discrimination between blood vessels and surrounding soft tissues. Images were semiautomatically segmented using Mimics (Materialise, Leuven, Belgium). The outer surface of the
lumen geometry was exported as STL format and passed onto pyFormex for generation of a
hexahedral mesh of the fluid domain. A computational grid for the arterial wall was generated using
quadratic hexahedral elements with a hybrid formulation. The thickness of the arterial wall was
assumed to be 10% of the inner diameter.
In vivo ultrasound data were obtained with a high-frequency ultrasound apparatus (Vevo 2100,
VisualSonics). Flow velocities were measured in the abdominal aorta and in its side branches. Flow
velocities were converted to volumetric flows using the corresponding cross-sectional area that was
obtained from 3D, segmented micro-CT data. The obtained flow waveforms corresponded to an
average heart rate of 360 beats per minute and a cardiac cycle of 0.17 s. To obtain a time-averaged
mass imbalance equal to zero, the thoracic inlet flow was scaled with an imbalance correction
factor of 1.07. Diameter distension waveforms were obtained with long axis MMode imaging in the
abdominal aorta, cranial to the celiac artery.
2.2. Setting up the flow problem
The flow governing equations were solved using the commercial finite volume solver Fluent 14.5
(Ansys). Time-varying uniform velocity profiles were imposed normal to the boundaries (see
Figure 1) at the inlet of the aorta and the outlets of the side branches, based on the volumetric flow
waveforms. A pressure outlet boundary condition was prescribed at the distal abdominal aorta by
means of a three element windkessel model. The parameters of the windkessel model were defined
such that physiological pressure variations were retrieved when applying the measured flow rate at
the distal abdominal aorta. (Z = 367.1 mmHg/ml/s, R = 2390.8 mmHg/ml/s , C = 6.9 10-5
ml/mmHg ). At the walls the no-slip condition was imposed. Blood density was set to 1060 kg/m³
and the blood was modeled as a Newtonian fluid with a constant dynamic viscosity of 0.0035 Pa s.
To allow for a comparison with FSI simulations, we also performed computational fluid dynamics
(CFD) simulations assuming rigid walls.
2.3. Setting up the aorta wall model
The structural mechanics component of the FSI problem was solved with the commercial finite
element solver Abaqus Standard (Simulia) with an implicit time integration scheme. At the
corresponding ending cross sections, displacement boundary conditions were applied allowing
radial displacement of the nodes only, except for the left renal artery where in plane movement of
the nodes was allowed as well. Loads were only imposed at the inner surface of the vessel wall, but
both the normal component and the shear component of the traction vector were applied at the
fluid-structure interface. The aortic tissue was modeled using an Arruda-Boyce material model [4],
with the model calibrated such that measured diameter distension (around 10%) was obtained when
imposing diastolic/systolic pressure of 60/90 mmHg. The zero pressure geometry was retrieved
using the backward displacement method, such that the simulations account for initial stresses [5].
2.4. Fluid-structure interaction
The flow and structural solver are coupled with a partitioned fluid-structure interaction (FSI)
approach using the coupling code Tango [6]. FSI simulations were performed for grids yielding
mesh-independent results: the fluid domain counted 156k cells and the solid domain was composed
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of 44k quadratic elements. Four cardiac cycles were simulated and all presented results were
retained from the 4th cycle. The difference in pulse pressure between the third and fourth cycle was
less than 0.02%.
3 RESULTS AND CONCLUSIONS
The computed FSI outflow at the distal part of the aorta corresponded better to the measured
outflow than the computed CFD flow which falsely predicted a significant amount of backflow in
the end-systolic phase, followed by a close to zero outflow during diastole. At peak-systole, CFD
overestimated the pressure drop and flow velocity compared to FSI simulations, while at enddiastole CFD simulations underestimated both pressure drop and flow velocity. The velocity
magnitudes predicted by FSI and CFD were equal at the model inlet (as the same velocity was
imposed in both models) and gradually increased towards the distal part of the aorta (Figure 1).

FSI simulations

inner wall

outer wall

PCXTM data
FSI simulations

CFD simulations

aortic flow velocities

aortic wall stress

Figure 1. Left: velocity profiles along aorta at the end of diastole and at peak systole as obtained
from FSI or CFD simulations. Top Right: maximum principal stresses at the inner and outer wall
as obtained from FSI simulations. Bottom Right: 3D representations based on PCXTM images of a
dissecting AAA. Arrows indicate how a tear on the left lateral side of the tunica media (in white)
led to an apparent luminal dilatation (in red). MA: mesenteric artery; CA: celiac artery; RRA:
right renal artery.
Contour plots of peak-systolic maximum principal stress at both the inner and outer surface of the
aortic wall are shown in Figure 1 (top right panels). At the inner wall, the highest maximum
principal stress occurred just distal to the celiac artery, with additional peaks distal and cranial to
the trifurcation. At the outer wall, the maximum principal stress concentration was highest on both
lateral sides of the celiac artery and the trifurcation of mesenteric and right renal arteries, with a
marked increase in stress on the left lateral side. Intriguingly, these are the exact same regions at
which a mural tear had previously been observed using post mortem PCXTM imaging: some
animals showed a tear just caudal to the celiac, others had a large tear that ran entirely on the left
lateral side of celiac and mesenteric arteries, and some animals had a tear that extended both caudal
and left of the celiac artery.
These first simulation results thus seem to suggest an important role for biomechanical stress in the
early stages of the pathophysiology of dissecting aneurysm in mice. We hypothesize that the large
variation in the number and location of branch-related ruptures that has been observed in previous
PCXTM images was related to local variations in aortic geometry and branching patterns, resulting
in local variations of the zones experiencing locally increased stresses. These preliminary results
will form the basis for more elaborate research to provide deeper, animal-specific insights into the
link between biomechanics, mechanobiology and branch-related ruptures in angiotensin-II infused
mice.

92

REFERENCES
[1] A.  Daugherty,  M.  W.  Manning,  and  L.  A.  Cassis,  “Angiotensin  II  promotes  atherosclerotic  
lesions and aneurysms in apolipoprotein E-deficient  mice,”  J Clin Invest, vol. 105, no. 11, pp.
1605-12, Jun, 2000.
[2] L. Gavish, R. Beeri, D. Gilon, C. Rubinstein, Y. Berlatzky, L. Y. Gavish, A. Bulut, M. Harlev, P.
Reissman,  and  S.  D.  Gertz,  “Inadequate  reinforcement  of  transmedial disruptions at branch
points subtends aortic aneurysm formation in apolipoprotein-E-deficient  mice,”  Cardiovasc
Pathol, vol. 23, no. 3, pp. 152-9, May-Jun, 2014.
[3] B. Trachet, R. A. Fraga-Silva, A. Piersigilli, A. Tedgui, J. Sordet-Dessimoz, A. Astolfo, C. Van
der  Donckt,  P.  Modregger,  M.  F.  Stampanoni,  P.  Segers,  and  N.  Stergiopulos,  “Dissecting  
abdominal aortic aneurysm in Ang II-infused mice: suprarenal branch ruptures and apparent
luminal  dilatation,”  Cardiovasc Res, vol. 105, no. 2, pp. 213-22, Feb 1, 2015.
[4] E.  M.  Arruda,  and  M.  C.  Boyce,  “A 3-dimensional constitutive model for the large stretch
behavior of rubber elastic-materials,”  Journal of the Mechanics and Physics of Solids, vol. 41,
no. 2, pp. 389-412, Feb, 1993.
[5] J. Bols, J. Degroote,  B.  Trachet,  B.  Verhegghe,  P.  Segers,  and  J.  Vierendeels,  “A  computational  
method to assess the in vivo stresses and unloaded configuration of patient-specific blood
vessels,”  Journal of Computational and Applied Mathematics, vol. 246, pp. 10-17, Jul, 2013.
[6] J.  Degroote,  P.  Bruggeman,  R.  Haelterman,  and  J.  Vierendeels,  “Stability  of  a  coupling  
technique  for  partitioned  solvers  in  FSI  applications,”  Computers & Structures, vol. 86, no. 2324, pp. 2224-2234, Dec, 2008.

93

4th

International Conference on Computational and Mathematical Biomedical Engineering – CMBE2015
29 June - 1 July 2015, France
P. Nithiarasu and E.Budyn (Eds.)

PATIENT-SPECIFIC MODELING BLOOD FLOW IN THE CIRCLE
OF WILLIS TO COMPARE THE 1D SIMULATION WITH 3D
SIMULATION
Hao Zhang1, Masaharu Kobayashi2, Shigeki, Yamada3, Fuyou Liang4, Shu Takagi1, and
Marie Oshima2
1
Department of Mechanical Engineering, The University of Tokyo, Tokyo, Japan, zhanghao@iis.u-

tokyo.ac.jp, takagi@mech.t.u-tokyo.ac.jp
2

Interfaculty Initiative in Information Studies, The University of Tokyo, Tokyo, Japan, mkoba@iis.u3

4

tokyo.ac.jp, marie@iis.u-tokyo.ac.jp
Department of Neurosurgey, Stroke Center, Rakuwakai Otowa Hospital, Kyoto, Japan,

shigekiyamada3@gmail.com
Department of Naval Architecture and Ocean Engineering, Shanghai Jiao Tong University, Shanghai,
China, fuyouliang@sjtu.edu.cn

SUMMARY
Limited by the computational resource, 1D simulation has been proposed as an alternative for 3D
simulation in large scale system such as cardiovascular system. In a relatively smaller system, such
as cerebral circulation system, there are no criteria for 1D or 3D simulation selection. It is
necessary to investigate the difference between 1D and 3D simulations on hemodynamic prediction.
In this research, we applied the simulations based on patient-specific measurement data. The
boundary conditions in 3D simulation are obtained from 1D simulation. As a preliminary
investigation, the averaged flow rates and pressure drop during one cardiac cycle are compared.
Key words: 1D, 3D, Circle of Willis, patient-specific
1

INTRODUCTION

In recent years, the numerical technologies have been widely used to investigate the hemodynamics.
Especially the application of one-dimensional (1D) model combined with the zero-dimensional
(0D) model on investigating the global hemodynamics of the cardiovascular system is developing
rapidly.3, 5, 8, 11, 12 Since the three-dimensional (3D) simulation is time and resource costing, it is
mainly used to analyze the local behavior of blood flow.10, 13
In order to investigate the hemodynamics of the CoW which are considered to be responsible for
many cerebral vascular disease such as atherosclerosis, aneurysms or stroke, both the 1D and 3D
simulations have been proposed.1, 2, 4, 9 In most 1D simulations, the vessel walls are assumed to be
flexible ones, and the material properties are referenced from the statistical literature data.
Furthermore, the vessel segments in 1D simulation are constructed as the straight axisymmetric
tubes. Since the patient-specific data for the vessel material properties are difficult to be obtained,
and also because of the limitation of computational resource, a large portions of the 3D simulation
for CoW are based on the rigid vessel walls.2, 4 The 3D simulation can directly utilize the three
dimensional patient-specific geometry from the medical imagine data such as MRA, CT or
ultrasound. Both 1D and 3D simulations are widely used for the hemodynamics investigation for
CoW. It is necessary to investigate the effects of the difference between 1D and 3D simulations on
the hemodynamics predictions.
In this work, we applied the 1D and 3D simulations based on the same patient-specific vessel
geometry and flow rate measurement data. Both 1D and 3D simulations constructed the geometry
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model based on MRA data. The same cardiac averaged outflow rates and inlet pressure with 1D
simulation are prescribed as the boundary conditions for 3D simulation. As a preliminary
investigation, the averaged results of one cardiac cycle are compared between 1D and 3D
simulations.
2 METHODOLOGY
2.1 1D simulation
The blood flow in large arteries is assumed to be axisymmetric laminar flow. The 1D governing
equations are used to simulate the blood flow.5
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where A(t,z), Q(t,z) and P(t,z) denote the cross-sectional area, flow rate and pressure, respectively.
The blood is assumed Newtonian fluid with constant kinematic viscosity   4.43s 1cm 2 and
density   1.06 g  cm 3 . KR is a resistance parameter related to the viscosity of blood which is taken
as 22 in this study. A0 and h0 represent the cross-sectional area and wall thickness at the reference
configuration respectively. P0 means the reference pressure state, E is  the  Young’s  modulus,   r0 is
the radius corresponding to A0, and   0.5 means the Poisson ratio.
In this research, we constructed the 83 large arteries of the entire cardiovascular system to monitor
the hemodynamics of CoW (Fig.1). The vessel radius and length of CoW are measured from MRA
data. These measurements are assigned as the geometry parameters for the 1D simulation. The flow
rate and pressure at the afferent arteries (BA, Rt.ICA and Lt.ICA) of CoW are automatically

Figure 1: Cardiovascular system
composed of a set of 83 large
arteries described by 1D model
and the remainder described by
0D model.
calculated by the entire cardiovascular system. At each efferent artery (ACAs, MCAs and PCAs), a
lumped (0D) model is used to represent the peripheral arteries and connect the 1D large arteries
with the heart model as a closed loop system. The peripheral resistance in 0D model at each
efferent artery is adjusted to match the calculated outflow rate with the reference data from Phase
Contrast MRI (PC-MRI) and Single Photon Emission Computed Tomography (SPECT) data.
2.2 3D simulation
The governing equations for the 3D impressible flow consist of the continuity and momentum
conservation equations as follows:
u  0 ,
(4)
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where u is a velocity vector, p is the pressure, and  means the kinematic viscosity.
The vertex centered Finite Volume Method (FVM) is used for the spatial discretization. The Euler
implicit method is applied for the temporal discretization. A hybrid central (25%) and upwind
(75%) difference scheme is applied for the convection term discretization.
The 3D geometry of CoW is constructed from MRA measurement data as shown in Fig.2. Near the
rigid vessel walls, the prism grids are generated as the layers, and the rest are main tetrahedron
grids. A total of about 300000 elements and 730000 nodes are generated for this 3D simulation. As
a preliminary comparison, the averaged result of one cardiac cycle is focused. The same cardiac
averaged boundary conditions with 1D simulation are prescribed in 3D simulation. At each afferent
artery, the averaged pressure during one cardiac cycle which is calculated in 1D simulation is
applied as the pressure inlet boundary condition for 3D simulation. At the efferent arteries, the
reference measured flow rates which are the same with those in 1D simulation are prescribed as the
velocity outlet boundary condition.

Figure 2: 3D geometry of CoW constructed from the patient-specific MRA data.
3 RESULTS AND DISCUSSION

Figure 3: Left: cardiac averaged flowrate distribution in afferent and efferent arteries of CoW;
Right: cardiac averaged pressure distribution in afferent and efferent arteries of CoW.
The cardiac averaged flow rate and pressure distribution results are depicted as shown in Fig.3. The
flow rates in the efferent arteries and pressure in the afferent arteries are the same between 1D and
3D simulations. It should be noticed that, the outflow rate and inlet pressure are almost
symmetrical between the left and right sides of CoW. However, the calculated flow rate in Rt.ICA
is found to be larger than that in Lt.ICA in both 1D and 3D simulations. This phenomenon may
prove that the main 3D vessel geometry properties have been captured by the simplified 1D
simulation, since the flow rate in the afferent arteries are mainly decided by the vessel geometry of
CoW.6 We can also observe that the flow rate in BA and Lt.ICA, are different between 1D and 3D
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simulations. The reason for this phenomenon is that the vessel resistance is underestimated by 1D
simulation which has the flexible wall and Poiseuille flow assumptions.7 This underestimation can
be significant in small arteries such as the communicating arteries, as a result the different flow
distribution in the afferent arteries can be observed between 1D and 3D simulations. The lower
pressure drop between the afferent arteries and efferent arteries can be observed in 1D simulation.
Since the vessel wall in 1D simulation is flexible, and the axisymmetric Poiseuille flow is assumed,
it is reasonable to find the lower pressure drop in 1D simulation than 3D simulation.4

4 CONCLUSIONS
We compared the rigid wall 3D and flexible wall 1D simulation in hemodynamics prediction for
CoW. Both two simulations are based on the same patient-specific vessel geometry and flow rate
measurement data. The same cardiac averaged outflow and inlet pressure boundary conditions with
1D simulation are applied to 3D simulation. The difference of the results can be observed from the
flow rate and pressure comparison between 1D and 3D simulations.
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SUMMARY
We report a theoretical, numerical, and experimental study on the forced expiration maneuver. The
tracheobronchial tree is modeled as an assembly of compliant tubes. In each tube, the equation of
flow motion is integrated exactly, which allows us to derive a lumped parameter model for
simulation the behavior of the entire tree. After validation of the approach on data found in the
literature, flow-volume loops performed by subjects and patients in Pulmonary Function Test (PFT)
are then compared to numerical simulations. Finally, quantitative predictions about the alteration of
the flow-volume curves are presented for various scenarios of distal COPD.
Key words: flow-volume loop, lumped parameter model
1 INTRODUCTION
Flow-volume loops (FVL) recorded during a forced expiration maneuver performed are one of the
clinical gold standards tools of Pulmonary Function Tests (PFT). By imposing a mechanical
challenge on the pulmonary airway system, the forced expiration maneuver allows physicians
assessing the mechanical properties of the lung and possibly detecting alterations or diseases
affecting the lung structure or mechanics. However, the information extracted from FVL is the
result   of   a   “black   box”   measurement   which   by   definition   is   global   and   may   hide   local   or   deep  
modifications of the bronchi and parenchyma properties.
2 METHODOLOGY
Is it possible to accurately reproduce these FVL through numerical simulations of the dynamics of
gas transport in the airways? Such a simulation would require in general computing the fluid
transport and the fluid-structure interaction in the entire tracheobronchial tree, i.e., about 30,000 to
60,000 individual bronchi, the individual bronchial flows being  coupled  through  Kirchhoff’s  laws.
Moreover the entire flow map has to be recomputed at each elementary time step of the forced
expiration due to the change of lung volume affecting the boundary conditions such as the alveolar
and the pleural pressures. In order to achieve this simulation in a time compatible with desktop
computing power, we introduce a model in which the fluid-structure interaction is accounted for
through tube laws that relate the local diameter of a bronchus to the local pressure difference across
the bronchus wall. We show that the fluid transport equations can be exactly integrated along the
main direction of each bronchus, leading to a lumped parameter model of the entire tree [1]. At
each time step of the forced expiration, the pressures and the flow rates in each individual bronchus
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model are obtained by solving a non linear system of about 100,000 equations [1][1], using a
Newton-Raphson method.
3 RESULTS AND CONCLUSIONS
We first report here numerical simulations of forced expiration flow-volume loops using our model
for different gas mixtures (oxygen, helium, SF6…) accounting for their densities and viscosities. The
simulations were carried out on an asymmetric model of the human tracheobronchial tree. The
depth of a pathway in this model tree is 15 generations on average (between 9 and 23), and the
diameters of the terminal bronchioles are
about 0.5 mm [3]. The diameter of the
trachea and the extra-thoracic airway
resistance, which are key parameters for the
simulation, are adjusted on the air FVL and
kept identical for all other gases. The
simulation
results
exhibit
excellent
agreement with the measurements performed
in the same conditions found the literature [4]
(see Figure 1),.
In a second part, forced and tidal flow- Figure 1: (Left) measured flow-volume loops for
volume loops experimentally measured in different gas mixing [4], (Right) Numerical
our team, on healthy subjects for different simulations using our model for the exact same
flow rates and for air and Heliox are mixing.
presented. In each case, a first set of
measurements is achieved to record the pleural and the alveolar pressures, using an esophageal
balloon. Acoustical measurements were also performed on each individual to assess the tracheal
diameter, as this parameter determines the entire size of the tracheobronchial tree through scaling
relationships.

Figure 2: Comparisons between measured and simulated flow-volume loops. The subject is a
healthy non smoking 27 year old female. (Left)) FVL performed with air. 8 flow-volume loops were
measured, the average being represented by the red curve and the vertical bars showing the range
of variability across the 8 curves. The green curve is the simulation result. (Right) Same with
Heliox. No parameter has been changed in the simulation except for the density and viscosity of the
gas.
Finally, several scenarios of pathological conditions have been tested. In particular, we present a
detailed study  of  the  lung  “quiet  zone”,  showing  that significant obstructions of the distal bronchi
might remain undetected through forced expiration maneuver. For instance, it is observed in the
simulations that a reduction of 30% of the lumen of bronchi pertaining to the three last generations
of the tree has almost no influence on the FVL. To conclude, we show that this numerical approach
can be a promising tool to help the medical diagnosis by assessing quantitatively the difference
between  the  measured  FVL  in  a  patient  and  the  “expected  theoretical”  FVL  of  the  same  individual.
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SUMMARY
Bone is a multiphase, hierarchical biological material. Bone mechanical stiffness is assumed to be
linked to the mineral phase whereas the reinforced function to the organic phase [1]. The aim of
this work is to quantify the effects of mineral loss in the time-dependent mechanical properties of
bovine cortical bone at the micro-nano scales. A specific nanoindentation protocol is used to assess
the mechanical properties before/after demineralization process and morphological assessments are
carried out with Atomic Force Microscopy (AFM). This study suggests that mechanical and
structural heterogeneity of bone disappear after mineral loss and bone becomes a longitudinal
quasi-isotropic material.
Key words: Cortical-bone, demineralization, Nanoindentation, AFM
1 INTRODUCTION
Cortical bone is a complex biocomposite material composed of mineral (inorganic phase), collagen
(organic phase) and water layers hierarchically organized from the nanometer up to the
macroscopic scale [2,3].
Commonly, the interactions between those nano structural elements are responsible of bone
particular mechanical properties. Specially, inorganic phase has been widely investigated due to
mineral content is a critical parameter that is linked to several diseases (e.g. osteoporosis,
osteoarthritis,   osteogenesis   or   Paget’s   disease) [3]. However, the total understanding of its
contribution to bone mechanical behavior still is being a challenging topic.
Recently, optimized new high-resolution micro and nanotechnological methods such as
nanoindentation and atomic force microscopy (AFM) have become available for the mechanical
and morphological characterization at the micro and nano scale. Those methods are just starting to
be employed in the study of biological materials as bone and they are providing new details of
nanomineral-collagen interactions.
Under these conditions, the objective of this work is to investigate the effects of the mineral loss on
the time-dependent mechanical properties of cortical bone at the micro scale using a specific
protocol for nanoindentation tests and at the nano scale by morphological assessments using
Atomic Force Microscopy (AFM).
2 METHODOLOGY
2.1 Samples preparation
Two samples from the distal zone of a bovine femoral diaphysis were used. The samples were cut
transversely at the proximal and distal end of the diaphysis with a diamond saw (Microcut, BROT
Technologies) under deionized water irrigation. The samples were ground with a semiautomatic
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polishing machine (PRESI-Mecatech 234) with successive grades of abrasive papers (P800, P1200,
P2400, P4000) under abundant irrigation of deionized water. The exposed surface were polished
with successive grades of alumina suspension with particle size of 1, 0.3 to a 0.04 µm. Finally, the
samples were ultrasonically cleaned in ultrapure water (Ultrasonic cleaner Bransonic®200,
Branson Ultrasonics Corp.). Three cycles of five minutes each were performed changing the water
at each cycle in order to remove all alumina particles and other wear debris.
2.2 Demineralization process
A demineralization protocol was developed in order to simulate the mineral loss. Details of the
demineralization protocol are provided in figure 1.

Fig.1. Demineralization protocol used in this study and performed in the samples of bovine cortical bone.

2.3 Nanoindentation assessments
Nanoindentation tests were conducted with a Nano Indenter G200 (Agilent Technologies) using a
Berkovich tip (Micro Star Technologies) and the measurement of the contact stiffness via the
Continuous Stiffness Measurement (CSM) method. Nanoindentation tests were performed in zones
of interstitial lamellae and osteons. A total of 60 indentations were performed in the longitudinal
direction of the femoral section of the wet specimens under dry conditions.
The indentation test are based on a four stages protocol composed by: 1) a loading stage at constant
load rate/load ratio until an indentation depth of 3000 nm; 2) A hold time of 300 s; 3) an unloading
stage at constant unload rate /load ratio until 50% of the maximal load value and 4) a second hold
time of 300 s. More details about this protocol are provided in [4,5].
2.4 Calculation of the mechanical properties
The mechanical model used to describe the material is based on a combination of one elastic
modulus (Eelast), two-viscoelastic modulus (Eve and ve), a hardness (H) and one viscoplasticity vp
in series. Using the purely elastic (Eelast) and the viscoelastic properties (Eve and ve), the apparent
elastic modulus for different strain rates 𝜀̇ is computed using the following equations:
First, a reduced apparent elastic modulus (𝐸 ∗ ) (equation 1), i.e. the apparent value of the elastic
modulus when the sample is strain at a given strain rate (𝜀̇).
1
∗

=

1

  +

1
+  ε̇ .η

  +

1
+  ε̇ .η

(1)

The values of the reduced apparent elastic modulus have been computed for three different values
of strain rate. 1) 𝜀̇ = 0 s-1 in order to quantify the value of the apparent elastic modulus under quasi103

static conditions, 2) 𝜀̇ = 0.05 s-1 corresponding to the typical strain rate used in the nanoindentation
tests and 3) 𝜀̇ = infinity to highlight the maximum value reached by the apparent elastic modulus in
high strain rate condition.
Finally, equation 2 is used to assess the apparent elastic modulus (Eapp) of the sample:

𝐸

= 𝐸∗

∗ (1 − 𝑣 )

(2)

Where Eapp has been computed  assuming  a  Poisson’s  ratio  for  cortical  bone  νs= 0.3.
2.5 Morphological assessments AFM
The morphological effect of mineral loss was revealed using Atomic Force Microscopy (AFM).
Contact mode AFM imaging in ambient environmental conditions was employed using a scan rate
of ~1.8 Hz and a maximum sampling size of 512×512 pixels.
3 RESULTS AND CONCLUSIONS
3.1 Mechanical properties before and after demineralization process
The mean values ± the standard deviation of the computed time-dependent mechanical properties
are summarized in Table 1.
Before demineralization
Mechanical
properties
Eelast (GPa)
Eve1 (GPa)
ve1×102 (GPa.s)
Eve2 (GPa)
ve2 ×103(GPa.s)
H (GPa)
vp (GPa.s)
Eapp (GPa)

Interstitial
lamellae
n = 20
40.4 ± 2.6
80.5 ± 21
35.7 ± 12.4
150.7 ± 22.5
79.7 ± 15.0
0.89 ± 0.04
336.1 ± 33
31.5 ± 1.7

Osteons
n = 20
29.2 ± 3.2
55.0 ± 6.3
21.7 ± 5.6
79.8 ± 21.1
50.6 ± 14.5
0.66 ± 0.06
243.0 ± 27
22.4 ± 2.0

After demineralization
Interstitial
lamellae
n = 10
4.1 ± 1.0
7.8 ± 1.7
4.2 ± 0.9
10.4 ± 2.5
4.8 ± 0.9
0.15 ± 0.03
50.5 ± 8.2
3.2 ± 0.7

Osteons
n = 10
4.6 ± 0.9
7.2 ± 1.2
3.7 ± 0.8
10.3 ± 1.6
5.6 ± 1.1
0.16 ± 0.02
52.4 ± 8.0
3.5 ± 0.6

Table 1. Mechanical properties of bovine cortical bone before and after demineralization process computed in
the longitudinal direction of the femoral axis. The values are expressed as mean ± standard deviation.

The results show that before the demineralization process there is a clear mechanical heterogeneity
between interstitial lamellae and osteons. After demineralization process, values of bone
mechanical properties decrease between 75% and 95%. In addition, the results obtained in this
work suggest that after mineral loss bone remained organic material has a longitudinal quasiisotropic mechanical behavior. These facts highlight the function of the mineral phase as a possible
inducer of the mechanical heterogeneity of bone. Our results suggest that mineral component could
be the reason of bone different mechanical differences.
3.2 Morphological assessments by AFM
AFM images were performed before and after demineralization process (Fig. 2). Before mineral
loss, bone surface is completely composed by the inorganic components. After demineralization,
the mineral content decrease and it is possible to image the organic phase (collagen fibrils). AFM
section analyses performed over the supposed fibrils confirms the collagen D-band periodicity.
Computed values of D-band periodicity were found to be 68 ± 1 nm. In particular, those fibrils look
to be organized in a privileged direction. Measurements of this hypothesis suggest orientation
angles between 60° and 75° in reference to the transverse plane of the bone.
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Fig.2. AFM images of bone sample performed before and after demineralization process. Images a) and b)
show the native morphology of bone nano structure. Images c) and d) present the bone surface after
demineralization process and collagen fibrils could be distinguished.

In conclusion, mineral loss affects the mechanical response of bone and mineral phase could be
responsible of bone mechanical heterogeneity. Mechanical properties decrease between 75% and
95% after mineral loss. Remained organic-components of bone at the micro and nano scale have a
longitudinal-quasi-isotropic mechanical behavior. This behavior could be due to a collagen fibrils
privileged orientation. Those results could be of interest to develop new biomimetic materials and
provide new knowledge about micro-nano interaction of bone components.
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SUMMARY
Bone tissue responds to changes in its biochemical, biomechanical, and geometrical environment.
In this paper, the underlying biology of bone remodelling is described using a multiscale model. At
the tissue scale, we utilize a micromechanical model of bone stiffness. At the whole organ scale,
we calculate the stress and strain distributions in the human femur midshaft using beam theory.
Geometrical feedback is included via a site-specific bone turnover rate. Simulating osteoporosis we
observe significant endocortical bone loss. While geometrical feedback is the main driver of
endocortical bone loss, mechanical feedback is responsible for non-homogeneous evolution of
cortical thickness.
Key words: Bone remodelling, Site specific bone loss, Multiscale modelling, osteoporosis
1 INTRODUCTION
Bone is a biomaterial with a complex hierarchical structure characterized by at least three distinct
length scales: (i) the cellular scale (10 – 20 µm); (ii) the tissue scale (2 – 5 mm) and (iii) the whole
organ scale (4 – 45 cm). Several interactions exist between these scales, which affect bone
remodelling, bone material properties and bone structural integrity. The activity of bone-resorbing
and bone-forming cells during bone remodelling leads to changes in material properties at the
tissue scale which subsequently affect the distribution of loads at the structural, whole organ scale
(Figure 1). Besides, changes in bone shape and microarchitecture modify the stress/strain
distribution and bone surface availability, which provide mechanical- and geometrical feedback
onto the bone cells and, eventually, affect bone remodelling [1]. Due to the complexity of these
interactions, the interpretation of experimental data at a single scale is difficult. Predicting the
evolution of multifactorial bone disorders, such as osteoporosis, necessitates a comprehensive
modelling approach.
In this paper, we propose a novel multiscale modelling approach of bone remodelling combining
and extending several mathematical models into a consistent framework. This framework enables
(i) the consideration of biochemical and cellular interactions in bone remodelling at the cellular
scale [2, 3], (ii) the evolution of material properties at the tissue scale based on bone cell
remodelling activities regulated by mechanical feedback [4] and bone surface availability [3, 5],
and (iii) the determination of the stress/strain distributions from the tissue scale to the
microstructural scale by a combination of generalised beam theory and micromechanical
homogenisation [4, 5]. This modelling approach is applied to simulate the temporal evolution of a
human femoral bone at the midshaft (Figure 1), subjected to osteoporotic bone loss. An initial state
of normal bone remodelling is first assumed, in which the tissue across the midshaft cross-section
remodels at site-specific turnover rates without changing its average material properties.
Osteoporosis is then simulated by hormonal changes deregulating the biochemical coupling
between osteoclasts and osteoblasts.
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2 METHODOLOGY – MODEL DESCRIPTION
We consider a portion of human femur near the midshaft subjected to a total normal force N and
total bending moment M. These loads are distributed unevenly across the midshaft cross-section
depending on the site-specific bone microstructure, particularly the cortical porosity [5]. This load
distribution determines a local mechanical stimulus which is sensed and transduced by bone cells.
This mechanical feedback is incorporated in a cell population model as biochemical signals leading
to changes in the balance between osteoclasts and osteoblasts (Figure 1). In addition,
microstructural parameters such as bone volume fraction (fbm) and bone specific surface influence
the propensity of bone cells to differentiate and become active [1]. This geometrical feedback is
included in the cell population model via a dependence of the bone turnover rate on the bone
volume fraction.

Figure 1: (a) flow chart of multiscale bone remodelling algorithm taking into account
mechanical loading, bone geometry adaptation and the bone cell population model and (b)
microradiograph of a midshaft femur cross-section (courtesy of C.D.L. Thomas and J.G.
Clement, Melbourne Femur Collection) and bone volume fraction extracted from radiograph.
Load distribution from organ scale to the cellular scale
In our simulations we take constant values for N and M based on the maximum ground reaction
force and knee and hip moments that occur during gait analysis, estimated as: N = (Nx,0,0), Nx =
700 N, and M = M m̂ , M = 50 Nm, where m̂ is a unit vector along the antero-posterior axis of the
cross-section determined from the microradiograph (Figure 1(b)). The axis x̂ is the femur's
longitudinal axis and ( ŷ , ẑ ) is the plane transverse to x̂ at the midshaft (Figure 1(b)).
Tissue and microscale stresses and strains
Tissue-scale mechanical properties correspond to spatial averages over a so-called representative
volume element (RVE) of the tissue. In cortical bone, an appropriate tissue RVE is of the order of
10x2x2 mm3, a size large enough to contain a large number of pores, but small enough to retain
site-specific information and to not be influenced by macroscopic features such as overall bone
shape. The tissue-scale stiffness tensor Ctissue is assumed to relate the tissue-scale stress tensor

σ tissue and strain tensor ε tissue pointwise according to Hooke's law:
σ tissue ( r,t ) = Ctissue ( r,t ) : ε tissue ( r,t )

(1)

The Euler-Bernoulli hypothesis implies that the tissue strain tensor reduces to the single non-zero
component

ε xxtissue and that:

ε xxtissue ( y, z,t ) = ε1 (t) − κ 3 (t) y + κ 2 (t)z

(2)

where ε1 is the sectional axial strain, and κ2 and κ3 are the sectional beam curvatures about the z and
y axes. The three unknowns ε1, κ2 and κ3 are determined by the constraints that (i) the integral of

σ xxtissue over the midshaft cross-section must give the total normal force Nx, and (ii) the integral of
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tissue

the stress moment (0,y,z)x σ xx x̂ must give the total bending moment M = M m̂ (the axes origin
in the (y,z) plane is set at the modulus-weighted centroid of the section, also called normal force
center).
In order to calculate the microscopic (i.e., bone matrix and vascular) stress and strain tensors, we
follow the approach taken by Hellmich and colleagues using the framework of continuum
micromechanics. Mechanically, bone tissue can be considered as a two-phase material: a bone
matrix phase (‘bm’) consisting of mineralised bone matrix, and a vascular phase (‘vas’) consisting
of vascular components, cells, extra-cellular matrix and other soft tissues present in Haversian
canals and in the marrow. It can be shown that due to the linearity of the constitutive equations the
phase strain tensor

ε kmicro is related linearly with the tissue-scale strain tensor:

ε kmicro = A k : ε tissue

(3)

where Ak is a fourth order tensor called the strain concentration tensor. With the so-defined
microscale strain and stress tensor the strain energy density (SED) in the bone matrix can be
calculated. A detail description of the micromechanical model of bone stiffness and calculation of
the SED can be found in [3, 4].
Bone tissue remodeling – bone cell population model
To specify how the populations of active osteoclasts and active osteoblasts evolve in the RVE
located at r under mechanobiological, geometrical and biochemical regulations. For this we use a
continuum cell population modelling framework based on rate equations, developed by us and
others in several previous studies [2, 3, 4]. Cell balance equations for different types of cells
including active osteoblast and active osteoblasts are formulated based on state-of-the art
knowledge on biochemical couplings between bone cells. Having access to changes in bone cell
numbers over time at a particular bone site r allows to formulate a balance equation for the bone
volume fraction fbm as a function of active osteoblasts and active osteoclasts (see [2, 3, 4] for
details). Given that the tissue scale mechanical properties depend on the bone volume fraction this
provides a link between the cellular and mechanical components of our multiscale model.
3 RESULTS AND DISCUSSION
Initial distribution of bone volume fraction from microCT scans
The initial microstructural state of the midshaft bone cross-section can be derived from highresolution bone scans such as micro-computed tomography (microCT) scans or microradiographs.
In the simulations presented in this section, we used the microradiograph represented in Figure 1(b)
where the pixel size is 7 µm. The femur sample was collected from a 21-year-old subject. The
microradiograph was digitised and binarised by a thresholding operation. The distribution of the
bone volume fraction fbm(r,t=0) across the midshaft was determined by calculating the volume of
bone matrix in a disk of diameter 2 mm centred at each pixel of the binarised image divided by the
disk's area. For points near the periosteal surface, only the portion of the disk contained into the
subperiosteal area was used for this calculation. The discrete values of fbm defined at each pixel
contained in the subperiosteal region were then interpolated into a continuous function fbm(r,0)
using Matlab 's 2D cubic interpolation procedure. The result is shown in Figure 1(b). Bone matrix
volume fractions near the endosteal surface are averages of intracortical bone regions and regions
in the bone marrow cavity. Since Haversian canals have an average diameter of about 40 µm, at
least 10 µm resolution is required to evaluate intracortical bone volume fractions with sufficient
accuracy.
Numerical simulations
The multiscale mechanobiological model of bone remodelling presented in this paper is governed
by a coupled system of (i) distributed ODEs describing the evolution of bone cell populations at
each location r in the midshaft femur, (ii) non-local and tensorial algebraic equations determining
the mechanical state of the tissue RVE at r both at the tissue scale and at the microscopic scale. The
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model is initialised with a bone volume fraction distribution across the midshaft femur deduced
from high-resolution bone scans (Figure 1(b)) and with steady-state populations of cells fulfilling
the site-specific turnover rate condition. This initial state is thereby constructed to be a steady state
of the model, in which the biochemical, geometrical and mechanobiological regulations of
resorption and formation are balanced.

Figure 2: (a) bone volume fraction distribution (fbm(t=40)) after 40 years of osteoporosis
simulation; (b) difference between final and initial bone volume fraction distribution (fbm(t=40) –
fbm(t=0)); (c) microradiograph of a human femur (89 year old subject).
Figures 2(a) represents the site-specific change of the midshaft cross-section that occurs after 40
years of simulated osteoporosis when the mechanical feedback is based on the strain energy density
(SED). Figure 2(b) depicts the difference between the final and initial fbm distributions. In Figures
2(a) and (b) site-specificity of bone loss is observed, with the endocortical regions undergoing most
significant loss. In the intracortical regions, two distinct patterns are observed: (i) perpendicular to
the neutral axis, local bone gain is observed, while (ii) near the neutral axis significant bone loss is
observed. Figure 2(c) represents a microradiograph of a cross-section from a femur midshaft of an
89 year-old individual which is also characterized by site-specific fbm.
4 CONCLUSIONS
In this paper a novel spatio-temporal multiscale model of bone remodelling is proposed. This
model bridges organ, tissue and cellular scales and takes into account biochemical, geometrical,
and biomechanical feedbacks. Our numerical simulations revealed: (i) endocortical bone loss
during both osteoporosis is driven to a large extent by site-specific turnover rates; (ii) mechanical
regulation does not influence significantly the expansion of the medullary cavity and thinning of
the cortical wall; (iii) mechanical regulation helps preserve cortical bone near the periosteum.
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SUMMARY
Knowledge of the whole-bone mechanics at micro-structural level can improve our understanding
of age-related bone changes and related fractures. Finite-element (FE) models based on micro-CT
images are able to estimate the contribution of the cortical and trabecular compartments to the
mechanical behavior of entire bones at high resolution. However, generating, solving and analyzing
FE models of hundreds of million elements, such as micro-FE models of entire proximal femurs, is
computationally challenging and requires ad-hoc software and hardware solutions. We developed a
novel software pipeline for generating, solving and analyzing micro-FE models of the proximal
femur.
Key words: high-resolution computed tomography, finite-element model, femur micro-structure,
bone mechanics
1 INTRODUCTION
Understanding how the trabecular and cortical compartments in the human proximal femur
contribute to its load-bearing capacity has important implications to both clinical practice and
basic-science [1]. However, historically most biomechanical studies focused on the macro-scale
biomechanics of the femur, leaving the problem of how the trabecular and cortical bone
microstructure contribute to the femur load-bearing capacity, to a large extent, yet unresolved. This
difficulty is mostly attributable to the high-resolution anatomical detail necessary for describing the
complex bone micro-architecture and to the corresponding high computational power necessary to
solve micro-structural-level models of entire femurs [2]. In the last two decades, the advance in
computer power and computed tomography (CT) scanners made it possible to run large-scale
micro-meter level finite-element (FE) analysis providing in-depth information on the trabecular and
cortical bone mechanics. However, generating and solving such models requires ad-hoc software
and supercomputing power. As a result, the number of published studies remains low, often limited
to a small number of bone samples and to simplified loading conditions. Therefore, efficiently
generating and solving FE models at the micro-structural level may help advancing our
understanding of femur mechanics and clinical practice.
The proximal femur is a fundamental structural component of the human body, which allows us to
stand and move. Its geometry includes: a medial spherical head which constitutes the hip joint
connecting the pelvic and the femur segment; a lateral protrusion, or trochanter, the attachment site
of the hip abductor muscles; and its distal end at the lesser trochanter, a small protuberance located
at the ileo-psoas muscle attachment site. Moving distally, the proximal femur assumes a cylindroid
shape that connects to the femur diaphysis. The load bearing function of the proximal femur is,
firstly, to transfer load between pelvis and tibia and, secondly, to constitute the leverage system
allowing muscles to generate hip torque and movement. Its internal structure [3] is characterized by
a cortical shell of variable thickness, ranging from about 100 microns in the very proximal femoral
neck to several millimeters in the calcar region, and by a complex trabecular network transferring
the hip contact force to the cortex in the diaphysis. The trabecular network is composed of
structures ranging from plate-like to rod-like in shape, of variable thickness (typically 60-200
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microns) and length, more densely distributed in and aligned along main patterns thought to
optimally follow the principal loading directions [4].
The mechanical behavior of the proximal femur has been studied using both experimental and
theoretical approaches. In-vitro tests of whole human femurs have provided information about
cortical strains and fracture load under a elected number of loading conditions [5]. Trabecular bone
samples of a few millimeters in size have been investigated using micro-CT imaging and micro-FE
modelling [6]. The post-elastic behavior of single trabeculae has been studied combining highspeed photography, mechanical testing and electron microscopy [7]. However, whole femur models
have been mostly generated from in-vivo or ex-vivo clinical computed-tomography images [8],
from which little or no information about the trabecular structure is attainable.
In the last two decades, the advances in both biomedical imaging devices and computer power have
allowed to generate and solve models with hundreds of millions of degree of freedom (DOF). FE
models of this size are necessary for modelling entire bone segments as big as proximal femurs at a
voxel size of 50-80 microns. However, current computer methods require ad-hoc software
programs for the pre- and post-processing phase, and are designed for exclusively linear problems
and solved using thousands of CPUs in parallel on HPC systems. Therefore, an efficient software
pipeline, including efficient pre-processing codes, efficient solvers not restricted to exclusively
linear problems, and efficient post-processing codes for visualizing large result datasets, will help
advancing our understanding of the bone tissue mechanics.
Our aim was to develop a new software pipeline for the tissue-level finite-element analysis of the
proximal femur by combining a) imaging processing software commonly used to process large
stacks of images; b) in-house code designed for generating large-scale finite-element models
efficiently; c) solve the model using a minimal amount of computer resources; and e) post-process
the results.
2 METHODOLOGY
An ex-vivo femur from an active and healthy 41 year old donor (female, 179 cm tall, 104 kg
weight) was used for the study. The femur sample was obtained from the Melbourne Femur
Collection [9]. High-resolution pQCT (Xtreme CT; Scanco Medical, Bruettisellen, Switzerland)
scans were performed at the Austin Hospital (Heidelberg, VIC, Australia) at 82 µm pixel size. The
stack of reconstructed cross-section images (82 µm isotropic pixel size) constituted of 1706
consecutive transaxial images, of 1536 x 1536 pixel each (126 x 126 mm), saved as 16 bit greylevel images in DICOM format. The image stack included proximal femur from the femoral head
down to proximal diaphysis (Fig. 1).

Figure 1 – A longitudinal cross-section image of the proximal femur (pixel size 82 µm). The white
dashed line represent the modelled bone portion.
Cross-section images were imported in the software CT-Analyser (Bruker micro-CT, Kontich,
Belgium) http://www.skyscan.be. Images were converted to 8 bit (.bmp) format and binarised using
uniform thresholding (min=96, max=255), resulting in a stack of 479 MB. The sweep function was
used (CT Analyser) to eliminate lose voxels, ensuring continuity of the model. The image stack was
then cropped at the level of the lesser trochanter to reduce the size of the region of interest to the
proximal femur epiphysis, reducing the image stack to 739 images and minimizing the size of the
FE model. Bone voxels were converted into a mesh of linear hexahedrons using a lossless variation
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of the Vertex Pooling algorithm [10]. The femoral head center, diameter and femoral coordinate
system, defined according to the International Society of Biomechanics (ISB) standards, were
calculated using in-house code (Matlab, The MathWorks Inc., Natick, MA, USA). The average hip
contact force recorded during a single leg stance task was taken from the work of Bergmann et al.
[11] and applied to the model using two different strategies: point load and distributed load. The
point load was applied to a mesh node on the femoral head pointing toward the head center
resulting in no torque about the hip center. The distributed load was defined assuming that the peak
of the pressure distribution is aligned with the hip contact force vector. A femoral head 2 mm thick
superficial node layer was selected and subsampled using a factor 1,000. Superficial triangular
elements were calculated using Delaunay triangulation. The pressure acting on each element was
assumed a linear function of the distance between the hip contact force vector and the centroid of
each superficial element. The force acting on each element was calculated and equally divided
among the nodes. The nodal force vectors were applied to the model pointing to the hip center. An
in-house routing was used to write the ANSYS 15.0 (Ansys Inc., Canonsburg, PA, USA) model.
The preconditioned conjugate gradient (PCG) solver of ANSYS was used to solve the model,
setting a convergence tolerance of 1e-6.

Figure 2 – The resultant of the hip contact force (1,000 N) and the color map representing the hip
contact pressure.
Pre-processing was completed on a desktop machine (Dell Precision T5610) equipped with
Window 7, Intel® Xeon®, two physical CPUs E5-2630 v2 and 64 GB of memory. The efficiency of
the software pipeline to generate and solve the model was assessed. The time required to generate
the femur model and the largest possible model was assessed. The largest model was generated
from a stack of 500 images, 984×984 pixels each, binarized as a full homogenous solid. The
resultant of the hip contact pressure distribution was compared to the point force. Simulations were
run on a single  cluster’s  node  with  512 GB memory (RAM) and 8 CPUs shared-memory parallel
computation procedure. Time to solution was recorded. The von Mises stress was visualized over a
transversal cross-section passing through the hip center using the built-in post-processing tool of
ANSYS on the above desktop machine. Performances were compared with the state-of-the-art
literature in high-resolution finite-element models of the femur [1,12].
3 RESULTS AND CONCLUSIONS
The model of the proximal femur (Fig. 3), composed by 75 M elements and 111 M nodes, was
generated in 22 minutes. The largest possible model was a 484 M element model, which was
successfully generated in 2.7 h. The memory requirement for the model generation process
increased linearly with time up to the 4.7 GB of memory (RAM) required at the time of completion
of the largest mesh. This largest model was much larger than the largest high-resolution models
solved reported in the literature (71-280 M, [1,12]). Hence, the presented pre-processing software
is well suited for generating high-resolution voxel-based models of bones such as the proximal
human femurs, vertebral bodies or bigger. The difference between the hip contact force vector and
the resultant of the pressure distribution was less than 26.5 N over every force components. This
may reduce modelling artefacts within the femoral head. The PCG solver required 94 CPU hours
and 441 GB of memory to reach the solution. In comparison, the solution of up to 280 M highresolution models of the proximal femur using state-of-the-art software pipelines recently reported
in the literature required, on average, 722 CPU hours, 2176 processors and 10 TB of memory [12].
Although the model solved here is approximately three times smaller than those solved by Nawathe
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et al. [12], the PCG solver required 7.6 times less CPU time. This difference may also be attributed
to the distributed memory parallel calculation strategy adopted by Nawathe et al. [12] versus the
shared memory approach we have chosen for the PCG solver. To date, HPC systems equipped with
large nodes with up to 1 TB of memory are available and may allow solving models twice as big as
the femur model solved here. Another advantage of PCG solvers is the possibility to solve nonlinear problems as compared to the exclusively linear problems that can be solved using algebraic
multigrid solvers [12].

Figure 3 – The von Mises stress distribution over a frontal cross-section passing through the hip
center. The map obtained using a point load (A) and that obtaining the corresponding hip contact
pressure distribution (B).
Therefore, PCG solvers are efficient tools for solving high-resolution finite-element models of
entire bones and may prove effective in studying the post-elastic behavior of the bone tissue
architecture. Loading the 130 GB result file and visualizing a 1mm thick element layer using the
built-in post-processing tool took approximately 4 hours. At the time of writing, other software
explicitly designed to manage large datasets (http://sf.anu.edu.au/Vizlab/drishti/) is currently under
evaluation. In conclusion, the new software pipeline is an efficient way to generate and solve highresolution tissue-level models of large bone portions. More work is currently being done to speed
up post-processing.
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SUMMARY
The mechanical properties of bone are dependent upon its complex hierarchical structure made up
of an organic matrix, filled with a mineral phase and water. To better understand the interactions
between mineral and organic matter that provide bone its remarkable toughness, we developed the
first coarse-grained molecular model of bone tissue. We used this model to explore the role of
extrafibrillar mineralization in bone nanomechanics. We found that the thickness of mineral
crystals directly affects bone strength and dictates nanoscale deformation mechanisms. This model
represents a valuable tool to explore the relationship between nanostructure, chemical composition
and mechanical behavior in healthy and diseased bone.
Key words: bone, collagen, hydroxyapatite, molecular dynamic, nanomechanics, coarse-grained model.
1 INTRODUCTION
Bone tissue gets its remarkable mechanical performance from its complex hierarchical organization.
This nanocomposite material combines the properties of a strong and stiff mineral phase embedded in a
soft yet tough organic matrix [1]. However, the interactions between mineral and organic matter that
endow bone with its toughness at the nanoscale have thus far been elusive. Identifying these
interactions is critical to unlocking the nanoscale underpinnings of diseases such as osteoporosis and to
developing guidelines for the engineering of bone and partially mineralized tissues.
The organic matrix, representing around 25% of bone weight, is constituted of more than 90% of type I
collagen molecules that assemble in a quarter-staggered fashion into thin (20-500 nm) and elongated
(>1 mm) fibrils [1]. The remaining 10% of the matrix is composed of non-collagenous proteins. The
mineral phase represents, on average, 65% of hydrated bone weight and is formed of nano-sized
platelets with dimensions ranging from 1-7 nm in thickness, 15-200 nm in length, and 10-80 nm in
width [2]. The location and organization of the mineral phase in bone tissue remains controversial.
Recent observations show that most of the mineral is present in the form of elongated polycrystalline
mineral platelets which lie outside the collagen fibrils [3]. These mineral structures constitute
approximately 70% of the total amount of mineral. The remaining mineral is found in the 40 nm-long
gap region of the collagen fibrils. Mineral crystals present a surface hydrated layer which is
characterized by an amorphous structure [4]. This disordered mineral layer coating the crystalline core
of bone apatite provides a favorable chemical ion environment for ion exchange. From a structural point
of view, it also prevents the individual crystals from merging together [4].
Due to its scale and complex nanostructure, the mechanical behavior of bone tissue at the fibrillar level
remains largely unexplored. Where experiments reach their limits numerical models have uncovered
some key mechanistic features of mineralized tissues shedding some light on the role of mineral
platelets in material strengthening [5–8]. However, these models cannot fully capture the deformation
mechanisms occurring at the nanoscale. Full-atomistic molecular models can overcome experimental
limitations exploring the nanomechanics of bone tissue and its individual components, but these models
are limited to only a few molecules [8]. In this study, we developed a coarse-grained molecular model
of bone tissue in order to explore the intricate relationship between its nanostructure and mechanics.
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After validation, we used this model to study the role of extrafibrillar mineraliztion on the tissue’s
mechanical response under compression.
2 METHODOLOGY
2.1 Model geometry
In this study, we used a simple bead spring or “coarse-grained” model to represent bone tissue. The
geometry of the coarse-grained model is based on previous full atomistic simulations of mineralized
collagen [8]. The fibrils are mineralized in silico by filling the gaps in the model with hydroxyapatite
ions. In the simplified coarse-grained representation, equidistant beads are then created along the
collagen molecules with an equilibrium distance r0 = 14.0 Å [9] (Fig. 1A, B). One collagen bead
represents about 180 atoms in the full atomistic representation. Intrafibrillar mineral is created by
converting full-atomistic crystals obtained in a previous study [8]. The coarse-grained representation of
the mineral is a face-centered cubic (FCC) lattice with a lattice distance a0 = 16.322 Å which
corresponds to the thickness of two hydroxyapatite unit cells (Fig. 1C). This allows us to conserve the
crystal’s characteristic thickness which is likely to play an important role in the mechanics of the
mineralized collagen fibril. The collagen molecules are replicated in order to form a cylinder of
diameter d = 40 nm to represent a fibril. Only the mineral beads within the fibril are conserved (Fig. 1D,
E). The extrafibrillar mineral is made of plate-like crystal of length L=135 nm, width w=40nm and
thickness t=0.8 or 2.5 nm3 aligned to the collagen fibrils. Each fibril is surrounded by two layers of
crystals resulting in a total of four crystals between two fibrils. The model includes four mineralized
collagen fibrils and sixty four extrafibrillar crystals for a total of 1,748,272 and 2,274,508 particles
depending on the crystal thickness (Fig. 2). We used periodic boundary conditions to simulate an
infinitely large sample.

Figure 1: (A) Full atomistic model of a collagen molecule (top and its coarse-grained
representation (bottom). A detail of the two models is shown in panel (B). (C) Intrafibrillar mineral
in both representations. (D) Coarse-grained model of a mineralized collagen fibril and (E) crosssection of the fibril. (F) Coarse-grained model of an extrafibrillar mineral crystal.
2.2 Model force field and derivation of parameters for extrafibrillar mineral
Interactions between the mesoscopic model particles have been designed according to multi-body
potentials [9]. The influence of water has been taken into account during the fitting of the coarsegrained parameters with full-atomistic results and is not explicitly modeled here. This
simplification allows us to reach higher time and length scales that are currently not reachable
using full-atomistic resolution. The total energy of the system is the sum of the energy of the
collagen (
), the mineral (
), the hydrated layer (
) and the energy due to interaction
between the different components of the system:
=
+
+
+
+
+
(1)
Collagen parameters have been previously defined [9]. Additional intermolecular interactions are
modeled by a generic Lennard-Jones potential:
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(6)

( )=4

Different values of and are derived for each interaction type by fitting the parameters to the
results of a full atomistic simulation with its corresponding coarse-grained representation (Fig. 2).
We use the shear strength between the different components of the model to fit the parameters as
illustrated in Figure 2. Here, we focus on quasi-static mechanics of collagen fibrils. Therefore, no
viscosity has been included in the model.
A.

B.

Figure 2: Example of (A) full atomistic and (B) coarse-grained models used to derive the LennardJones parameters between collagen and the hydrated layer of the mineral. Cyan: collagen
molecule; Red: crystalline hydroxyapatite; Orange: hydrated layer.
2.3 Compression test simulation
All molecular dynamics simulations have been performed using the LAMMPS code. After construction,
the model is equilibrated for 2 ns at 300°K. A NPT ensemble is used to allow the relaxation of the
model in the transverse directions. After complete relaxation, the model is used to explore the impact of
extrafibrillar mineral crystals on the compressive mechanical properties of bone tissue by deforming the
simulation box along the long axis of the fibrils with a displacement rate of 1 m/s. These somewhat high
strain rates are a consequence of the timescale limitation of molecular modeling.
3 RESULTS
A shown in Figure 3, the model is representative of nanoscale observations of bone tissue and the
main features seen experimentally can be found in the model. Individual crystals can be discerned
as the hydrated layer surrounding the crystals prevents them from merging into a single crystalline
structure (Fig. 3B, D). The characteristic banding pattern of the collagen fibrils is also conserved
after equilibration (Fig. 3D).
A.

B.

C.

D.

Figure 3: Comparison between (A,C) TEM observations at the nanoscale and (B,D) coarse-grained
model developed in this study. (A,B) Transversal section. (C,D) Longitudinal section (TEM from [3]).
Under compression, the model presents an elastic-plastic response similar to experiments
performed on bone nanopillars [10] (Fig. 4A). Specifically for the model with thicker extrafibrillar
crystals (t=2.5 nm), the strain-stress response of the model matches well with experimental
compression tests both quantitatively and qualitatively. The axial elastic modulus ranges from 8.6
to 15.7 GPa for the model with crystal thickness of 0.8 and 2.5 nm respectively. The strength of the
model with the thick crystal is significantly higher (0.53 vs 0.19 GPa). Increasing the thickness of
the crystals also significantly modifies the deformation mechanisms of the tissue. For thin crystals,
the crystal phase deforms in a similar fashion as the axial buckling of thin tubes (Fig. 4B, C). The
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collagen fibrils do not exhibit signs of buckling. The weaker unmineralized overlap region sustains
most of the deformation (Fig. 4C). By contrast, in a structure with thicker crystal, both the collagen
and the mineral phase collapse in a catastrophic Euler type buckling. The structure presents some
signs of delamination between the mineral crystals and dislocations inside the crystals (Fig. 4D, E).
A.

B.

C.

D.

E.

Figure 4: (A) Stress-strain response of the coarse-grained model of bone tissue for two different
types of extrafibrillar crystal thickness. (B-E) Snapshots of the compressive deformation of the
model. The crystal thickness is equal to 0.8 nm (B,C) and 2.5 nm(D,E). Panels (C) and (E) show
only the extrafibrillar crystals for clarity.
4 CONCLUSIONS
We present the first coarse-grained molecular model of bone tissue. Using this model, we show that
extrafibrillar mineral plays a major role in defining bone tissue strength and deformation
mechanisms. The model represents an excellent tool to explore the nanoscale mechanical properties
of bone and the impact of modifications in structure and composition due to ageing or disease.
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SUMMARY
A stochastic multiscale model of cortical bone is presented. Volume fractions of bone constituents are
considered as random variables whose probability density functions are obtained using the Maximum
Entropy principle. Continuum micromechanics theory is used to propagate uncertainties on bone
composition from the scale of elementary constituents up to the organ scale. The model is applied
to a human bone sample harvested from the inferior femoral neck. The sample was imaged using
synchrotron radiation micro-computed tomography and analyzed to obtain statistics on bone composition. This information was used to compute mean values and confidence intervals of the elastic
coefficients of cortical bone.
Key words: cortical bone, continuum micromechanics, stochastic modelling, MaxEnt principle

1

INTRODUCTION

Mechanical properties of bone at the organ scale are governed by the relative amount and hierarchical
organisation of its constituents (basically collagen, mineral, and water) at different scales. This hierarchical structure leads to a strong anisotropy and heterogeneity of bone mechanical properties at the
organ scale. Biomechanical modelling and numerical simulations represent a fast and powerful tool
to predict bone mechanical properties based on information on bone organisation and composition at
the lower scales as obtained through ultrasound or X-Ray based methods. We have recently developed an original approach coupling 3D synchrotron radiation micro-computed tomography (SR-µCT)
with multiscale modelling based on continuum micromechanics [1, 2, 3] which allowed establishing
detailed mappings of bone biomechanical properties (Haversian porosity, tissue mineral density, and
elastic coefficients) of bone tissue.
Technological limitations of experimental setups used to inspect bone microstructure in in vivo conditions may produce blurry data. Uncertainties affecting the experimental data (input) may question
the reliability of the results predicted by the model (output). Since input data are uncertain, deterministic approaches are limited and new modelling paradigms are required. In this paper we describe
a novel approach to account for such uncertainties and hierarchical structure of bone at once. We
assumed that the composition of bone is known but in a statistical sense (mean values and dispersions). Volume fractions of bone constituents (collagen, mineral, and water) were then considered as
random variables and their probability density functions were obtained using the Maximum Entropy
(MaxEnt) principle. Random volume fractions were inserted in the multiscale model previously developed to obtain a stochastic description of the elastic properties of cortical tissue. The relevance of
this approach was proved by analysing a human bone sample taken from the inferior femoral neck.
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The stochastic model was used to compute mean values, confidence intervals and other statistics of
bone elastic coefficients. Results of the stochastic multiscale model were compared with a nominal
(deterministic, multiscale) model to highlight the advantages and drawbacks of both approaches.
2
2.1

METHODOLOGY
Experimental data and image treatment

Experimental data were obtained through high-resolution images of a bone sample taken from the
inferior femoral neck of a 79 year old patient during standard hemiarthroplasty. We refer to [1] for
more details about the experimental procedure and the image analysis.
The bone sample was imaged using synchrotron radiation micro-computed tomography (SR-µCT)
at the European Synchrotron Radiation Facility (ESRF, Grenoble, France) with a resolution of about
10 µm isotropic voxels. The 3-D mapping of grayscale levels was analysed to obtain 3-D mappings of
Haversian Porosity (HP) and Tissue Mineral Density (TMD). Values of HP and TMD were computed
within 12 half-millimeter-sized cubic Representative Volume Elements (RVEs) in the cortical region
of the sample (see Fig. 1) and further converted in volume fractions of bone constituents. Eventually,
statistics (mean value, dispersion ...) of these volume fractions were computed.

Figure 1: Three cross-sections of the bone sample showing the 12 RVEs (green squares) considered in this
study.

2.2

Probabilistic model of the uncertain volume fractions

In order to account for uncertain experimental data on bone composition, volume fractions (VFs)
were considered as random variables. Probability density functions (PDFs) of the VFs were computed
using the Maximum Entropy (MaxEnt) principle. Thus, the PDF pX :R x 7! pX (x) of the random
variable X is obtained by maximizing the entropy functional S(X) = ° R pX (x) log pX (x)dx under
a set of constraints related to the available information on X. Letting X be a volume fraction, the
available information on X reads: (i) The support of X is SX = [0, 1]; (ii) The mean value of X is
µX ; (iii) The dispersion of X is ±X = æX /µX , where æX is the standard deviation of X. The final
expression of pX reads:
?
°∏?0 °∏?1 x°∏?2 x2
p∏
,
(1)
X (x) = I[0,1] (x) e
where ∏? = (∏?0 , ∏?1 , ∏?2 ) is the vector of the Lagrangian multipliers enforcing the constraints (i)-(iii)
and I[0,1] is the indicator function of SX .
2.3

Stochastic multiscale model of cortical bone

The stochastic multiscale model of cortical bone was constructed by introducing the stochastic representation of the VFs outlined above in the multiscale model of bone described by [1]. A similar
procedure was proposed in [4] where the elastic coefficients of bone constituents were considered as
random variables. Following [1], a four-scale representation of bone is adopted, see Fig. 2. Accordfoam ),
ingly, three random VFs are introduced, namely the VFs of the mineral in the mineral foam (FHA
ultra ), and of the Haversian pores in the cortical tissue (F cort ).
of the collagen in the ultrastructure (Fcol
pore
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Figure 2: Sketch of the multiscale model.

Thus, the stochastic multiscale model is governed by the following equations which use the random
VFs and the deterministic elasticity tensors of bone constituents to provide the random homogenised
elasticity tensors of the mineral foam (Cfoam ), ultrastructure (Cultra ) and cortical tissue (Ccort ):
foam
gI (Cfoam ; FHA
, {CHA , Cw }) = 0

!

Cfoam ,

(2)

Cultra ,

(3)

=0

!

Ccort .

(4)

ultra
gII (Cultra ; Fcol
, {Ccol , Cfoam })
cort
gIII (Ccort ; Fpore , {Cpore , Cultra })

2.4

=0

!

Solution algorithm

The system of stochastic equations Eqs. (2)-(4) was solved in three steps. First, the PDF of each VF
was constructed by computing the vector ∏? in Eqs. (1) based on the experimental mean value and
dispersion of the VF. Then, a customised MonteCarlo algorithm implementing the pseudo-inverse
method was used to sample each random VF according to its PDF. The outcome was a large database
of N statistically independent realisations of the VFs of bone constituents preserving the experimental
statistics. The number N 0 of realisations needed for achieving convergence of the statistical estimators
to their experimental values was identified. Then, the multiscale model was run N 0 times leading to
N 0 statistically independent realisations ai of the random elastic tensor of the cortical tissue, that is
{Ccort (ai )}, with i = 1, . . . , N 0 . Statistics of these realisations were eventually computed.
The experimental mean values of the VFs were also used to run the multiscale model leading to the
so-called nominal elastic tensor of the cortical tissue (Cµcort ). Note that the nominal model does not
correspond to the mean of the stochastic model.
3

RESULTS AND CONCLUSIONS

A total of N 0 = 105 runs of the multiscale model were performed. The N 0 realisations {Ccort (ai )}
(with i = 1, . . . , N 0 ) of the random elastic tensor of the cortical tissue were analysed to compute the
mean values, 50% and 95% confidence intervals of the random elastic moduli. The nominal elastic
moduli were computed as well. In view of the assumptions made in the multiscale model [1], tensors
{Ccort (ai )} and Cµcort turn out to be transversely isotropic, the isotropy plane being the cross-section
of the femoral neck. Therefore, the relevant elastic moduli are the axial moduli in the cross-section
(Y1 ) and along the axis (Y3 ) of the femoral neck, the shear moduli in the cross-section (G12 ) and in the
sagittal plane (G13 = G23 ), and the lateral contraction moduli in the cross-section (V12 = V21 ) and in
the sagittal plane (V13 = V23 , that is the contraction in the cross-section plane due to a unit extension
in the axial direction. Statistical estimators of the random elastic moduli and their nominal values
are shown in Fig. 3 as a function of the number of realisations. Solid, thick-dashed, and thin-dashed
brown lines refer to the mean values, 50% and 95% confidence intervals of the random elastic moduli,
respectively. Solid black lines refer to the nominal elastic moduli. Statistical estimators of the mean
values of the random elastic moduli converge towards the mean values of the random elastic moduli
as the number of realisations increases.
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Figure 3: Elastic moduli of the cortical tissue. Solid, thick-dashed and thin-dashed brown lines refer to the
statistical estimators of the mean values, 50% and 95% confidence intervals of the random elastic moduli,
respectively. Solid black lines refer to the nominal elastic moduli.

The stochastic multiscale model turns out to be able to quantify the propagation of the uncertainty
affecting the experimental input data on the random elastic coefficients of cortical tissue. Indeed,
it provides both mean values and confidence intervals of the elastic coefficients. The outcome of
the stochastic model should be regarded in statistical terms: As long as bone composition at a given
anatomical location is known in statistical terms (e.g. average and dispersion), it provides reliable
information about the expected values and the confidence intervals of the elastic properties in that
region. Results of the stochastic model were compared with detailed Finite Element (FE) simulations
accounting for the real geometry of the HP and spatial distribution of the TMD within each VER (data
not shown) which validated the relevance of this approach.
The nominal model is much faster and simpler (it only requires the average value of the volume
fractions as input data) than the stochastic model. Nominal elastic moduli stay quite close to the mean
values of the random moduli with relative errors smaller than 10%. Therefore, nominal elastic moduli
can be considered as quite good approximations of the expected values of the actual elastic moduli.
However, the nominal model is intrinsically unable to provide information about the reliability of
these results. Therefore, as long as accuracy in input data and uncertainty propagation are actual
issues, the stochastic model should be preferred.
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SUMMARY

We present a semi-analytical model to upscale Poisseuille flow in the intertrabecular space, to
trabecular bone permeability. This allows for a new analytical formulation, extending the wellknown Carman-Kozeny relation Experimental data elucidate that probably charged pore wallinduced fluid ordering in the pores leads to increased viscosity.
Key words: trabecular bone, permeability, Poisseuille flow
1 INTRODUCTION
It is generally agreed on that trabecular bone permeability, a physiologically important quantity, is
governed by the material׳s (vascular or intertrabecular) porosity as well as by the viscosity of the
pore-filling fluids. Still, there is less agreement on how these two key factors govern bone
permeability.
2 METHODOLOGY
In order to shed more light onto this somewhat open issue, we here describe a random
homogenization scheme for upscaling Poiseuille flow in the vascular porosity, up to Darcy-type
permeability of the overall porous medium trabecular bone [1]. The underlying representative
volume element of the macroscopic bone material contains two types of phases: a spherical,
impermeable extracellular bone matrix phase interacts with interpenetrating cylindrical pore
channel phases that are oriented in all different space directions. This type of interaction is modeled
by means of a self-consistent homogenization scheme. While the permeability of the bone matrix
equals to zero, the permeability of the pore phase is found through expressing the classical Hagen
Poiseuille law for laminar flow in the format of a micro-Darcy law . The upscaling scheme
contains pore size and porosity as geometrical input variables; however, they can be related to each
other, based on well-known relations between porosity and specific bone surface.
3 RESULTS AND CONCLUSIONS
As two key results, validated through comprehensive experimental data [2-5], it appears (i) that the
famous Kozeny Carman constant (which relates bone permeability to the cube of the porosity, the
square of the specific surface, as well as to the bone fluid viscosity) needs to be replaced by an
again porosity-dependent rational function, and (ii) that the overall bone permeability is strongly
affected by the pore fluid viscosity, which, in case of polarized fluids, is strongly increased due to
the presence of electrically charged pore walls.
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SUMMARY
A dual experimental and numerical top-down method investigates the relationship between osteocyte morphology and their perception of their mechanical environment at the progenitor and mature
stages. Explicit tissue and cell morphology discretization were reconstructed to identify in situ diffuse
damage at the cell scale. Human mature osteocyte morphology was reconstructed from deconvoluted
confocal microscopy observations. The in vitro experimental model presents a Live Allograft Bone
System (LABS) where a patient progenitor (bm hMSCs) or mature (MLOY4) osteocytes were reseeded into fresh human donor bone to measure cell chemical production in response to mechanical
load by fluorescent flow cytometry.
Key words: osteocyte, cortical bone, mechano-transduction, fluorescence microscopy

1

INTRODUCTION

With increasing life expectancy, bone pathologies related to massive bone loss occur later in life
and carry 5 10 billion financial burden on the U.S. healthcare system. Human Haversian cortical
bone is a complex hierarchical heterogeneous tissue resulting from continuous remodeling. Micro
damage are therefore resorbed by osteoclasts cells before tubular lamellar structures called osteons
are formed by osteoblast cells laying Type I collagen fibrils mineralized by hydroxyapatite nanoplatelet crystals glued together with non-collagen proteins and proteoglycans. Trapped osteoblasts
further differentiate into mechano-sensitive osteocytes that are able to sense stimulation produced by
micro damage. However bone healing ability declines with long term degeneration during aging,
massive trauma or large tissue resections such as tumor removals. To promote bone growth in large
defects, autograft bone offers the gold standard repair but is limited by suitable tissue quantities and
donor site morbidity. Successful techniques for massive tissue regeneration can be however difficult to
produce and often require addition of functional materials. Nonetheless, allograft bone can be stored
but does not always perform as well as fresh allograft and the current tissue disinfection procedures
such as supercritical carbon dioxide significantly modifies the tissue properties. Yet cleaned and
decellularized tissue from a donor represents the ideal matrix for co-cultures of the recipient patient
cells for fast tissue reintegration and functionalization [1]. Mature osteocytes have the particularity
to bear 40 to 60 cytoplasmic processes extending into canaliculi to create a syncytial network with
the neighboring cells with which they can transmit signals in a fashion similar to the nervous system.
Because osteocytes regulate healthy bone turnover, it is essential to quantify the relationship between
in situ mechanical stimulation and the cell biological response.
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2
2.1

DESCRIPTION OF THE MODEL
Micro-damage threshold identification near micro-crack

Dual experimental and numerical top-down investigations applied to micro bending tests were conducted on human femoral fresh cadaver samples to produce and image the growth of controlled
nascent sub-microscopic damage near live osteocytes. The multi-scale explicit finite element model
included local constitutive fracture mechanisms that have been proven consistent scale by scale with
the balance of the energies at the global scale to evaluate the in situ stress field near bone cells shown
in Figure 1(A) and (B) [2]. The model satisfied the macroscopic experimental Dirichlet boundary
conditions at each loading step, n, and lead to the identification of the micro damage threshold values and location in agreement experimental fluorescent and SEM imaging showing nascent diffuse
damage within osteon lamellae in Figure 1(C) and (D).
!
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Figure 1: Diffuse damage numerical and experimental identifications in human Haversian cortical bone: (A)
and (B) numerical identification of the compressive stress field before and after microcrack growth in a local
FEM model including the osteon elastic moduli heterogeneity, the cohesive strength variation with the osteonal
lamella orientations and mineralizations and the diffuse damage identification regularizing the local model response with the global sample response, (C) and (D) corresponding diffuse damage local identification, (E)
diffuse damage visualization within the osteonal lamellae in the region of a microcrack tip using fluorescence
microscopy of human cortical bone stained with calcein blue, (F) identification of sub-microcracks along osteocyte canaliculi in a region neighboring diffuse damage using superimposition of secondary electron and
backscattered electron microscopy

2.2

Three-dimensional numerical reconstruction of human osteocyte morphology

The osteocyte morphology was observed in fresh human cortical bone simple of 500 micron thickness. A osteocyte in a region containing intra-lamellar sub-micro damage is selected for confocal
observation. A tissue depth of 16 micron was penetrated by two photon laser excitation in the 650 nm
range that provided the best detection of the integrin proteins layer coating the osteocyte lacunae and
the canaliculi in which the osteocytic processes run inside Haversian bone as shown in Figure 2(A).
Resolution of 0.18 micron/px was achieved in segmentation planes and 0.51 micron in the orthogonal
direction to the planes. Due to the non-zero thickness of the confocal plane of observation, the images
were deconvoluted to rebuild a cubic voxel of the 3D confocal observation of the osteocyte morphology. The 3D morphology of the osteocytes was first reconstruction using medical image visualization
software imageJ [3]. The cell body contours were digitally surveyed in the parallel segmentation
planes and regularized by smoothing interpolation to remove non-physical noise perturbations. The
canaliculi center paths were identified by finding the best path in 3D between points of the same
canaliculus by bidirectional search A⇤ on the reciprocal of the cost of moving to another point in
the specific Fiji Plugin for cell processes tracking called Simple Neurite Tracer [4]. The complete
osteocyte morphology was reconstructed in Matlab based the body contours from the 3D parallel
plane segmentation and the regularized center lines of the cell processes using Tubeplot [5]. Previous
osteocyte morphology reconstruction captured up to 9 cell processes [7, 8]. In the presented model,
23 processes of the osteocyte were rebuilt in Figure 2(B) from the usual 40 bear by such cell.
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A

B

Figure 2: A- 3D confocal microscopy observation of a human osteocyte lacunae and canaliculi in fresh human
Haversian cortical bone observed in the transverse direction to the osteons, B- 3D numerical reconstruction of
a human osteocyte morphology from confocal microscopy observations

2.3

Fluorescent flow cytometry in the osteocytes under mechanical loading

Osteocytes are known to respond to mechanical cues by releasing specific chemicals such as calcium,
PGE1 and NO that can be observed under fluorescent microscopy by specific markers and are correlated to the cell biological reaction to mechanical stress. To quantify the cell morphology, displacements and in situ biological response, progenitor bone cells (MSC) and mature osteocytes (MLOY4)
were reseeded in fresh human cortical bone tissues and observed in Nikon-Eclipse TE 200-U fluorescent microscope (B2OA Laboratory, Paris) in Figure 3and a Nikon confocal microscope (LBPA
Laboratory, Cachan) in Figure 3. The fluorescence of the osteocytes was enhanced by labeling their
cytoplasms with CFSE cell-tracker (Invitrogen) that covalent binded to intracellular Lysine residues
of intracellular proteins and amines such as Calmodulin, a calcium-binding multifunctional intermediate messenger protein that is known to transduce calcium signals by binding calcium ions and
modify its interactions to target proteins afterwards. A protocol to clean fresh human bone without
altering its mechanical properties was developed using a succession of baths with a solvent and a
basic solution, antibiotics, trypsin and a detergent. Live cells were then reseeded in the human bone
bathed in biological serum. ! Bone
marrow human mesenchymal stem cells (bm hMSC) harvested on
!
a patient were used for the progenitor osteocytes and mouse mature osteocyte-like cells (MLOY4)
MLOY4
were used for mature osteocytes because of the difficulty to
isolate primary human mature osteocytes.
MLOY4
The cell suspensions (105 ml 1 ) were then added to bathe the donor bone tissues. After 5 days the
cells were evenly reseeded on the hMSC
tissue. osteon
After 10 days progenitor and mature reseeded osteocytes
reorganized as shown in Figure 3.
osteon

hMSC

MLOY4

(A)

(B)

200 µm

!

Figure 3: Cell reseeded in human Haversian cortical bone rearrangement after 10 days: (A) progenitor osteocytes (hMSC) moving into the Haversian canals and organized in radial hair-like arrays around the Haversian
canals on the osteon transverse cross-section and schematic arrangement of hMSC in the Haversion canal in
vivo, (B) mature osteocytes (MLOY4) spread throughout the osteon cross-section and schematic arrangement
of mature osteocyte observed under confocal microscopy in the osteonal lamellae in vivo.

3

RESULTS AND CONCLUSIONS

Hybrid experimental and numerical investigations quantified human osteocyte lacunae and canaliculi morphology alterations in bone diffuse damage areas that were correlated to nascent sub-micro
cracks. The mechanical responses of Live Allograft Bone Systems (LABS) containing live osteocytes
were consistent with the known mechanical response of fresh cadaver human bone tissue. Figure 3
reveals distinct spatial reorganizations of progenitor osteocytes in the Haversian canals after 10 days
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from the rearrangement of mature osteocytes regularly dispersed throughout the osteonal lamellae
after 10 days of incubation. After 10 days the cells relocated in the allograft tissue microstructure
studied here in vitro as they would be located in vivo: progenitor cells in the Haversian canals and
mature osteocytes within the mineralized osteonal solid matrix. Human bone marrow mesenchymal stem cells also exhibited a typical elongated tubular shape and migrated into tubular Haversian
canals while mature osteocytes displayed oblate-shaped bodies bearing numerous cytoplasmic processes acting as hair-like antenna structures shown in Figure 3 to detect mechanical loading in the
mineralized extracellular matrix [10]. Loss of fluorescence of osteocytes could be correlated to possible calcium mediated cell signaling mechanisms involving macromolecules bearing lysine residues
to which CFSE stain binds under the plasma membrane facing cytosolic free calcium participating
into efflux through cytoplasmic membrane pumps or intracellular recycling. This aspect is currently
under further investigations. Mesenchymal stem cells lost fluorescence under one cycle of very low
loading while a non-negligible percentage of the mature osteocytes retained some fluorescence after
multiple cycles of moderate load that is in agreement with a modified calcium response of osteocytes
through their differentiating stages observed in the literature [9]. These observations were consistent with the fact that mature osteocytes reside naturally in the mineralized ECM subjected to higher
mechanical loads than progenitor osteocytes that are naturally located in the Haversian canals filled
with fluid. The cell differentiation process could adapt the calcium membrane exchange rate to the
expected amount of loading in the natural in situ tissue environment that the presented in vitro Live
Allograft Bone Systems showed.
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SUMMARY
In this paper, confocal laser scanning microscopy (CLSM) is used to investigate the tridimensional
morphology of the dentinal porous structure. We focus on an area near the dentino-enamel junction
called mantle dentin and investigate the pore size distribution, the pore morphology and discuss
their impact on the mechanical behavior of dentin.
Key words: confocal laser scanning microscopy (CLSM); dentin; tubules; microbranchings ; porosity ; 3D
visualization

1 INTRODUCTION
Dentin is the bulk tissue of the tooth located in between the enamel and the pulp cavity. It consists
in roughly 50 vol% hydroxyapatite crystals, 20 vol% water, and 30 vol% organic matrix. Dentin
geometrical features are tubules (cylinders occupied by fluids that are the dentinal natural porosity),
peritubular dentin (highly mineralized hollow cylinders surrounding the tubules) and intertubular
dentin (located between the tubular cylindrical structures and their mineral collar). Dentinal
morphology has been widely investigated and actual work mainly focuses on understanding the
relationship between its mechanical properties and its microstructure [1-4]. However, the
microstructure has been mainly studied in 2D [5-9]. 3D quantification of the dentinal porous
structure have been carried out using porosimetry by Vennat et al. [10] but only an average
porosity on a few dentin slices is obtained so it does not allow local quantification nor local
visualization of the microstructure.
Here, we propose to show that confocal microscopy can be used to fulfill this gap leading to 3D
visualization of the dentin local microstructure. Useful microstructural parameters are highlighted
and quantified and 3D visualization and geometry extraction are illustrated.
2 METHODOLOGY
A non-carious human third molar was used for this study. It was stored in a 1% chloramine-T
solution at 4 ◦C. After epoxy embedding, a longitudinal dentin slice was cut using a cutting
machine (Presi Mecatome T210) and then reduced to a thickness of roughly 200µm by polishing.
Then, the disc was stained in a water bath with 0.02 wt% Rhodamine B for 24 hours. The sample
was first observed using optical microscopy in order to choose the location to be imaged by SEM
and CLSM. The chosen area corresponds to mantle dentin.
Polished sections were observed using a confocal microscope (TCS SP8, Leica). Optical slices
(387.50µm × 387.50µm with a pixel size of 189.30nm) were captured. The z distance in between
two images in the stack was 350nm. The voxel size was 189.30nm × 189.30nm × 350nm. The stack
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of images obtained by CLSM can be used to visualize in 3D the microstructure of the considered
porous media. To do so, we used the volume rendering tools of the Avizo Software.
3 RESULTS AND CONCLUSIONS
3D visualization is very useful for a user to better evaluate qualitatively the structure of the studied
medium. Figure 1 illustrates the porous structure of mantle dentin deduced from CLSM. Tubules
seem to exhibit a S-shape in this area with a lot of lateral branches extended peripherally from the
tubule at roughly 45°. In accordance with previous 2D observations [5], Y-branchings (also called
major branches) are observed near the Dentino-Enamel Junction (DEJ).

Figure 1 : 3D morphology of the porous micro-sctruture of dentin near enamel
The three-dimensional organization of the pore space is complex and is influencing the mechanical
properties of this area. Nevertheless, most dentin models do not take into account this complex
shape but a simplified geometry [11]. To better understand the local properties of dentin and the
properties gradient inside the tooth, further investigation should be done. This knowledge of the
local microstructure will enable a better modeling.
In order to illustrate one of the geometrical parameter that can be extracted, the pore diameter has
been studied. Using a Maximal Covering Sphere algorithm a map of the pore space diameters can
be obtained. Figure 2 shows the distribution of the covering diameters. A trimodal distribution is
found corresponding to tubules, major branches (Y-shaped branches) and fine branches. No microbranches are detected due to two reasons: their size (25-200nm) makes them hard to detect with the
resolution of this study and in this part of dentin the two other types of branches are dominant [5].
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Figure 2: Pore size distribution obtained using the MCS algorithm
The chosen threshold is leading to an overestimation of the porosity. So as proposed by Mauko et
al. [12], a choice of threshold coherent with complementary SEM imaging should be envisaged.
Nevertheless, the most relevant finding of this study is that we can get the 3D tubular morphology
of dentin using CLSM. CLSM is an efficient technique to reveal the 3D microstructure of dentinal
porous medium. It enables to visualize and quantify it in order to better model it. To model it, it can
be imagined either to use “directly” the obtained microstructure or to deduce pertinent geometrical
parameters to build a simplified model (closer to the real microstructure than bare cylinders
embedded in a dentinal matrix).
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SUMMARY
Cortical bone is one of nature?s most complex composite materials of whose multi-scale structures
exhibit successive strengthening mechanisms over differing length scales. Proper quantification of
these mechanisms is crucial to analyzing bone cell mechano-biology. For accomplishing this native
tissue morphology is explicitly reconstructed from micro CT scan greyscale measurements used to
simulate and identify the failure mechanisms from the tissue scale to the sub-microscale scale. The
constitutive law of osteonal lamellae is based off the homogenized properties of mineralized collagen
fiber bundles.
Key words: Cortical bone, micro CT, image processing, failure

1

INTRODUCTION

Currently, though various approaches have been developed to model different bone failure mechanisms such as: mineralized collagen fibers [2], cooperation between the mineral and collagen phases [3]
or imaging of the three dimensional structure of secondary osteons [1], few models incorporate all the
mechanisms in one model. Several of the models created to involve the multi-length scale approach
and address the many strengthening mechanisms, come closer to a solution, but usually require assumptions to simplify the complexity of bone resulting in partial or incomplete representations of the
tissue material properties.
This study proposes a three dimensional reconstruction of the explicit morphology of cortical bone
millimetric specimens incorporating osteons and lamellae that are located ahead of controlled microcracks. The model is created using the micro CT [9] measurements from the specimen of a middleaged, human male. It includes strengthening mechanisms on the osteon microscopic level and lamella
orientations and details on the sub-microscopic level. These involve the successive multidirectional
lamellar sheets encompassing the Haversian canals and the related energy dissipation surrounding the
crack growth. Micro testing of the samples make it possible to measure the total energy associated
with tissue failure. This can be compared to the energy calculated with theoretical assumptions to
model the local microscopic damage created in the vicinity of the controlled stress concentration sites
in human cortical bone samples. The quantification of the energy associated with the initiation and
growth of the crack will contribute to the measurement of local bone strengths and toughness.
2

METHODOLOGY

Two samples of human Haversian cortical bone have been harvested from the femur of a middle-aged
male, trimmed and notched. They are of the approximate dimensions of 2x3x7 mm3 are kept hydrated
in physiological solution. Throughout the image acquisition process the samples remain submersed
in fluid while inside the micro CT. The images in the anti-plane longitudinal direction of the osteons
are obtained after the three dimensional reconstruction of the micro CT measurements in Figure 1.
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The greyscale images produced show good contrast between the Haversian canals and the bone matrix, but show little difference in the shades correlating to the regions of secondary osteons or cement lines. This is a challenge that is specific to cortical bone and it continuous remodeling process
that creates a tissue of varying local mineralization having mostly eluded conventional tomographic
approaches. The osteons are cylindrical structures measuring approximately 250 micrometers in diameter and are created in the remodeling process undergone in bone by the play of osteoclasts and
osteoblasts throughout its lifespan. New bone tissue is replaced by the osteoblast after material reabsorbtion by the osteoclasts. This new tissue is initially hypomineralized relative to the surrounding
bone and gradually increased in density to reach a mineralization level of the background level [6]
making it hard to differentiate from the rest of the matrix.
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Figure 1: Schematic flow chart of Haversian bone tissue heterogenity reconstruction

To help overcome the difficulties in determining the differences in the many similar shades of grey,
image formatting can be performed using medical image processing ImageJ [8] through filtering and
contrast enhancement. For the osteon regions that are still difficult to distinctly visualize, information

can be processed through Fourier Transforms in order to digitally survey the osteonal contours via
software like Plotdigitizer [10] and Avizo [11]. (The schematic of this process is shown in Figure 1.)
Avizo enables image digitalization and initial basic volume rendering for the 3-dimensional model in
Figure 2. However, for the complex volume reconstruction of polyphased materials requiring material
subdivision and property assigning to bridge the finite element simulations of the structure with the
software, another program, such as Abaqus [12], is required.

MicroCT observation in the transverse
orientation to the osteon axis

3D osteon sub-volume
reconstruction

3D Haversian network inside a cortical bone
sample bearing an initial notch

Figure 2: 3D reconstruction of human Haversian microstructure showing young osteon and former osteon
spacial arrangement.

A portion of the material characteristics are assumed and assigned based on local mineralization
measurements [5, 4]. The local elastic heterogeneous properties are measured experimentally by
nanoindentation of data points using a Berkovitch tip and regularized by back scattered electron microscopy (BSEM) imaging. Local Poisson ratios are extrapolated using the osteonal strain fields [4].
Local elastic Young’s moduli are correlated to phase mineral content which is determined through
grey scale examination and calculation as follows:
!
#
1 "
f
− fmin
i
i∈ΩI
n ΩI
EI = Emin +
(Emax − Emin )
(1)
fmax − fmin
where, the local Young’s modulus EI from the phase I within the representative domain ΩI is found
corresponding to the different associated grey levels: fi , fmin , and fmax [4].
Additionally, the osteons’ dimensional local micro-damage strengths/resistances are calculated using
the level set of the osteon envelopes. These are used to measure the distance between the cement line
and Haversian canal and identify the orientation of the lamellae sheets composing the osteons at each
material point. These measurements help to determine the local failure strength.
3

RESULTS AND CONCLUSIONS

The analysis of the stress field at the microscale reveals regions of partially reversible diffused damage
near and ahead of the cracks. The stress intensity factors calculated by energy variation of the macro
response, display average values in agreement with the literature [7]. SIFs calculations using the
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energy variation reveal the toughening effect of the tissue heterogeneity and the Haversian porosity
in reducing the SIFs values [5, 4], which is not detected by standard ASTM methods. The Haversian
bone microstructure provides positive local toughening to limit crack growth.
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SUMMARY
We describe a computational model that aims to improve the detailed understanding of the unique
haemodynamics and vascular mechanics in arteriovenous fistulas. In combination with 4D MRI technology, a fluid-structure interaction (FSI) model will be used to improve therapeutic strategies and
subsequent monitoring of diseases requiring vascular interventions. The problem is approached with
a monolithic solution scheme using the finite element library deal.II. The nonlinear system is solved
by a Newton-like method. Flow results from patient-specific geometries will be compared to 4D MRI
data.
Key words: fluid-structure interaction, monolithic, fistula

1

INTRODUCTION

The most common treatment for end stage renal disease is haemodialysis. To achieve the high flow
rates necessary to make haemodialysis possible, an arteriovenous shunt is formed to bypass terminal
resistance (Figure 1). When sites distal to the brachial artery for these fistulas are no longer usable, a
shunt or anastomosis is created between the brachial artery and the cephalic vein. The flow developed
at these sites can be as high as 1000-2000 ml/min [1]. This translates to very high mean velocities
at the anastomosis ranging between 80 and 150 cm/s (compared to approximately 40 cm/s in the
ascending aorta [2]).

Figure 1: The anatomy of a healthy patient is shown on the left and a patient-specific fistula on the right.

There are several factors that complicate things further. The flow in the vein changes significantly
after vascular access creation: the pressure increases from about 20 mmHg to between 60 mmHg
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and 120 mmHg, flow increases and changes from steady to pulsatile, and the wall shear stress is
much higher. Furthermore, pseudo aneurysms may result from the frequent needling necessary for
dialysis(Figure 1). It is not surprising that the patency rate, or the rate that the fistula remains without
obstruction, is low.
Computational models may shed some light on the relationship between the haemodynamics in an
arteriovenous anastomosis and the onset of intimal hyperplasia. Intimal hyperplasia is the underlying
mechanism of stenosis, abnormal narrowing in the blood vessel, which in turn causes thrombosis, or
clotting.
Most models that have been developed to increase our understanding of the flow in vascular access
have considered only the fluid dynamics [3, 4, 5]. Models that neglect the FSI overestimate the wall
shear stresss and disregard material mismatch and vessel wall vibrations [6]. Models that includes
the vascular mechanics are rare and use a staggered approach, where the fluid and solid equations
are solved separately and boundary conditions are sent to the other set of equations to include the
interaction [7, 8].
Validation of computational models remains a difficult task: some researchers compare their results
to data from in vitro [9] studies and others on in vivo flow obtained by Doppler anemometry [10].
We will present a monolothic FSI model to capture both the fluid dynamics and vascular mechanics
of blood flow. This model will be applied to a patient specific fistula created between the brachial
artery and cephalic vein using geometry and boundary conditions obtained from MRI. The model will
be calibrated with, and the velocities compared to, results from a 4D (space-time) MRI scan on the
same patient.
2

METHODOLOGY

To study the effects of pressure wave propagation and stresses in the vascular wall, a FSI model is
used. We used an Arbitrary Lagrangian-Eulerian (ALE) framework, and chose a harmonic model to
describe the mesh motion. The FSI equations are solved in a monolithic form to avoid the ’added
mass effect’ that can arise when using a staggered approach to problems with a slender domain and
similar fluid and structural densities. We followed a approach similar to [11] to set up the variational
system and discretise the equations.
The equations are discretised in time using finite differences and finite elements are used for spatial
discretisation.
A Newton-like method is used to linearise the equations. Despite the fact that progress was made
in the last decade on ways to achieve faster convergence by developing pre-conditioners suitable for
solving the FSI equations iteratively [12, 13, 14], problems still remain. To circumvent these issues,
we used a parallel direct solver to solve the FSI equations for the patient specific problem.
The numerical implementation is done using the finite element library deal.II [15].

Figure 2: Extracts from 4D MRI showing velocity at different stages of the cardiac cycle.
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3

RESULTS AND CONCLUSIONS

Benchmark problems of the fluid, structure and fluid-structure interaction will be presented. Additionally results from an idealised geometry of the fistula will be shown. The flow inside a patient
specific fistula will also be shown along with the flow obtained from the 4D MRI (Figure 2).
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SUMMARY
Each cardiac cycle the heart contracts and ejects blood into the systemic circulation. The resulting
cardiac output is directly affected by the coupling of the ventricular contractility with the haemodynamic impedance of the systemic vasculature. In this work this ventriculo–arterial coupling has been
modeled using a multi–scale approach in which a 0D model of cardiac contraction was implicitly
coupled to both 3D and 1D fluid–structure interaction frameworks. Examples reported in this work
illustrate that such models permit the examination of pressure wave propagation and cardiac function
under altered physiological states of the heart and systemic vasculature.
Key words: 3D/1D blood flow, reduced order boundary conditions

1

INTRODUCTION

With each beat the left heart propels blood throughout the systemic circulation. The cardiac output
is governed by both the ventricular contractility and the haemodynamic impedance of the systemic
vasculature. In healthy states the coupling of the compliance of the large arteries is well matched
with the contraction of the heart, such that haemodynamic efficiency is maximized whilst providing
adequate ejection fractions over a range of conditions. With increasing age and comorbidities such
as hypertension and diabetes both ventricular and arterial stiffness increase, resulting in increased
afterload and pressure pulsatility in the large vessels. The increase in afterload dramatically alters the
state of the heart, since in order to provide the same cardiac output as in a healthy state, an increase
in cardiac work (and therefore the myocardial oxygen consumption) is required [1].
Computational models enable the quantification of the complex coupling of the left heart to the arterial system. There exists a range of models that have addressed this topic which can be broadly
divided into 0D, 1D and 3D approaches. Each of these modeling approach has distinct benefits, for
example 0D models (e.g. [2]) make it possible to simulate many cycles and accurately represent systolic and diastolic pressures, however they cannot represent the propagation of pressure waves in the
vasculature. 1D models (e.g. [3]) address the issue of pressure wave propagation whilst remaining
computationally efficient, however such models are unable to represent flow in complex geometries
such as stenoses and coarcations without introducing ad-hoc pressure loss models. 3D models (e.g.
[4]) address all of the listed limitations of 0D and 1D models, however the computational effort required to solve the blood flow problem in 3D is significantly greater.
To date no model has addressed the issue of parameter fitting given patient–specific haemodynamic
data, such that a given cardiac output and pressure pulsatility are reproduced. In this work a data
fitting approach is explored in which the relevant parameters of a heart model are fitted to match given
pressure and flow data. Implemented in both a 3D and 1D computational framework, simulations
have been performed with identical geometries and boundary conditions – allowing a qualitative
comparison of the two frameworks.
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2

METHODOLOGY

A 0D model of cardiac contraction was implemented in both a 3D and 1D fluid-structure interaction
frameworks. The schematic of this 0D model is given in Figure 1. Here PLA is the constant left atrial
pressure, RM V is the mitral valve resistance, ELV is the time varying elastance function, RLV is a
time–varying ventricular resistance and RAV is the aortic resistance.

Figure 1: Schematic of the 0D left heart model.

The key component in this model is the time–varying elastance ELV , which describes the pulsatile
contraction and relaxation of the heart with each cardiac cycle. Here the elastance is defined as
ELV (t) =

PLV (t)
,
VLV (t) Vu,LV

(1)

where PLV is the left ventricular pressure, VLV (t) is the time–varying left ventricular volume and
Vu,LV is the left ventricular unstressed volume.
Based upon a geometric multiscale approach, a finite element discretisation of the 1D and 3D equations for blood flow is coupled to this simplified, reduced order models of the heart (Figure 2). In
this approach, the flow from the heart into the circulation is generated from the non-linear coupling
between the heart and the arteries - rather than from a prescribed inflow boundary condition. Details
pertaining to the implicit coupling of the 0D and 3D domains are given in Lau and Figueroa [4].

Figure 2: Coupling of a 0D left heart model to a 3D fluid–structure interaction model.

3

RESULTS AND CONCLUSIONS

Synthetic pulsatile aortic pressure PAV and flow QAV data were obtained from a previous simulation
Data was determined by calculating the
(Figure 4). Using this data, the corresponding elastance ELV
time–varying left ventricular pressure PLV and volume VLV (Figure 3) as follows
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PLV (t) = (RLV + RAV ) QAV + PAV ,
Z t
VLV (t) =
QAV (t) dt + VEDV ,

(2)
(3)

0

Data
ELV
= PLV / (VLV

Vu,LV ) .

(4)

Here VEDV is the end–diastolic volume. Using the analytical elastance function reported by Mynard
et al. [5] (Equations 5 to 8), a non–linear best fit was performed to identify the optimal parameters
(Figure 3).

ELV

=

g1 =
g2 =
k =

✓

◆✓
◆
g1
1
k
+ Emin ,
1 + g1
1 + g2
✓ ◆m 1
t
,
⌧1
✓ ◆m 2
t
,
⌧2
E
h⇣ max
⌘ ⇣
⌘i .
g1
1
,
max 1+g
1+g2
1

(5)
(6)
(7)
(8)

Data
Figure 3: Elastance function ELV
calculated from data and resulting elastance function fit.

Using this elastance function as an input into the heart model, pulsatile simulations were performed
and compared against the original synthetic data (Figure 4). Comparison of the pressure waveforms
show excellent agreement in the systolic and diastolic values, with minor difference in the profile
of the waveform itself. Comparison of the flow waveforms show good agreement in terms of the
maximum flow rate and stroke volume (Table 1. However, the profile of the flow waveforms show
minor differences, with the heart model exhibiting a greater initial acceleration than that observed in
the synthetic data (Figure 4).
Synthetic data
Heart model

Maximum flow rate [ml/s]
436.3850
444.0890

Stroke volume [ml]
83.34
82.77

Table 1: Maximum flow rate and stroke volume as in the synthetic data and the heart (see Figure 4).

In conclusion, a data fitting approach to calculating subject specific heart parameters was presented.
Using this approach the elastance parameters were determined for a synthetic example, the resulting
simulation was shown to have similar pressure and flow waveforms.
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Figure 4: Comparison of the synthetic pressure and flow data against pressure and flow data from the best fit
heart parameters.
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SUMMARY
Image-based computational fluid dynamic simulations in 'patient-specific' geometries are believed
to be of future clinical use. Most assumptions in CFD have been rigorously tested except from CFD
itself. We here investigate what impact different CFD "solution strategies" and flow rates may have
on the instantaneous velocity fields and time averaged wall shear stresses. Instantaneous velocity
fields were relatively unaffected by increased flow rates using a 1st order accurate stabilized solver.
However, high-resolution/accuracy simulations revealed rapid transients and complex flow fields
as the flow rates increased. Time- and space-averaged quantities were largely unchanged, and can
be considered robust, alternatively insensitive.
Key words: Aneurysms, aneurysm initiation, flow instabilities
1 INTRODUCTION
Cardiovascular diseases are among the main causes of death in the developed world, and the
morbidity and mortality in the developed world is expected to rise in the years to come [1]. Imagebased computational fluid dynamic (CFD) simulations of blood flow are believed to provide
detailed knowledge about the (abnormal) forces the cardiovascular system is exposed to which
allows for the study of 'patient-specific' pathophysiology. CFD is believed to be a robust tool [2]
and has been very successful in retrospectively classification of intracranial aneurysms according to
rupture status, although the precise mechanisms are unclear and there are contradictory results in
the literature, e.g., like whether high or low wall shear stress (WSS) is correlated with retrospective
aneurysm rupture status [3,4].
Skepticism remains for good reasons owing to the large number of unknowns, valid or invalid
assumptions, and lack of standards [5]. However, many of the assumptions and unknowns have
shown to have a negligible effect on the hemodynamic stimuli. E.g., imaging modality may change
the peak systolic flow pattern slightly, but has an overall negligible effect on the time averaged
hemodynamic indices [6]. The same thing can be said about fluid-structure interaction, when taken
into account [7]. Finally, non-Newtonian effects have shown to be of little importance, at least
under the assumption of laminar flow [8,9]. All of the above limitations of 'patient-specific' CFD
probably have a negligible effect on the space- and time-averaged hemodynamic indices, at least
under the assumption of laminar flow, which justifies the subsequent CFD solution strategies.
However, we recently showed that CFD solution strategy itself could have a profound impact on
the instantaneous velocity field, and to some extent also the hemodynamic indices [10]. The aim of
the current study was to study the effects of flow rate on instantaneous velocity fields and time
averaged hemodynamic indices with and without the implicit assumption of laminar flow.
2 METHODOLOGY
The basilar artery studied here has previously been studied by Kono et al. [11] who reported that a
proximal stenosis gave rise to a combination of high WSS and WSS gradients at the apex of the
bifurcation, resulting in a de novo aneurysm. Kono et al. assumed a laminar flow and used a fixed
flow rate. We therefore reexamine the same case for three different flow rates (1.5-2.5ml/s), first by
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implicitly assuming laminar flow using a Normal-Resolution (NR) solution strategy [10], i.e.,
taking 3000 time steps per cycle using a 1st order accurate stabilized solver that mimics the default
setting in Fluent. We then used the same mesh (3.5M tetrahedra) and boundary conditions but
switched to a minimally dissipative and temporally 2nd order accurate solver and advanced in time
using 60,000 time steps per cycle. We refer to the latter as a High-Resolution (HR) solution
strategy. We used Taylor-Hood elements and the equivalent number of linear tetrahedra is ~28M.
The latter solver has been verified to replicate results from both laminar and fully developed
turbulent flows [12]. We computed the Q-criterion (visualized volumetrically), WSS, and
Oscillatory Shear Index (OSI). The two latter indices were computed because on the popularity in
the study of aneurysm hemodynamics and positive correlation with aneurysm rupture status.
3 RESULTS AND CONCLUSIONS
Figure 1 shows the Q-criterion right after peak systole. It is evident that the NR simulation results
are relatively insensitive to the change in flow rate. The flow remained stable for all flow rates
using the NR solution strategy. On the other hand, the HR simulation results reveal a much stronger
sensitivity to flow rates. The flow was relatively stable for 1.5ml/s, but at higher flow rates, the HR
simulations resulted in very rapid transients and detailed flow structures. The jet that formed after
the stenosis became increasingly unstable with increasing flow rate, although the largest
differences in the flow patterns were seen in the sudden expansion after the stenosis.

Figure 1: The Q-criterion (volumetrically rendering) reveals a relatively weak sensitivity to flow
rates using an NR solution strategy, whereas a HR solution strategy shows rapid transients and
small flow structures occurring after the stenosis for the two highest flow rates.
On the other hand, the time averaged WSS in Figure 2 showed relatively small changes. I.e., the
phenotypic changes seen in the Q-criterion in Figure 1 was not reflected in phenotypic changes in
WSS, except for the increase in strength with respect to flow rates which one would expect.
However, Figure 2 also shows that there is a strong sensitivity to the point-wise WSS values which
is consistent with our previous reports [10], i.e., that NR simulations will consistently
underestimate hemodynamic indices. We also computed the OSI, which is argued to be a good
discriminant for oscillatory shear. Figure 3 shows that OSI is not a good descriptor of truly high
temporal gradients in shear. Having said that, OSI was never "designed" to study hemodynamics in
aneurysms or aneurysm formation [14], and the mechanobiological response of such a stimuli is
unknown. However, it cannot be ruled out that there is more than one stimuli leading to aneurysm
initiation. Finally, the current results confirm the findings by Kono et al. even though the flow rates
are different, and that the temporal gradients in shear are apparent from HR simulations. However,
it should be noted that the flow rates are still conservative, cf., e.g., the meta-analysis [15], who
reported a mean of 2.6ml/s (range: 1.8-4.0ml/s) in the basilar artery.
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Figure 2: The time averaged WSS (0-50Pa) shows that both NR and HR simulations are sensitive
to flow rates. There are no phenotypic changes although the HR simulations show higher WSS
values.

Figure 3: OSI (0-.25[-]) for all cases shows that there is little variation in OSI for the NR
simulations. OSI is somewhat more different in the HR simulation although masking the true
differences between HR 2.0ml/s and HR 2.5ml/s that Figure 1 is more indicative of.
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SUMMARY
Residual stress is important in the mechanical behaviour of the heart, and can be used to estimate the
extent of growth and remodelling after heart diseases. In many previous models, it has been assumed
that the residual stress in a ring of left ventricle can be released in a single radial cut. We have shown
that even with two cuts - one radial cut followed by a circumferential cut, it is unlikely that the residual
stresses are all released since our 2-cut model shows that there are stress gradient jumps of the hoop
and axial stresses in the radial direction. However, with the 4-cut model (one radial cut followed
by two circumferential cuts), the stress distributions are much smoother, and the agreement with the
measured opening angle and radii is greatly improved. This suggests that four cuts can probably
release most of the residual stresses in the left ventricle, at least in the middle wall region.
Key words: residual stress, opening angles, left ventricle model

1

INTRODUCTION

Living tissues in the heart continuously interact with the external bio-environment, reshape and rearrange their constituents under the chemical, mechanical or genetic stimulus during their life cycles.
In the mature period, these processes remain in a homeostatic state. However, heart diseases will
offset the balance, and the tissues will grow and remodel in response to an insult. Physiologically,
exercise may also induce healthy and reversible growth and remodelling. An important ingredient in
evaluating the mechanics involved in the cardiovascular system is knowledge of the solid mechanical
properties of the materials involved, including the components of the heart (such as the left ventricle). A particular aspect of these materials is that they possess residual stress in vivo, and residual
stress, which essentially arises from growth in development, is not well understood and is imprecisely
characterized (experimentally) at present. Thus, how best to include the important effect of residual
stress in the passive or active material behaviour presents a modelling challenge. Over the last century, various hypotheses on the growth and remodeling response to mechanical loading have been
put forward, with particular success in arteries. One of the fundamental ideas is to assume the existence of a (stress-free) reference configuration [1]. When the external loading is removed, residual
stresses remain in the material as a result of tissue growth and remodelling. This is well accepted and
experimentally supported, particularly by opening angle experiments [2–5].
Many mathematical models for the left ventricle that take account of residual stress are based on the
assumption that a simple radial cut can release all the residual stresses [6]. However, this assumption
is not supported by experiments [5], which have shown that a circumferential cut after the radial cut
releases more residual stress, as exemplified in the case of a mouse heart (see Fig.1A). In this paper,
using a simple heart model, we will try to reproduce the experimental findings of the residual stress
distribution across the wall of an intact mature heart by using multiple circumferential cuts.
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(a)

(b)

Figure 1: (a) A typical short-axis apical slice of a mouse heart before and after cuts [5]. The initial
intact slice, shown in A, was about 2 mm thick. The same slice after a single radial cut and after the
circumferential cut are shown in B and C. (b) Opening angle estimates after a single radial cut and
after a subsequent circumferential cut.
2
2.1

METHODOLOGY
Residual stress from a 2-cut model

We consider heart as an incompressible single-layer cylindrical tube. In this model we assume that the
residual stresses are fully released after the radial and the circumferential cut shown in Fig.1b, where
the final state is the stress-free reference configuration B0 . We note that following the circumferential
cut the endocardial slice has a negative curvature. Using cylindrical polar systems the geometrical
regions B0 of the slices are described individually as {R1 , ⇥1 , Z1 } and {R2 , ⇥2 , Z2 }, respectively,
RIi 6 R1 6 RIo ,
RIIi 6 R2 6 RIIo ,

0 6 ⇥1 6 (2⇡
0 6 ⇥2 6 (2⇡

↵I ),
↵II ),

0 6 Z1 6 L

(endo)

(1)

(epi)

(2)

0 6 Z2 6 L

where Ri , Ro , ⇥, and L denote the inner and outer radii, the opening angle, and the tube length,
with the subscript I stands for the endo slice, and II for the epi one. The corresponding quantities are
{r1 , ✓1 , z1 }, {r2 , ✓2 , z2 }, and ri , ro , and l, respectively, in the configuration B1 . In addition, we
have
(rIo )+ = (rIIi ) .
(3)
For the epi slice with positive curvature, the isochoric deformation in B1 is
(4)

X2 = rer + zez
where {er , e✓ , ez } are the unit vectors, and then
s
(R2 )2 (RIIi )2
r=
+ (rIIi )2 ,
kII z

✓ = kII ⇥2 ,

z=

z Z2 ,

(5)

where z = l/L is a constant axial stretch, and kII = (2⇡
)/(2⇡ ↵II ) is a measure of the
opening angle. This gives the deformation gradient F2 = @X2 /@X. For the endo slice with negative
curvature, the deformation X1 has the same form of X2 except that
s
(RIo )2 (R)2
r=
+ (rIi )2 , ✓ = kI ⇥1 , z = z Z1 ,
(6)
kI z

150

2⇡
where kI = 2⇡
↵I is a measure of the change in the opening angle between the negatively curved
configuration and the reference configuration. The deformation gradient is then F1 = @X1 /@X. The
equilibrium equation for this geometry is simply

d rr
rr
✓✓
+
= 0.
(7)
dr
r
Integration of (7), with the free-loading boundary conditions, rr |r=ri = 0 and rr |r=rIIo = 0, gives
I
the radial component of the Cauchy stress tensor
Z ro
Z ro
II
II
rr
rr
✓✓
✓✓
dr )
dr = 0.
(8)
rr |r=rIIo
rr |r=ri =
I
i
i
r
r
rI
rI
Simultaneously, the zero net circumferential stress and net bending moment yield, respectively,
Z ro
II
✓✓ dr = 0,
Z

rIIo
rIi

✓✓ · ⇠d⇠ =

Z

rIi

rIIo
rIi

[¯✓✓

p] · ⇠d⇠ =

Z

rIIo
rIi

[¯✓✓

¯rr +

Z

⇠
rIi

¯✓✓

¯rr
r

d⇠] · ⇠ d⇠

(9)
(10)

where we have used rr = ¯rr p, ✓✓ = ¯✓✓ p, and p is a Lagrangian multiplier. Using the
invariant-based Holzapfel-Ogden constitutive law for myocardium in the mice heart, we have
X ai
af s
a
2
= {exp[b(I1 3)] 1} +
{exp[bi (I4i 1)2 ] 1} +
[exp(bf s I8f
1], (11)
s)
2b
2bi
2bf s
i=f,s

where the parameters are refitted to the experiments in [1] to give
a (kPa)
2.21

b
1.80

af (kPa)
3.96

bf
3.45

as (kPa)
0

bs
N/A

af s (kPa)
0

bf s
N/A

The model can be solved to obtain stresses as well as the two geometrical parameters, the radii of the
internal face rIi and the opening angle ↵ in B0 .
2.2

Residual stress from a 4-cut model

If we take a second circumferential cut of the two slices along their mid-wall, and assume that the
stress-free configuration is denoted by B00 as shown in Fig.(2), then we can describe the kinematics

Figure 2: The 4-cut model, with the zero-stress configuration B00 .
within each of the separated parts in a similar fashion to that used in the 2-cut model but with the
boundary conditions
= ✓✓ |r=rno (n = 1, 3).
(12)
✓✓ |r=ri
n+1

This model consists of 8 independent equations, with two for each slice. There are eight unknown
i , ↵ (m =I, II, III, IV)), and 4 opening angles
geometrical parameters in B00 ; four internal radii (rm
m
'1 , '2 , '3 , '4 .
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3

RESULTS

Solutions for the three different models all provide us with the approximated ”zero-stress” configurations, which are B20 , B10 , and B00 , respectively, for the 1-cut, 2-cut, and 4-cut models, as shown in
Fig. 2. We now consider the closed configuration, B30 , which is unloaded but residually stressed. The
geometrical information of this configuration from the three different models is shown in Table 1. The
model predications are also compared with the measurements of the geometry as shown in Fig.1(A).
It is clear that the accuracy increases significantly as the number of the cuts increases. Although in
principle the true zero-stress configuration requires infinite cuts, our results suggest that four cuts are
sufficient for providing a good approximation of the zero-stressed configuration and residual stresses.
Table 1: Comparison of the model predictions with measured geometry in Fig.1(A) [5].
Measurements (mm)
ri = 0.620
ro = 2.526
ro ri = 1.905
4

1-cut model
0.519
2.138
1.62

2-cut model
0.522
2.24
1.72

4-cut model
0.524
2.447
1.923

Difference in thickness
15.2%
9.77%
0.9%

CONCLUSION

We have developed 2-cut and 4-cut models to estimate the residual stress distributions in a simple
left ventricular model. Our models show that a radial cut following by three circumferential cuts is
likely to release most of the in-plane residual stresses in the middle wall of the left ventricle. Further
development of this model may enable us to estimate the corresponding growth and remodelling
process inside the left ventricle.
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SUMMARY

Aortic Dissection is a disease with a high associated mortality. Patients can be stable for protracted
periods with only medical intervention, but may also show signs of rapid aortic growth which may
lead to false lumen rupture in a relatively short period. Other studies have highlighted numerous
anatomical predictors of aortic growth [1]–[5], however to-date a systematic study of the
haemodynamics associated with each predictor is missing. This work aims to assess the
haemodynamics differences in a variety of dissection configurations recognized as aortic growth
predictors using advanced computational modelling techniques and a series of idealised models.
Key words: Aortic Dissection, Anatomical Predictors, Growth, Computational Modelling
1 INTRODUCTION
Aortic dissection is a disease characterised by aortic intima delamination leading to the creation of
a true and false lumen separated by a relative thin septum that may present a number of tears
communicating blood between the true and false lumina. Patients are generally classified into those
with ascending aorta involvement (type A) or descending aorta (type B). Some patients are treated
surgically using prophylactic thoracic endovascular repair (TEVAR), while most type B dissections
are be treated medically with imaging follow-ups for years.
There exists a wide variation in dissection morphology, and patients may experience aortic growth
and aneurismal expansion leading to further reduced integrity of the weekend false lumen wall and
increased risk of rupture. A wide variety of anatomical predictors have been proposed to identify
patients at risk of aortic growth. The analysis of the different haemodynamics associated with these
morphological predictors will be the focus of this study.
2 TEAR SIZE, LOCATION AND NUMBER
Recently a patient specific CAD model build from high-resolution CT data was built, and CFD
studies performed whereby relatively small secondary communicating tears which are often
ignored in modelling were selectively included together with the larger main entry and exit tears.
Significant changes in haemodynamics were observed between the case in which all
communication tears were included and the case where all secondary tears were occluded [6].
Tolenaar et al found that patients with a single tear exhibit greater aortic expansion relative to those
with multiple tears [2]. Rudenick et al showed that large (⌀10mm) tears are correlated with similar
pressures between true and false lumen, while smaller (⌀4mm) or occluded tears result in a greater
pressure gradients between the lumina [5]. Tsai et al hypothesized that in the absence of exit tears,
while pulse pressure reduces, mean pressure increases relative to a dissection which has both entry
and exit tears [7].
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3 FALSE LUMEN GEOMETRY RELATIVE TO AORTIC CURVATURE
Loewe et al found that the location of the false lumen relative to the aortic curvature may have an
impact on the onset complications associated with dissection. Specifically, entry tears originating
on the concave side of the arch (i.e., inner curvature) were shown to lead to worse outcomes [4].
Tolenaar et al also found that increased aortic growth was correlated with the entry tear being
located on the inside of the aortic arch [8].
However the mechanisms which cause aortic growth are poorly understood. To-date, no systematic
study has been performed to investigate the haemodynamics associated with each of the above
morphologies. We hypothesise that less favourable haemodynamics in the false lumen may be due
to the dissection morphology and this may lead to aortic growth and an increased risk of rupture.
4 METHODS
In order to test the effect of varying anatomical features on type B dissection a parametric study has
been designed using a number of idealised CAD model which include true and false lumen,
proximal and distal communication tears, the dimensions of which are based on typical values
reported in the literature. Three main model types were created: a straight dissection; a convex
dissection (modelling a dissection on the outer curvature of the aortic arch); and a concave
dissection (modelling a dissection on the inner curvature of the aortic arch) (see Figure 1). The use
of such models enables a systematic investigation of the effect of geometry of the dissection
relative to the arch as well as the effect of the inclusion, occlusion and size of communication tears.

Figure 1: Three main model types. Shown is the straight model (top), a convex model (middle)
simulating an entry tear originating on the convexity side of the aortic arch, and the concave model
(bottom), simulating the conditions of the tear originating on the concavity of the aortic arch.
Finite element meshes where then generated for each model. Simulations were run with a residual
criteria of 1×10-3. Each simulation was run until periodicity was achieved. For each analysis, the
outflow was coupled to a 0D three-element Windkessel model to represent the effect of distal
vasculature. Flow data acquired from a patient presenting with a dissection using 2D PC-MRI was
applied at the inflow. These boundary conditions remained constant for each successive simulation
as to limit variance between each case.
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Using these advanced modelling tools we will show in a controlled manner how these variations in
geometry affect dissection haemodynamics. By highlighting the morphological conditions which
lead to less favourable conditions we believe we have developed a greater understanding of the
predictors which may lead to aortic growth.
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SUMMARY
In this study, we propose a method to identify the material properties of the ATAA on a patientspecific basis using dynamic CT scans. An inverse method is proposed to define two volumetric
regression  functions  as  the  volumes  of  patient’s  systolic  and  mid-cardiac cycle aneurysm, fsys and
fmid, respectively. The elastic mechanical properties of the ATAA for each patient are fitted when
both fsys and fmid reduced by their actual CT scan volume values tend to zero and cross each other.
Key words: Ascending thoracic aortic aneurysm, Finite element analysis, regression, Patient
specific material properties
1 INTRODUCTION
An ascending thoracic aortic aneurysm (ATAA) is a local dilatation in the aortic wall that affects
people independently of age and gender. Most ATAAs are asymptomatic and are only detected as
incidental findings during the investigation of other conditions. Spontaneous rupture of an ATAA is
almost always fatal; therefore patient assessment is focused on timely surgery to prevent rupture [18]. The maximum diameter of an aneurysm has long been the preferred clinical method for
assessing rupture risk. Surgical intervention is indicated for aneurysms with diameters larger than
5.5 cm or for fast growing aneurysms (> 1 cm per year) [1]–[3]. However, studies on abdominal
aortic aneurysms (AAA) indicate that biomechanical factors, such as peak wall stress, estimate
rupture risk better than the diameter criteria [4]–[7].
Using patient specific geometries, material properties, blood pressures, and wall strengths, a very
accurate  estimate  of  each  patient’s  rupture  risk  can  be  provided  [xx  Olfa].  To  reliably  estimate  risk  
of rupture finite element models using patient specific geometries and blood pressures must be
combined with clinical methods to estimate the mechanical properties and the rupture stress. In
general, the most common method for obtaining material properties is to conduct experiments such
uniaxial tension. However, prior to surgery tissue samples are not available. The significant
variation in the material properties [8], [9] and rupture stresses [9], [10] between patients makes
estimating the material properties and/or rupture stress from a mechanical study on a large
population of patients nearly impossible. For the parameter or rupture stress approximation to be
useful, they must be obtained on a patient specific basis using information that is readily accessible
in the clinic.
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In this study, we propose a method to identify the material properties of the ATAA on a patientspecific basis using dynamic CT scans. An inverse method is proposed to define two volumetric
regression   functions   for   the   volume   of   the   patient’s   aneurysm   at   systolic   pressure   (fsys) and midcardiac cycle (fmid). The elastic mechanical properties of the ATAA for each patient were
determined by finding the point when fsys and fmid both approach the CT measured volume. To
show that the material properties have been correctly identified, the parameters found using our
approach are compared with the properties identified during a bulge inflation test.
2 METHODOLOGY
The preoperative ECG-gated dynamic CT scans for five patients were provided by the University
Hospital Centre of Saint Etienne (CHU). The aneurysm section that was resected during surgery
was also provided. The dynamic CT scans were used to generate patient specific geometries for the
finite  element  model  of  each  patient’s  aneurysm  and  for  patient  specific  volume  registration  during  
the cardiac cycle (Table 1).
The Demiray constitutive model [11] was chosen to describe the elastic response of the ATAA
. (1)
To accurately determine the material properties and stresses using the finite element method, the
zero-pressure geometry was identified. Starting from the pressurized diastolic geometry of 80
mmHg (10.67 kPa), the zero-pressure geometry was calculated using the pull-back algorithm
developed by Riveros et al. [12]. For each patient, eight simulations were subsequently made to
find the systolic volume at a pressure of 16 kPa (120 mmHg); each time varying D1 and D2 in the
intervals [1.68, 10.64] and [1.94, 9.49], respectively. This process was repeated again for the
pressure at mid-cardiac cycle at a pressure of 13.3 kPa (100 mmHg). One patient, Patient 5, was
hypertensive. In this case a mid-cycle pressure of 16 kPa and a systolic blood pressure of 23 kPa
(174 mmHg) were used based on his blood pressure readings in the month prior to surgery.
Using the results of the finite element simulations, two different volumetric regression functions
describing  the  volume  of  patient’s  systolic  and  mid-cardiac cycle aneurysm volumes, were found
fsys and fmid, respectively. These functions are quadratic functions of D1 and D2:
f (D1, D2) = x1 D12 + x2 D22 + x3 D1+ x4 D2 + x2 D1 D2 + x5.

(2)

Two cost functions were then defined as F = f – Volume (CT). Both functions should approach
zero when the simulated volume approaches the CT volume. The point where the two functions
cross at zero give the values of the constitutive model parameters.
To verify that the material properties were accurately identified in the simulation, bulge inflation
tests were performed on the collected aneurysm samples [9]. From the displacement data, the
Green-Lagrange strain was computed and the Cauchy stress was found using the inverse membrane
approach. The experimental stress-strain data was then used to identify the material properties of
the tissue. Table 1 reports the mean values of D1 and D2 for each patient.
Table 1. Patient specific material properties and aneurysm volumes during systolic and mid-cardiac
cycle phases
Patient ID
1
2
3
4
5

D1 (KPa)

D2

CT systolic
volume (mm3)
122179.43
148528.18
35131.60
81134.05
62086.99

CT mid-cycle
volume
(mm3)
113824.4125
147401.095
34626.7906
74712.9359
58168.0143
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3 RESULTS AND CONCLUSIONS

For each patient, the coefficients of fsys and fmid are defined, and the Demiray parameters
are found (Figure 1). The maximal relative error reported between the values of the
Demiray parameters found during the experimental study and those identified from the CT
images reaches 89% for D1 and 64% for D2. However, the relative error reported between
the volumetric systolic regression function and the CT scan systolic volume varies between
7.844 E-5 % and 0.019%.
Patient 3: Predictives fonctions for volume changes at systolic and mid-cycle phases
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Figure 1: Determination of Demiray parameters for Patient 3.
To provide truly reliable estimates of rupture risk, a non-invasive method to estimate wall strength
must be found. In this study, we have proposed a method to estimate patient specific material
properties directly from CT images, which when coupled with patient specific geometries provide
very accurate estimates of the wall stress distribution. The quality the regressions could be
improved by using 4D MRI which makes it possible to quantify the flow field in the aorta, enabling
the identification of the pressure gradients in the aorta [13], [14]. This information could be used to
improve the boundary conditions applied in the model. Further analysis must be done to determine
if other geometric quantities such as the geometric similarity function proposed by MartinezMartinez [15-16] could do a better job of identifying the material parameters.
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SUMMARY
The present study combined deterministic Abdominal Aortic Aneurysm (AAA) biomechanical
modeling with probabilistic data analysis in order to derive a Probabilistic Rupture Risk Index
(PRRI). Specifically, the uncertainties in AAA wall thickness and wall strength were considered
and the concept was tested in a cohort of ruptured (n=6) and intact (n=6) AAAs. PRRI showed a
high sensitivity and specificity (discriminative power of 0.833) to discriminate between ruptured
and intact AAA cases. Deterministic AAA biomechanical modeling paired with a probabilistic
rupture index definition seems to have some advantages over a purely deterministic approach.
Key words: vascular mechanics, modeling, failure
1 INTRODUCTION
An abdominal aortic aneurysm (AAA) is a local dilatation of the aorta which can eventually
rupture. AAA ruptures have a total mortality rate of between 75% and 90%, and death from
ruptured AAAs ranks among the 10 leading causes of death for men above the age of 65. Decisions
on clinical interventions are based on the likelihood of AAA rupture, such that an accurate rupture
risk assessment serves as the key to reduce aneurysm-related mortality without substantially
increasing the rate of AAA repair, i.e. progressive clinical interventions. According to the current
clinical  practice  AAA  rupture  risk  is  assessed  by  the  aneurysm’s  largest  transverse diameter and its
change over time, such that AAA repair is generally indicated if the largest diameter exceeds 55mm
or grows faster than 10mm per year [1,2].
A biomechanical AAA rupture risk assessment is a more holistic risk assessment that has certain
advantages over current clinical risk assessment methods. Consequently, biomechanical indices like
Peak Wall Stress (PWS; see [3] and references therein) and the Peak Wall Rupture Index (PWRI;
[4-7]) have been regularly shown to be higher in ruptured/symptomatic AAAs than in intact/nonsymptomatic AAAs. Despite such encouraging results the variability of risk predictions due to
model input uncertainties remains a challenging limitation of the biomechanical AAA rupture risk
assessment.
The present study applied biomechanical modeling and derived a probabilistic AAA rupture risk
index. Specifically, the uncertainties in AAA wall thickness (thought to be one of the most relevant
input parameters for AAA wall stress predictions) and wall strength were considered. Despite
uncertainty   computations   are   well   established   in   traditional   engineering,   to   the   authors’   best  
knowledge, this concept has not yet been applied to cardiovascular problems.
2 METHOD
2.1 Deterministic Modeling
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Image reconstruction. A cohort of ruptured (n=6) and intact (n=6) AAAs were reconstructed
from Computer Tomography-Angiography (CT-A) data by the diagnostic system A4clinics
Research Edition (VASCOPS GmbH, Graz, Austria).
Constitutive modeling. After   aneurysm   segmentation   AAA’s   geometry was exported to ICEM
CFD (Ansys Inc., US) for FE mesh generation and wall stress calculation. Specifically AAA wall
biomechanics was captured by an incompressible five-order Yeoh strain energy density function

𝛹=∑

𝑐 (𝐼 − 3) ,

(1)

with 𝐼 denoting the first invariant of the Cauchy-Green deformation tensor. In addition, 𝑐 are
stress-like material constants set to 𝑐 = 5kPa, 𝑐 = 0, 𝑐 = 0, 𝑐 = 2.2MPa, and 𝑐 =
13.74MPa in order to capture AAA wall mean-population properties [8].
In contrast to the aneurysm wall, the Intra-Luminal Thrombus (ILT) exhibits a much more linear
stress-strain response [9], which is nicely captured by the incompressible Ogden-like strain energy
density function

𝛹 =   𝑐 ∑

(𝜆 − 1),

(2)

with 𝜆 and 𝑐 being the i-th principal stretch and a stress-like material parameter, respectively.
Specifically, the ILT is stiffer at the luminal layer (𝑐 = 2.62kPa  ) and gradually softens towards
its abluminal site (𝑐 = 1.73kPa) [9].
Zero-pressure configuration.
In order to back-calculate AAA zero-pressure configuration
from the (pressurized) CT-A-recorded geometry, we used the backward incremental method [10].
Briefly, successive intermediate reference configurations were constructed by subtracting the
computed FE-mesh nodal displacements from the previous reference configuration, i.e. until the
MAP-loaded model matched the CT-A-recorded geometry. Further details regarding the zeropressure configuration update algorithm, including its verification, are reported elsewhere [9,10].
Residual stresses.
Even a relatively thin wall, paired with a highly non-linear constitutive
model, leads to large stress gradients across the thickness. These stress gradients are not
physiological and violate the homogeneous stress hypnosis [11]. In order to overcome a nonphysiological stress gradient across the wall, the present model employed our recently proposed
isotropic growth-based algorithm [12].
2.1 Probabilistic Modeling
Uncertainty quantification.
normal distribution

AAA wall thickness published elsewhere [13] followed a log-

𝜌 (𝑥) =

  

  √

  exp −

(

)

    ,

(3)

with location 𝜇 =0.5 and scale 𝜎 =0.29. Similarly, AAA wall strength is nicely captured by a lognormal distribution 𝜌 with location 𝜇 =0.35 and scale 𝜎 =0.38. The Kolmogorov-Smirnov test
was used to verify these statements.
For each aneurysm case the above described deterministic AAA model was used to compute PWS
for three different AAA wall thicknesses, where the model was loaded by 1.5 times the Mean
Arterial Pressure (MAP). Then the predicted PWS response function was used for Monte-Carlo
calculations, which in turn quantified the uncertainty of PWS predictions. For all investigated
aneurysms the PWS distribution 𝜌
followed a log-normal distribution, which was verified by
Kolmogorov-Smirnov testing.
Definition of the probabilistic rupture risk index.
In order to derive a novel rupture risk
index, uncertainties from both PWS predictions and AAA wall strength were integrated in a
Probabilistic Rupture Risk Indicator (PRRI). Specifically, the risk is defined by the probability of
having  low  wall  strength  paired  with  high  PWS,  i.e.  the  ‘overlap’  of   𝜌
and 𝜌 defined PRRI,
see Figure 1. To this end, we performed a coordinate transformation 𝑥̅ = ln 𝑥 , which transformed
the log-normal distributed 𝜌
and 𝜌 onto a logarithmic stress scale, i.e. turned them into their
normal-distributed counterparts 𝜌̅
and 𝜌̅ , respectively, see Figure 1(a) and (b). Specifically,
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location and scale of the log-normal distributions 𝜌
and 𝜌 were transformed directly into
mean 𝜇̅ = 𝜇 and standard deviation 𝜎 = 𝜎 of the normal distributions 𝜌̅
and 𝜌̅ . Following
[14] we introduced a limit state probability 𝜌̅ = 𝜌̅ − 𝜌̅
, with mean 𝜇̅ = 𝜇̅ − 𝜇̅
   and
standard deviation 𝜎 = 𝜎 + 𝜎
, that defined the probability of having a specific difference
between strength and PWS. Consequently, the condition 𝜌̅ < 0 identified pairs for which the
PWS exceeded wall strength, such that the cumulative probabilistic risk for wall failure read

PRRI = CDF  𝜌̅ (0)  ,

(4)

where CDF denotes the cumulative density function, see Figure 1(c).

Figure 1: Schematic illustration of the Probabilistic Rupture Risk Index (PRRI) definition. (a) shows lognormal distributions of Peak Wall Stress (PWS) and wall strength. (b) shows Normal distribution of PWS and
wall strength in a logarithmic stress scale. (c) shows limit state distribution 𝜌̅ with PDF and CDF denoting
its probability density function and cumulative probability density function, respectively, For the illustrated
example the PWS and wall strength are given by µμ
= −0.7024, σ
= 0.2888   and µμ = 0.3529, σ =
0.3764, respectively, such that PRRI  = CDF  ρ (0)= 0.013 = 1.3%.

3 RESULTS
Typical wall stress results predicted by the deterministic mode are illustrated in Figure 2, and
median PWS (0.86(SD0.28) MPa vs. 0.54(SD0.19) MPa; p=0.022) at 1.5 MAP was higher in
ruptured AAAs than in intact AAAs. In addition, mean PRRI, i.e. mean probability of rupture was
4.5 times higher for ruptured than for intact AAAs (16.9(SD14.6)% vs. 3.8(SD6.8)%; p=0.045).
Finally PRRI showed a high sensitivity and specificity (discriminative power of 0.833) to
discriminate between ruptured and intact AAA cases.

Figure 2: Typical first principal Cauchy
stress distribution in the wall of a ruptured
Abdominal Aortic Aneurysm (AAA) case.
The model used a wall thickness of 2mm
and was inflated 1.5 Mean Arterial
Pressure (MAP). Left figure is cut to
expose the inner surface of the AAA wall,
while the right figure shows the
corresponding outer wall surface. The
position of the Peak Wall Stress (PWS) is
indicated by arrows.

4 DICUSSION
Despite encouraging results from the biomechanical AAA rupture risk assessment [3-7] the
uncertainty of biomechanical predictions due to the uncertainty of input information remains a
challenging limitation. Like other failure events, AAA rupture is also complex and a probabilistic
risk assessment could have some advantages over a purely deterministic approach. We applied a
well-established probabilistic method [14] and introduced PRRI, a novel and straight forward
probabilistic AAA rupture risk indicator.
AAA biomechanics is complex and wall stress predictions are influenced by modeling
assumptions. For the present work we used a biomechanical model, as sophisticated as
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reasonably/practically possible, and regarded AAA wall thickness as the only uncertain input
information. Not knowing the individual AAA wall thickness is constantly mentioned as a key
limitation of AAA biomechanics simulations, and the wall thickness naturally affects PWS
predictions, see amongst others. Specifically, we applied a log-normal distributed wall thickness
(according to in-vitro measurements [13]), which aimed at capturing distinctive effects of this input
uncertainty but did not account for the known significant spatial wall thickness variation within
individual cases [15]. Despite the fact that the outlined approach is general, i.e. it allows additional
probabilistic input information to be considered, the arising multidimensional probabilistic problem
would have severe practical constraints of long computation times. Consequently, the complexity
of the biomechanical model should be balanced with respect to the quality of the input information
and the sensitivity of the results.
The newly introduced PRRI has a clear physical meaning. It refers to the probability at which the
wall strength is lower than the PWS at 1.5 MAP, and as such, the rupture probability at this loading
condition. In addition, like deterministic risk indicators, our PRRI is also critically dependent on
the prescribed blood pressure, such that more detailed information about the course of the blood
pressure in daily life would directly improve the calculations.
5 CONCLUSION
Uncertainties in AAA wall stress predictions, the wide range of reported wall strengths and the
stochastic nature of failure motivate a probabilistic rupture risk assessment. Accounting for
homogeneous but probabilistic distributions of wall thickness and wall strength, and disregarding
all other uncertainties, could significantly improve biomechanical AAA rupture risk assessments.
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SUMMARY
This study presents a computational model, describing the formation and subsequent growth of
atherosclerosis in its early stages. It is known that progressive mass aggregate of low-density lipoproteins (LDL) is an integral driving factor for the inflammatory process involved in atherosclerosis.
Therefore, with the purpose of reducing computational costs for the evaluation of atherosclerosis distributions, the presented study models atherosclerosis growth as proportional to LDL aggregate. In
doing so, the inflammatory process is not considered, and so mass conservation and a viable timescale are not realized. However, the model is shown to be effective for cases where time is not a
variable of interest, and only the spatial distribution of atherosclerosis is sought. The model is tested
on a two-dimensional bifurcating artery section, and is shown to provide satisfactory prediction of
atherosclerosis lesion distributions.
Key words: atherosclerosis, growth, computational model, low density lipoprotein (LDL)

1

INTRODUCTION

Atherosclerosis is an arterial disease and precursor to leading mortality-causing diseases, such as
stroke and coronary artery disease. It is characterized by the formation of lipid-rich lesions within
arterial walls, that impose on the surrounding blood flow-field. The initiation and subsequent development of atherosclerotic lesions is primarily driven by a complex inflammatory process, involving
multiple biological and chemical species. A detailed review of the inflammatory process and it’s influence on the progression of atherosclerosis may be found in [1, 2, 3]. It is noted that of particular
importance to the inflammatory process in the early formation of the disease, is the accumulation
and consumption of lipid-carrying species such as low-density lipoproteins (LDL) in the arterial wall.
Consequently, the formation of atherosclerosis is closely linked to progressive mass aggregate of LDL
in the arterial wall.
Using this deduction, a mathematical model is developed to describe the emergence and progression
of atherosclerosis lesions. Growth is defined to be proportional to LDL aggregate, where the inflammatory process is treated as implicit to it and so is not modelled. In doing so, no closure may be
obtained in relating time-evolution of the lesion to mass aggregate. However, in the case where time
is not a variable of interest, and only an approximation of the spatial distribution of atherosclerosis lesions is sought, then temporal closure is unnecessary. In this case, an iterative scheme is implemented
to obtain a pseudo measure of time (refer to figure 2) [4]. For mass-conservative growth models
that integrate an inflammatory process and temporal scale, the reader is referred to [5, 6, 7] amongst
others. However in contrast to the present work, these models would require greater computational
expense; the present model provides an approximation of atherosclerosis distribution at significantly
lower computational costs.
With the simplifications made, the inclusion of the arterial wall is therefore unnecessary. It’s effect
is instead modelled via boundary conditions. With respect to LDL transport, a simple flux balance
boundary condition is sufficient to satisfy this. Atherosclerosis growth is then related to LDL aggregate, as driven by the difference between mass flux into and out of the arterial wall.
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2
2.1

METHODOLOGY
Geometry

For the purpose of this study, a bifurcating arterial geometry is selected for the testing of the computational model. Bifurcating arteries are common in the cardiovascular system and are typical sites for
the formation of recirculating-flow zones, which are characterized by low and oscillatory wall shear
stress (WSS); an important precursor to the formation of atherosclerosis. This makes bifurcating arteries, ideal sites for the formation of atherosclerosis. For the sake of simplicity, a two-dimensional geometry is selected to test the model. Though geometrically simpler, the two-dimensional bifurcation
retains characteristic features that promote the formation of recirculating flow, and hence atherosclerosis. A scaled schematic of the geometry is presented in figure 1, where the inlet boundary i , has
length of d = 5 ⇥ 10 3 m.

Figure 1: Schematic of 2D bifurcating artery geometry

2.2

Governing equations

With the purpose of developing an atherosclerosis growth model, several simplifications are made
to the underlying governing mechanics in the present study. Regarding physiological blood flow,
two dominant time-scales are identified. One of which is the smaller time-scale characterized by
the pulsatile nature of the flow, and the other being associated with the monotonic progression of
mass transport. Due to the difference in nature of the two time-scales and their respective sizes, it
is computationally expensive to resolve the flow-field for many time-periods. For this reason, many
models of atherosclerosis growth that rely on mass transport in arteries, ignore the pulsatile nature
of the flow-field and assume a steady-flow [5, 6, 7]. This assumption is maintained in the present
study for the same reason. However, it is noted that following the results of [8], steady-flow mass
transport does not completely resolve all features of time-periodic mass transport; this assumption
will be addressed in future studies. Furthermore, by implication of this assumption, the time-scales
associated with a growing atherosclerosis lesion are characteristically larger than those associated
with changes in a steady blood flow field. Therefore steady blood flow is relatively time-invariant
to the growing lesion, and is modelled with the steady-state incompressible mass and momentum
(Navier-Stokes) equations for a deforming fluid with constant viscosity; these equations are given
respectively by
r·u=0 ,
⇢ (u · r) u µr2 u = rp
(1)

Where blood density and viscosity have respective values of ⇢ = 1050 kg/m3 and µ = 3.5 ⇥
10 3 kg/m/s [5]. A fully-developed Poiseuille velocity profile of mean value uav = µRe/⇢d is prescribed at i , where Re is the mean inflow Reynolds number. Wall boundaries w are prescribed with
a no-slip wall condition, and outflow boundaries o1 and o2 are prescribed as outflow conditions,
with flow rate weighting of 0.8 and 0.2 respectively.
r · (uc

Drc) = 0

(2)

LDL mass transport is modelled with a passive scalar convection-diffusion transport equation (2) for
LDL concentration c. A uniform concentration profile c = c0 is prescribed at the inlet bouundary
i , and a zero-flux Neumann condition rc · n = 0 at the outflow boundaries o1 , o2 , where n is
the surface-normal vector. At the wall boundaries w , LDL flux into the arterial wall is modelled by
kc = vw c Drc · n, which is essentially the respective difference between convective and diffusive
flux, into and away from the boundary. The water filtration velocity and LDL diffusion coefficient in
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blood are ascribed with a constant value of vw = 1.78⇥10 8 m/s [9] and D = 5.0⇥10 12 m2 /s [10]
respectively. Whereas endothelial permeability of LDL is defined with a WSS dependence, derived
from the studies of Himburg et al. [11]. It is scaled by the Poiseuille flow wall shear stress ⌧ w0 , to
give a value of k0 = 2.0 ⇥ 10 10 m/s [10] at regions of undisturbed flow; giving the form
k = k0
2.3

✓

|⌧ w0 |
|⌧ w |

◆0.118

|⌧ w0 | =

,

8µ2
Re
⇢d2

(3)

Computational model

Growth is defined as the surface normal displacement of a material point x on the arterial wall surface.
Its distribution is determined by LDL accumulation kc in the arterial wall, which is defined as the difference between mass flux into and out of the arterial wall; where LDL out-flux is defined equivalent
to an in-flux condition at normal-flow permeability k0 and critical LDL concentration of cc = 1.2c0 .
To control the amount of growth achieved per iteration j, LDL accumulation is normalized by the
max , such that the growth size of a material point is determined by
current-iteration maximum value kc
the scaling factor fg , which is set to be sufficiently small, that the flow-field is not significantly varied
to affect mass transport. The corresponding growth function for a material point is given by
xj+1 = xj + fg

kc
max
kc

j

n ,

kc

= max {kc

k0 cc , 0}

(4)

An iterative procedure (figure 2) for growth is established, whereby the flow-field and species transport equations are solved on an outer iteration loop consisting of Ni iterations. By setting sufficiently
small growth steps, that do not significantly affect mass transport, an inner-loop is performed to discretize geometric non-linearities of growth and to reduce the number of times the domain-governing
equations are solved. The inner-loop is performed for Nj growth iterations, where the size of Nj is
defined as a function of the local mesh length-scales and the minimum surface-deformation length
that would influence mass transport. As this model does not include a time-scale, the number of
iterations performed Ni Nj may be used as a comparable measure for temporal progression.
Input data

Solve flow equations
(steady-state)

Solve mass transport equations
(steady-state)

Update mesh
++
y
END

n

y
n

Compute surface normals

++

Surface mesh displacement
Internal mesh smoothing/remeshing

Figure 2: Growth-modelling iterative algorithm

3

RESULTS AND CONCLUSIONS

The governing equations and algorithm presented in figure 2 are implemented into the finite-volume
solver ANSYS Fluent v14.5. For the present case study, a mean inflow Reynolds number of Re = 300
is assigned. As all equations involving the variable c are linear combinations of it, then it can be
shown that the solution of c is linearly scaled by cc ; therefore for this case study, c0 is simply set to
c0 = 1. The growth factor is set to fg = 1 ⇥ 10 6 m, and iteration limits of Ni = 40, Nj = 50 are
prescribed. The corresponding growth results at the end of all iterations, for the bifurcating segment
of the geometry in figure 1, are presented in figure 3.
Upon inspection of the growth results, it is noticeable that atherosclerosis lesions predominantly
form at the outer walls of the arterial bifurcation site. These regions correspond to recirculating-flow
zones, characteristic of low and oscillatory wall shear stress, that are known sites for promoting the
development of atherosclerosis [12]. Further to this observation is the development of a downstream
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lesion on the inner wall of the bifurcation with lower mass flow rate. The development of this lesion
is also observed to be influenced by the presence of a smaller wall-attached recirculating-flow zone.
Downstream to the larger outer wall lesion is the development of a smaller lesion, formed due to the
spatial progression of the upstream lesion influencing the downstream flow-field. This observation
attests to the importance of modelling the full spatial and temporal development of atherosclerosis, as
the emergence of secondary lesions would be difficult to evaluate otherwise. Further observation of
the spatial geometry of the atherosclerosis lesions reveals that they are non-symmetric, with growth
biases on either their leading or trailing ends. The position of the growth bias is seen to not necessarily
coincide with the leading end of the lesion, as was often assumed in earlier studies on the geometry
of atherosclerosis lesions.

Figure 3: Wall growth results at bifurcating artery section, with surrounding luminal flow velocity distribution

Though the presented model significantly simplifies the governing mechanics underlying the development of atherosclerosis, it is seen from the present case study, that valuable information about the
spatial development of atherosclerosis lesions may still be deduced.
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SUMMARY

Design and arrangement of biaxial testing rig has (together with the shape and size of the
specimen) a significant influence on the quality of the measured data which are needed for
constitutive models of soft tissues. The objective of the paper is to specify binding elements and
range of their parameters (numbers, positions and sizes of hooks or clamps, specimen size,
stiffness), which can guarantee plausible measured data when a square-shaped specimen is used for
biaxial testing.
Key words: biaxial testing, soft tissue, finite element model, clamp, hook
1 INTRODUCTION
Computational modelling has become a relevant method in biomechanics of soft tissues recently.
Especially finite element models can help us to simulate their complex mechanical behaviour.
Biaxial tension tests (fig. 1 left) are mostly performed in order to obtain material characteristics of
the tissue. In contradiction to uniaxial tension tests, however, biaxial tests succumb no standards
and their arrangement, specimen shape and size, as well as the way of load transmission on the
specimen (type of the gripping elements), are fully chosen by the staff or designer of the respective
testing device. It was shown that the actual parameters can be decisive for accuracy of the results
and may cause significant errors if not chosen properly.

Fig. 1: Detail of the testing device with a gripped specimen (left). 3D FEM model, equivalent strain
distribution, with elimination of the region under clamps (right).
In both uniaxial and biaxial testing of soft tissues, stresses are calculated by dividing the total force
by the undeformed cross section area, i. e. with intrinsic assumption of uniform stress distribution
throughout the specimen cross section. In biaxial testing of square-shaped specimens, however, the
load is distributed non-uniformly along the specimen edge and not far enough from the middle
section of the specimen (in the sense of Saint Venant’s   principle), therefore its distribution
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influences the calculated values. In contrast, strains are calculated on the basis of the (optically
recorded) undeformed and deformed positions of markers (contrast points, see fig. 1) in the central
part of the specimen called region of interest (ROI) below, so the calculated strain values represent
an average throughout the ROI. This difference may have significant consequences on the accuracy
of the stress-strain curves obtained from these tests.
The goal of our FEM simulations is to assess the inaccuracy of the resulting stress-strain curves, to
determine main influencing factors and to design the best setting of the biaxial testing device.
In general, clamps, sutures, or hooks are used in biaxial testing as gripping elements transmitting
the load onto the specimen. While sutures and hooks, proposed originally in [1], are generally
accepted, clamps were rejected as unacceptable by some authors [2]–[4]. However, this rejection
was substantiated by numerical or experimental analyses for one broad clamp per specimen edge
only, while any analysis of their applicability (their advantages or drawbacks) in higher numbers is
still missing in literature. Not only the way of gripping itself but the number of loading elements,
their dimensions, positioning, as well as material properties of the tested specimen [5], may
influence the experimental results substantially. Therefore this study aims at evaluation of accuracy
of the stress-strain dependencies obtained with application of clamps and their comparison with the
results obtained using hooks.
2 METHODOLOGY
A 3D FEM model is used to perform analyses of sensitivity to various parameters of biaxial tests
(fig. 1 right); the parameters may comprehend type of load transmission – via clamps or hooks,
their number and size, and specimen characteristics – its size and stiffness. Sutures were not
modelled because their load transmission differs from that for rigid hooks by more pronounced
local 3D effects caused by negligible bending stiffness of sutures and by a higher risk of material
rupture (cutting) in contact with the sutures. Basic specimen dimensions were 18 x 18 x 1,8 mm as
applied in our experiments (due to the dimensions of aorta). The influence of specimen size was
investigated by changing dimensions to 15, 20, 22, 28, 30, 35 mm as used in [2], [3], [5]–[9]. As
all the specimen input parameters were symmetric with respect to three mutually perpendicular
planes, only 1/8 of the volume was modelled.
For each number of the gripping elements the specimen edge was virtually divided into the same
number of intervals and each element was placed in the middle of this interval to ensure the most
uniform load distribution along the specimen edge. The distance of the clamp tip from the
specimen edge was 2 mm, and the same distance was kept for the hook centreline. Local effects in
the vicinity of gripping elements may depend significantly on sample properties (stiffness,
anisotropy), therefore also another material model was tested.
For the clamps a rough contact with the specimen was used and in the first load step they were
pushed into the specimen by prescribing displacements of 0,5 mm perpendicular to the surface of
the specimen (i.e. the clamps compressed the specimen vertically by more than 50%). In the second
load step biaxial loads were introduced according to specific displacement controlled protocols as
used in our experiments. On the contrary, in simulations of hooks a frictionless contact was used
and the hooks were placed into prepared holes.
Different proportional displacement-driven loading protocols were simulated, specifically with the
ratio uy/ux of 4, 2 and 1 (i.e. equibiaxial), in order to respect the real measurement testing protocol
and to examine the results in different loading states. All the models were tested for sufficient mesh
density and optimized for computational efficiency.
2.1 Evaluation of results
Quality of the measured stress-strain data can be quantified by Coefficient of Determination R 2.
Specifically, we compared two data sets: the virtually measured data from the FEM analysis and
the assigned specimen stress-strain curve. The measured data were assessed as plausible when the
values coincided with the assigned stress-strain curve of the specimen material with R2 ≥  0,9.
Results of each simulated measurement (i.e. a specific testing protocol) is described by one R 2
value. The resulting R2 describing one specific setting of the test (type of load transmission and
specimen characteristics) is calculated as average of all the applied loading protocols as follows:
R2 = (R21:1 + R21:2 + R22:1 + R21:4 + R24:1)/5.
2
For isotropic material, R 2:1 = R21:2 and R24:1 = R21:4.
169

3 RESULTS AND CONCLUSIONS
Results are presented as graphs in fig. 2 and 3. Conclusions drawn of the results are formulated
below.

Fig. 2 Dependence of R2 on the size and number of different gripping elements for all loading
protocols.

Fig. 3 Dependence of R2 on the size of the specimen for different gripping methods and parameters.
Fig. 2 shows clearly, that two hooks are not usable for proportional testing because of the chosen
boarder line R2 ≥  0,9.  In contrast, four hooks are a very good choice because of their independency
on testing protocols and very high value of R2. The reason of this difference between two and four
hooks could be explained by increasing uniformity of load distribution. Two clamps can also be
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used with adequate plausibility in a very wide range of sizes. These conclusions are valid for the
basic specimen size of 18x18 mm.
The influence of the specimen size is presented in fig. 3 for previous gripping methods with
addition of two clamps with best R2 size (3.7 mm). Here a clear negative dependence of R2 on the
specimen size is evident in all the investigated cases. The specimen with 15 mm size can be
gripped only using two hooks due to the excessive size and number of other clamping elements.
Our preliminary results show a strong influence of material stiffness. A thorough analysis of this
phenomenon is a matter of future work. We intend also to extend the range of numbers of clamps
and hooks.
The results of our FEM simulations are consistent with previous publications [2]–[4]. In all
analyses till now, perfectly symmetric and accurate positions of clamps and hooks were assumed.
Naturally, the accuracy of positioning of clamps or hooks represents another important operator
dependent factor influencing the quality of results but investigation of this influence is out of scope
of this paper.
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SUMMARY
What are the constituent parts of biological tissue? What is an appropriate mathematical model
for its fluid and solute transport? How can we bridge the gap between all the possible scales from
cellular to organ-level modelling in a computationally feasible way? We look at these questions by
reviewing multiscale modelling of flow in biological tissue via multiple-network porosity models and
the description of the vascular and capillary microstructure.
Key words: porous media flow, multiscale models, heterogeneous media

1

INTRODUCTION

Soft tissue in the body can be divided in three compartments: vascular, interstitial, and cellular. Each
compartment can be understood as consisting of a mixture of deformable solid and mobile fluid
phases, with constant exchange of fluid between the three compartments. For example, in the heart an
elaborate network of capillaries is perfused by the coronary arteries and constant exchange of blood is
especially important in a muscle that performs non-stop work, as is the clearance of metabolic waste
products from the interstitial fluid into the lymphatic system. The old conception of cardiac muscle
as undergoing isovolumetric contraction has been challenged by experimental evidence, leading to
recent investigations [1] where the muscle is treated as a poroelastic medium coupled to a network of
coronary arteries and the fluid balance is regulated together by the vascular tone autoregulation and
the perfusion pressure from the coronaries. A complete model for the exchange of fluids between
compartments can help explain e.g. the effects of myocardial oedema on cardiac function, or the
concept of normal pressure hydrocephalus in the brain.
Transport of molecular species such as proteins by the fluid flowing in and between the three aforementioned compartments forms the basis of many important biological mechanisms. It can be driven
by different physical phenomena, namely: (i) advective transport along the bulk flow due to hydrostatic pressure gradients, (ii) molecular diffusion from regions of higher concentration to regions of
lower concentration, and (iii) active transport of molecules through semi-permeable membranes either through paracellular or transcellular pathways that can transport solutes against the concentration
gradient. The most well-understood advective transport mechanism is the circulatory system. Various
solutes are transported through the blood stream and can pass through the vascular endothelium into
the interstitial fluid in a process called filtration. This passive transport of solutes is driven by two
main mechanisms [2]: the transmural pressure gradient across the lumen and the interstitial fluid, and
the molecular diffusion driven by concentration gradients within different parts of the tissue.
The passive transport model needs to be coupled to a detailed biophysical model for the active
membrane transport that accounts for the intracellular and paracellular mechanisms that drive the
metabolism of the cells. This is especially important in organs such as the brain, where the existence
of the blood-brain barrier around cerebral capillaries effectively prevents the passive transport of most
solutes from the blood stream to the interstitial fluid or vice versa. The resulting solute concentration gradients also have an influence on the fluid flow itself, as osmotic pressure gradients will act to
oppose the hydrostatic pressure gradient.
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2
2.1

MODELS
Multiple-network porous media flow models

While the underlying mechanisms of transport in biological tissue clearly occur at the cellular level,
continuum models that do not explicitly represent individual cells have been the main way to represent
passive transport phenomena in tissue- and organ-level transport models. The fundamental model of
laminar flow in a porous medium is based on Darcy’s law that relates the Darcy flux q of a fluid
creeping through porous medium as being proportional to the negative gradient of the average pore
pressure p:
(x)
q=
rp.
(1)
µ
Here (x) denotes the Darcy permeability, a symmetric positive definite tensor, that represents the
macroscopic effective permeability of the microstructure averaged over a sufficiently large representative volume element, and µ is the fluid dynamic viscosity. Enforcing the balance of momentum and
flow conservation leads to a dynamic equation:
✓
◆
@p
(x)
c0
div
rpj = h,
(2)
@t
µ
where the first term represents the sources and sinks of flow. While Darcy’s law is often applied
successfully in the context of microcirculation, the model (1) by itself is not able to describe microcirculatory flow [3]. The fact that blood vessels in organs appear as branching flow networks with a
hierarchical scale of vessels (ranging from large arteries to the small capillaries that perfuse individual cells) dictates that global averaging over all the scales cannot produce correct pore pressures for
both large arteries and the smallest capillaries at the same time. Therefore, extensions of the basic
Darcy model have been developed that incorporate multiple levels of scale that are coupled together,
the so-called multiple-network porosity models.
Multiple-network porosity models consist in conceptually dividing the tissue into J overlapping compartments. These can represent either vascular compartments at different scales (arteries, arterioles,
capillaries, venules, veins), interstitial compartments, or even intracellular compartments. All compartments are assumed to be present in a sufficiently large neighbourhood of every point in the macroscopic domain so that the averaging procedure can be applied consistently throughout. As a result,
flow fields within the individual compartments can be represented as overlapping macroscopic fields
without further describing their specific micro-structure. In each compartment we define a distinct
pore pressure pj that satisfies
✓
◆
X k!j
@pj
j (x)
c0
div
rpj
Jf
= h,
(3)
µj
| {z@t}
k6=j
|
{z
}
| {z }
sources and sinks

intra-compartment transport

inter-compartment transport

for given permeability tensors j , scale-dependent effective viscosities µj , and inter-compartment
transport terms Jfk!j for the fluid that need to be modelled separately. The benefit of the multiplenetwork porosity model is that the averaging needed to produce the Darcy permeability tensors j
from the heterogeneous microstructure does not smear out details across scales when each scale has
its own compartment. The model is also computationally inexpensive, involving only the solution of
coupled elliptic problems. In [5] the reduced multiple-network porosity equations were considered as
a model for cardiac perfusion and in [6] as a model for cerebrospinal fluid transport.

The transport of solutes can be expressed in terms of the pointwise concentrations cs,j of the sth solute
in the jth compartment, which are solutions of a coupled system of advection-diffusion-reaction
equations in each compartment j and for each solute s:
✓
◆
X
@cs,j
j (x)
+ div cs,j
rpj Ds rcj,s
Jsk!j
= R(c1,j , . . . , cs,j ),
(4)
@t
µj
|
{z
}
k6=j
|
{z
}
=reaction terms
| {z }
intra-compartment transport

inter-compartment transport

where Ds denotes the diffusivity of the sth solute.
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2.2

Modelling of inter-compartmental transfer terms

Transport of fluids and solutes from compartments j ! k and vice versa takes place by the mechanisms described in the introduction (depending on the nature of each compartment) and can therefore
be divided into roughly three categories: convection, filtration, and active transport. The same division is assumed for the transport terms Jfj!k and Jsj!k :
j!k
j!k
Jfj!k = Jf,conv
+ Jf,f
ilt
j!k
j!k
a!b
Jsj!k = Js,conv
+ Js,f
ilt + Js,act ,

for s = 1, . . . , S.

(5)

(i) Convective transport of fluid occurs mainly inside the lumen of vessels and is driven by the
pressure gradient between the proximal and distal compartments j ! k and given as an average of
local microvessel flow [4]:
X ⇡r4
j!k
v
Jf,conv
⇠
(pv,j pv,k ) ,
(6)
8µ
`v
a
v
where a Poiseuille assumption is made for flow in the lumen of small vessels. Here pv,j and pv,k
denote hydrostatic pressure gradients, `v the lengths, and rv the radius of each microvessel v respectively. Accordingly, the advective transport of the sth solute in the bulk flow inside the lumen is given
by
j!k
j!k
Js,conv
= cj,s Jf,conv
Ds (cj,s ck,s ) .
(7)
j!k
j!k
(ii) Filtration of fluid (net flux Jf,f
ilt ) and solutes (net flux Js,f ilt for s = 1, . . . , S) across a membrane separating two compartments takes place through paracellular and transcellular transport and
is driven by a combination of hydrostatic pressure gradients and osmotic pressure gradients. It is
described by the Kedem-Katchalsky equations:
"
#
X
j!k
Jf,f ilt = Lm A (pj pk )
⇡k,s )
s (⇡j,s
(8)
s
j!k
Js,f
ilt = Ds (cj,s

ck,s ) + (1

j!k
s )Jf,f ilt ck,s ,

where Lm is the microvascular hydraulic conductivity, A the microvascular exchange vessel surface
area, and ⇡c,s the osmotic pressure in compartment (c) due to the sth solute that can be approximated
with the van’t Hoff equation
⇡j,s ⇡k,s ⇡ RT (cj,s ck,s ).
(9)

The sth reflection coefficient s determines the permeability of the membrane with respect to the sth
solute species, such that if s = 1 then none of the solute transported by the water can penetrate the
membrane and if s = 0 then all of the solute moves freely with the water.
j!k
(iii) Active transcellular transport of solutes represents any mechanism Js,act
through which solutes
pass through cell membranes against the concentration gradient in a process that consumes energy.

2.3

Microstructural models

A crucial aspect of the validity of models such as (3) is the proper definition of the network permeability tensors j for the different scales present in the intercoupled fluid networks. For idealised fluid
networks, classical averaging methods on representative volume elements (RVEs) may yield suitable
effective permeabilities. Nevertheless, there is a limitation to the utility of theoretical averaging results due to the random, heterogeneous, and non-periodic nature of the cellular micro-structure.
As more detailed micro-structural information based on e.g. µCT scans has become available, attempts have been made to incorporate this information more closely into the specific form of the
permeability. An exciting possibility is the explicit construction of microproblems on RVEs of actual
porous micro-structure and its coupling with numerical solution at the macro-level. Such micromacro coupling schemes may also be used to enhance the model at the micro-level by incorporating
more accurate biological micro-transport mechanisms.
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3

CONCLUSIONS

We have given an overview of mathematical models for modelling flow and transport in the fluidic
networks of biological tissue. Any study of biological tissue that wishes to properly consider its mechanical and fluid transport properties must in our opinion adopt a description of biological tissue as:
(i) perfused by fluids that may be exchanged between compartments at different scales, (ii) possessing spatially varying anisotropy due to the particular microvascular structure, and (iii) incorporating
biophysically-driven sub-models for active transport of solutes and biophysical reaction terms. With
improved micro-structural imaging techniques, more detailed models at the micro-level can be developed and should be incorporated as part of the macroscopic models, such as the multiple-network
porosity model, via micro-macro coupling schemes. New modelling approaches will also need to be
developed to account for the effect of vascular autoregulation to properly study pathologies that arise
from the failure of such regulatory mechanisms.
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SUMMARY
Homogenization theory is used to derive macro-scale models of the mass transport equation. Seven
cases are considered depending on what combinations of advection, diffusion, and metabolism dominate on the large scale. The order of the Péclet and Damköhler numbers determines the form of the
averaged mass transport equation. It is found that for oxygen transport in the capillary beds in the
brain, advection and metabolism dominate on the macro-scale. The equations derived are general, and
hence can be used to determine the appropriate macro-scale mass transport equation for any solute.
Key words: continuum models, oxygen transport, advection-diffusion-reaction, capillary networks

1

INTRODUCTION

Underlying microvascular architecture is recognised as being key to the perfusion rate and delivery
of oxygen [3, 6, 9]. The spatial resolution of current functional imaging techniques, such as fMRI,
is not high enough to pick out the microvasculature and its effects on oxygen transport. As a result,
little information is available on the interplay between the microvascular topology and tissue-scale
perfusion. Characterising this interplay is likely to help to improve the treatment of vascular diseases.
A number of authors have previously developed models of oxygen transport which can be applied to
any 3-dimensional network. These models are useful in analysing oxygen perfusion around individual
capillaries. However, all of these models are currently only computationally reasonable for small
tissue sections. Building larger models so that accurate comparison can be made with imaging data
becomes very difficult using current discrete modelling techniques.
Continuum-based mathematical modelling techniques, specifically homogenization, aim to deal with
this issue of scalability. Homogenization is an averaging technique which derives macro-scale models
using micro-scale models, assuming that there is a scale separation between the two, and that the
micro-scale is periodic. We can then replace discrete models with averaged integral quantities of the
capillary bed valid over the larger region of interest, reducing the computational cost substantially.
In this paper the general mass transport equation is homogenized using the characteristic length scales
of intra-capillary separation and MRI voxel size. Seven cases are considered depending on what combinations of advection, diffusion, and metabolism are dominant on the macro-scale. The appropriate
macro-scale equation for oxygen transport in the brain is then determined. The homogenization techniques used are based on those by Auriault et al.[1] and Shipley & Chapman[10].
2

METHODOLOGY

The periodic micro-scale problem (and its relationship with the macro-scale) is shown in Fig. 1, where
⌦t is the interstitial domain and ⌦c is the capillary domain (subscripts c and t refer to the capillary
and interstitial domains respectively from hereon in).
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It can be assumed that the flow is incompressible and that the diffusion coefficient is constant
through the capillaries and interstitium. The reaction rate, or the metabolic term, is initially
considered to vary linearly with concentration.
As a result the mass transport equation is
@c
+ (u.r)c = Dr2 c ⇤c
(1)
@t
with ⇤ being the metabolic rate and assumed
zero in ⌦c and in ⌦t , c the concentration, u
the velocity, and D the diffusion coefficient.
The first boundary condition can be stated immediately as a mass flux balance of the solute
Figure 1: Schematic of the macro-scale com- across the capillary wall. Due to there being no
posed of periodic micro-scale cells.
leakage of blood into the interstitium, the only
transport mechanism is diffusion. Therefore the
flux must be continuous on (where is the boundary between the capillary and the interstitium)
(Dt rct ).n = (Dc rcc ).n

on

(2)

It has been shown that the most appropriate boundary condition for oxygen is to treat the capillary
wall as part of the tissue [8]. Therefore the second boundary condition assumes a continuity of
concentration across the wall
cc = ct on
(3)
Characteristic values for each variable are used in order to non-dimensionalize the equations.
c = Cc0 ,

u = U u0 ,

D = Dch D0 ,

X = dX0 ,

t = tc t 0

(4)

Dch is a characteristic diffusion coefficient, d the characteristic local length scale (in this case the
average capillary separation), and tc the characteristic time. The degree of freedom obtained by not
defining the time-scale allows us to determine the appropriate scaling of the three mass transport
terms later on.
Inserting the equations from (4) into (1) gives
@c0
+ P ed (u0 .r0 )c0 = D0 r02 c Rc0
(5)
@t0
with R being zero in the capillaries and Dad in the interstitium, and the three dimensionless numbers
defined as
d2
Ud
d2
Pd =
,
P ed =
,
Dad =
(6)
Dch tc
Dch
Dch
The Péclet number (P ed ) is defined as the ratio of advection to diffusion, and the Damköhler (Dad )
number is defined as the ratio of metabolism/reaction to diffusion. As a result, large values of P ed
and Dad imply dominant advection and reaction terms respectively.
Pd

It will also be useful to define the Péclet and Damköhler numbers in terms of characteristic times. In
order to do so, we define the advection, diffusion, and reaction time scales as follows
d
d2
,
tdif
=
,
d
U
Dch
As a result, the dimensionless numbers can be re-written as
tadv
=
d

Pd =

tdif
d
,
tc

P ed =

tdif
d
,
tadv
d

treac
=
d

Dad =

1

tdif
d
treac
d

(7)

(8)

dif
reac it will be possible, depending on what are the dominant
Evidently by relating tc to tadv
d , td , and td
processes in the system, to obtain the appropriate scaling for the dimensionless numbers.

Before proceeding with the analysis of various cases we will also define the global time scales and
dimensionless numbers by replacing d with the macro-length scale L in the above equations.

179

2.1

Homogenization

The mass transport equation will be homogenized assuming the global length variable is defined as
x = "X, where X is the local length variable and " is a small parameter. Due to the assumption of
scale separation both x and X are treated as independent variables such that
r = rX + "rx ,

r2 = r2X + 2"rx .rX + "2 r2x

(9)

Substituting (9) into (5), and dropping the primes to make it easier to read, we obtain
Pd

@c
+ P ed (rX .(cu) + "rx .(cu)) = Dr2X c + 2"Drx .rX c + "2 Dr2x c
@t

Dad c

(10)

where the advection terms have been rewritten in conservation form and it is assumed that the reaction
only occurs in the interstitium. Similarly for the boundary conditions
on

(Dt rX ct + "Dt rx ct ).n = (Dc rX cc + "Dc rx cc ).n
cc = ct

on

(11)
(12)

A multiple scales expansion is then performed with
u = u(0) + "u(1) (x, X, t) + "2 u(2) (x, X, t) + ...
c = c(0) + "c(1) (x, X, t) + "2 c(2) (x, X, t) + ...

(13)

In order to maintain periodicity each component of u and c is periodic in X. The velocity terms
should already be known from the homogenization of the blood flow on the capillary scale.
It is now possible to homogenize the mass transport equation depending on what are the dominant
mechanisms at the global scale. There are a total of 7 cases to be homogenized, assuming a maximum of an order " difference between any two mass transport mechanisms. Table 1 summarises the
appropriate scalings of Pd , P ed , and Dad for the dominant mechanisms.
Advection Only
Reaction Only
Advection-Metabolism
Diffusion Only
Advection-Diffusion
Diffusion-Metabolism
Advection-Diffusion-Metabolism

Pd
O(")
O(")
O(")
O("2 )
O("2 )
O("2 )
O("2 )

P ed
O(1)
O(")
O(1)
O("2 )
O(")
O("2 )
O(")

Dad
O("2 )
O(")
O(")
O("3 )
O("3 )
O("2 )
O("2 )

Table 1: Appropriate scalings of local dimensionless numbers depending on which transport mechanisms are dominant on the global scale.

3

RESULTS AND CONCLUSIONS

The homogenization of the mass transport equation is performed in a similar fashion to that presented
in [1] and [10]. Due to the coupling of the interstitial and capillary domains, the Fredholm alternative is used to derive the solvability condition. Note that in order to maintain this coupling, the
diffusion coefficient is assumed to be of the same order in the interstitium and the capillaries. If we
consider the case when advection, diffusion, and metabolism are dominant on the global scale then
the homogenized form is found to be to leading order (after redimensionalizing)
@c
+ rx .(huc ic c)
@t

rx .(Ddif rx c) =

c

t

+ O(")

(14)

where the three coefficients huc ic , Ddif , and t are derived from the micro-scale problem, and O(")
is the leading order correction. The coefficient huc ic is obtained from the homogenization of the
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blood flow (not detailed in this paper) and is defined as the volume average of the velocity over the
capillary domain. Ddif is the diffusion tensor and is defined as
✓
◆
✓Z
◆
1
dif
T
D = Dc c + Dt t I +
D(rX X ) dV
(15)
⌦
⌦

where X is the micro-scale cell variable representing concentration,
the identity tensor.

is a volume fraction, and I is

It is found that the form of the homogenized mass transport equation is the same as that on the microscale with averaged coefficients. Depending on whether advection, diffusion, or metabolism dominate
on the macro-scale, only those terms will appear in the homogenized mass transport equation. As an
example, Table 2 gives parameters for oxygen transport and metabolism in the brain.
It is evident from these parameters that advection and metabolism both dominate over diffusion on the global scale and so the equation that
best matches oxygen transport is

Symbol
L
d
U
D

Unit
mm
mm
µm s
m2 s
s 1

Value
1
0.05 [7]
200 [5]
1.8x10 9 [2]
3.2 [4]

@c
1
+ rx .(huc ic c) =
c t + O(") (16)
@t
1
The equations derived in this paper are general
and can be applied to any solute flow in capillary networks. The degree of freedom provided Table 2: Table of characteristic values for oxygen
by not assigning the time scale immediately (tc ) transport
allows the dimensionless numbers to be scaled
appropriately based on what are the dominant
mechanisms. The constraint of diffusion being of the same order in the capillaries and interstitium
can be relaxed which will result in a decoupling of the two domains and hence two equations to be
homogenized.
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SUMMARY
We consider the derivation of macroscopic equations to describe the response of a vascularized tumour
to chemotherapeutic treatment. The main achievement of this work is the employment of a multiplescale homogenization method to a multiphase fluid dynamics model of tumour growth and response at
the microscale as a means of incorporating the influence of an assumed periodic microscale structure,
and growth and transport dynamics, on the evolution of the macroscale system. We conclude by
presenting a numerical example.
Key words: multiscale homogenization, porous flow, tumour growth

1

INTRODUCTION

Cancer is widely acknowledged to be among the major causes of death in western countries and represents a significant challenge for patients, clinicians, scientists, and policy-makers worldwide. Despite
the vast resources allocated to cancer research, there still remain facets of the science surrounding
tumour growth, and its subsequent treatment, that are currently not understood by experimentalists
and clinicians. As such, there has been much interest in this field from the mathematical and computational modelling community in recent years, with the hope of developing models that may help
experimentalists and clinicians identify physical mechanisms associated with tumour growth, and
thus improve existing treatment strategies or predict the likely efficacy of new strategies.
A range of technical challenges arise in the modelling of tumour growth and response to treatment
due to the highly complex nature of the process and its dependence on a range of factors that occur
across multiple spatial and temporal scales. In particular, the success of a particular chemotherapeutic
treatment is dependent on its ability to reach proliferating tumour cells in sufficient quantities to bring
about cell damage and an eventual decrease in tumour size. This dependence on the underlying
microscale structure, and dynamics, of tumours has resulted in much recent interest in the application
of multiscale homogenization and upscaling techniques to the transport of chemotherapeutic agents
and nutrients.
In this work, we consider a multiphase model for the microscale tumour dynamics (cf. [4, 6]) and
drug/nutrient transport, and employ a multiple scale homogenization method to derive a macroscale
representation for transport of drug/nutrient and evolution of cell species within a solid tumour which
incorporates explicitly the key aspects of the microscale dynamics. This work extends significantly
the related analyses of [1, 2, 3], which employ a similar multiscale technique, as the microscale description of the growing tumour employed here is considerably more complex. We conclude with a
numerical experiment demonstrating the application of these macroscale models to academic examples of microscale and macroscale geometry.
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2
2.1

METHODS
Conceptual multiscale model

We consider a region of tumour as an idealised porous medium represented as a highly-connected
material with spatially periodic microstructure that consists of a mixture of proliferating and dead
tumour cells with extra-cellular matrix that is saturated with a viscous Newtonian fluid. We further
assume that the spatio-temporal evolution of the tumour constituents is determined by the uptake of a
nutrient and a chemotherapeutic drug, both of which are modelled as passive solutes. We assume that
this material may be characterized by two distinct lengthscales that are well-separated, i.e.
l
! 1,
L

0†✏“

(1)

where l and L are the lengthscales associated with the periodic microstructure and the size of the
tumour respectively.
We denote by ⌦ the periodic microstructure, as shown in Figure 1. We further decompose ⌦ into two
subdomains; ⌦1 corresponding to the multiphase mixture of tumour cells, and ⌦2 corresponding to
the Newtonian fluid. Furthermore, we denote by the interface between ⌦1 and ⌦2 .

B⌦

⌧

⌦1
n

⌦2

l
Figure 1: Schematic of a single unit of the periodic microscale problem.
2.2

Microscale model

In ⌦1 , we consider a multiphase model for proliferating and dead tumour cells, and extra-cellular
matrix (ECM), in which each phase is modelled as a viscous fluid (cf. [5, 6]) subject to the assumption
of strong interphase-drag. In ⌦2 , the motion of the fluid is described by the Navier-Stokes equations.
Finally, we consider reaction-advection-diffusion equations that govern the transport of drug/nutrient
through ⌦.
The motion of the free interface is a consequence of the growth and death of the tumour constituents
in ⌦1 , expressed via a suitable kinematic condition; flow and transport in each subdomain are coupled
across by imposing continuity of stress, tangential velocity, mass, and concentration.
2.3

Multiscale analysis

We employ a multiple-scales method to obtain a macroscale formulation which explicitly incorporates
information about the structure and dynamics of the microscale problem. To this end, we exploit the
assumption of separation of scales (1), and expand all dependent variables in multiscale form:
px, X, t; ✏q “

8
ÿ

i“0

✏i

piq

px, X, tq,

where x and X denote the spatial coordinates in ⌦ and the macroscale domain, ⌦X , respectively.
Similarly, in subsequent sections, rx and rX denote differentation with respect to the microscale
and macroscale spatial variables respectively.
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Utilizing the linearity of the equations we obtain at Op1q and Op✏q and applying a Darcy flow ansatz
to the leading order velocity and first order pressure (cf. [1, 3]), we are able to obtain a macroscale
description comprising reaction-advection PDEs for cell growth and drug/nutrient transport, and a
single Darcy flow that have the following forms:
1. Fluid flow:

v ` xKy⌦ rX p “ 0
rX ¨ v “ ⇢˜ xg p✓3 qy

*

@X P ⌦X

(2)

where v denotes fluid velocity, p denotes the pressure, K denotes the permeability tensor, ⇢˜
denotes the difference in the reciprocals of the densities of the Newtonian fluid and the cell
mixture, gp¨q is the consitutive assumption of the mass transport law across , ✓3 denotes the
volume fraction of ECM, and x¨yA denotes the integral average on the set A Ñ ⌦X .
2. Drug/nutrient transport:
Bc
` pv ¨ rX q c “ ´Rc
@X P ⌦X ,
(3)
Bt
where c denotes the concentration of either drug or nutrient and Rc denotes a reaction term.
3. Cell growth:

B✓i
´ xKy⌦1 rX p ¨ rX ✓i “ Si
@X P ⌦X ,
(4)
Bt
where ✓i and Si denote the volume fraction and source term for the ith cell species respectively.

The microstructural information is incorporated into the macroscale via the permeability tensor K
and pertubation to the pressure a, which satisfies a Stokes problem on ⌦ of the form
*
´rx a ` µ x K T “ ´I
@x P ⌦,
(5)
rx ¨ K T “ 0
where µ denotes viscosity, subject to periodic boundary conditions on B⌦ and interface conditions on
, determined from the microscale problem, of the form
`
` T ˘˘ ˇˇ
`
` T ˘˘ ˇˇ ,
´a b n ` D x K n ˇ
“
´a b n ` D x K n ˇ /
/
⌦2 /
ˇ⌦1
ˇ
.
ˇ
ˇ
K T⌧ ˇ
“
K T⌧ ˇ
@x P , (6)
⌦1
/
ˇ
ˇ⌦2
/
/
ˇ
ˇ
K T nˇ “ 0
and
K T nˇ “ 0
⌦1

⌦2

where D x p¨q denotes the rate of strain tensor with respect to the microscale spatial variable. Moreover, to ensure the uniqueness of the solution we specify that a is mean-free on ⌦.
2.4

Discretization

In order to discretize the Stokes problem solved on ⌦ given by (5) and (6), we use a standard discontinuous Galerkin (DG) finite element (FE) approximation (cf. [7]) in each subdomain. The resultant
stress interface condition across may be imposed weakly in a standard manner; however, since we
obtain non-standard velocity interface conditions we weakly impose continuity of tangential velocity
and no penetration. The Darcy problem on the macroscale, given by (2), is discretized in mixed form
using Raviart-Thomas finite elements [8]; the macroscale transport equations and mass balance equations for the volume fractions of the cell species, given by (3) and (4) respectively, are both discretized
using DG FE methods.
3
3.1

RESULTS AND CONCLUSIONS
Numerical experiments for the microscale problem

In Figure 2 we show examples of the numerical approximations of the microscale Stokes problem
given in (5) and (6) for a specific example geometry of relevance to the growth of vascularized tumours. Figure 2(a) shows the first component of a and Figure 2(b) shows two components of K.
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(a) Numerical approximation of a1

(b) Numerical approximation of pK11 , K21 q

Figure 2: Examples of the solution of the microscale Stokes problem.
3.2

Conclusions

In this work we extend the asymptotic multiscale analysis for drug transport in vascular tumours
presented in [1] to incorporate a multiphase fluid dynamics model for the tumour similar to those
presented in [4, 5, 6] to explicitly allow for tumour growth and response. We demonstrate in our
multiscale analysis that, subject to the assumption of periodicity and strong interphase drag, we are
able to reduce the leading order flow problem to a Stokes problem on the microscale domain and a
single Darcy problem on the macroscale domain. We further derive macroscale transport and mass
balance equations and demonstrate the applicabilty of these methods through a numerical example.
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Dipartimento ICEA, Universitá degli studi di Padova, Via F. Marzolo 9, 35131, Padova, Italy,
pietro.mascheroni@dicea.unipd.it
3
Department of Translational Imaging, The Methodist Hospital Research Institute, 6670 Bertner Avenue
Houston, TX 77030, USA

SUMMARY
We focus on the role of the malignant microvasculature on drug transport within the tumor. We start
from the homogenized double porosity, double advection-diffusion-reaction model based on scale
separation bewteen the vessels (microscale) and the tissue (macroscale). We solve the macroscale
model and perform numerical simulations to compute the effective conductivities and diffusivities
varying the tortuosity within the representative periodic cell. The technique is applied to a specific
anti-cancer agent ([3 H]-vinblastine). Our findings suggest that the reduced diffusion due to increased
microvascular tortuosity leads to compromised drug consumption in the tissue.
Key words: tumor vasculature, advection-diffusion-reaction equations, multiscale homogenization,
computational modeling

1

INTRODUCTION

The tumor mass need nutrients supply to grow beyond a certain size. This is achieved via the angiogenesis process, where tumor cells secrete the factors that stimulate the formation of a new vasculature
[1]. The tumor blood vessels are disorganized, tortuous and dilated when compared to their healthy
counterpart. The malignant vascularization acts as an effective barrier which dramatically compromises the delivery of therapeutic agents, which cannot reach the cancer cells in an adequate quantity.
Experimental work (see, e.g. [2]), as well as mathematical models that investigate the determinants
of blood and drug transport, can play a key role in the development of anti-cancer therapies. In
[3], the authors apply asymptotic homogenization (see, e.g. [4]) to derive a double porosity, double
advection-diffusion-reaction model which describes the fluid and drug transport phenomena on the
tissue scale. The fluid transport is upscaled starting from the Darcy’s law and the Stokes’ problem in
the tumor interstitium and the angiogenic capillaries, respectively. The drug dynamics is described by
an advection-diffusion-reaction model in both compartments. The mass and drug exchange through
the capillary membrane is addressed via the non equilibrium thermodynamical model developed in
[5] and depends on the pressure and concentration jumps across the vessels walls, respectively. These
contributions translate into effective mass sources and reaction terms on the macroscale. The model
is computationally feasible, as it can be solved on a coarse grid which accounts for macroscale variations only. Nevertheless, the information concerning the microscale is not lost, as it is encoded in the
model coefficients, namely, the effective conductivities and diffusivities. The coefficients are to be
computed solving classical differential problem on a the periodic representative cell. In [6], the authors solve the fluid transport model developed in [7] (the latter is a particular case of [3]), computing
the effective hydraulic conductivities for a number of prototypical geometries at increasing tortuosity.
They deduced that geometrical tortuosity leads to impaired blood (and hence drug) advection within
the tumor mass. Here, we extend the previous literature by solving the multiscale model derived in
[3] for a specific anti-cancer molecule ([3 H]-vinblastine). We track the drug concentration profile
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accounting for the dependence of diffusion on the microvascular tortuosity and its interplay with drug
consumption within the tumor mass.
2

METHODOLOGY

The significant spatial scales separation between the intercapillary distance d (microscale) and the
tumor characteristic size L (macroscale) is exploited to apply the multiple scales technique, i.e. any
relevant field collectively denoted by is written in power series of the asymptotic parameter ✏: =
d/L as follows:
1
X
(l)
= ✏ (x, y, t) =
(x, y, t)✏l ,
(1)
l=0

where x and y: = x/✏ account for macro and micro spatial variations, respectively. The model
derived in [3], when assuming macroscopic uniformity and linearized drug fluxes, reads, in nondimensional form:
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where cn , ct , pn , pt , un , ut are the leading order concentrations, pressures and velocities
¯
in the capillary network and interstitial compartment, respectively. The parameters |⌦n |, |⌦t |, S, ⌥,
L̄p , Da, ̄ are the unit cell capillary and interstitial volume fractions, the area of the vessel walls
surface , diffusive permeability and conductivity of the membrane, Damköhler number, and tissue
interstitial conductivity, respectively. We numerically solve the system (2-7) in one dimension by
means of spherical symmetry, using finite elements discretization in space and the BDF (Backward
differentiation formula) time integration. We impose dirichlet boundary conditions for the pressures
and concentrations on the tumor boundary to account for the pressure drop and bolus injection of drug
in the tumor mass, whereas spherical symmetry yields zero fluid and drug fluxes in the tumor center.
The capillary hydraulic conductivity tensors K is deduced by the Stokes’-type cell problem analysis
reported in [6]. The capillary diffusivity tensor
✓
◆
Z
1
T
Dn : = An I
(ry a) dy ,
(8)
|⌦n | ⌦n
is computed performing three dimensional finite element simulations of the following Laplace periodic cell problems in the capillary cell portion ⌦n
r2y a = 0 in ⌦n

(ry a)n = n

on

(9)
(10)

for the prototypical cells proposed in [6], where An represents the anti-cancer agent diffusivity in the
capillaries. The interstitial conductivity and diffusivity tensors E and Dt can be computed solving
a problem of the type (9-10) in the interstitial cell portion ⌦t . However, according to the solution
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reported in [6], the role of the tortuosity is not significant as long as |⌦n | ⌧ |⌦t , and hence we can
assume
Dt = At I; E = I,
(11)
where At represents the diffusivity in the tissue interstitium. We exploited the physiological values
reported in [6] for fluid transport and drug advection, whereas the capillary diffusivity An and the
uptake rate (encoded in the Damköhler number Da) are those of [3 H]-vinblastine, see [7].
3

RESULTS AND CONCLUSIONS

We have performed numerical simulations of the three dimensional cell problems (9-10) and injected
the resulting diffusivity in the macroscale model (2-7) to track the drug concentration dynamics in the
tumor. The capillary diffusivity exhibits a significant decrease at increasing tortuosity and we report
a 3-fold (for a regular microvasculature, see Fig. 4 a), [6]) to 10-fold drop (for the most tortuous
microvasculature, see Fig. 4 d), [6]) with respect to the base value An . The geometrical decrease of
the capillary diffusivity plays a non-trivial quantitative role also for a non-tortuous microvasculature
(see Figure 1), although in this case the drug dynamics is dominated by advection and, after a transient
(which corresponds to 24 h this particular case), the drug molecules can reach the tumor center and
are absorbed in adequate quantities.

(0)

Figure 1: Diffusion dumping effect on the drug concentration ct

(0)

Figure 2: Diffusion dumping effect on the drug concentration ct

for a regular microvasculature.

for a highly tortuous microvasculature.

Geometrical complexity, instead, dramatically reduces drug advection (as reported in [6]) and also
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diffusion. Whenever the role of diffusion is neglected, the observed dynamics is qualitatively similar
to that obtained for a regular microvasculature, although the advection and consumption drops can be
clearly recognized. The decrease in the molecule diffusivity due to tortuosity impairs the drug consumption process, and a continuous and regular drug uptake mechanism is no longer observed, see
Figure 2. We point out that these results refer to a specific anti-cancer agent and that the problem is
non-trivial due to the large number of parameters involved in the model. A sensitivity analysis leading
to a more thorough understanding of the model would be therefore crucial to elucidate the interplay
between drug transport and geometrical tortuosity for different kind of molecules and physiological
scenarios. However, this example shows that, in general, the dependence of the capillary diffusivity on the geometrical properties of the microvasculature cannot be ignored, as they can affect the
drug consumption process. This work is certainly open to a number of improvements. In particular,
we assumed macroscopic uniformity to reduce computational complexity and solve the various cell
problems only once for each tortuous configuration. However, the angiogenic network is not periodic
and, according to the theoretical model presented in [3], this assumption can be relaxed to simulate
a macroscopically non-periodic vascular network. In this case, one cell problem for each macroscale
point is to be solved, hence the challenge resides in the development of efficient numerical algorithms
to carry out numerical simulations which can couple macro and micro spatial variations via parallel
computing. Furthermore, the drug fluxes across the vessels membrane are in general nonlinear and
can be linearized for extreme values of the transvascular Péclet number only (i.e. whenever either
advection or diffusion are dominant across the vessels membrane). This would lead to the numerical
solution of a coupled, nonlinear, advection-diffusion-reaction problem. Finally, as suggested in [8],
the existing homogenized models should be adapted to address nanoparticles delivery and its interplay
with healthy and malignant physiological conditions.
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SUMMARY
Tissue permeability is a key parameter when examining the drug transport in tumors during
intraperitoneal chemotherapy. As part of our research on understanding the determinants of the
therapy, this study aims to develop scaffolds that mimic the tissue permeability of tumors and to
study their corresponding fluid flow characteristics. In order to do so, a framework is presented in
which a virtual 3-dimensional scaffold is created, a virtual permeability test is performed on this
scaffold by means of computational fluid dynamics simulations as well as an experimental
validation of the findings.
Key words: polylactic acid scaffolds, permeability, computational fluid dynamics
1. INTRODUCTION
Peritoneal carcinomatosis is characterized by a widespread growth of tumor nodules in the
peritoneal cavity. The intraperitoneal (IP) administration of chemotherapy is an alternative
treatment to conventional intravenous chemotherapy, allowing for higher intratumor concentrations
of the cytotoxic agent compared to intravenous administration [1]. Although this therapy appears
promising, the poor drug penetration (only a few millimeters) in tumor nodules limits its actual
application. In previous work [2], we showed that tissue permeability plays an important role in
governing the drug transport in the tissue during IP chemotherapy.
As part of our research on understanding the determinants of IP chemotherapy, we are developing
controlled environments in which tumor cells can be seeded and cultured in order to eventually test
the therapeutic effects of different cytotoxic drugs. An important aspect of this work is to mimick
of tumor tissue by developing scaffolds (as a support matrix for cell culture) of which the
permeability characteristics can be predicted based on its printing parameters. The aim of this study
is to assess the feasibility of designing and creating 3D printed scaffolds with a priori determined
permeability characteristics. We therefore present a three-step framework including (i) the creation
of 3-dimensional scaffolds, (ii) an experimental permeability test of the scaffold and (iii) a
computational analysis of the scaffold permeability.
2. MATERIALS AND METHODS
2.1 3-dimensional scaffold fabrication
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Polylactic acid (PLA) scaffolds were printed using an Ultimaker 1 device (Ultimaker,
Geldermalsen, the Netherlands) and a transparent PLA filament (Velleman, Gavere, Belgium). The
instructions for printing were written in G-code using Microsoft Excell and Visual Basic for
Applications (VBA). The target filament thickness was 400µm with an interfilament distance of
500 µm Scaffolds were printed in a solid slab of approximately 5 by 5 cm and a height of 6 mm
with a lay-down pattern of 0/90°. Three scaffolds were force-cut from the slab in a cylindrical
shape with a 1 cm diameter. An Axiotech microscope (Zeiss, Oberkochen, Germany) was used to
measure and verify the scaffold dimensions, i.e. the pore and strut size in both x, y and z directions
(Fig. 1).

Figure 1: Schematic representation of the scaffold geometry: (a) side view of 3 layers of struts in the xy plane
and the corresponding dimensions; (b) view in the zx plane and example of a microscopic image of the
scaffold pores and struts.

2.2 Experimental permeability test setup
To measure the permeability of the scaffolds
experimentally, a gravity-based setup was constructed
consisting of a fluid reservoir supplying the flow, a
tubing holding the scaffold in place, and a second
reservoir in which the fluid that has passed through the
scaffold is collected (Fig. 2). The fluid head over the
scaffold is kept at a constant height of 20 cmH2O
(equaling 1960 Pa) by means of an overflow outlet and a
pump. Given that the height of the water column on the
scaffold is fixed and that there is free outflow at the
outlet of the scaffold, the pressure drop over the scaffold
(ΔP [Pa]) can be calculated using the equation for
hydrostatic pressure due to the fluid column on top of
the scaffold (with  the density [kg/m³], g the
gravitational acceleration [N/kg], h the height[m]).
(Eq. 1)
Figure 2: Schematic representation of
The lower reservoir will collect the fluid that has passed
the experimental permeability setup
through the scaffold. The flow through the scaffold (Q
[m³/s]) can be calculated by dividing the volume of fluid that is collected in this reservoir by the
duration of the experiment. Knowing that the Darcy equation describes the relation between the
pressure drop in and flow through a porous material, the Darcy permeability k [m²] can be
calculated as follows for a cylindrical scaffold with length l [m], area A [m²] and µ the dynamic
viscosity [Pa.s]:
(Eq. 2)
The three scaffold samples that were force-cut from the slab, were placed in the experimental setup.
The mantle surface of the scaffolds was sealed with Teflon™ tape (Egeda, Herentals, Belgium) to
ensure that all fluid passed through the scaffold and that there was no leakage between the mantle
surface and inner wall of the tubing. Each scaffold was tested 3 times and the duration of each
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experiment was 5 minutes. Every 30 seconds, the volume of fluid was measured and the average
flow during the experiment was then used to calculate the corresponding permeability (Eq. 2).
2.3 Computational analysis of scaffold permeability
A virtual 3-dimensional scaffold model was created in
pyFormex (http://www.pyFormex.org) with an inhouse developed parametrical Python code using the
same scaffold dimensions as defined in section 2.1
(see also Fig. 1). The scaffold volume was
subsequently subtracted from a cuboid volume to
retain the fluid domain in the scaffold. Furthermore,
inflow and outflow volumes were added to facilitate
flow calculations and convergence near the multiple
in- and outlets (Fig. 3). Subsequently, a volume mesh
of the simulation geometry was created in ICEM
(ANSYS inc, Canonsburg/PA, USA) with a seed size
of 0.05.
Figure 3: Left: The fluid zone of the
Because the fluid domain counts a high number of
cuboid scaffold model including the
cells and the simulation geometry is of a repetitive
inflow and outflow volumes. Right:
nature, a feasibility study was performed earlier
Volume mesh of the fluid zone
aiming at reducing the computational requirements to
solve the problem. Several strategies were undertaken
(changing the shape of the domain from a cylinder to a cuboid, reducing the x, y, z dimensions,  …)  
and it was found that the most efficient way to reduce the computational requirements without
compromising accuracy was by cropping the domain of the scaffold along the axis perpendicular to
the pressure head and by using a cuboid scaffold macro-geometry. As such, final CFD simulations
were performed on a cuboid volume with dimensions 5 x 5 x 6 mm3 and resulting in a mesh of
1,5·106 tetrahedral elements.

Using the resulting volume mesh, a computational fluid dynamics (CFD) model was created in
Fluent (ANSYS inc, Canonsburg/PA, USA). A pressure boundary condition was applied at both the
in- (1960 Pa) and outlet surface (0 Pa). The pressure conditions were chosen such that they
matched the experimental boundary conditions. The working fluid was set to water. Similar to the
experimental  setup,  the  scaffold  permeability  was  calculated  based  on  Darcy’s  law  using  the  outlet  
flow (Eq. 2).
3 RESULTS
3.1 Experimental data
The measured permeabilities are listed in Table 1. Values of 7.27 ± 0.10 ·10-10, 6.89 ± 0.05 ·10-10
and 7.70 ± 0.14 ·10-10 m2 were found for the three scaffolds. The overall average was 7.29 ±
0.36·10-10 m2.
Scaffold

Measurement 1

Measurement 2

Measurement 3

Average

1
2
3

7.17·10-10
6.87·10-10
7.66·10-10

7.26·10-10
6.86·10-10
7.86·10-10

7.36·10-10
6.95·10-10
7.58·10-10

7.27·10-10
6.89·10-10
7.70·10-10

Standard
Deviation
9.59·10-12
4.82·10-12
1.44·10-11

Table 1: Summary of the experimental permeabilities of the three PLA scaffolds

3.2 Computational analysis of scaffold permeability and comparison with experimental data
In figure 4 the pressure and velocity profiles across a yz-plane in the center of the scaffold can be
seen. The range of pressures is from -3 to 1930 Pa and the range of the velocities is from 0 to 1.8
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m/s. The total outflow over the outlet of the scaffold equaled 6.4 ·10-6 m3/s resulting in a theoretical
permeability permeability of 7.85·10-10 m2.

Figure 4: Left panel: Representation of pressure distribution (Pa) across a yz-plane in the center of the
scaffold. Right panel: Representation of the velocity magnitude contours (m/s) across a yz-plane in the
center of the scaffold.

Upon comparison of the experimental and virtual permeability values, it was found that, even
though the values were in the same order of magnitude, virtual permeability was slightly
overestimating the experimental values by 7.4, 12.2 and 1.9 % for scaffold 1, 2 and 3, respectively.
This could be due to the approximations of the theoretical geometry in our CFD model (i.e. the
usage of rectangular struts, the same height for all struts, perfectly aligned struts etc.). Future work
will therefore include obtaining micro-CT images of the scaffolds before and after experimental
permeability testing. These data will allow developing CFD models based on realistic scaffold
geometries in order to assess the importance of actual versus theoretical scaffold dimensions.
4 CONCLUSION
In this work, a three-step framework is presented for developing scaffolds (as a support matrix for
cell culture) of which the permeability characteristics can be predicted based on its printing
parameters. The experimental and computed permeabilities are in the same order of magnitude, but
virtual permeabilities underestimated the experimental permeabilities by 2 to 12%.
A next step will be to make the switch to more deformable gelatin scaffolds [3] or hybrid PLA
scaffolds with collagen embedded in the pores to better mimic human tissue.
REFERENCES
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SUMMARY
Local drug delivery to biological tissue is now common in clinical practice. In recent years, mathematical and computational modelling has been increasingly employed to aid in the understanding of
drug delivery kinetics and drug distribution in tissue. Models typically assume isotropic properties
within the tissue, which is often far from reality, and since spatially uniform drug distributions are
often desired, it is often not clear what effect the anisotropy has on drug distribution. In this paper we
consider drug transport in tissue which possesses anisotropic diffusion properties. We demonstrate,
by considering the example of a drug-eluting stent, that the anisotropy can enhance the uniformity of
drug distribution in the tissue. This may have implications on the complexity of model required.
Key words: Anisotropic diffusion, biological tissue, drug delivery

1 INTRODUCTION
Local drug delivery to biological tissue is becoming increasingly common in clinical practice. Traditionally, an empirical approach has been adopted to determine the drug dose and device design, but
in recent years several mathematical and computational models have been developed to try to provide
a more systematic approach. Whilst the properties of drug transport within the device are typically
homogeneous and isotropic, the same can not be said for the biological tissue. Yet, models typically
neglect the anisotropic properties of the tissue, and necessarily do so when solved in one-dimension.
In this paper we consider drug transport through anisotropic tissue and specifically investigate the
effect that anisotropy has on the uniformity of drug concentrations in the tissue. Focussing on the
example of drug-eluting stents, we make comparisons between the numerical results of a 3D model,
and the analytical results of a corresponding 1D model. We find that anisotropy can enhance the
spatial uniformity of drug within the tissue and that a 1D model may be adequate for predicting the
tissue drug concentrations.
2 METHODOLOGY
Consider a single layer of biological tissue of thickness L and assume that drug transport within the
tissue is governed by the 3D advection-diffusion-reaction equation. Denoting the volume averaged
drug concentration by c(x, y, z, t), the diffusivity tensor by D, the velocity field by u and the reaction
rate by K, we have
∂c
+ ∇ · (uc) = ∇ · (D∇c) − Kc.
∂t

(1)

We note that a variety of reaction models may in principle be considered, and that the simplest model
has been chosen for the purposes of this study. Since the focus of this research is to investigate the
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effect of anisotropic diffusion on drug distribution in the tissue, we do not model the release of drug
from the device. Instead, we assume that the drug concentration at the boundary between the device
and the tissue is described by an exponentially decaying function of time.
2.1 A practical example: the drug-eluting stent
In order to supplement (1) with appropriate boundary and initial conditions, we consider a specific
application of local drug delivery. Drug-eluting stents are used to deliver drug to the arterial wall
following percutaneous coronary interventions (PCIs). These devices are small mesh-like scaffolds
which act to widen the lumen while delivering drug to counteract the effects of inflammation. A wide
variety of stent designs are currently available and despite their sometimes complex appearance, they
are designed to have a regular structure. If the stent is ‘flattened out’ (or ‘unwrapped’) then there
is usually a clear repeating ‘unit cell’. These unit cells are separated by connectors to enhance the
flexibility and conformability. For the purposes of this paper, we consider a drug-eluting stent with
idealized strut geometry as displayed in Figure 1A.

Figure 1: A (Left): The arterial inner radius is denoted by a while the outer radius is denoted by b, such that the arterial wall
thickness is given by L = b − a. θ controls the number of struts to be included in the computation. The strut separation is
denoted 2L1 while the strut thickness is 2L2 . B (Right): The computational domain, Γ, displaying the mesh discretization.
We consider only one quarter of a typical DES cross section with idealized struts (red) impinged upon arterial tissue (blue).
The x, y and z directions represent, respectively, the radial, circumferential and axial directions. The origin is represented
by 0. We refer to the y − z plane as the abluminal-facing plane.

Because of the symmetry of the problem, we need only consider a portion of the cylinder, a wedge,
as shown in Figure 1A. It is readily seen that our computational domain need only comprise one
quarter of the region bounded by the blue box, with periodic boundary conditions being applied along
the lines of symmetry. In addition, by exploiting the small ratio of arterial wall thickness to artery
radius ((b − a)/a), it can be shown that the cylindrical geometry is well-approximated by a Cartesian
geometry.
The model encompasses the media layer of the arterial wall (where the drug is targeted) and this is
known to possess anisotropic diffusion properties. There exists experimental evidence [1] [2] that the
diffusion coefficient in the radial direction is at least 10 times less than that in the circumferential and
axial directions, which are typically comparable. There exists a transmural flow due to the pressure
difference across the arterial wall and we we assume that this advection acts only radially with magnitude v. We impose zero-flux conditions on the lumen/tissue interface and zero concentration on the
exterior of the arterial wall.
2.2 Three dimensional model
We proceed to solve the three dimensional advection-diffusion-reaction equation in a rectangular
geometry. Without loss of generality, we solve over the radial region x ∈ (0, L) (where L = b − a)
rather than x ∈ (a, b). The computational domain, Γ, is displayed in Figure 1B. Let us define the
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following drug-containing regions:
Γ1 := {x = 0, 0 ≤ y ≤ L1 , 0 ≤ z ≤ L2 } ,

Γ2 := {x = 0, 0 ≤ y ≤ L2 , L2 < z ≤ L1 } .

We denote the initially drug-free region of the y − z plane in contact with the lumen by Γ3 , where
Γ3 := {x = 0, L2 ≤ y ≤ L1 , L2 ≤ z ≤ L1 } .
Then, denoting the diffusion coefficient in the radial direction as D, assuming the diffusion coefficient
in the circumferential direction, D1 , is the same as that in the axial direction, and denoting the drug
decay rate by λ, we may write the model as
! 2
"
∂c
∂c
∂2c
∂ c
∂2c
+v
= D 2 + D1
+
− Kc, t > 0,
(2)
∂t
∂x
∂x
∂y 2 ∂z 2
∂c
(0, y, z, t) = 0, (y, z) ∈ Γ3 , t > 0,
(3)
∂x
c(0, y, z, t) = c0 exp {−λt}, (y, z) ∈ Γ1 ∪ Γ2 , t ≥ 0,
(4)
∂c
∂c
(x, 0, z, t) =
(x, L1 , z, t) = 0, t > 0,
(5)
∂y
∂y
∂c
∂c
(x, y, 0, t) =
(x, y, L1 , t) = 0, t > 0,
(6)
∂z
∂z
c(L, y, z, t) = 0, ∀ (y, z), t > 0,
(7)
c(x, y, z, 0) = 0 on Γ \ (Γ1 ∪ Γ2 ).

(8)

The initial drug concentration on the device is given by c0 . We solve equations (2-8) numerically
using the finite volume opensource software openFoam [3]. The computational domain is generated using the openFoam utility blockMesh. Mesh sensitivity and time-step studies were performed
before deciding on the final discretization and time-step. Three cases were simulated, representing
convection, diffusion and reaction dominated regimes based on the range of parameter values in the
literature.
2.3 One-dimensional model
In the corresponding 1D model we consider only the radial drug transport, with the diffusion coefficient in the radial (x) direction given by D. The exact solution is readily shown to be
#$
'
%&
(
)
2 + 4D(K − λ) exp vx − λt
c0 sinh x−L
v
2D
2D
#$ % &
'
c(x, t) = −
L
sinh 2D
v 2 + 4D(K − λ)
+
# 2 2
' ,
2
∞ 2c nπD sin (nπx) exp vx − n π D + v + K t
*
0
2
2D
4D
L
#
'
+
.
(9)
2 π2 D
2
n
v
L2 λ − L2 − 4D − K
n=1
3 RESULTS
We note from Figure 1A that the two extrema of the drug concentrations in the abluminal-facing
y − z plane will be at the origin, 0, (top left vertex) and the point (0,L1 ,L1 ) (bottom right vertex).
It follows that, for all time, the trajectories P1 (x,0,0) and P2 (x,L1 ,L1 ) will represent the maximum
and minimum drug concentration trajectories through the arterial wall. Thus, for a given x, the
relative difference between the P1 and P2 concentrations gives a reasonable approximation of the
uniformity of the drug concentration in the y − z plane. In this context, the word “uniformity” should
be interpreted loosely as the closeness of the numerical spatial drug concentration values: the more
uniform the drug concentrations are then the closer their difference is to zero.
Figure 2 display plots of c(x, 0, 0) and c(x, L1 , L1 ) for 0 < x < L at 1 hour and 3 hours for the
convection and reaction dominated cases. Also displayed on these plots are the analytical 1D solutions as given by (9). In all cases, but especially at the later time, the agreement between the P1 and
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Figure 2: Comparison between numerical (3D) and analytical (1D) concentration profiles at 1 hour and 3 hours
for the convection dominated case (top) and the diffusion dominated case (bottom)

P2 profiles is good which indicates a high level of uniformity in the concentration profiles. Furthermore, the analytical 1D solution is providing a good approximation to the numerical 3D solution.
The highest level of uniformity and agreement between the 1D and 3D models is for the convection
dominated case, followed by diffusion dominated (not shown) and then reaction dominated. Looking
more closely at Figure 2, we see that the region over which P1 and P2 noticeably differ is greater
for the reaction dominated case, indicating that in this case the concentrations feel the effects of the
nonuniform stent geometry to a greater degree than the convection dominated case. However, the
majority of the arterial wall sees near uniform concentrations. Further simulations have demonstrated
that the greater the level of anisotropy, i.e. the greater the value of D1 /D, the more uniform the drug
concentrations are and the better the comparison between the 1D and 3D models.
4 CONCLUSIONS
In this paper we have demonstrated that anisotropic diffusion can enhance the spatial uniformity of
drug concentrations in the arterial wall following stent-based delivery. We have shown that despite
a non-uniform application of drug from the device, the arterial wall anisotropy can result in uniform
or near-uniform spatial drug concentrations within a matter of hours. We have also demonstrated that
a simple 1D model which yields an analytical solution gives a good approximation to the 3D model.
The levels of uniformity and agreement between the 1D and 3D models are highest for the convection
dominated regime, followed by diffusion dominated and then reaction dominated. In addition, we
have found that the greater the level of anisotropy, the more uniform the drug concentrations are and
the better the comparison between the 1D and 3D models. It is worth emphasizing that the degree of
variability of the estimates of the parameters is substantially greater than the difference between the
1D and the 3D model, lending support to the hypothesis that, for the most part, a 1D model provides
an adequate description of the diffusion process.
REFERENCES
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SUMMARY
The focus of this study was to develop a microcomputed tomography-based finite element
model of porous chitosan-hyaluronic acid based materials which hard phase constituent
(crosslinked biopolymer) is assumed to be linear elastic. Its main goal is to get an appraisal
of the Young’s modulus of the biomaterial at hand. To this end, a computed tomography
scan was performed on fabricated specimens and two 3d images were reconstructed. Various parallelepiped so-called representative volume elements of different sizes and located
at distinct places within these two 3d reconstructed images were isolated and then analyzed
under uniaxial compression, using the finite element method. The results of calculation are
compared at the global scale to experimental measurements obtained through carried out
uniaxial compression tests of fabricated circular cylindrical samples.
Key words: chitosan-hyaluronic acid, elastic properties, finite element, micro CT, scaffold

1 INTRODUCTION
Scaffold guided tissue engineering is dealing with providing cells with an environment
which enables the production of signals that will cause the cells to regenerate into a functional 3d tissue. In this context, the first issue in the process of design and fabrication
of highly effective scaffold is the selection of the material which must be biocompatible,
biodegradable, and if possible, bioreabsorbable [2]. Another issue is the fulfilment of a
micro-architecture with porosity, pore size, and surface area that will promote cell maintenance of a specific cell type. Indeed, the porosity and subsequently the related permeability
determine the ease of diffusion nutrients into and waste products out of the local biomaterial environment. Specifically for tissue regeneration, highly porous biopolymers are
desirable for vascularization and delivering sufficient cell mass for tissue repairs. In this
respect, a variety of naturally derived hydrogel forming biopolymers may be used to design
porous scaffolds for tissue engineering applications. In particular, representative naturally
derived biopolymers are chitosan and hyaluronic acid which are either components of or
have macromolecular properties similar to the natural extracellular matrix [3, 10].
In addition, considerable attention has been focused on microcomputed tomography (µCT),
a non-destructive technique, which yields 3d information of the material analyzed through
high-fidelity models constructed from data images. Besides, nowadays image-based meshing offers interesting opportunities based on microstructures scan data to computational
continuum micromechanics methods for material characterization [5]. Approaches based
on these techniques turn out to be very attractive in materials science where the link between macroscopic properties and the micro-structure of a material is sought [4].
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2 MATERIALS AND EXPERIMENTAL METHODS
2.1 Scaffold preparation
Firstly, 2% (w/v) of chitosan was neutralized by the addition of β-Glycerolphosphate. Secondly, 0.6% (v/v) of hyaluronic acid was drop-added with a volume ratio of 3:1. Hydrogels
were obtained by chemical crosslinking through the addition of genipin at 37 ◦ C for about
twelve hours. Finally, 3d porous scaffolds were manufactured according the freeze-drying
procedure. The porosity of the fabricated cylindrical samples, measured by the liquid displacement method, was estimated to range from 80 to 91% with a pore size of 50 to 150 µm,
Fig. 1.

(a) Typical photos of samples prepared
for uniaxial compression test.

(b) SEM micrograph showing macropores.
Scale bar = 100 µm.

Figure 1: (a) Circular cylindrical samples for global uniaxial compression tests. (b) SEM image of
the crosslinked scaffold; porosity: 80 to 91%, pore size: 50 to 150 µm.

2.2 Uniaxial compression test
Generally speaking, biomechanical testing is a straightforward procedure but has its limitations because sample can only be tested once (destructive test). In addition, these tests
are prone to errors given the ongoing small size of samples, and often, they are not applicable to test large numbers of samples. As a porous material, chitosan-hyaluronic acid
based biopolymer tend to involve compressive loading. The uniaxial (or unconfined) compression test is often chosen to characterize porous materials because of the simplicity of
the testing configuration and the specimen test shape (circular cylinder or cube). For the
time being, in this preliminary work uniaxial compression tests were carried out first in
order to obtain an appraisal of the Young’s modulus E of built scaffolds.

Nominal stress

σ (kPa)

True strain

"

(b) Sample after test.

Figure 2: (a) Nominal stress vs. true strain curves for uniaxial compression tests performed on
crosslinked scaffolds. The three curves correspond to three distinct samples. (b) Failed sample at
the end of test: the biomaterial behaves like a quasi-brittle material under uniaxial compression.

Circular cylindrical samples with about 10.0 mm in diameter and 9.0 mm in height were
subject to uniaxial compression through an universal testing machine at a strain rate of
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2.0 × 10−3 s−1 . Figure 2 (a) displays the obtained stress-strain curves due to loading (increasing strain) and unloading (decreasing strain) for three distinct samples. The mean
values of Young’ moduli of the samples were measured as the slopes of linear elastic unloading curves. The averaged apparent experimental Young’s modulus of the crosslinked
scaffold was estimated to be equal to 19.20 MPa.
3 RVE BASED FINITE ELEMENT MODELLING
High-resolution 3d µCT scan data of cylindrical samples were obtained and the data were
straightforwardly segmented using threshold and flood fill tools in Simpleware’s ScanIP
software [8]. The pixel size was 8.85 µm. As a trade-off, various parallelepiped specimens having the same cross section Ao (0.345 × 0.345, 0.522 × 0.522, 0.699 × 0.699 and
0.965 × 0.965 mm2 ) with increasing thickness ho (0.345, 0.531, 0.708, and 0.965 mm) were
used in this preliminary investigation. The corresponding 3d µCT image data are converted
into FE models with mixed hexahedral and tetrahedral elements. The various samples were
Compression direction

z

uz

y
x

(a) Various parallelepiped specimens for
uniaxial compression simulation.
(b) Contour map of u z displacement for porous
biomaterial with compressive load in z-direction.

Figure 3: (a) Various so-called rves of different sizes and located at distinct places. (b) Full-field
displacement uz distribution at global compressive strain of 30%. The size of the rve is 60 × 89 × 60
voxels where one voxel is 8.85 × 8.85 × 8.85 × µm3 and the FE model consists of 920,940 elements.

subject to compression tests along the z-direction up to approximately 30% strain. It is believed that this is high enough to observe local deformation. A displacement is imposed
on top faces perpendicular to the z-direction, whereas the bottom faces were fixed along
z-direction and the four other faces remain free. Prior to simulation as such, a wide number
of analyses were performed using Abaqus [1] in order to get insight of the sensitivity of
numerical predictions to mesh density.
4 COMPUTATIONAL RESULTS AND CONCLUDING REMARKS
The whole simulated parallelepiped specimens exhibited a similar mechanical trend under
compression loading. By way of example, Fig. 3 (b) displays a deformed contour plot of the
uz component of the displacement u calculated using the procedure described above. As
¯
regard our first simulation, the used values of Young’s modulus and Poisson’s ratio of the
porous biomaterials at hand were obtained from a literature review dealing with chitosan,
e.g., [7, 2]. It emerged that using these values yields a large overestimation of the Young’
moduli in comparison to experimental results. In this communication the foregoing FE
modeling is used, thanks to the linearity of the problem under consideration, to obtain an
estimation of the Young’s modulus of the chemical crosslinked biopolymer which preparation is shortly presented in subsection 2.1. To this end, the numerical result provided
by the biggest rve (0.965 × 0.965 × 0.965 mm3 ) extracted from the µCT construct sample 2
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is adjusted to our experimental result, that is 19.20 MPa. The result of this simulation is
Ech ≈ 41.51 MPa which is then used in order to calculate the apparent Young’s modulus Ea
of the scaffold as a function of the volume size of various rves, Table 1.
Table 1: Variation of apparent Young’s modulus Ea with the thickness ho of the simulated rves.
Ech = 41.51 MPa

Averaged experimental Young’s modulus: 19.20 MPa

µCT construct sample 2
ho (µm)
Ea (MPa)

345.2
18.73

345.2
18.14

345.2
21.53

522.2
18.51

522.2
22.22

µCT construct sample 1
692.2
19.57

964.5
19.20

345.2
23.65

522.2
24.40

699.2
24.86

964.7
26.80

One has to notice that when the size of the simulated specimen is smaller than the representative volume element of the material, the properties that can be computed are not
necessarily the effective properties but merely apparent properties of the investigated volume [9]. Within the context of random heterogeneous materials, it should be kept in mind
that larger computer facilities would be necessary in order to analyze specimens with larger
sizes. The computer used throughout the present study is a standard PC. The question of
how the results depend on the total volume imaged has to be addressed.
The foregoing numerical model accounts for the micro architecture of the porous polymeric
biomaterials at hand. This prior work highlights that FE models based on an accurate 3d
model from µCT data are an essential tool to quantify the effects of porosity and pore size
in complex material systems such as biopolymers. The authors are aware that one hallmark of biopolymer networks as hydrated materials is their time-dependent mechanical
behaviour [6]. Through this preliminary investigation, clearly the ease with which numerical models can be generated would allow us to account for, e.g., the hyperelastic and the
viscoelastic behaviour of the materials at hand. These subjects are considered in ongoing
research.
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SUMMARY
Transient elastography is a non-invasive method to determine the stiffness of soft tissues based on the
propagation of shear wave. Finite element simulation can help postprocessing elastographic data as
well as studying the impact of different parameters in this technology. However, the strong incompressibility of soft tissues is always a difficulty for numerical simulations. In this work, a fractional
time-step method is introduced to solve this problem.
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1

INTRODUCTION

Transient elastography [1] is a medical imaging technology that estimates the elastic stiffness of
biological soft tissues in-vivo by imaging the transient propagation of the shear wave in the tissue.
However, numerous factors like reflection, boundary conditions and initial stress state can interfere
with the measurements. Besides, studying other mechanical properties than linear elasticity, such as
anisotropy, viscoelasticity, and nonlinearity is of growing interest in the field of pathology.
A numerical model for wave propagation in soft tissues could help extracting more complex material parameters from elastographic measurements as well as studying the influence of various factors
(boundary conditions, heterogeneities, etc). However, quasi-incompressibility of tissues leads to volumetric locking and large CPU times in explicit simulations. In this work, we present a linear triangle
element based on a mixed u p formulation. Then, based on the works of [2] and [4], a fractional
time-step integration method is implemented in order to give an semi-explicit scheme.
2
2.1

METHODS
Mixed u

p formulation

Volumetric locking is a numerical problem that occurs in the simulation of (quasi-) incompressible
behavior. To overcome this issue, we chose a mixed formulation for triangle and tetrahedral elements, where both displacement and pressure are interpolated at the nodes. A typical form for mixed
equations is:
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(1)

where a denotes the acceleration, p the pressure, u the displacement, F the external force vector
and M, M̃, Kdev and Q the mass matrix, the volumetric mass matrix, the stiffness matrix related to
deviatoric strains and an operator respectively [2].
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2.2
2.2.1

Fractional time-step integration method
Explicit scheme

In Eq.(1), the zero term in the second matrix restricts the use of explicit integration procedure. This
problem can be handled by splitting the system of equations into two parts. First, the first line of
Eq.(1) (conservation of momentum) is integrated in time by a central differences scheme.

1

an = M
vn+1/2 = vn

(Fn

1/2

Kdev un
tan

(2b)

tvn+1/2
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+

un+1 = un +

(2a)

Qpn )

In the second line of Eq.(1) (conservation of mass), pressure can be directly calculated from the
updated geometry:
pn+1 = M̃

1

QT un+1

(3)

So far, all the parameters are updated at n + 1 time-step. The two mass matrices M and M̃ are
diagonalized, and the algorithm processes explicitly.
2.2.2

Semi-explicit scheme

In soft tissues, quasi-incompressibility makes the pressure wave 1000-1500 times faster than the
shear wave. Therefore, the time-step of the explicit algorithm is excessively small. In order to have a
reasonable time-step, we write Eq.(2a) half explicitly and half implicitly [3].
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We split the above equation by introducing the intermediate velocity v⇤ as:
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Eq.(5a) is calculated easily. To calculate Eq.(5b), we write the conservation of mass equation:
1
t
M̃pn+1/2 ' QT (un + un+1 ) = QT (un +
v
)
2
2 n+1/2

(6)

where vn+1/2 is still unknown. By substituting into equation (5b), we get:
(M̃ +

t2 T
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t ⇤
v )
2

(7)

where the final velocity can be updated by using Eq.(5b).
In this scheme, the P wave is treated implicitly and the S wave explicitly. Consequently, the stability
condition only depends on the S wave speed, corresponding to a significant increase of the time-step
size. The matrix inversion is needed in Eq.(7), but this matrix has a much smaller size (number of
nodes compared to number of degrees of freedom). In the linear case, the inverse procedure can be
done only once.
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(a) Standard triangle elements,
t = 5e 6 s

(b) Mixed fractional time-step, ex- (c) Mixed fractional time-step, semiplicit,
t = 5e 6 s
explicit,
t = 1e 4 s

Figure 1: Shear wave front at t = 0.35s

3

NUMERICAL RESULTS

In order to illustrate the performance of this method in elastographic problems [5], a 2D plane strain
model with triangle elements was tested. We considered a flat plate (60 mm wide, 70 mm high)
which left and bottom edges were supported. The mesh contains 5641 nodes and 11020 elements. At
the top-left corner, a half-sine displacement was prescribed vertically at 100 Hz with an amplitude of
0.1 mm. This impulse load generated both a P wave and an S wave in the medium. The objective was
to verify that our model could give a good estimation of the wave propagation in quasi-incompressible
materials.
3.1

Homogeneous test

We chose a Neo-Hookean hyperelastic model which properties were chosen in the range of soft tissues
[5]: ⇢ = 1000 kg/m3 , C10 = 0.001 M P a, D = 0.2 M P a 1 (Poisson’s coefficient = 0.4999). Under
the assumption of infinitesimal deformation, these parameters theoretically correspond to velocities
Vp = 100 m/s for the P wave and Vs = 1.41 m/s for the S wave. The same model was constructed
with the package ABAQUS/explicit using standard elements. Fig.1 shows that these elements suffer
locking problems and produce an erroneous solution (Fig.1(a)) while the fractional time-step method,
both for explicit and semi-explicit schemes, correctly describes the wave propagation (Fig.1(b),1(c)).
Besides, the semi-explicit scheme allows for using a much larger time-step than the two others.
Fig.2 displays the vertical displacement of a set of nodes located at the left edge of the plate, i.e.
right under the prescribed displacement. Fig.2(a) is a typical display of elastographic measurements,
Fig.2(b) presents the same data more clearly, each line representing the vertical displacement of one
node of this set. The blue peaks illustrate the almost instantaneous P wave propagation while the red
valley represents the slower S wave. The latter is the most important in elastography, as its speed is
related to the tissue stiffness. After a linear regression, we find Vs = 1.411 m/s which is consistent
with the defined material parameters.
The results obtained with the semi-explicit scheme are equally good. Using a much bigger time-step
(20 times larger) generates oscillations but after filtering high frequencies, the estimation of the S
wave velocity is Vs = 1.416 m/s.
3.2

Heterogeneous test

Here we present a bi-layered model to illustrate the potentiality of the method for characterizing
heterogeneous media such as organs with tumors. All the parameters are kept equal to those of the
homogeneous case, except for the shear stiffness of the lower part which is increased by a factor 5
(C10 = 0.005 M P a). So the S wave speed in the lower part is theoretically 3.16 m/s. In this case,
we used the explicit time integration scheme.
We can observe on Fig.3(a) both the change of slope between the two materials and the reflection at
the interface. The linear regression gives the S wave (Fig.3(b)) rather accurately.
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(a) Typical elastographic diagram

(b) Displacements track, amplified by 103

Figure 2: Vertical displacements computed by mixed factional time-step elements in explicit

(a) Elastographic diagram

(b) Displacements track, amplified by 103

Figure 3: Displacement field for the bi-layered model.

4

CONCLUSIONS

We have presented the adaptability of the fractional time-step method for the simulation of elastographic problems. The method can be easily extended to 3D problems with tetrahedral elements and
will help understanding and post-processing elastographic measurements.
REFERENCES
[1] S. Catheline, F. Wu, and M. Fink. A solution to diffraction biases in sonoelasticity: the acoustic
impulse technique. The Journal of the Acoustical Society of America, 105:2941–2950, 1999.
[2] O.C. Zienkiewicz, J. Rojek, R.L. Taylor, and M. Pastor. Triangles and tetrahedra in explicit
dynamic codes for solids, International Journal for Numerical Methods in Engineering, 43:565–
583, 1998.
[3] S.K. Lahiri, J. Bonet, J. Peraire, and L. Casals. A variationally consistent fractional time-step
integration method for incompressible and nearly incompressible Lagrangian dynamics, International Journal for Numerical Methods in Engineering, 63:1371–1395, 2005.
[4] J. Bonet, H. Marriott, and O. Hassan. Stability and comparison of different linear tetrahedral
formulations for nearly incompressible explicit dynamic applications, International Journal for
Numerical Methods in Engineering, 50:119–133, 2001.
[5] S. Audière. Signal processing and simulations for ultrasonic elastography , PhD thesis, Télécom
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SUMMARY
Numerical simulations of the fluid-structure interaction in blood vessels have been applied to a large
variety of problems arising in cardiovascular medicine. In most cases, a segment of an artery showing
pathological changes is considered. Since it is not possible to achieve a simulation of the fluidstructure interaction in the entire human body within an acceptable time frame, the vessel network
outside the segment and the surrounding tissue are taken into account by boundary conditions. In
this study, the influence of the choices concerning the size of the segment and the type of boundary
conditions are investigated.
Key words: fluid-structure interaction, cardiovascular, artery, boundary conditions

1

INTRODUCTION

Cardiovascular diseases are the major cause of death in the world. If symptoms such as stenoses and
aneurysms develop to a critical stage, the functionality of a diseased blood vessel may be restored
by vascular surgery. The resulting unnatural flow conditions may trigger a renewed development of
pathological changes, especially occlusions of the vessel close to the implant, known as restenoses.
Such reactions of the vessel wall were shown to be related to abnormal values of the wall shear stress
(WSS) and quantities derived from it. It is thus an ongoing field of research to try and reduce these
undesired effects by an optimization of materials and shapes for implants such as stents, bypass grafts,
and stent grafts – as well as the techniques to deploy and connect them to the endogenous vessel.
In the last decade, numerical simulations have entered this field of research, focusing on the prediction
of the flow conditions in diseased arteries and those supported or replaced by vascular substitutes
[1, 2, 3]. These simulations offer deep insight into the underlying dependencies between vessel shape,
wall stiffness, etc. and the WSS-related quantities of interest. However, those quantities have been
found to be very sensitive to the mentioned parameters and therefore require a very accurate modeling
of the geometry and the materials involved. Taking into account the deformation of the vessel wall,
i.e. treating the problem as a fluid-structure interaction can be considered imperative.
Due to limited computational resources, such accurate simulations cannot be performed for the entire
human body. Therefore, investigations of this kind are restricted to a small segment of the arterial
system, covering the region of interest, i.e. where the WSS is to be predicted. There has been a lot
of progress in the development of material laws for arteries and other soft tissue, that are suitable
for numerical simulations [4]. Further, several different solution approaches have been established,
allowing for an accurate simulation of the underlying multiphysics problem of a fluid-structure interaction (FSI) [3, 5]. However, only little research has been done on the question of how large the
segment, i.e. the computational domain, should be and on how much larger it should be compared to
the region of interest. In this study, we present a hierarchical modeling approach, based on the idea of
successively enlarging the computational domain until the influence of any assumption made on the
boundary conditions has vanished. Moreover, we point out first results that attest to the necessity of
such an investigation.
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2

METHODOLOGY

We employ a partitioned approach to solve fluid-structure interaction problems. The computational
domain ⌦ is divided into a fluid domain ⌦F and a structural domain ⌦S . The incompressible NavierStokes equations governing the sub-problem of fluid dynamics in ⌦F and the balance of linear momentum, that describes the motion of the structure including materially and geometrically nonlinear
effects in ⌦S , are treated separately. The finite volume method is used to obtain a numerical solution
to the fluid problem, while high-order finite elements [6] are used for the structural problem. We use
the solver pimpleDyMFoam from the free software package OpenFOAM which implements a pressure
corrector technique to solve the Navier-Stokes equation on moving meshes. In general, two different
basic types of boundary conditions may be prescribed for each sub-problem:
structural problem :
fluid problem :

@u
@n

n = t̂ on St
= 0 ^ p = p̂ on

Fp

and
and

d = d̂ on Sd
@p
u = û ^ @n
= 0 on

Fu

Therein, p, u and d denote the unknown pressure, velocity and displacements of the fluid and the
@•
structural problem, respectively. n is the unit normal vector of a boundary and @n
denotes the
derivative in the direction of n.
The coupling of the two sub-problems is achieved by demanding the continuity of stresses and velocity over the common boundary FSI and by explicitly updating the position of this boundary
for the fluid domain. Therefore, for the structural problem FSI ⇢ St with t̂ = (pI + ⌧ ) n
(⌧ = ⌘ symgrad u, denoting shear stress in a fluid with viscosity ⌘) and for the fluid problem
FSI ⇢ Fu with û = ḋ.

Q in m3/ s

We may interpret the process of solving the structural problem as the evaluation of an operator d =
S (p, u) and, vice versa, the process of solving the fluid problem as (p, u) = F (d). To obtain
a solution to the coupled problem, we solve the fixed point iteration di+1 = S F A di
in
each time step. A indicates a manipulation of the displacements with the goal of accelerating the
convergence of the fixed point iteration. We employ the method proposed in [5] as it has been found
to be very effective for FSI simulations.
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Figure 1: General approach to cardiovascular FSI problems.

Fig. 1 illustrates
R the conventional approach followed when modeling the FSI in the arterial system.
The flow q = Fin u · n d through the inlet is taken from measurements and can be considered
as the main input. It is used to prescribe a velocity boundary condition on the fluid domain’s inlet
Fin ⇢ Fu and may also – in combination with a Windkessel model – serve as a basis for the pressure
boundary condition on the fluid domain’s outlet Fout ⇢ Fp if it is not known from measurements.
For the structural problem the boundary conditions should model the influence of the connection of
the segment to the rest of the vessel as well as to the surrounding tissue. The influence of the use of
each of these boundary conditions may be investigated by enlarging the computational domain in the
corresponding direction, i.e. including the parts to be modeled by the boundary conditions into the
FSI simulation.
Due to the limited size of this paper, we restrict ourselves to the velocity boundary condition at the
inlet here, as it has been found to have the most significant influence on the WSS. After finding the
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Figure 2: Computational meshes for the conventional (left) and extended model (right).

Figure 3: Oscillating shear index for the conventional (left) and the extended model (right).

length by which the computational domain must be extended to end up with a velocity profile at
the inlet of the region of interest that is independent of that prescribed at the new domain boundary
we compare the results of both variants of the model. Due to the high computational cost of FSI
simulations, it is desirable to treat the extended part in a less computationally demanding way. For the
model under consideration, we have found that – contrary to the region of interest – it is sufficient to
perform a standard CFD simulation here. In the next section the results obtained with the conventional
model are compared to those obtained with the model that was hierarchically extended as described.
Fig. 2 shows the two models and also indicates a second variant of the extended one, where the
computational domain has also been extended to the region around the artery.
3

RESULTS

All simulations are carried out for a time span of three heartbeats, i.e. three seconds. Since for t < 1s
the flow conditions are still heavily influenced by the initial conditions, all results are considered
within the interval 1s < t < 2s after making sure that the solution is already periodic by comparing it
to the interval 2s < t < 3s. Accordingly, we may now calculate the oscillating shear index (OSI) by
R2
1

OSI = R 2
1

W SS dt

|W SS| dt

with W SS = ⌧ n.

The OSI is a measure for the direction changes the WSS vector undergoes during one heart beat. It
is often used in the context of cardiovascular simulations to judge the quality of the flow conditions
[2]. Fig. 3 shows the OSI distribution for the two models under consideration. Major qualitative
differences can be observed, resulting from the different velocity profiles occurring at the inlet of the
region of interest. Whereas for the conventional model a parabolic profile was explicitly prescribed,
for the extended model it is shaped by the curved path of the upstream extension, carried out up to a
point where different velocity profiles do not lead to different results in the region of interest anymore.
The major influence of the velocity profile on the OSI values becomes clear when looking at the flow
conditions at different time instances of the simulation. As illustrated in Fig. 4, a vortex ring develops
in the aneurysm during systole and collapses as the flow decreases. This process is very sensitive to
the local velocity and may undergo major changes even if average flow, pressure and deformation of
the vessel wall stay the same.
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Figure 4: Streamlines for traditional (left) and extended model (right), color indicates the velocity |u|.

4

CONCLUSION AND OUTLOOK

In cardiovascular FSI simulations, a velocity boundary condition is prescribed at the fluid domain’s
upstream boundary, matching a given flow. Assumptions have to be made concerning the shape of the
velocity profile. In this paper, a selection of the results from a general study about the influences of
boundary conditions on the results of such simulations was discussed. It was shown that the velocity
profile has considerable influence on the results for the OSI. To circumvent this, as well as other
problems arising from inaccurate assumptions about other boundary conditions, an extension of the
computational domain is proposed. It was found, that it is sufficient to neglect the deformation of the
vessel wall in this extended part. This led to the idea of a hierarchical model, where the modeling
detail is reduced with increasing distance to the region of interest in multiple steps. In further studies,
more sophisticated reduced simulation approaches to cover the extended parts should be compared to
fully coupled FSI simulations to find the best compromise between computational cost and accuracy.
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[3] H.J. Bungartz, M. Mehl, and M. Schäfer. Fluid-Structure Interaction II, Modelling, Simulation,
Optimisation. Vol.73. Springer, 2010.
[4] G.A. Holzapfel and T.C. Gasser. A New Constitutive Framework for Arterial Wall Mechanics
and a Comparative Study of Material Models. Journal of Elasticity, 61:1–48, 2000.
[5] J. Degroote, K.-J. Bathe, and J. Vierendeels. Performance of a new partitioned procedure versus
a monolithic procedure in fluidstructure interaction. Computers and Structures, 87:793–801,
2009.
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SUMMARY
The mechanical issues in arterial dissection are investigated through numerical models using XFEM
within Abaqus. The damage and failure of arterial-wall strips and discs subject to peeling are simulated as a plane strain and three-dimensional problem, respectively. From the results of these simulations, we find that the tear prefers to propagate along the axial direction of the artery. That is because
the collagen fibres are almost parallel to the axial direction.
Key words: arterial dissection, XFEM, collagen fibres, direction of propagation

1

INTRODUCTION

An arterial dissection is a tear within the wall, which may create a false lumen through which blood
flows (Fig.1). Propagation of the tear can quickly lead to death as a result of decreased blood supply
to other organs, damage to the aortic valve, and sometimes rupture of the artery.
(a) healthy artery

(b) arterial dissection

Figure 1: Sketch of an idealized arterial dissection.
We aim to understand the mechanical issues during the arterial dissection propagation, in particularly
the direction the tear prefers to propagate.
2

METHODOLOGY

Our hypothesis is that the arterial wall fails due to high blood pressure on the tear. In [1], we employed
a follower pressure to mimic the load due to the blood flow. We showed that it is very difficult to get
data after the tear starts to grow when subjected to force or pressure loading. Generally because within
the framework of quasi-static mechanical response, tear propagation is unstable. And then it is hard
to calculate the propagation direction, especially within computational models. So most of studies,
for example experiments [2] and computations [3, 4], employ a displacement boundary condition.
Although there is one experimental study subject to pressure [5], it only reports the critical pressure,
beyond which the tear starts to propagate. Therefore, in this paper we also consider simulations
subject to the peeling load via displacement boundary conditions.
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2.1

Geometry

The peeling test performed in [2] is a representative experimental study for the failure property of
arterial wall. In this test, a strip is cut out from the arterial wall and then the media layer is isolated by
removing the adventitia and intima. A initial tear is introduced at one end of the middle radial plane.
Subject to displacement boundary condition (Fig.2), we solve this as a two-dimensional plane strain
problem.
2.2

Material

We assume the arterial wall to be an anisotropic
hyperelastic incompressible material, and employ the Holzpfel-Gasser-Ogden constitutive
law [6]. The anisotropy is due to the reinforced
collagen fibres, which are stiffer than the matrix.
The two families of fibres are distributed in the
✓-z plane and with 5 to the z-axis direction [4].
2.3

u

r
O

O

Damage

z

✓

u

We assume that the damage is initialized at the
point where the maximum principal stress is
greater than a critical traction Tc . The maximum displacement jump uc is the governing
parameter in a linear cohesive law (Fig.3). This
law governs the deformation and damage in the
vicinity of the tip of the tear.

Figure 2: The sketch of the strip for peeling test,
the cross-section (shading area) is the geometry we
are using. Displacement boundary conditions with
same magnitude u but opposite directions are applied on the two arms.

T
ro

Tc
uc

rt
ri

uc

u

Figure 3: Linear cohesive law governs the damage in the vicinity of tear tip. When the displacement
jump u is greater than uc , a new tear surface is introduced. The radii ri , ro and rt are the inner,
outer and tear surfaces computed, respectively.
The discontinuity of displacement field due to tear surface is implemented by adding an enrichment
term H(r) u/2 onto the continuous displacement field in the conventional FE, where H(r) = ±1
when r ? rt and rt is the location of the tear surface in the configuration before the initialization of
the damage. This is under the theory of XFEM [7]. The tear surface does not need to coincide with
the interfaces between elements. Abaqus employs two level-set functions to define the location of the
tear surface and the tear tips accurately, and to be able to compute the propagation directions.
3
3.1

STUDIES AND RESULTS
Study 1: peeling of strips

In order to find where the tear prefers to propagate, three stripes with different orientations are simulated and their deformed configuration are also shown in the Fig.4.

217

Step: Step−1
Frame: 570
Total Time: 0.818884
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ro

ri

ri

ri

1

✓
z

Strip 1

r

Strip 2

Strip 3

Figure 4: The failure status of three strips: red indicates the elements are torn, blue for elements without any damage and other colours for cohesive zone. The Strip 1 is totally torn when the displacement
is u = 3.28 and the other two strips can still take on loads until u = 4. The length of undamaged
strip in Strip 3 is greater than that in Strip 2.
Thus we conclude that the tear prefers to propagate along the axial direction. This agrees with the
clinical observation of arterial dissection. On the other hand, the circumferential strip (Strip 3) has
the most resistant to the tear propagation, since the length of undamaged part is the longest in the
three simulations.
3.2

Study 2: peeling of discs

What is the reason for this directional preference of tear propagation? We think it is due to the collagen
fibres, which is quite close to the axial direction. To confirm our guess, we did another simulation for
peeling of a disc with fibres and without fibres (Fig.5). As shown in the Fig.6, the undamaged fibrous
disc becomes elliptical while that without fibres is still circular. The short axis of the ellipse is just
the axial direction. That is to confirm that the directional preference of tear propagation is because of
the orientation of collagen fibres.

r
z
✓
Figure 5: The radius of this disc is same with the length of stripes in Fig.4. A circular tear is initialized
at the edge of disc and the depth of the tear is 1/10 of the radius, which is same with that in the
simulations for strips. In the control simulation, the disc does not include fibres.
4

CONCLUSIONS

We are developing a computation model for advancing the understanding of the mechanical issues
in arterial dissection. Simulations in this paper show the tear prefers to propagate along the axial
direction. And this preference is due to the collagen fibres. These models are also applicable for
studying the damage and failure of other soft fibrous tissues.
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Without fibres

With fibres

Figure 6: The grey regions are the undeformed configurations while the coloured ones show the
deformed configurations. From the top view, it is clear that the undamaged fibrous disc becomes
elliptical, while the undamaged fibre-free disc is still circular. The short axis of the ellipse is just the
z-axis.
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SUMMARY
Hemodynamics is a key factor influencing the rupture and treatment success of cerebral aneurysms.
Cardiac output changes during patients lifetime and therefore, the arterial flow influence on aneurysmal hemodynamics should be investigated. Intra-aneurysmal flow patterns were evaluated during
three cardiac cycles, those at different mean arterial flow rates in three lateral aneurysm models. Flow
patterns seem to the stable for all flow rates. In a large aneurysm, complex flow structures were observed due to the quick generation/destruction of small eddies after peak systole. These flow patterns
were better visualized at higher arterial flow rates.
Key words: Cerebral aneurysm, CFD, flow patterns

1

INTRODUCTION

Cerebral aneurysms are pathological dilatations of brain arteries. Most of the aneurysms remain
asymptomatic and will never break during patient’s life. Hemodynamics is one of the key elements
influencing aneurysm initiation, development and rupture, and affects the performance of endovascular devices [1]. Intra-aneurysmal hemodynamics has been quantitative and qualitative evaluated,
aiming to characterize it in unruptured and ruptured aneurysm groups. Particularly, concentrated inflow jet and created a complex, unstable flow patterns have been found in a basilar artery aneurysm
just before its rupture [2]. These qualitative observations were correlated with a clinical history of
prior aneurysm rupture using a larger set of aneurysms [3]. Moreover, flow patterns have been associated to the long-term treatment performance of flow diverter stents [4].
Those numerical studies used patient-specific geometries but a unique arterial flow rate condition,
despite the fact that the cardiac output changes. The purpose of this work is to qualitatively evaluate
the intra-aneurysmal flow patterns under two situations: 1) during an entire cardiac cycle and 2) at
different mean arterial flow rates. This study complements previous quantitative evaluations where it
was found that the maximum velocity and wall shear stress (WSS) do not occurred at peak systole
but later in the cardiac cycle due to flow inertia [5], and that these variables can be respectively
represented as a linear and as quadratic function, of mean arterial flow rate, when they are averaged
over space and time [6].
2

METHODOLOGY

Medical images of three internal carotid arteries (ICA), harboring aneurysms were acquired with an
X-ray system (Allura Xper FD20 system of Philips Healthcare) in the Department of Medical Imaging and Information Sciences, Interventional Neuroradiology Unit, University Hospitals of Geneva,
Switzerland. Each medical image was segmented to extract a triangular surface mesh representing
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the arterial walls. Afterwards, the surface mesh of each case was manually edited using Remesh,
to removed unwanted structures such as small vessel or arterial segments further away of the region
of interest (aneurysm). Finally, surfaces were smoothed with Meshlab package. For CFD simulations, volumetric meshes were generated inside each surface mesh with the SnappyHexMesh utility
of OpenFoam [7]. Details of the meshing strategy can be found elsewhere [5].
The CFD package OpenFoam v2.2.1 was used to solve the continuity and Navier-Stokes equations within the discretized fluid domain [7]. Fluid was treated as incompressible with density of
1060 kg/m3 and with a constant viscosity of 0.0035 Pa·s (Newtonian fluid assumption) [8]. A timedependent parabolic profile of the flow velocity was imposed at the inlet of each model. The arterial
flow rate varies over time following a waveform that was extracted using optical flow techniques applied on DSA sequences [9, 10]. This waveform was scaled up and down to generate three curves
at different mean arterial flow rates: 2 ml/s, 4 ml/s and 5 ml/s. These flow rates were within the
physiological range reported in the literature at the ICA. Moreover, approximately 4 ml/s has been
measured as the mean arterial flow rate in this artery in a large population [11, 12]. Outlet conditions
were set as zero pressure.
To qualitative evaluate intra-aneurysmal flow patterns, both, streamlines and iso-velocity surfaces at 4
time instances were extracted during the second cardiac cycle. Impingement jet, flow stability during
the cardiac cycle and vortical structures inside the aneurysm sac were analyzed.
3

RESULTS

Figure 1 and 2 present the instantaneous velocity streamlines and iso-velocity surface for case 1 and 2
along the cardiac cycle respectively. Case 1 is a medium size aneurysm. There, part of the fluid
from the ICA goes into the aneurysm from the distal to the proximal regions of the aneurysm ostium,
producing a counterclockwise vortex (typically formed in lateral aneurysms). This structure seems
to be unchanged despite the flow acceleration from end-diastole to peak systole. The direction of the
impingement jet was preserved along the cardiac cycle. When arterial flow rate was modified, these
flow patterns were unaltered, excepting by their magnitude, as expected. Case 3 was similar in term
of qualitative results.

Figure 1: Streamlines and iso-velocity surface for case 1.

221

Case 2 is a big aneurysm with respect to the other two cases and has a similar flow structure compared
to case 1. There, the long impingement jet forms a large vortex that covers almost the entire aneurysm
sac. Due to the available space, complex flow structures around this main vortex were generated at
peak systole but they were quickly banished. By increasing the arterial flow rates, those structures
were more evident. In spite of these unstable patterns near peak systole, the main flow structure seems
to be preserved when arterial flow rate was modified.

Figure 2: Streamlines and iso-velocity surface for case 2.

4

CONCLUSIONS

A qualitative evaluation of intra-aneurysmal hemodynamics was performed in three aneurysm models. Flow stability, complexity and impingement jet were evaluated during a cardiac cycle. This
qualitative analysis was done at three arterial flow rates, covering the wide range of the physiolgical
flows at the ICA.
From the studies cases, it seems that the arterial flow rate does not greatly changes the flow patterns
inside lateral aneurysm and therefore, a single simulation could be used to have the unique description
of flow patterns that is valid for all the physiological flow rates. However, this study needs to cover a
larger set of cases, and to include terminal aneurysms.
5
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SUMMARY
Aerosol deposition in the respiratory airways has traditionally been examined in terms of the Stokes
number based on the reference flow timescale. This choice leads to large scatter in deposition efficiency when plotted against the reference Stokes number because the velocity and length scales
experienced by advected particles deviate considerably from the reference values. A time-average of
the particle local Stokes number should be adopted instead. Our results demonstrate that this average,
or effective, Stokes number can deviate significantly from the reference value, in particular in the
intermediate Stokes number range where variation across subjects is largest.
Key words: aerosol deposition, Stokes number, respiratory airways

1

INTRODUCTION

Prediction of particle deposition in the respiratory airways is important for improving the efficiency of
inhaled drug delivery and for assessing the toxicity of airborne pollutants. Studies have shown large
inter-subject variation of aerosol deposition in the respiratory tract [1, 2]. Deposition efficiency in the
extrathoracic airways was first described as a function of the inertial parameter, ⇢p d2p Q, where ⇢p and
dp are the particle density and diameter respectively, and Q is the volumetric flow rate. However, large
scatter was observed in the data, as the inertial parameter does not take into account the characteristics
of the airway geometries.
Grgic et al. [3] claimed that the Stokes number, based on the mean diameter and mean flow velocity
was a better parameter to describe deposition efficiency. Although deposition data showed better
collapse when plotted against the Stokes number, scatter across subjects remained significant. This
scatter arises due to the description of the Stokes number based on mean length and velocity scales.
The diameter and velocity, however, differ considerably from the reference scales in many sections
of the airways. Therefore, the effective Stokes number of a particle will vary appreciably as it is
advected in the flow. Here we propose to adopt an effective Stokes number which is defined in terms
of the local flow properties. We also demonstrate that the effective Stokes number of a particle does
in fact deviate significantly from the reference value, in particular in the intermediate Stokes number
range where inter-subject variability is most pronounced.
2
2.1

METHODOLOGY
Flow field

The flow equations are solved via an immersed boundary (IB) method developed for curvilinear grids
[4]. A finite volume scheme is adopted, and time integration is performed via a second-order semiimplicit fractional step method (Crank-Nicolson for the diffusive terms and Adams-Bashforth for the
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convective terms). The discretized equations are given by
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where f is the momentum forcing vector added on the boundary and outside the fluid in order to
satisfy no-slip at the immersed boundary, q is the mass source/sink applied to cells containing the
immersed boundary in order to ensure mass conservation, N (u) are the convective terms and L(u)
are the implicit diffusive terms.
2.2

Particle tracking

A Eulerian-Lagrangian approach is adopted to model particle transport and deposition. Particles are
tracked through the flow field by solving their equation of motion,
mp

dup X
=
F,
dt

(5)

P
where mp and up denote the particle mass and velocity respectively and F represents all the forces
acting on the particles. For particles in the micrometer range, the dominant forces are the aerodynamic
drag and the gravitational force:
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where ⇢f is the fluid density and CD is the drag coefficient. The correlation proposed by Schiller &
Naumann [5] is adopted for the drag coefficient,
CD =
2.3
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The effective Stokes number

An important parameter which characterises the motion of particles is the non-dimensional Stokes
number, defined as the ratio of the particle response time to the characteristic time scale of the flow,
Stk =

⌧p
⌧f

where

⌧p =

⇢p d2p
.
18µf

(8)

Typically, a reference Stokes number is defined, based on the characteristic flow velocity U and length
scale D,
⇢p d2p U
Stkref =
.
(9)
18µf D
In the extrathoracic airways, for example, U can be the mean flow velocity and D the mean airway
diameter.
Here we propose the use of a Stokes number based on the local properties of the flow field, following
the definition by Trujillo & Parkhill [6]. The authors compared inertial particle advection to passive
fluid advection by examining the eigenvalues of both systems, and derived an expression for the local,
or instantaneous, Stokes number,
Stkinst =

⇢p d2p
|⇤i |max
18µf

(i = 1, 2, 3),

(10)
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where ⇤i are the eigenvalues of the velocity gradient tensor, ru. We define the effective Stokes
number as the time-average of the instantaneous value,
Stkef f

1
=
T

Z

T

Stkinst dt,

(11)

0

where T is the period during which a particle remains in the flow.
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Figure 1a shows the deposition efficiency versus Stokes number in the extrathoracic airways. The
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Based on the present results, part of the scatter observed in the extrathoracic deposition across subjects
could be attributed to the use of a reference Stokes number as the deposition parameter. The reference
Stokes number is based on a global characterisation of the flow field, while the local flow conditions
experienced by the aerosol vary significantly from this reference value. The effective Stokes number,
which is computed based on the local velocity gradient tensor, is the appropriate parameter to describe
aerosol transport and deposition efficiency. We are currently adopting the definition of Stkef f in an
ongoing effort to better characterize aerosol deposition in the extrathoracic airways, and in particular
intra- and inter-subject variations of deposition efficiency.
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SUMMARY
A fluid-structure numerical study of the flow field downstream of prosthetic heart valves is
presented, with particular emphasis on the characterization of mean and turbulent helicity
distributions in the flow field. Two different artiﬁcial  heart  valves are considered: a biological and a
(bileaﬂet) mechanical one, mounted inside a realistic geometry of the aortic root. The results
indicate that bulk fluid structures strongly depend on valve geometry, with more marked mean and
turbulent helicity associated with the vortex shedding in the presence of a mechanical valve. The
final aim is to correlate helicity-based descriptors with the impact of prosthetic heart valve devices
on hemodynamics and, consequently, on shear-induced hemolysis and thromboembolism.
Key words: immersed boundary method, fluid-structure interaction, helicity
1 INTRODUCTION
Prosthetic heart valves (PHV) are worldwide used in the clinical practice. Mechanical heart valves
(MHV), consisting of properly constrained bodies moving under the pressure gradient induced by
the flow, are long lasting but their non-physiological flow patterns are responsible for high shearing
of blood cells and platelets, requiring a life-long anticoagulation therapy. On the other hand,
biological valves (BHV) assure more physiological hemodynamics and do not require
anticoagulants, but have a reduced life (about 10-15 years). Here, we investigate how, in the
presence of a PHV, the flow topology is altered downstream of the valve. To this purpose, i) we use
fluid-structure interaction (FSI) models of a MHV and of a BHV; ii) we perform direct numerical
simulations (DNS) to obtain the unsteady flow field; iii) we focus on changes of the helicity of the
system, which is due to a local exchange of writhe and twist helicity in the interacting tube strands
[1], because this is a key mechanism to understanding energy dissipation in real fluids. The
rationale for this choice is that while recently these aspects have been investigated in the healthy
human aorta [2,3], very little work has been done in the presence of implanted PHVs. Consistently
with the fundamental role recognized for helicity in the organization of both laminar and turbulent
flows, here we postulate that the production of helicity in the presence of a PHV could be explained
in terms of energy dissipation (and in transition to turbulence as well). This is because helicity, like
energy, has a great influence on the evolution and stability of both laminar and turbulent flows [4].
2 METHODOLOGY
The study is focused on the initial tract of the ascending aorta. The aortic root geometry is
considered rigid and reproduces the physiological case, with the three sinuses of Valsalva placed at
equispaced radial positions (120° symmetry), as shown in Figure 1. Two models of PHVs,
resembling St Jude Medical Inc. devices, are considered: one reproduces a BHV, with three
deformable leaflets made of pericardial tissue mimicking the natural valve; the other reproduces a
bileaflet MHV, with leaflets made by pyrolitic carbon.
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The complex flow fields generated in consequence of the implantation of these prosthetic devices,
involving moving and deforming geometries, are investigated by applying a numerical approach
based on the immersed boundary method (IBM) [5,6]. A suitable moving least squares (MLS)
approximation of the IBM is employed here [7,8], that provides a smooth solution also in the
presence of moving/deforming valve leaflets, giving accurate results comparable with that of costly
alternative methods. Given the size of the aorta, blood is modeled as a Newtonian incompressible
flow, described by the continuity and Navier-Stokes equations. A DNS approach is adopted, where
the equations are discretized in space using second-order-accurate central differences on a
Cartesian staggered grid and solved using a fractional-step approach [6].
The dynamics of the MHV leaflets is obtained integrating the rigid body dynamics equations,
considering the tilting moments about the pivots resulting from the viscous and pressure terms on
the leaflet surfaces. A simplified mass-spring model [9] is employed for solving the dynamics of
the deformable leaflets of the BHV, with accurate results in terms of deformations, at a reduced
computational cost compared to standard finite-element methods. A strong coupling scheme is
adopted to consider FSI, using an iterative implicit approach [6]. The method has been validated by
means of several test cases of increasing complexity achieving a good agreement with both
experimental and numerical results available in the literature, also when bodies move and the FSI
model is involved [6,8]. A linear elastic isotropic material is considered for the deformable leaflets,
with a material density of 1060 kg/m3,  a  Young’s  modulus  of  1MPa  and  Poisson’s ratio of 0.49. A
constant thickness of about 0.3 mm is considered. The mechanical leaflets are considered rigid,
with a material density of 2000 kg/m3. The blood density is set to 1060 kg/m3. The cardiac output is
imposed to be approximately 5 l/min at a fixed beat rate of 70 beats/min, resulting in a peak
Reynolds number of about 6200. A 257 x 257 x 372 structured grid is used with a temporal
resolution ranging from 200 to 2 s during the simulated 10 complete cardiac cycles. Physiological
velocity profiles are imposed at the inflow section (Figure 1).

Figure 1: Left: geometry and main lengths of the problem (d0=23mm). Right: inlet flowrate; the
time instants, at which data are provided below, are marked.
The impact that PHVs have on hemodynamics was contextualized with respect to the consideration
of helicity, a quantity successfully applied to quantify the interplay between rotational and
translational motion of blood in aorta [2,3]. By definition, the helicity H(t) of a fluid flow confined
to a domain D of 3D Euclidean space R3 is given by

H   u    u dV   u  ω dV   H k dV
D

D

D

where u and ω are the velocity and the vorticity vector, respectively, and their internal product Hk is
the helicity density. The sign of Hk is a useful indicator of the direction of rotation of helical blood
structures [10]. A local change in the rotation of an helical pattern can be identified by a change in
sign of the value of Hk: helical structures characterized by positive (negative) values of Hk are
referred to as right- (left-) handed, and their rotation is clockwise (counter-clockwise) when viewed
in the direction of the forward movement. At this stage of the investigation we used instantaneous
values of Hk and of the turbulent helicity density H’k to investigate the flow field downstream of
PHVs. H’k is defined as H ' k  u'    u' , where u ' is the turbulent velocity component.

231

3 RESULTS AND CONCLUSIONS
Here we present results at two different time points along the cardiac cycle. The probability density
function (PDF) of the intensity of phase-averaged helicity density at peak systole clearly shows that
the presence of a MHV leads to a production of helical fluid structures more marked than a BHV
(Figure 2). The visualization of the phase-averaged helicity density distribution downstream of the
valve at peak systole allows getting insight into the nature of these helical structures.

Figure 2: Contours of phase-averaged helicity density (left) and PDFs of the phase-averaged
helicity intensity in the flow domain (right), at peak of flowrate (top) and mid systole (bottom).

Figure 3: Contours of turbulent helicity (left) and PDFs of the turbulent helicity intensity in the
flow domain (right), at peak of flowrate (top) and mid systole (bottom).
Figure 2 clearly shows that the presence of the MHV leads to the production of intense, small size
counter-rotating helical structures in the region interested by the vortices shed by the leaflets;
moreover, larger counter-rotating helical fluid structures occupy large regions of one of the sinuses
(depending on the MHV orientation). These high intensity, small size helical structures are not
present downstream of the biological prosthesis (Figure 2). Intense phase-averaged helical
structures, smaller than at peak systole, characterize the flow field at mid systole downstream of the
232

MHV (Figure 2), where the larger helical structures within the sinus are also disrupted. Small size,
high intensity phase-averaged helical structures appear also downstream of the BHV, probably
generated in regions of leaflets commissure (Figure 2). The presence of a more complex phaseaveraged helical flow at mid systole could be ascribed to the fact that it is during this phase of the
cardiac cycle that transition to turbulence occurs, in particular downstream of MHV. With the aim
of getting more insight into the transition to turbulence occurring in the presence of implanted
prosthetic devices, turbulent helicity density distribution is investigated. Figure3 shows that
turbulent helicity structures distributions resembles the phase averaged ones both at peak of flow
rate and mid systole, for the MHV and the BHV. More in detail, turbulent helicity seems to be: i)
markedly related to vortex shedding in the MHV flow field at peak systole (where flow is still
considered almost laminar (Figure 3); ii) not markedly related to vortices shed by the leaflets at mid
systole, when transition to turbulence occurs. The existence of transition to turbulence also
downstream of the BHV model during flow deceleration is confirmed by Figure 3 (probably mainly
ascribable to flow disturbance at commissure points). Interestingly, turbulent helical structures are
present within the sinus of the MHV both at peak and mid systole (Figure 3).
In conclusion, the findings of this analysis, even if preliminary, show the potential of helicity as
quantitative descriptor to investigate the complex fluid mechanics downstream of PHVs. In fact, it
has been proposed that peculiar helicity patterns might be the consequence of an optimization in
naturally occurring fluid transport processes in the cardiovascular system [3]. As a consequence,
reproducing helical flow pattern as in the healthy aorta could represent a target in designing aortic
PHVs and could minimize shear-induced blood trauma. Finally, the characterization of prosthetic
valves related flow field in terms of helicity could enrich the arsenal of tools available i) to study
and exploit the role played by local hemodynamics in shear-induced blood trauma and ii) to
properly design the devices, minimizing the risks of hemolysis and thromboembolism which are
strictly related to altered hemodynamics.
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SUMMARY
The study evaluated the performance of an intravascular axial flow blood pump in an idealized
total cavopulmonary connection (TCPC) model. This blood pump is inserted into a reinforced
Gore-Tex conduit, connecting the caval veins with the pulmonary arteries. Two different
computational models were examined (i) the new geometric model without a pump and (ii) with
the pump. Computational fluid dynamics analyses of these models were performed to assess the
hydraulic performance under varying boundary conditions. Numerical predictions indicate that the
pump generates a pressure distribution which could prove beneficial for the univentricular patient
with failing Fontan circulation.
Key words: Cardiovascular surgery, Fontan circulation, Bioengineering, Computational fluid
dynamics (CFD)
1 INTRODUCTION
The term "single ventricle anomaly" describes a group of cardiac defects that may differ quite
dramatically from each other but share the common feature that only one of the two ventricles is of
adequate functional size. Some of the anomalies described as single ventricle defects include
tricuspid atresia (i.e., incomplete valve formation), hypoplastic left heart syndrome, double inlet
left ventricle and other cardiac defects. The incidence of this heart defect constitutes about 1-2 % of
all congenital heart defects [1]. Whenever there is only one ventricle capable to pump blood
efficiently, the circulation must be reconfigured to maximize the efficiency of the functional
ventricle, without overloading it. These surgeries are often categorized with the term “Fontan
circulation”, from the surgeon who first treated the univentricular condition, in the early 70s.
The total cavopulmonary connection (TCPC) [2] represents one of the most successful clinical
options to obtain a sufficient perfusion in single-ventricle patients. The statistics are nevertheless
indicating that the risk of long-term failure of TCPCs is remarkable, requiring transplantation.
Thus, owing to the chronic shortage of heart donors, in recent years the possibility of using
mechanical assistance for failing TCPC has been addressed in numerous studies.
Lacour-Gayet and others [3] suggested the inclusion of a pump for circulatory support in a hollow
tube that connects the veins to the pulmonary arteries, while other authors suggested alternative
geometric solutions [4][5].
The main issues of concern are hypertension in the caval veins and hypotension in pulmonary
arteries (PAs), that are often found in Fontan patients. The device in the superior vena cava (SVC)
was found to increase the pressure in the PAs [5]. A pump installed in the inferior vena cava (IVC)
might have a propensity to generate a strong pressure decrease, possibly causing a collapse of the
venous walls.
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For instance Riemer et al [7] reported an occasional collapse with the average value of IVC
pressure at -0.25±0.48 mmHg.
Lacour-Gayet et al. [3] in an in-vitro study of venous assistance for failing Fontan set
conservatively the threshold for venous collapse at 2 mmHg.
In an earlier experimental and computational study, Moreno et al. [8] found that a complete vessel
collapse occurred at around -0.5 mmHg, in the case of an excised inferior vena cava of a dog.
However, it must be stated that in in-vitro studies the effect of tethering of the vessel by the
surrounding tissue had not been considered, so that this value could be regarded as a worst case,
whereas probably an internal pressure lower than -0.5 mmHg could be necessary for vessel
collapse, owing to the effect of tethering.
In view of the concerns raised about venous collapse, engendered by the action of the assistance
device itself, this study considers the insertion of a conduit in reinforced GoreTex, which connects
the caval veins with the pulmonary arteries. The pump model is positioned in the GoreTex conduit.
This connection, together with properly set pump operating conditions, was thought to improve the
balance of arterial and venous pressures, preventing also the venous vessel collapse.
The herein selected device is supposed to solve the principal obstacles for long-term implantation.
Various studies showed how the Jarvik pump might be among the major candidate for destination
therapy due to its mechanical characteristics, particularly for the very low rate of hemolysis
[11],[12].
The goal of this study is to create a permanent solution to the failing TCPC circulation as either
bridge to transplantation or destination therapy, in the latter case avoiding the necessity of a
subsequent heart transplantation. Then, we selected an assist device whose long-term in vivo
performance is well documented. In this paper we study by CFD the feasibility of a surgical
approach based on both an innovative surgical connection and the use of an axial pump model
similar to the Jarvik 2000, as a permanent solution to sustain the failing Fontan circulation.
2 METHODOLOGY
A 3D model was created to study the properties of the flow in an axial pump, whose design was
inspired by the Jarvik Child 2000 pump. In order to study the Fontan-type flow, a vertical tube of
about 20-cm length was chosen to represent both IVC and SVC. A conduit joined the VCs to the
right-left pulmonary artery connection. The assistance device is positioned in the conduit between
the two venae cavae and pulmonary arteries, as shown in Fig. 1. The total volume of fluid in the
model was approximately 83 cm3. The internal volume of the pump (priming volume), excluding
the head input, was approximately 2.1 cm3. The model was discretized with the Gambit software,
with almost 1,800,000 elementary volume elements, of which about one million represented the
2.1 cm3 of the pump. For fluid dynamics simulations the Ansys Fluent 12.1 software was used.
To simulate the rotating part of the pump and analyze the behavior of the blood fluid during the
stationary phase (when the pump is operating at full capacity), owing to the high speed of rotation,
we used the model Viscous-RNG-k- which allowed to consider the turbulent flow inside the
pump, at not extremely high Reynolds numbers. The modality “Frame Motion” was used.

Fig. 1. Front view of the 3D model. At the left side the anastomosis between SVC and IVC is shown. At the upper right side the two
pulmonary arteries are shown. A GoreTex conduit connects the caval veins and the PAs, with the axial pump inserted in the conduit.
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As for the boundary conditions at the inlets of the model, 2, 3 and 4 L/min were considered for the
total venous return, with a constant 40%-60% SVC–IVC flow ratio. At the model outlets (RPA and
LPA), we set the pressure value at 10 mm Hg for both arteries. Pump axial rotations were imposed
within the range (4,000 - 18,000 revolutions per minute [rpm]) [5],[6].
This method of simulation of pump motion had already been adopted in [7].
Central venous pressure values for actual use of the pump were set in a suitable range representing
realistic conditions during clinical experimentation.
3 RESULTS AND CONCLUSIONS
Fig. 2 reports the pressure values obtained in the conduit, upstream of the device, at 1 cm
downstream of the IVC-SVC anastomosis. Comparing the curves relative to the geometry with the
pump with the line representing the connection without assistance, it can be seen that, for each
imposed flow rate (2, 3 and 4 L/min), the pump does not constitute a resistance to the flow, at a
sufficiently high angular velocity (e.g., from 10000 rpm for 3 l/min). Moreover, the pump can
sustain flows of less than 2 l/min at speeds below 10000 rpm. The results are encouraging, since the
axial pump is meant to be used in patients with low levels of physiological flow rate [6] (children
of a few years).

Figure 2 – Average intravascular pressure, at 1 cm downstream of the IVC/SVC connection. The horizontal line indicates the value of
the calculated pressure that would occur in the geometry without the pump, in the case of a flow rate of 3 l / min (similar values for other
flow rates)

One of the main problems introduced by the presence of a pump inside a vessel is represented by
the pressure drop generated by the impeller. In particular, axial pumps were found to have a
propensity to cause a marked decrease of upstream pressure, when inserted in the venous
circulation (as reported, e.g., in [1]).
As shown in Fig. 2, there are some bounds for the particular combination flow rate - rpm, in order
to be at safe operating conditions. For instance, at 2 l/min the maximum value for the rotation of
the pump is around 10000 rpm, otherwise the upstream pressure will fall substantially below 0
mmHg and venous collapse could easily occur. Similarly, 14000 rpm could be considered the upper
limit at 4L/min venous return.
An analysis of the flow pathlines (Fig. 3) allows to verify that the outflow stators present in the
pump’s outflow tend to straighten the flow, which exits spirally from the rotor. Moreover, an almost
complete absence of recirculation in the output was found, thus minimizing the risk of thrombus
formation associated to low flow velocities.
This study has allowed to characterize, by means of computational fluid dynamics (CFD), the
behavior of an axial pump, used as a circulatory support in patients with Fontan surgery. The
pressure drop that the pump generates at its upstream end could lead to the collapse of the vein.
This adverse event can be prevented with the use of a conduit in reinforced GoreTex [10], which
was seen to reduce the impact of the particular physiological conditions introduced by the axial
pump. Actually, this type of conduit allows to realize a geometry in accordance to the numerical
model, avoiding sensitivity of the vessels’ walls to low pressures close to the IVC/SVC connection.
The present study confirms that the presence of a circulatory assistance could be advantageous for
the overall perfusion in patients with a failing Fontan, since it can be operated in a way that an
increase of the pressure in the PAs can be obtained without risking to cause venous collapse in the
caval veins.
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Figure 3 – Representative pathlines, starting from IVC/SVC (left side of the figure) and issuing in the pulmonary arteries (right side of
the figure). The flow straighteners immediately downstream of the pump are effective in removing a large part of the angular momentum
from the flow, which exits spirally from the rotor.
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SUMMARY
With the development of new and more powerful computing systems, computational fluid dynamics
(CFD) has become a widespread topic of interest for researchers all over the world. In particular,
its application to hemodynamics in the aorta has the potential to give information that can not be
retrieved in other ways. Even though many groups are working hard to improve the current scope
of the topic, the technology is not yet available in the hospitals to be used both for diagnosis and
treatment. In this work, we propose a framework to take numerical simulation to the bedside. All
the stages from image acquisition, preprocessing, calculations, post processing and interpretation are
addressed and shown for a single patient case. We conclude that, given the feasibility of the stages
and the current computational power, this analysis can be satisfactorily applied to support clinical
practice.
Key words: CFD, aorta, patient specific modeling, high performance computing

1

INTRODUCTION

Realistic computer-based simulation tools are widely studied and developed in the field of cardiovascular biomechanics with the aim to provide diagnostic and therapeutic solutions thanks to their capability of assessing real and virtual scenarios both in the medical room and during the pre-operative
planning. Unfortunately, such simulations are currently adopted only by a small number of real-life
case studies and are still limited to research, whereas their actual translation to clinical practice has
to face different challenges ranging from the assimilation and managing of clinical data (big data) to
the integration of the required multidisciplinary skills. The goal of this study is to present a developing project identified as iCardioCloud, which, grounding its motivation on the above-mentioned
issues, aims at actually bringing patient-specific CFD analysis of aortic hemodynamics, before and
after endovascular surgery, into the clinical practice (see [1] for an engineering perspective and [2] for
a medical perspective). All the steps from the image acquisition, processing, numerical simulations
on high performance computers, post-processing and, finally, end user visualization of the data are
addressed. The research team is composed by engineers and physicians (surgeons and radiologists)
in order to cover all the required skills to realize the ideal workflow depicted in Figure 1.

238

Figure 1: iCardioCloud workflow
2
2.1

METHODOLOGY
Image acquisition, image processing, and mesh generation

For patients with suspected thoracic aorta diseases such as aneurysms, dissections and coarctations,
CT images are acquired in the hospital. Furthermore, Velocity Encoded MRI (VE-MRI) is performed
to record the flow profiles in all the inputs and outputs from the aorta. All this information is sent
anonymized from the clinical institution to our engineering platform. Figure 2 illustrates rough (a)
and extracted (b) information received from the hospital.

(a) Contrast enhanced CT of the thoracic aorta

(b) Flow profile in the ascending aorta extracted from
MRI

Figure 2: Medical images and measurements used as input in the iCardioCloud project
Once the images are in our database, CT is pre-processed and segmented in order to obtain a 3D
surface reconstruction of the aortic lumen. The 3D model is then processed through a pipeline which
leads to the generation of a CFD-suitable mesh in a semi-automatic way. The pipeline of operations
are performed via the Vascular Modeling Toolkit (www.vmtk.org) and it consists primarily, in cropping the surface at the in- and out-flow section. The computational domain is artificially extended,
by inserting at the boundary sections, cylindrical region called flow extensions (but avoiding such an
extension is a work in progress) and the mesh generation step is performed, with local refinement if
necessary, using tetrahedral elements of pre-defined edge length. The result of this step is depicted in
Figure 3.
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Figure 3: Aneurysm zone showing the result of the meshing procedure
2.2

CFD simulation

The patient specific mesh and boundary conditions are then loaded into a Finite Element Analysis
software. We use the open-source C++ library LifeV (www.lifev.org), developed by some of
the authors within a collaborative project including EPF Lausanne, Politecnico di Milano, and Emory
University. The reason for choosing this software is that it has been designed for computational hemodynamics, is open source and it can reasonably scale. Taking into account the size of the meshes and
the target accuracy of the simulations, we use a high performance cluster to perform the calculations.
This capability allows to retrieve the information to the physician in time to decide whether a surgery
is needed or not. After performing the numerical analysis, different ad-hoc tools developed by our
group are used to provide a more visual and “medical” representation. Images and animations are
created for the velocity and pressure fields, along the vessel and Wall Shear Stress (WSS). All these
parameters were chosen due to their well known correlation with cardiovascular events. In the final
stage, data are returned to the hospital from our database and the physician can make both a diagnosis
and a predictive analysis for each patient.
3

RESULTS AND CONCLUSIONS

To illustrate the potential of the project, we show a single patient case with an aortic aneurysm.
For this case we used a 3,5 million elements mesh with P1Bubble-P1 mixed finite elements for the
velocity and the pressure spaces. The simulation was performed in a 64 cores server with 256GB
RAM where the whole process took one week. The results are represented in terms of the speed, the
pressure and the WSS as show in figure 4

(a) Velocity

(b) Pressure

(c) WSS

Figure 4: Instantaneous values at the systolic peak taken from the CFD simulation
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After analyzing these results and taking into account the time and availability of resources in current
medical practice, we conclude that such a framework is currently applicable for diagnosis and planning of surgeries such as TEVAR, etc. The obtained physical quantities can be translated into clinical
information (e.g., prediction of aneurysm growth, see [3]). As a consequence, they can support the
physicians for a better understanding of the patient’s pathology and on procedure planning. For this
reason, in the final stage, data are always returned to the hospital, from our database to the bedside.
A short-term development includes the prediction of postoperative hemodynamics behavior based on
postoperative virtual surgery models.
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SUMMARY
A structural finite element environment was created to study the effect of plaque morphology and
biomechanical changes in carotid artery stenting, including a damage model to account for the injury
of the vessel. An elliptic lumen and a thinner fibrous cap covering the lipid pool improve outcome
from a biomechanical perspective, while hard plaques are prone to recoil. A thicker fibrous cap
reduces local compressive stresses in soft plaques. Soft plaques reduce the stent-induced damage in
the healthy structures, while hard plaques promote less damage in the fibrous cap.
Key words: carotid, stenting, finite element modeling

1

INTRODUCTION

Carotid artery disease has been estimated to be responsible for about 20% of all ischemic strokes [1].
Carotid artery stenting (CAS) is emerging as an alternative technique to surgery to treat severe carotid
stenosis, due to its minimally invasive nature and short hospitalization.
Despite the good outcomes, causes of procedural failure, i.e. peri-procedural stroke and restenosis,
are not completely understood. Plaque vulnerability seems to be a predictive factor for a successful
result, especially peri-procedurally as the plaque is manipulated by the endoluminal devices. Highrisk plaques, associated with embolism, are characterized by a large necrotic lipid core, a thin fibrous
cap and ulceration while large calcifications seems to create more stable plaques [2].
In this work a structural finite element analysis (FEA) framework was built to reproduce the stenting
procedure on accurate parametric carotid models with inhomogeneous plaque composition focusing
on anatomical changes. Different atherosclerotic plaques (lipidic, fibrotic, calcified) were considered,
incorporating also a damage model to account for the vessel injury due to the endovascular procedure.
2

METHODOLOGY

Three carotid bifurcation models were created with a fixed diameter of 7 mm for the common carotid
artery lumen, while internal and external carotid artery diameters were smoothly reduced to 5 and 4
mm respectively. Wall thickness was assumed 30% of the lumen diameter. An eccentric plaque was
included to produce a lumen area reduction of 85% of the original lumen. Two layers were considered
for the healthy vessel (adventitia, media-intima) with experimentally derived material model data [4],
while fibrotic media, lipid pool and fibrous cap regions were considered for the lesion. A fibrous cap
of 0.25 mm was used as baseline. The other geometries were modified to have i) 0.5 mm fibrous cap
and ii) an elliptic lumen shape.
The mechanical response of the diseased vessel was mimicked with an anisotropic hyperelastic model
[3] whose hyperelastic strain energy function is given by:
=
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where C10 , k1 , k2 are material parameters and ⇢ controls the dispersion of the fibers, J is the elastic
volume ratio and D is a parameter dependent on the bulk modulus. To account for the rupture of
collagen fibers upon stretch, we included a damage model [5]. In this model, mat and f ib are
multiplied by a scalar damage value 1 d :
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where i keeps track of the maximum occurrence of the undamaged function ti and ini
i is an initial
offset. The maximum value of the damage is determined by i , whereas ⌧i is a scaling constant.
Lipid pool and calcifications were considered as butter- and ceramic-like materials.
We hypothesized that damage occurs at 240mmHg, i.e. double of a normal systolic pressure (SP) of
120 mmHg, assuming that 95% of the damageable part of the material is totally damaged at a value
of i being 2.5 times the strain energy value associated with SP, which was leading to stresses close
to rupture reported in experimental works.
The stent model was based on µCT scans of an 8x20 mm Acculink nitinol stent (Abbott Vascular,
Boston, IL).
Simulations were performed in the FEA solver ABAQUS/Explicit (Simulia Corp, Providence, RI).
We considered the three previously described models and the lipid core of the baseline was substituted
by fibrotic material and calcifications. The stent placement was performed by i) crimping the stent
in the catheter, ii) bending the catheter along the vessel centerline, iii) pre-dilating with a balloon
the target location, iv) deploying the stent by gradually expanding the catheter. The catheter and the
balloon were modeled with cilindrical surfaces whose displacements were imposed analytically.
To evaluate the impact of the virtual procedure we analyzed the 99 percentile of the maximum principal Cauchy stresses (99PCS) to study possible zones of plaque rupture and tissue failure and the
relative lumen gain at the maximum stenosed location (the ratio between the area increase and the
initial stenotic area) to indicate poor early outcomes of CAS which can contribute to restenosis.
3

RESULTS AND CONCLUSIONS

Figure 1A shows the results of the virtual stent deployments. The geometries with lipid core (
CIRC/025/LIP, CIRC/050/LIP, ELL/025/LIP), show a larger area with higher stresses than the cases
in which the lipid pool has been substituted with calcified and fibrotic tissue (CIRC/025/FIB and
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Figure 1: Deployed stent in all geometries with stresses (kPa) in the fibrous cap(A); Post-stent stresses at
maximum stenosed location (B); Maximum Cauchy Stresses (99 percentile) (C); Lumen gain (D).

CIRC/025/CALC). No notable differences are observed between hard plaques, while an increased
fibrous cap thickness (CIRC/050/LIP) reduces the area of the maximum stresses.
Stiffer plaques (CIRC/025/FIB and CIRC/025/CALC) induce a larger area of stress concentration
around the vessel lumen (Figure 1B). In particular, the calcification induces compressive stresses at
the fibrous cap/calcification interface and a better shielding of the underlying tissues. The models
with lipid core (CIRC/050/LIP, ELL/025/LIP) show similar stress distributions with compression of
the lipid plaque, high stresses in the fibrous cap and a smaller area of higher stresses around the lumen
region opposite to the plaque. The high stresses in the fibrous cap for the soft plaques can comply
with the higher risk of restenosis, which occurs as a vascular response to injury. The thicker fibrous
cap reduces the stresses into the lipid pool (CIRC/050/LIP), while the elliptic shape (ELL/025/LIP)
has the opposite effect. The elliptic lumen also causes an increase of stresses at the opposite side of
the plaque.
Figure 1C shows 99PCS in each region. The results can be interpreted considering the differences
between soft (lipid) vs hard (fibrotic and calcified) plaques. While the 99PCS of the adventitia is
comparable in all models, for the hard plaques the stresses in the media are much higher, while in the
fibrous cap stresses are significantly smaller. The softer mechanical behavior of fatty plaques induces
larger deformation of the fibrous cap, leading to higher values. The lipid pool shows lower 99PCS in
the modified geometries. In particular, lower stresses are found in the model CIRC/050/LIP, demonstrating the shielding effect of a thicker fibrous cap. The higher stresses in the fibrous cap region of
soft plaques demonstrate their vulnerability to potential plaque fragmentation and embolization, also
observed clinically [8].
However, as shown in Figure 1B at the largest stenosed location, higher compressive stresses were
found in the model ELL/025/LIP. Combined with stresses close to rupture in the fibrous cap, this
might increase the risk of plaque material leaking into the blood circulation and suggests that global
indicators can mask zones of localized risk.
A plot of the lumen gain at the highest stenotic location is shown in Figure 1D. As previously reported, stiffer plaques result in a smaller increase of the narrowed lumen, i.e. higher residual stenosis,
compared to soft plaques [6]. This is consistent with the biomechanical properties of soft plaques
which experience higher strains due to the low elastic modulus.
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A thicker fibrous cap is able to shield the lipid pool but results in smaller lumen gain. The elliptic
model shows the best result with the lowest residual stenosis, confirming previous observations [7].
In this work we studied the effects of different plaque compositions and lumen shapes on CAS.
Our results suggest that the same stent inserted in similar procedural conditions is influenced by the
vascular morphology and plaque constituents.
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SUMMARY
Transcatheter pulmonary valve implantation is still not very common. The patients are mostly
congenital heart disease patients who possess a wide variation of right ventricular outflow tract
(RVOT) and pulmonary artery morphologies. This impedes the utilization of a standard prosthesis.
In this paper, a novel modular prosthesis is presented, consisting of a basic valved element (BVE)
and a larger anchoring element which can be connected to the top or bottom of the BVE. The
feasibility of this concept was tested with the implantation of the device into a patient-specific
anatomy using the explicit finite element analysis.
Key words: pulmonary valve prosthesis, finite element analysis, patient-specific
1 INTRODUCTION
The first worldwide implanted transcatheter heart valve prosthesis was implanted in pulmonary
position by Bonheffer et al. in 2000 [1]. Since then, only approximately 1000 patients were treated
with  this   device   (Melody™,  Medtronic   Inc.,   Minneapolis,  MN,   USA)   in   pulmonary   position   [2].
Later, the Edwards Sapien transcatheter heart valve (Edwards Lifesciences LLC, Irvine, California)
was added for treatment of pulmonary stenosis and regurgitation [3].
The  morphology  and  size  of  the  patients’  right ventricular outflow tract and pulmonary artery (PA)
can strongly vary. Only 15% of patients with haemodynamic and clinical indication for the
replacement of pulmonary valve can be treated with the current available devices [2]. At the
moment, no prosthesis sizes exist to treat RVOTs and PAs larger than 26mm. Furthermore, the
anchoring of the prosthesis can be difficult in such different anatomical structures.
In this paper, a novel larger sized modular transcatheter prosthesis for the pulmonary position is
presented. The prosthesis consists of a large basic element. This valve bearing stentframe can be
implanted alone or together with a larger sized element on the top or bottom as a modular
prosthesis. The larger element can be connected at 3 points to the basic valved element and serves
as supplementary anchoring and patient-specific adaptation to the morphology of the pulmonary
artery.
This work describes the iterative design process using numerical finite element simulations. To
validate the feasibility of the novel modular approach, deployment of the prosthesis in a patientspecific anatomy was simulated.
2 METHODOLOGY
2.1 Design process
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The modular elements of the prosthesis were designed after studying the proposed morphology
categorization by Capelli et al. [4]. His group defined different anatomical structures which can be
found for RVOT patients. The novel developed prosthesis is designed for adaptation to type 1 (/\shaped anatomy) and type 2 (\/-shaped anatomy), which represent 69.3% and 14.5%, respectively,
of their analyzed patients [4]. Both the basic valved element (BVE) and the anchoring element
(AE) were designed (Creo Parametric, PTC, Needham, MA, USA) with a low height. The
diameters were defined to 35mm and 40mm for the BVE and AE, respectively. The diameters were
chosen larger than the currently commercially available prosthesis sizes.
By means of FE analysis using the implicit solver of Abaqus CAE V.6.8.4 (Simulia, Providence,
RI, USA), the stents were expanded from a 10mmOD nitinol tube to their designated shape and
crimped to analyze the strain distribution and deformation. During the design process of the BVE, a
leaflet design was drawn into the expanded configuration to analyze the connection between
stentframe design and leaflet shape. Figure 1 shows the design process of the BVE. The 4 steps
were repeated iteratively until the expanded shape was satisfactory and the strains inside the stent
for crimping were less than 10%. Expansion and crimping of the stent were performed by means of
a deformable cylinder with 100 4-node quadrilateral surface (SFM3D4R) elements. The contact
was defined as frictionless. After a sensitivity study (strain distribution independent from element
number), the BVE was meshed with 189,805 8-node linear brick (C3D8R) elements with reduced
integration and hourglass control. As material, nitinol with an austenite and martensite elasticity of
53GPa and 18GPa, respectively, and a   poisson’s ratio of 0.3 was implemented for all presented
analyses. All process temperatures were chosen to be 37°C.

Figure 1: Design process of the basic valve element. (1) CAD design, (2) expanded shape, (3)
leaflet curve designed on expanded shape, (4) crimped stent.
For the design process of the AE the same steps (design, expansion and crimping) were performed.
The expansion simulation for the AE was performed by means of several cylinders that expand the
stent in a two-step analysis to different diameters (Figure 2). After expansion to 35mmOD, the
connection elements were fixed and only the upper part of the stent was expanded to 40mmOD. In
both steps, an additional cylinder ensured that the stent could not expand further to the outside than
the defined diameters. The AE was meshed with 149,495 C3D8R elements.

Figure 2: (1) CAD design, (2) initial position of expansion analysis, (3) end of first step of
expansion analysis, (4) end of second step of expansion analysis, (5) expanded shape.
2.2 Deployment of the modular prosthesis into patient-specific anatomy
To test the feasibility of the novel concept, a patient with a RVOT and pulmonary artery of around
30-40mmOD was identified. The device was virtually implanted in the patient-specific anatomy of
a 33 year old male patient with congenital heart disease (ventricle septum defect and pulmonary
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stenosis) who was a potential candidate for transcatheter stent implantation after a pulmonary
insufficiency. The anatomy of the RVOT and pulmonary artery was reconstructed using Mimics
and 3-matic (Materialise Inc., Leuven, Belgium) to create a 3D model of the right RVOT and
pulmonary artery . The shape of the patients anatomy could be classified into type 2 (\/) and it was
chosen to simulate the implantation with the BVE in orthotopic position and the larger AE
connected to the top of the prosthesis. The 3D anatomy was modeled with a homogeneous
thickness of 2mm [5] and a density of 1.1kg/m3 was assumed. To describe the mechanical behavior
of the anatomical model, a Yeoh hyperelastic material was implemented [6]. The model was
meshed with 26,561 3-node triangular membrane (M3D3) elements.
A large deformation analysis was performed using the explicit solver of Abaqus CAE. The 3D
anatomy and the stents were positioned coaxially. The expanded shapes including the mesh of the
BVE and AE were imported from the expansion analysis containing the same amount of elements
as mentioned above. Both stents were connected using tie contacts with no initial adjustment. A
frictionless hard contact was chosen as contact between stents and cylinder as well as between
stents and arterial wall. The 3D model was constrained at all extremities (pulmonary branches and
RVOT) in all degrees of freedom to mimic the connection to the adjacent structures.
The first step of the analysis consisted in crimping the connected BVE and AE into the artery.
During the second step, the cylinder was moved downwards with the same diameter to mimic the
deployment of the prosthesis through a catheter. During both steps, some nodes at the top of the AE
were fixed in axial direction for correct positioning of the device.

3 RESULTS AND CONCLUSIONS
3.1 Design process
The designs of the BVE and AE were found after several iterations. The final expanded design
(without connection elements) is 23mm and 17mm in height for the BVE and AE, respectively. The
first design of the connection element is 8mm in height. Both parts were crimped to fit into a 24Fr
catheter. The max. principal strain inside the crimped BVE and AE is 7.26% and 8.71%,
respectively.
3.2 Feasibility of the prosthesis in patient-specific anatomy
At the end of the analysis, the final design of the modular prosthesis was implanted into the patientspecific anatomy. The deployment via a catheter was mimicked. First, the upper part, i.e. the
anchoring element deployed against the arterial wall. Then, the basic element expanded into the
pulmonary artery. The complete analysis (crimping and deployment) is shown in Figure 3. As
contour, the max principal strain distribution is depicted. The max. princ. strain inside the
pulmonary artery was 21% at the upper part, where the top of a diamond of the AE structure
pressed against the anatomy.

Figure 3: implantation analysis of the prosthesis. (1) initial position, (2) crimped prosthesis inside
the anatomy, (3)-(5) deployment of the prosthesis, (6,7) two views of the strain distribution of the
deployed prosthesis.
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Furthermore, it can be observed that the strain distribution is not homogeneous. The strain between
both stents at the connection is lower. As result, the anatomy is not homogeneously expanded by
the prosthesis.
For the analysis, a semi-automatic mass scaling was chosen to reach a more reasonable time for the
calculation time. Both mass scaling factors for the crimping and the deployment step were chosen
to 250. This leads to a kinetic energy over 5%, which is a threshold recommended by Abaqus
documentation for a reliable result [7]. A simulation with a lower mass scaling factor is currently
performed.
The feasibility of the novel modular prosthesis concept could be shown. However, modifications of
the connection element are needed. Only one patient anatomy with a larger RVOT and pulmonary
artery was available at this time and as a next step a larger cohort is needed to optimize the design
of the prosthesis further. Based on the preliminary findings, a shorter connection element is
designed to reduce the complete height of the prosthesis and enable full expansion in the anatomy.
Proceeding numerical steps are the implementation of leaflets into the basic element and the
analysis of the performance of the prosthesis under physiological pressure. This includes friction
between the prosthesis and the arterial wall in a 3rd simulation step and the analysis of the
flexibility of the prosthesis in crimped state to improve the design for the implantation procedure.
The authors have no conflict of interest. This work was supported by a research grant by the
European Union and the State of Nordrhein Westphalen through the program PerMed.NRW [grant
number 005-1111-0029].
REFERENCES
[1] P. Bonhoeffer, Y. Boudjemline, Z. Saliba, J. Merckx, Y Aggoun, D. Bonnet, P. Acar, J. Le
Bidois, D. Sidi, J. Kachaner. Percutaneous replacement of pulmonary valve in a right-ventricle to
pulmonary-artery prosthetic conduit with valve dysfunction. Lancet, 356:1403-1405, 2000.
[2] S. Schievano, A.M. Taylor, C. Capelli, L. Coats, F. Walker, P. Lurz, J. Nordmeyer, S. Wright, S.
Khambadkone, V. Tsang, M. Carminati, P. Bonhoeffer. First-in-man implantation of a novel
percutaneous valve: a new approach to medical device development. EuroIntervention, 5:745-750,
2010.
[3] D. Kenny, Z.M. Hijazi, S. Kar, J. Rhodes, M. Mullen, R. Makkar, G. Shirali, M. Fogel, J. Fahey,
M.G. Heitschmidt, C.D. Cain. Percutaneous Implantation of the Edwards SAPIEN Transcatheter
Heart Valve for Conduit Failure in the pulmonary position. Early Phase 1 Results From an
International Multicenter Clinical Trial. JACC 58:2248-2256, 2011.
[4] C. Capelli, A.M. Taylor, F. Migliavacca, P. Bonhoeffer, S. Schievano. Patient-specific
reconstructed anatomies and computer simulations are fundamental for selecting medical device
treatment: application to a new percutaneous pulmonary valve. Phil. Trans. R. Soc. 368:3027-3038,
2010
[5] P.B. Matthews, A.N. Azadani, C.S. Jhun, L. Ge, T.S. Guy, J.M. Guccione, E.E. Tseng.
Comparison of porcine pulmonary and aortic root material properties. Ann Thorac Surg, 89:19811989, 2010.
[6] S. Zhao, L. Gu, J.M. Hammel, H. Lang. Mechanical behavior of porcine pulmonary artery.
Proceedings of the ASME 2010 International Mechanical Engineering Congress & Exposition,
November 12-18, 2010, Vancouver, British Columbia, Canada.
[7] ABAQUS, Inc. Abaqus: Getting Started with Abaqus. Vol. 6.4. Pawtucket, RI, Hibbitt, Karlsson
& Sorenson, Inc., 2003.

249

4th International Conference on Computational and Mathematical Biomedical Engineering – CMBE2015
29 June - 1 July 2015, France
P. Nithiarasu and E.Budyn (Eds.)

FINITE-ELEMENT ANALYSIS OF HIGHLY FLEXIBLE STENTGRAFT DEPLOYMENT IN PATIENT-SPECIFIC ABDOMINAL
AORTIC ANEURYSM
D. Perrin1,2,3, P. Badel1, S. Rolland du Roscoat2,3, L. Orgéas2,3, C. Geindreau2,3, J-N. Albertini4
and S. Avril1
1
Ecole Nationale Supérieure des Mines de Saint-Etienne, CIS-EMSE, CNRS:UMR5307, LGF, F-42023
Saint Etienne, France, {perrin, badel, avril}@emse.fr
2
CNRS, 3SR Lab, F-38000 Grenoble, France,
3
Univ. Grenoble Alpes, 3SR Lab, F-38000 Grenoble, France,
{sabine.rollandduroscoat, laurent.orgeas, christian.geindreau}@3sr-grenoble.fr
4
CHU Hôpital Nord Saint-Etienne, Department of CardioVascular Surgery,
Saint-Etienne F-42055, France, j.noel.albertini@chu-st-etienne.fr
SUMMARY
Endovascular repair can be undertaken to prevent abdominal aortic aneurysm (AAA) rupture.
Stent-graft design and flexibility strongly affects surgery outcomes. In this study, Finite element
analysis was used to simulate stent-graft deployment in AAA. A highly flexible marketed
bifurcated SG (Vascutek Anaconda) was deployed into a polymeric model of a patient-specific
aneurysm. SG modeling and simulation methodology were validated by comparing stents position
and diameter on simulations and computed tomography scans. The good accuracy of simulation
results confirms that numerical simulation is able to predict stent-graft deployment, even for
challenging stent-graft design in complex anatomies.
Key words: finite-element, endovascular repair, patient-specific, X-ray microtomography
1 INTRODUCTION
Rupture of abdominal aortic aneurysms (AAAs) can be prevented either by conventional surgery or
endovascular repair (EVAR). EVAR is associated with less postoperative mortality but more
secondary interventions than open repair. These interventions arise after complications (endoleaks,
thrombosis) which are mainly related to mechanical origins (bad stent apposition onto the arterial
wall, stent-graft (SG) kinks and wrinkles) [1]. Finite-element (FE) analysis could be an appropriate
tool to model SG and AAA mechanical behaviors and simulate their interactions. Indeed, numerical
simulation could predict the deployment of SGs in patient-specific aneurysms and potentially
detect likely endoleaks or kinks before surgery.
In the literature, first FEA investigations focused on bare stent deployment [2]. These works were
particularly interesting for coronary stenting surgery; however the mechanical behavior of textile of
SGs that are deployed in AAAs was not taken into account. Modeling of heterogeneous SGs was
achieved by several teams and validated against in vitro data [3, 4]. Therefrom, SGs deployment in
aneurysms geometries could be simulated. A Z-stent main body was numerically deployed in a
virtual AAA geometry [5] and FE analysis reproduced the deployment of a tubular endograft in
patient-specific anatomy [6]. However, SGs (a single bifurcated Z-stent main body or a tubular
endograft)  were  not  as  challenging  to  model  as  manufactured  SGs  usually  used  to  treat  AAA’s.
In this study, a marketed bifurcated modular SG was deployed in a polymeric phantom of a patientspecific AAA. The highly flexible behavior of this SG was modeled. SG deployment in the AAA
geometry was then simulated and validated by comparison with the experimental phantom.
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2 METHODOLOGY
2.1 SG deployment in a polymeric phantom
The preoperative CT scan of a patient who underwent EVAR surgery was processed by surgeryoriented Therenva® software. Arterial lumen surface was extracted and used to generate the inner
surface of a rigid polymer phantom using a 3D printer. This particular clinical case was chosen for
the pronounced tortuosity of its anatomy and high variability of arterial diameters.
AnacondaTM main body and three iliac limbs were provided by Vascutek (Terumo, Inchinnan,
Scotland). SG modules were deployed in the phantom by an EVAR specialist surgeon, following
the instructions for use. Their final geometry and position into the phantom was then saved as a 3D
image using X-ray microtomography (3SR Lab).
2.2 SG and AAA finite-element modeling
To run the simulation, the exact geometry of the lumen surface used for the phantom was meshed
with triangular shell elements. The lumen surface was modeled as a rigid body.
Special care was given to properly reproduce the highly flexible behavior of the SG. Stents of
AnacondaTM SG are made of a single Nitinol wire wrapped several times around the graft. They
were modeled as a single-wire ring meshed with beam elements. Beams material properties and
circular section were adjusted to match stent tensile and bending stiffnesses in the FE model to the
real ones measured by mechanical testing on the Nitinol wires.
During manufacturing process, stents were tied onto the graft in a saddle-like shape. To acquire
their 3D initial “stretched”  geometries, SG modules were stretched and scanned in a high resolution
X-ray microtomograph (3SR Lab). Obtained 3D images were processed to determine stents
diameter and height, as well as stents inter-spacing. Stents were modeled as circular rings and a
preliminary FE analysis was performed to compute their mechanical states in the saddle shape.
Stents were then tied to the graft by a kinematic constraint to obtain SG pre-stressed configuration,
as depicted in Fig.1A.
The graft geometry was generated by computer-assisted design software Rhinoceros® (McNeel
and associates, Seattle, WA, USA). Graft diameters were determined to match stents inner
diameters. The textile was meshed with 4-node shell elements. A realistic orthotropic constitutive
model was set up based on in-house experimental characterization to properly model in-plane and
bending behaviors of the graft [7].
2.3 Simulation strategy
The first step of simulation consisted in the radial crimping of the main body and iliac limbs. The
limbs were then small enough to fit inside main body stumps. SG modules were assembled and
overlap lengths were set equal to those observed in the experimental plastic phantom (Fig.1B).
Secondly, the assembled SG was inserted inside a virtual tubular shell (Fig.1C). From this
configuration, the nodes of the virtual shell were kinematically driven to morph the shell geometry
onto the arterial lumen geometry. Contact interaction was prescribed between SG and virtual shell
during the whole process to maintain the SG inside the surface. The shell did not exhibit any
mechanical behavior and only acted as a geometrical constraint. At the end of this step, the virtual
shell had the exact geometry of the lumen surface and the SG was thus positioned inside the inner
surface geometry of the polymeric phantom (Fig.1D).
Simulations were carried out with the FE explicit solver of Abaqus v6.13 software (Simulia,
Dassault Systems, Providence, RI, USA). Values of time-steps and mass scaling were chosen to
keep the simulation quasi-static during the whole process.
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Figure 1: Pre-stressed geometries of SG modules (A), assembled SG (B), SG introduced inside the
virtual tubular shell (C) and SG deployed in the lumen surface geometry of the phantom (D)
2.4 Validation methodology
Actual deployed SG geometry was reconstructed by microtomography of the polymeric phantom
with the SG deployed inside. From obtained 3D images, stents were segmented by thresholding and
their centerlines were computed thanks to the skeletonization algorithm implemented by I.
Arganda-Carreras in imageJ software.
Ten landmarks were picked on both model and simulated lumen surface. Iterative closest point
(ICP) method was used to register both data sets in order to be able to compare stents position in
the same coordinate system.
Quantitative assessment was computed by comparing position and diameter of each individual stent
of experimental and simulated deployed SGs. ICP method generated the data used to generate
stents position errors, decomposed into position errors along SG longitudinal and radial axes.
Simulated and actual stent diameters could be computed as the mean distance from stent points to
stent axis and stent diameter relative errors were derived from these values.
3 RESULTS AND CONCLUSIONS
Simulated final SG shape was compared to the shape of the device deployed in the plastic model.
A qualitative assessment is presented in Fig.2A. SG global experimental shape is well reproduced
by the simulation. Stent spacing and shape are well matching, especially for the left iliac limb. The
proximal extremity of the main body has a correct longitudinal position; however one can notice
the rotation of the main body around its longitudinal axis that was not implemented in the
simulation. The same observation can be made for the distal end of the right extension.
Stents longitudinal errors are plotted in Fig.2B. Higher error values are principally located in the
overlap region between right limb and extension. FE simulation did not completely reproduce the
extremely complex interactions between the two textiles and the two sets of stents. Smaller error
values at the main body, proximal extremity of the right limb and over all left limb confirm the
good qualitative agreement between the simulation and the polymeric phantom. Longitudinal error
value averaged over all stents was -2.4 ± 5.1 mm and the mean stent diameter relative error was 8.6
± 9.2%.
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Figure 2: Comparison of stents position in the experimental phantom (grey) and in the simulation
(red) (A) and stent by stent longitudinal position errors (B). Each square is one stent; columns are
representing different SG components. The error for each stent is coded by the square color.
The results shown in this study prove that the proposed FE analysis can be used to simulate the
deployed shape of SG in patient-specific AAAs. Complex bifurcated SG, with different modules
and with challenging flexible behavior, could be modeled and deployed in a tortuous anatomy.
Simulation results showed position  errors  within  range  of  practitioners’  accuracy  when  operating.
This is encouraging for a prospective application of numerical simulation during EVAR
preoperative planning to validate SG sizing and detect potential complications. The deployment
simulation of the same SG modules on a clinical case and its comparison with the post-operative
scan is underway in our research group. This should further increase the validation of the
methodology and its clinical relevance.
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SUMMARY
This abstract investigates the mechanical response of polymeric bioresorbable stents during free balloon expansion. Advanced models for both the viscoplastic stent material and the balloon material
were implemented to be applicable to an implicit finite element solver. The here developed modelling
strategy allows us to gain insight into the instructions for use of a commercially available biodegradable stent.
Key words: Biodegradable stents, viscoplasticity, finite element modelling

1

INTRODUCTION

Conventional (drug eluting) stents are made of metal alloys such as stainless steel, cobalt-chromium
or platinum-chromium and remain permanently inside the human body. Because the artery is healing
after stent placement, the need for mechanical support is however only temporary. Beyond the first
few months, the presence of a permanent metallic prosthesis has several disadvantages: excessive neointimal tissue growth causes in-stent restenosis and prolonged exposure of the metallic stent surface
to the blood stream increases the risk for late stent thrombosis [1]. This is why biodegradable stents,
which temporarily support the blood vessel and afterwards fully disintegrate, are gaining interest.
Possible advantages of biodegradable stents include abolished late stent thrombosis, facilitation of
repeat treatments to the same site, restoration of vasomotion and prevention from restenosis [2].
Bioabsorbable stents could also have a paediatric role because they allow vessel growth and do not
need surgical removal [3].
Analysing the mechanical behaviour of biodegradable stents via finite element simulations poses new
challenges due to the complexity of the stent materials which display transitional mechanics both in
the long term range (polymer degradation, metal corrosion) and the short term range (viscoplasticity
in case of polymeric stents).
In this abstract, we consider the commercially available poly-L-lactic acid (PLLA) stent Absorb
Bioresorbable Vascular Scaffold (BVS) (Abbott Vascular, Santa Clara, CA, USA). As a case study we
will assess its mechanical performance via finite element (FE) analysis and in particular investigate
the influence of the deployment rate during stent balloon expansion. To be able to do so, a sufficiently
representative material model was selected and its parameters were fitted to available experimental
data. The commercial finite element solver Abaqus/standard (Dassault Systems Simulia, Providence,
RI, USA) was used to solve the quasi-static stent deployment simulations. A simplified balloon model
was used to overcome part of the contact problems which are inherent to this type of simulation. The
level of internal stresses and the degree of post-dilational recoil will be compared for a direct and a
stepwise deployment procedure.

254

2

METHODS

2.1

Balloon model

An implicit solution technique was used for the FE problem. To simplify the contact problem we
chose to implement a cylindrical balloon with anisotropic hyperelastic material properties as proposed in [4]. Here, the material orientations are aligned with the longitudinal and circumferential
directions of the balloon. The main idea is that the cylindrical balloon material should initially behave soft, to mimic the unfolding of the balloon. Once the balloon has reached its nominal diameter,
an internal deformation threshold is exceeded and the balloon becomes much stiffer. In this model,
the hyperelastic energy density function ¯ is split into an isotropic part ¯ iso and an anisotropic part
¯ aniso that depend on the first invariant of deformation I¯1 and two pseudo-invariants I¯✓ and I¯z of
deformation in the circumferential and longitudinal direction respectively. If we consider the balloon
to be a thick walled straight cylindrical tube, fixed at its ends in the longitudinal direction, then it is
straightforward to find an analytical relationship between the radial distension and the pressure drop
P over the cylindrical wall for the given hyperelastic energy function. Using this analytical relation,
we can fit the balloon material constants to manufacturer data for given balloon dimensions.
2.2

Stent geometry

The 2nd generation ABSORB BVS has a typical stent shape consisting of in-phase zigzag hoops
linked by bridges. The scaffold has thick struts (150 µm) to compensate for the relatively poor mechanical properties of PLLA. A reversed engineering approach was followed to construct the finite
element geometry of the stent. High resolution (voxel size 2.5 µm) micro-CT based image data were
used as input to make a segmented 3D-reconstruction of the BVS. The 3D-geometry has subsequently
been imported into pyFormex, in-house developed open source software, to obtain the stent’s characteristic dimensions (strut width, thickness and length etc.) and to generate a high-quality hexahedral
mesh of the stent in its crimped configuration.

(a) Pressure 0 atm - balloon and crimped
stent before inflation.

(b) Pressure 4 atm - after maintaining pressure for 5 seconds.

(c) Pressure 14 atm - after maintaining pressure for 30 seconds.

(d) Pressure 0 atm - Fully deployed stent.

Figure 1: Different configurations of stent and balloon during the stepwise inflation procedure.
2.3

Stent material

The high molecular weight PLLA backbone of the BVS stent is a semicrystalline polymer displaying
rate-dependent visco-plastic and hyperelastic material mechanics. Such complex material behaviour
limits the use of simple material models such as linear elasticity and isotropic metal plasticity. There-
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fore, an advanced material model that is sufficiently able to capture the material characteristics of
PLLA was taken from literature as presented in [5]. The model consists of an elastic Langevintype spring in parallel with a visco-elastic plastic damper. The material model was implemented as
a fortran subroutine ‘UMAT’ to be compatible with the finite element solver Abaqus/standard. The
material parameters were subsequently fit by comparison of experimental tensile test data with virtual
tensile tests on dumbbell specimens.
2.4

Virtual balloon inflation of the BVS

The product manual of the Absorb BVS instructs
to deploy the scaffold slowly, by pressurizing the
delivery system in 2 atm increments, every 5 seconds, until scaffold is completely expanded. Afterwards, pressure must be maintained for 30
seconds. To gain a better insight into this instruction for use we virtually repeated this procedure, combining the above described finite element stent and balloon models. A uniform
pressure load was applied on the inner surface
of the balloon to force inflation. During a first
simulation, pressure was linearly increased to
a value of 14 atm over a timespan of 5 seconds. Immediately after deployment, pressure
was gradually removed. A second simulation
was performed, this time according to the instructions for use of the BVS. Balloon pressure
was stepwise increased using 2 atm increments.
Each increment has a timespan of 1 second after
which pressure was maintained for 5 seconds.
Prior to deflation, pressure was maintained for
another 30 seconds.
3

RESULTS

An analytical pressure-distension relation was
fit to pressure-diameter manufacturer data for
the Absorb stent to obtain the balloon’s material parameters.
The material model itself was implemented in the Fortran subroutine uanisohyper inv to be compatible with the
Abaqus/standard FE-solver. The balloon was
modelled as a solid incompressible cylinder using hybrid solid C3D8H elements.

Figure 2: Maximum principal stress, dogboning
and outer diameter of the BVS during balloon expansion and deflation. The dashed lines represent
the outcome of the direct balloon inflation simulation, whereas the full lines display values for stepwise balloon inflation. The lowest graph shows
the application of balloon pressure as a function
of time. The time axis has been rescaled to be able
to compare both simulations.

A series of tensile tests were performed on
dumbbell specimens made by laser cutting out of
an extruded PLLA tube (however not from Absorb tubing). The tests were performed at strain rates of 1 mm/min, 10 mm/min and 100 mm/min.
The tensile test were then repeated virtually to manually fit the material properties of PLLA.
Prior to the actual simulations, a mesh sensitivity study was done to establish the required number
of elements to be used for the stent and the balloon. A stent mesh consisting of 10464 linear hybrid
brick (C3D8H) elements and a balloon mesh consisting of 960 C3D8H elements were found to give
accurate results. By using an implicit finite element solution technique, calculation times for these
simulations could be kept lower than one hour for 8 cpu’s. Fig. 1 gives the configuration of the stent
at different time points during the balloon inflation procedure. At a pressure of 2 atm, the stent starts
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to take the typical dogbone shape: the implemented cylindrical balloon model is thus very well able
to capture this phenomenon, which would be absent in the case of a displacement driven simulation
(e.g. using surface elements). In the interval from 8 atm till 14 atm, the balloon is fully inflated and
the dogbone shape has disappeared. When balloon pressure is reduced to zero, the stent diameter
slightly decreases due to elastic recoil.
As described in section 2.4, the stent was virtually inflated following a direct (linear) and a stepwise
balloon pressure regime. A quantitative comparison between the outcome of both simulations is given
in Fig. 2. The lowest graph plots the application of the balloon pressure for the direct (dashed line)
and the stepwise inflation procedure (full line). The second graph shows the evolution of the maximal
value of the maximum principal stress over all integration points during both simulation steps. The
highest values of the internal stresses are reduced with over 20% when a stepwise balloon pressure
increase is used. For the relaxed configuration, reduction of stresses is less extensive. From Fig. 2
we can also notice that the degree of dogboning and elastic recoil after deployment are only slightly
reduced by using a stepwise inflation procedure.
3.0.1

Conclusions

The implementation of a combined viscoplastic hyperelastic material model allows us to obtain insight into to the instructions for use of the Absorb BVS stent. The in this study presented implicit
finite element solution strategy to model free balloon inflation of stents using a cylindrical balloon
model and an anisotropic balloon material captures well some of the stents expansion characteristics
such as the dogboning phenomenon. Although the here presented material model was fitted to very
preliminary experimental data and should not be taken as representative for the actual mechanical
behavior of PLLA, the material model gives a qualitative indication of how a gradual expansion procedure reduces the build-up of internal stresses and consequently the risk for strut fractures. Stepwise
balloon inflation might also reduce the degree of dogboning and elastic recoil after stent deployment.
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SUMMARY
It is well established that fibrosis in cardiac tissue increases the probability of onset of dangerous
cardiac arrhythmias. However, the mechanisms underlying arrhythmias that occur under these conditions are not yet identified. We performed a numerical study using the TP06 model for human
ventricular tissue to investigate how spatial heterogeneity in the distribution of fibrosis affects the
onset of arrhythmias under high frequency pacing. We show that spatially heterogeneous fibrosis
increases the possibility of arrhythmia onset. In addition, we show that arrhythmias ocurring under
these conditions are stable in the sense of being periodic, and can be of both the mother rotor as well
as of the multiple wavelet type.
Key words: cardiac modelling, fibrosis, cardiac arrhythmias

1

INTRODUCTION

Abnormal wave propagation in the heart can result in cardiac arrhythmias. The most serious of them
is ventricular fibrillation, which is a disorganized electrical wave activity in the ventricles of the heart.
Sudden cardiac death caused by ventricular fibrillation is the major cause of death in the industrialized
world. Ventricular fibrillation occurs as a result of the formation of multiple reentrant excitation
waves [1]. Therefore, determining the factors responsible for abnormal electrical propagation and
understanding the mechanisms that give rise to reentrant wave sources is of great importance.
At the microscopic scale cardiac excitation occurs as a result of ionic currents flowing through specialized channels in the cell membrane. Excitation propagates to adjacent cells due to electrical coupling
between cells via gap junction proteins—connexins. Additional factors determining wave propagation are: the spatial organization of excitable cells, the amount of non-conducting interstitial collagen
and the presence of conducting but non-excitable cells (fibroblasts), or, in general, tissue architecture.
It is well known that the onset of ventricular fibrillation can be facilitated by tissue remodeling. Remodeling occurs as a result of various genetic processes that are activated by underlying disease or
aging. Remodeling commonly results in increased numbers of fibroblasts and secretion of excessive collagen. Recent exciting experimental findings suggest that spatially non-uniformly distributed
connexins, sodium current channels and fibrosis is an additional risk factor promoting the onset of
cardiac arrhythmias [2, 3]. However, the mechanisms underlying this observation have not yet been
identified. Experimentally it is difficult to disentangle the effects of spatial heterogeneity in fibrosis,
ion channel properties and gap junctions, and to vary their influence in a systematic way. Therefore,
mathematical models provide an excellent alternative to investigate the impact of these individual
factors in arrhythmia onset and dynamics.
In this work we study numerically whether spatial heterogeneity of fibrosis distribution is important
for the formation of reentrant sources of excitation.
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Figure 1: Left: Stable spiral dynamics for a setting with a homogeneous distribution of fibrosis at 25% of the
total tissue surface. Right: The same mean percentage of fibrosis leads to the emergence of a fibrillatory pattern
for a heterogeneous distribution pattern. Fibrosis heterogeneity is 30% , i.e. the local percentage of fibrosis
ranges from 10% to 40%, with the width and height of the patches within which fibrosis level is constant being
12.5 mm

2

METHODOLOGY

Cardiac cellular electrophysiology was modeled using the TP06 model for human ventricular cardiomyocyte [4, 5] coupled into a monodomain model for cardiac tissue. In this model the main
equation determining the propagation of transmembrane voltage is given by:
@V
@2V
=
@t
@xi @xi

Iion (V, . . .)

(1)

where V is transmembrane voltage, and Iion is the sum of ionic currents:
Iion = INa + IK1 + Ito + IKr + IKs + ICaL + INaCa + INaK + IpCa + IpK + IbCa + IbNa

(2)

where all currents were described by the equations from [4, 5]. The 2D Laplacian was numerically
approximated using standard finite difference schemes. Fibrotic cells were modelled as non-excitable
obstacles with Neumann boundary conditions, and were randomly distributed over the tissue. The
model was implemented with the C++ programming language using the CUDA toolkit for offloading
the computations to the graphics cards. The program was run on an Intel Core i7-3930K machine
with two NVIDIA GTX 780 graphics cards.
3

RESULTS AND CONCLUSIONS

Fig.1 (left) shows a typical simulation result for tissue with a spatially homogeneous level of fibrosis
of 25%. Here we initiated a rotating spiral wave and followed its rotation for 3 seconds. We see
that the spiral is intact and no additional sources of arrhythmia occur. Fig.1 (right) shows a similar simulation for tissue where the average level of fibrosis is again 25% which is now distributed
heterogeneously over space: the tissue consists of approximately 120 square sub-domains and the
percentage of fibrosis in these sub-domains ranges from 10% to 40% with an average of 25% over
the whole tissue. In this case we obtain a complex activation pattern resembling cardiac fibrillation.
This demonstrates that spatially heterogeneous fibrosis promotes the onset of cardiac arrhythmias.
We performed numerous simulations varying the size of the patches in which fibrosis levels are uniform, the degree of heterogeneity in fibrosis level between patches, the average tissue level percentage of fibrosis and the randomly generated distribution pattern of inexcitable cells. We investigated
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Figure 2: Probability of inducing fibrillatory activity by burst pacing as a function of the extent of heterogeneity
in fibrosis levels. The mean tissue fibrosis level is 25%, the heterogeneity value (horizontal axis) indicates the
percentage of change between the highest and lowest applied fibrosis level, centered around the average fibrosis
level. For example, a heterogeneity value of 20% means that the level of fibrosis in sub-regions varies from
25 20/2 = 15% to 25 + 20/2 = 35%. The size of the sub-regions is 12.5 mm

whether a given configuration is prone to arrhythmia formation by applying a burst pacing stimulation protocol for 2.4 s, and observing whether the induced activity persisted upon termination of the
pacing protocol.
The period of burst pacing was set at 240 ms, close to the period of a rotating spiral wave in the
TP06 model. Fig.2 shows a typical example of the dependencies that we observed in our simulations.
Here we varied the degree of heterogeneity in fibrosis levels between patches while keeping the
mean fibrosis at 25%. The size of heterogeneous sub-domains was kept fixed at 12.5 mm. We
measured in how many instances the electrical activity persisted in the tissue after termination of the
external pacing. We see that for smaller heterogeneity (closer to homogeneous fibrosis) the chance
of arrhythmia formation is substantially lower than for higher heterogeneity values. However, for
heterogeneity values of 25% and higher the probability of arrhythmia formation first saturates and
subsequently decreases.
We have further characterized the spatial excitation patterns that occur in heterogeneous fibrotic cardiac tissue. We found that in most cases the electrical activity was approximately periodic. Despite
the large differences in fibrosis levels in different tissue regions we did not observe domains with
significantly different excitation frequencies.
We studied the mechanisms organizing the spatial patterns of excitation. Although the patterns looked
complex and comprised multiple wave-breaks they may be driven by either a single source (so-called
mother rotor fibrillation) or by many independent sources (multiple wavelets type) [6]. To classify the
type of fibrillation occurring in our simulations we investigated how the activation pattern changes
with respect to removing a part of the tissue, which resembles an effect clinically applied ablation
procedures. We used two types of ablation. We performed local ablations of one of the tissue patches,
similar to the approach proposed by Naroyan for atrial fibrillation. In addition we applied linear
ablations where we made a connection from the ablated region to the boundary of the tissue. We
found that the local ablations in most cases did not result in termination of the fibrillatory pattern,
and did not cause any changes to the excitation pattern. However, in the case of linear ablations, we
observed in some cases a termination of the fibrillatory pattern. This indicates that in those cases
fibrillation was of the mother rotor type. In the other cases this ablation procedure did not lead to
termination of fibrillation, indicating that the fibrillation was of the multiple wavelet type. We found
that the type of fibrillation is determined by the size of the tissue. For a small tissue of 6.25 ⇥ 6.25 cm
the resulting fibrillation patterns were always of the mother rotor type. For larger tissues the incidence
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of multiple wavelet type fibrillation substantially increases.
We conclude that spatially heterogeneous fibrosis enhances the probability of arrhythmia onset. The
arrhythmias occurring in heterogeneous fibrotic tissue are characterized by periodical electrical activity and are of the mother rotor or the multiple wavelet type depending on the tissue size.
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SUMMARY
We investigate by means of numerical simulations the effects of electromechanical feedbacks on
the bioelectrical activity of the cardiac tissue. A three-dimensional anisotropic electromechanical
model is constructed by coupling the cardiac Bidomain and ionic membrane model with a quasistatic orthotropic finite elasticity system and active tension model. We derive a novel formulation
of the Bidomain model where the mechanical feedback appears not only in the conductivity tensors
but also in a convective term depending on the deformation velocity and in a stretch-activated term
augmenting the ionic currents. Our results show the importance of these feedbaks on APD distribution
and dispersion.
Key words: cardiac electromechanical markers, cardiac excitation and contraction, orthotropic
Bidomain model, 3D parallel simulations

1 INTRODUCTION AND CARDIAC MODELS
This simulation study is based on the coupling of the following four cardiac models: a) a nonlinear
quasi-static finite elasticity system describing the mechanical deformation of the cardiac tissue; b) a
system of nonlinear ordinary differential equations (known as active tension model) describing the
development of biochemically generated active force; c) a nonlinear system of reaction-diffusion
partial differential equations, (known as Bidomain system) describing the electrical excitation and
recovery of the cardiac tissue; d) a system of nonlinear ordinary differential equations (known as
ionic membrane model) describing the dynamics of the ionic currents through the myocyte membrane.
Previous studies of cardiac electromechanical models can be found e.g. in [1, 4, 5, 6, 7, 8, 12].
a) Passive mechanical model of cardiac tissue. Denoting by X = (X1 , X2 , X3 )T the material
! by x = (x1 , x2 , x3 )T the spatial coordinates of
coordinates of the undeformed cardiac domain Ω,
∂x
the deformed cardiac domain Ω(t) at time t, by F(X, t) = ∂X
the deformation gradient, we model
the cardiac tissue as a nonlinear hyperelastic material satisfying the steady-state force equilibrium
equation
!
Div(FS) = 0,
X ∈ Ω.
(1)

The second Piola-Kirchoff stress tensor S = Spas + Svol + Sact is the sum of passive, volumetric and
active components. The passive and volumetric components are defined as
"
#
1 ∂W pas,vol ∂W pas,vol
pas,vol
Sij
=
+
i, j = 1, 2, 3,
2
∂Eij
∂Eji
where E = 12 (C − I) is the Green-Lagrange strain tensor, W pas is an exponential strain energy
function modeling the myocardium as an orthotropic hyperelastic material (see [7]), and W vol =
K (J − 1)2 is a volume change penalization term, with K a positive bulk modulus and J = detF,
added in order to model the myocardium as nearly incompressible.
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b) Active tension mechanical model. The active component Sact is given in terms of the acal
tive tension, that we assume developed along the myofiber direction only, Sact = Ta !a!aTl ⊗!
, with
C!
a
l

l

!
al the fiber direction in the reference configuration
& and the biochemically generated active tension
$
%
dλ
Ta = Ta Cai , λ, dt is calcium, stretch (λ = !
aTl C!
al ), and stretch-rate ( dλ
dt ) dependent, with the
dynamics described by a system of Ordinary Differential Equations (ODEs) proposed in Land et al.
[9].
c) Electrical model of cardiac tissue: the Bidomain model. We will use the following parabolic! × (0, T ),
elliptic formulation of the modified Bidomain model on the reference configuration Ω
"
#

∂!
v

−T
 cm J
! !
− F Grad !
v · V − Div(J F−1 Di F−T Grad(!
v+u
!e )) + J iion (!
v , w,
c, λ) = 0

∂t
−Div(J F−1 Di F−T Grad v!) − Div(J F−1 (Di + De )F−T Grad u
!e ) = J !ieapp



(2)
for the transmembrane potential v! and extracellular potential u
!e . The gating and ionic concentrations
! !
variables (w,
c) are solution of the membrane model described below. This system is completed by
prescribing initial conditions, insulating boundary conditions, and applied current !ieapp , see [4] for
further details. The conductivity tensors on the deformed domain Ω(t) are given by
Di,e (x) = σli,e al (x)aTl (x) + σti,e at (x)aTt (x) + σni,e an (x)aTn (x),

(3)

where σli,e , σti,e , σni,e are the conductivity coefficients in the intra- and extracellular media measured
along and across the fiber direction al , at , an .
d) Ionic membrane model and stretch-activated channel current. The reaction term Iion (v, w, c, λ)
(iion = χIion ) in the Bidomain model (2) is given by the ionic membrane model, a system of ODEs,
+
∂w
∂c
− Rw (v, w) = 0,
− Rc (v, w, c) = 0,
∂t
∂t
whose unknowns are the gating variables w and the ionic concentrations c. In this work, we adopt the
ten Tusscher model, see [13], available from the cellML depository (models.cellml.org/cellml). The
m (v, w, c) + I
m
ionic current is the sum Iion (v, w, c, λ) = Iion
SAC of the ionic term Iion (v, w, c) given
by the ten Tusscher model and a stretch-activated channel current ISAC . This last current is modeled
as in [10] as the sum of non-specific and specific currents ISAC = ISAC,n + IKo .
2 METHODS
Space discretization. We discretize the cardiac domain with an hexahedral structured grid Thm for
the mechanical model (1) and The for the electrical Bidomain model (2), where The is a refinement
of Thm , i.e. hm is an integer multiple of he . We then discretize all scalar and vector fields of both
mechanical and electrical models by isoparametric Q1 finite elements in space.
Time discretization. The time discretization is performed by a semi-implicit splitting method, where
the electrical and mechanical time steps could be different. At each time step,
a) given v n , wn , cn at time tn , solve the ODE system of the membrane model with a first order IMEX
method to compute the new wn+1 , cn+1 .
b) given the calcium concentration Can+1
, which is included in the concentration variables cn+1 ,
i
solve the mechanical problems (1) and the active tension system to compute the new deformed coordinates xn+1 , providing the new deformation gradient tensor Fn+1 .
c) given wn+1 , cn+1 , Fn+1 and Jn+1 = det(Fn+1 ), solve the Bidomain system (2) with a first order
IMEX method and compute the new electric potentials v n+1 , un+1
with an operator splitting method.
e
We refer to [3] for more details.
Computational kernels. Due to the employed space and time discretization strategies, at each time
step, the main computational efforts consist of:
i) solving the nonlinear system deriving from the discretization of the mechanical problem by a
Newton-GMRES-Algebraic Multigrid method, see [4];
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Figure 1: Action potential duration (APD) distributions on the endocardial, midmyocardial end epicardial
surfaces computed without ISAC current, with ISAC current and with ISAC + CONV term. Below each panel
are reported the min, max and step in ms of the displayed map.

ii) solving the two linear systems associated with the elliptic and parabolic Bidomain equations using the Conjugate Gradient method preconditioned by a Multilevel Additive Schwarz preconditioner
studied in [11].
Our parallel simulations have been performed on a Linux cluster using the parallel library PETSc [2]
from the Argonne National Laboratory.
! = Ω(0) is the image of a
Domain geometry and parameter calibration. The cardiac domain Ω
cartesian slab using ellipsoidal coordinates, yielding a portion of truncated ellipsoid. The values of the
orthotropic conductivity coefficients (see (3) used in all the numerical tests are σli = 3, σti = 0.31525,
σni = 0.031525, σle = 2, σte = 1.3514, σni = 0.6757, all expressed in mΩ−1 cm−1 . The parameters
of the orthotropic strain energy function are given in [7]. The bulk modulus is K = 200 kP a.
Stimulation site, initial and boundary conditions. The depolarization process is started by applying a cathodal extracellular stimulus of ieapp = −250 mA/cm3 lasting 1 ms on a small volume of
0.4 × 0.4 × 0.2 mm3 located in the center of the endocardial or epicardial surface. The initial conditions are at resting values for all the potentials and gating variables of the ten Tusscher model, while
the boundary conditions are for insulated tissue. We assume the wedge fixed at the base and without
external loading. In all the electromechanical simulations, the electrical mesh size is he = 0.01 cm,
while the mechanical mesh size is hm = 0.08 cm, and the electrical time step size is ∆e t = 0.05 ms,
while the mechanical times step is ∆m t = 0.25 ms.

3 RESULTS AND CONCLUSIONS
The electromechanical response of an insulated block of ventricular wall, fixed at the base and stimulated at the center of the endocardial surface, has been investigated by 3D numerical simulations. We
have considered homogeneous cell membrane properties in order to avoid masking the effects of mechanical feedbacks by the presence of heterogeneity of the cellular membranes. We have performed
several simulations of a whole cardiac heart beat with and without mechanical feedback (MF); in particular: i) taking into account MF in the Bidomain diffusion tensors, but disregarding the ISAC current
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and the convective term (denoted by ”without ISAC ”); ii) one taking into account MF in the diffusion
tensors and the ISAC current, but disregarding the convective term (denoted by ”with ISAC ”); iii) one
taking into MF in the diffusion tensors, the ISAC current and the convective term (denoted by ”with
ISAC + CONV”).
Fig. 1 reports the action potential duration (APD) distributions on the endocardial, midmyocardial
and epicardial surfaces relative to these three simulations with MF: without ISAC , with ISAC and
with ISAC + CONV. The presence of the ISAC current prolongs the APD of about 10-15 ms and
strongly increases the total APD dispersion with respect to the simulation without ISAC (from 27 to
14 ms). The convective term increases further the APD dispersion to 45 ms. We note that, in the
case with ISAC + CONV, the total APD dispersion of 45 ms almost coincides with the endocardial
dispersion, while the epicardial dispersion is comparable with that of the case with ISAC and without
the convective term.
Our results show that the mechanical feedbacks do not alter the patterns of activation and repolarization sequences and the morphology of the transmembrane action potential and electrogram waveforms
(not shown), while they strongly affect the action potential duration (APD) patterns. In particular, the
ISAC current prolongs the APD of about 10-15 ms and the inclusion into the model of both ISAC
current and the convective term increases the dispersion of APD about three times. These effect
might facilitate arrhythmogenic mechanisms when combined to pathological substrates, particularly
in presence of tissue heterogeneity, that should be investigated in future studies.
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SUMMARY
Spectral deferred correction methods are attractive for integrating monodomain equations due to their
flexibility. In particular they can be combined efficiently with mesh adaptivity. Here we investigate
a simple variant of multi-rate integration: spatially varying iteration numbers. Numerical results
indicate that on fixed uniform grids, execution time savings of factor 3 are possible without affecting
the overall accuracy. Combined with mesh adaptivity, a factor of 1.5 is obtained.
Key words: cardiac simulation, spectral deferred corrections, multi rate integration

1

INTRODUCTION

Simulating the electrical excitation of the heart is a considerable challenge due to the relatively narrow
depolarization front propagating through the myocardium, which requires very fine spatial meshes
and short time steps [2]. Adaptive mesh refinement has been considered for reducing the computational effort [3]. Due to the overhead of error estimation and re-assembly, the execution time is
reduced significantly less than the number of mesh nodes. One way to address this deficiency is to
use higher order time stepping schemes with many stages, such that the overhead is amortized over
longer time steps. In this context, spectral deferred correction methods (SDC) as popularized by [4]
are particularly attractive. Being iterative solvers for coupled collocation systems, they integrate well
with splitting methods and adaptive mesh refinement [7].
Here, we investigate the use of multi-rate integration for cardiac simulation with SDC, understanding
multi-rate in a broad sense as employing time stepping schemes with different effort and accuracy in
different parts of the spatial domain, not only different time step sizes.
2
2.1

MULTI RATE INTEGRATION WITH SDC
Cardiac simulation

The electrical excitation of the myocardium can be described by the monodomain equations
cm u̇ =

div(Dm ru)

ẇ = R(u, w)
T

n Dm ru = 0

Iion (u, w) + Iapp

in ⌦ ⇥ (0, T )
in ⌦ ⇥ (0, T )

on @⌦ ⇥ (0, T ),

where u denotes the transmembrane voltage, w the gating variables, Dm the anisotropic diffusion
tensor, cm the membrane capacity density, and Iapp the externally applied excitation current. The
dynamics of ion transport across the membrane is described by the membrane model made up from
the transmembrane current Iion and the gating dynamics R. For a recent monograph we refer to [6].
As a membrane model we employ the Aliev-Panfilov model [1].
As spatial discretization we use standard Lagrange finite elements with ansatz order 3 on a simplicial
grid as provided by the Kaskade 7 toolbox [5]. For time discretization we use SDC on a Radau time
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Figure 1: Left: Excitation front spreading out (computation with adaptive mesh refinement). Right: Comparison of sweep correction magnitude and spatial extent. Left part: first sweep. Right part: sweep 12.

grid with 4 collocation nodes, employing a linearly implicit Euler scheme with inexact solution of the
linear systems as a basic scheme separately for transmembrane voltage and gating variables.
The simple test setup we consider is a 2D square domain with short excitation Iapp in the lower
left quadrant, such that a depolarization front with elliptic shape spreads out through the domain,
see Fig. 1 left. For quantifying the overall accuracy, we use the difference of the norms at final time between highly accurate reference solution and the approximation under consideration,
ku(T )kL2 (⌦) kuref (T )kL2 (⌦) , which is closely related to the average deviation of the conduction velocity.
2.2

Multi rate integration

Multi rate integration can refer to applying different time discretizations within the same integration, usually by emplyoing different time step sizes, which necessitates the definition of appropriate
coupling between the differnent schemes. With SDC, a structurally much simpler mode of multi
rate integration can be used: Within the same time step, different numbers of collocation nodes and
iteration numbers can be used. The continuous definition of approximate solutions by polynomial
interpolation makes the coupling trivial.
Multi rate integration can be applied either for different variables in coupled systems, or in different
spatial regions. The first approach has been considered in [7] for electro-mechanical coupling. Here,
we exploit the second approach. The temporal dynamics is obviously restricted to the spatial region
that is traversed by the depolarization front within the time step under consideration. Moreover, the
region where quantitatively significant corrections occur shrinks in the course of the SDC iteration,
see Fig. 1, right. The idea is, to restrict the SDC sweep computation to a working set of finite element
nodes for which a relevant correction is to be expected in the next sweep. This selection of degrees
of freedom is an algebraic counterpart to geometric selection of degrees of freedom by adaptive mesh
refinement.
Based on the expectation of linear SDC convergence and limited spatial transport by diffusion, an
estimate for the remaining local iteration error in iteration k is computed from the previous local
correction magnitude and the global contraction rate:
[kuki

ui k] :=

[⇢]k 1
1 [⇢]k

k uki
1

1

k for all i, with

[⇢]k

1

:=

k uk
k uk

1k
2k

.

The next SDC sweep k is performed with only those nodes i, for which the estimated local iteration
error exceeds a certain drop tolerance: [kuki ui k] > TOLdrop .
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Figure 2: Left: Impact of multi rate drop tolerance on final time error for different values of SDC iteration
tolerance. Numerical results indicate that a drop tolerance of a factor 10 below the iteration tolerance has only
a negligible impact on the overall accuracy. Right: Impact of multi rate integration on wall clock time.

This simple node selection scheme has been applied to the 2D test case on a fixed spatial grid for
different SDC iteration and drop tolerances, see Fig. 2. As expected, a very small drop tolerance
has essentially no impact on the final result, whereas too large drop tolerances lead to significant
deviations and increasing overall errors. A reasonable strategy appears to be to choose TOLdrop =
TOL/10, which incurs only a minor increase in overall error. Due to a drastic reduction of the number
of degrees of freedom in the linear equation systems to solve for later SDC iterations, the wall clock
time is nevertheless reduced by a factor of 3.
2.3

Spatial mesh refinement

Similar to the algebraic adaptivity outlined above, adaptive mesh refinement reduces the number
of grid points in regions whith low spatial and hence temporal dynamics. SDC iteration and mesh
refinement are interleaved such that the mesh is refined whenever the estimated iteration error drops
below the estimated spatial discretization error. Based on an embedded error estimator comparing the
computed solution with a lower order interpolant, the mesh is refined in regions with large estimated
error until the SDC tolerance TOL is reached.
Both mesh refinement and algebraic adaptivity try to exploit the same solution feature: locality of
temporal dynamics in space. Therefore it is to be expected that algebraic adaptivity on adaptive
meshes does not give the same improvement as on fixed meshes.
In order to take any new solution feature that might arise on a refined grid into account as well as to
simplify index handling, after mesh refinement the algebraic adaptivity for the next sweep starts with
all degrees of freedom in the working set, then reducing the working set as outlined for fixed meshes.
Wall clock time reductions by algebraic adaptivity on top of adaptive mesh refinement are shown in
Fig. 3. As before, increasing the drop tolerance to TOL/10 has virtually no impact on the overall
error, but reduces the computing time by a factor of 1.5.
3

CONCLUSIONS

A simple form of multi-rate integration with SDC methods can be realized in a straightforward way,
leading to significant reductions in computing time. In combination with adaptive mesh refinement
competing for almost the same budget of spatial regions with coarse spatio-temporal dynamics, the
gain is less pronounced but still worthwile.
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Figure 3: Impact of multi rate integration on wall clock time when combined with spatial mesh adaptivity.
Log of final time error vs. log of wall clock time.
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SUMMARY
A database-free reduced-order approach is proposed to approximate the solutions of monodomain
and bidomain equations describing the electrical activity of the tissues. A non-linear method is proposed, based on Approximated Lax Pairs. An Empirical Interpolation method is used to improve the
performances of the reduced-order model (ROM) and deal with non-polynomial models.
Key words: Electrophysiology, Reduced-order modeling, ALP

1

INTRODUCTION

Several models were proposed in the literature to describe the electro-physiology of the human tissues. In the present work the monodomain and bidomain models were considered, see [1]. Several
realistic applications can be devised, like ECG simulations, optimal design and placement of probes
and pacemakers, or, concerning the therapies, the planning of radiofrequency ablation. The use of
models can be beneficial to get some insight but it is actually limited by the computational costs.
For instance, consider the case in which long time simulations are in order, or some patient specific
approach is sought.
The present work aims at setting up a reduced-order framework. The systems describing the electrical
activity of the tissues are challenging from a model-reduction point of view. Two main difficulties
have to be overcome: first, the equations are highly non-linear and in general non-polynomial; second,
the systems are parametric, the parameters belonging to a high-dimensional, or even infinite dimensional space. The classical methods to set up reduced order models are based on a two step procedure:
in the offline phase a database of full-order simulations is built by varying the parameters values in a
range of interest. The important information concerning the solutions is retrieved (often by building
a basis) and in the online phase a low dimensional system is propagated, whose solution mimics that
of the full-order one. The fact that the parameters belong to a high dimensional space make the offline phase costly or even prohibitive: the number of full-order simulations to be performed to have a
database which is representative of all the behaviors of interest might be very high. Furthermore, the
out-of-database stability of the reduced-order model is a critical issue for highly non-linear systems.
Concerning the systems describing the electro-physiology, they are featured by wave propagation: it
is known that such a phenomenon is difficult to render by using standard reduced order models, like
Proper Orthogonal Decomposition. A database-free method is investigated to build reduced-order
model for electro-physiology. It is based on the construction of a time moving basis (see for instance
[3]), resulting from a perturbation of a linear, inverse compact, self-adjoint operator. The basis is
used to discretise the system equations. In order to improve the speed-up by reducing the complexity
and to tackle the non-polynomial nature of the models the method proposed in [4] was modified by
introducing an Empirical Interpolation approach.
In Section 2 the equations considered are described, and the realistic applications reviewed. In Section
3 the numerical method is synthetically described. Some results are presented in Section 4.
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2

MONODOMAIN AND BIDOMAIN EQUATIONS

The electrical activity is modeled by the bidomain equations (see for instance [1] ). The bidomain
equations are obtained by a homogenization process which leads to the definition of intra and extracellular electrical potentials, denoted by uI and uE respectively. The bidomain equations read:
Am C m

@vm
+ Iion (vm , w)
div( ¯I rvm ) div( ¯I ruE ) = Am Iapp
@t
div(( ¯I + ¯E )ruE ) div( ¯I rvm ) = 0
@w
g(vm , w) = 0
@t

(1)

where vm = uI uE is the transmembrane potential, w is a variable related to the ionic activity, ¯I,E
denotes the intra- (resp. extra-) cellular conductivity tensor, Am and Cm are the ratio of membrane
area per unit volume and the membrane capacitance per area respectively. Finally, the term Iion
denotes a nonlinear function representing the ionic current through the cell membrane and the term
Iapp is a given source term.
The current Iion is defined by a model which is coupled to the bidomain equations. In the present
work we considered the FitzHugh-Nagumo and the Mitchell and Shaeffer models (see for instance
[2]).
In many cases, an approximation called “monodomain equations” is sufficient [1] to correctly describe
the tissues electrical activity. They read:
Am (Cm

@vm
+ Iion (vm , w))
@t

div( ¯m rvm ) = Am Iapp
@w
@t

g(vm , w) = 0,

(2)

where ¯m is an electrical conductivity.
3

APPROXIMATED LAX PAIRS

A database-free approach is searched for in order to build a basis that capture the main features of the
solution of the PDE @t u = F (u). The basis is orthonormal and it evolves in time, aiming at following
the system dynamics (see [3]). Its definition is based on the following hypothesis: at each time step,
the basis functions are the eigenfunctions of a linear, inverse-compact, self-adjoint operator, which
is the sum of an elliptic operator and a perturbation. The perturbation is a multiplication operator in
which the potential is the solution of the PDE:
r 2 'i

u'i =

i 'i .

(3)

This is a Schrödinger like operator, whose time dependence is related to the time evolution of u.
The basis evolution is obtained by deriving with respect to time, and, by using the basis and operators
properties, it holds:
@t 'i = M(u)'i ,
(4)
where M is a linear skew-adjoint operator.

The novelty with respect to the methods proposed in [3, 4] is related to the discretisation through
empirical interpolation approach. A set of degrees of freedom of a finite element discretisation is
selected by using a greedy algorithm. The eigenfunctions representation is a matrix hiP= 'i (xh ).
The equation for the system is discretised by means of a Galerkin projection. Let u = j j 'j be
the solution expression, being the representation of the solution in the reduced space. The evolution
of the ROM can be summarized as follows:
X
@t i +
Mij j = hF, 'i i,
(5)
j

@t

hi

=

X

hj Mji

(i)

+ rh ,

(6)

j
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where M is the representation of the evolution operator M onto the basis and r(i) are vectors spanning
the orthogonal component of the basis. The use of an empirical interpolation approach is useful when
computing the projection involving a non-polynomial F , without doing operations in the full-order
space.
4

RESULTS

In this section some results are presented. The method was tested on both academic testcases and
more realistic settings. A significant speed up of approximately 102 was observed in the numerical
experiments performed. In this section an academic testcase is shown.
We consider a 2D square domain [0, 1]2 , discretized with a P1 finite element mesh composed of 5.878
vertices, and the monodomain equations (2) coupled with a FitzHugh-Nagumo ionic current model:
Iion (u, w) = su(u
g(u, w) = ✏( u

a)(u
w)

1) + w

(7)

The parameter values used are reported in Table 1. A test case with heterogeneous ionic parameter s
is set up. The parameter s(x) is a function of the space, it is a distributed parameter that belongs to
an infinite dimensional space. For the reduced-order techniques that rely on the pre-computation of
solutions, this would increase in a significant way the database dimension and the cost of the offline
phase. In particular, for the test case considered, the expression of s(x) reads:
(8)

s(x) = s0 · 1⌦/⌦s + s1 (x) · 1⌦s ,

(9)

⌦s = {(x, y) | (0  x  0.5), (0.25  y  0.75)} ,
36y 7
s1 (x) = s0
.
20

(10)

The value of the parameter s0 is reported in Table 1. There is a square subdomain in which the
ionic parameter s is modified: it can be seen as a schematic representation of an obstacle for the
depolarization waves.
The ALP method was applied to this scenario. The ALP ROM was integrated, taking
time step t = 0.01 ms.

= 15 and a

A qualitative comparison between ALP and POD solutions is proposed in Figure 1, at four different
instants: t = 15, 20, 25, 30 ms. The FEM solution is represented on the left column, ALP is in the
center and POD on the right. The POD modes were built by considering a scenario with homogeneous ionic parameters. The POD model is not accurate enough out of database and it is not able to
account for the dynamics in the presence of an obstacle, if this has not been taken into account in the
database. The POD result could be improved by considering a database for which multiple scenarios
are simulated, by introducing, for instance, heterogeneities localised in several positions, of different
sizes. On the contrary, ALP performance is good, without any pre-computations.
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Table 1: Physical and ionic parameters.
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Figure 1: Comparison between FEM (left column), ALP ( = 15, NM = 25) in the center and POD (NM =
25) on the right. Four different times are considered, namely t = 15, 20, 25, 30 ms.
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SUMMARY
A multi-scale computational model that couples a three-dimensional finite-strain structure-based left
ventricle of the heart, and a one-dimensional dynamic physiologically-based model for the systemic
arteries is established for predicting and evaluating the arterial-ventricular interaction. The coupling is
achieved by matching the pressure and flow rate at the aortic root, i.e. the circulation model feeds back
the pressure as a boundary condition to the LV model, and the flow rate from the LV is used as the input
for the circulation model. The results show good agreement with measured data (< 2% difference in
peak flow rate and < 3% difference in peak LV pressure), and this model is also used to simulate the
effect of disease in the systemic systems.
Key words: coupling, systemic circulation, left ventricle, mathematical modelling

1

INTRODUCTION

Cardiovascular disease leads to over 17 million deaths worldwide per year, which makes it the single
greatest cause (48%) of mortality. Understanding how the disease develops and the relationships between each part of the cardiovascular system are very important for reducing mortality and morbidity.
Computational simulation is effective in studying the cardiovascular system, but constructing a detailed
three-dimensional description of a left ventricle (LV) combined with a dynamic systemic arterial circulation remains a major challenge.
A variety of models related to the LV or systemic arteries have been developed, but few of them considered the interaction between these two parts. In this study, two particular models from two healthy
subjects are chosen to complete a coupled model including the LV and systemic arteries for predicting
and evaluating the arterial-ventricular interaction.
2

METHODOLOGY

Two advanced independent mathematical and computation models for the LV and the systemic arteries
are coupled to study the interactions in the systemic arterial circulation.
The LV model is based on Gao et al.’s work (2014). In this model, the fluid-structure interaction (FSI) is
described by an Immersed Boundary (IB) approach, in which an incompressible solid is immersed in a
viscous incompressible fluid, and solved by a Lagrangian Finite Element (FE) method [1,2]. The passive
and active material parameters in the LV model are determined by fitting the end-diastolic and endsystolic volumes to measurements of the left ventricular volume. A population-based end of diastolic
pressure (EDP) of 8 mmHg is chosen since it is impossible to measure the EDP non-invasively in a
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healthy volunteer. The brachial cuff measured end-diastolic and peak systolic brachial arterial pressures
are 85 mmHg and 150 mmHg, respectively. The volumetric flow rate across the aortic valve is also
measured with phase contrast magnatic resonance imaging (MRI).
The systemic circulation model consists of two groups of arteries, the large arteries and the small arteries
or vascular beds. The large-arteries model uses a Lax–Wendroff scheme to compute the cross-sectionalarea-averaged flow and pressure based on physiological parameters of the arterial tree, such as length,
radius and compliance, which are based on MRI measurements as described in Olufsen et al. (2000).
Each terminal vessel in the network of the large arteries is coupled with a vascular bed of small arteries,
modelled as asymmetric structured tree, to provide outflow boundary conditions [3–5].
An important goal of our model is to use the cross-sectional-area-averaged one-dimensional systemic circulation model to provide a realistic downstream condition for the LV model, and a rational physiologicallybased description of the systemic arteries that can be used to study the effects of peripheral arterial
disease. The coupling is achieved by matching the pressure and flow rate at the aortic root, i.e. the
circulation model feeds back the pressure as a boundary condition to the LV model, and the flow rate
from the LV is used as the inflow for the circulation model. There is no aortic valve in the LV, so we
model the function of the AV as follows: the AV opens when the pressure in the LV just exceeds the
pressure in the proximal aorta adjacent to the valve; the AV closes when the flow rate is negtive at the
boundary plane in the LV proximal to the AV. The governing equations of the system also incorporate
the fluid-structure interaction and the active contraction of the myocardium. To solve this system, we
couple the two numerical schemes using a combined immersed boundary finite element (IB/FE) method,
and the Lax–Wendroff scheme of Olufsen et al. (2012). This is an explicit method and sufficiently small
time step 4t needs to be used to ensure numerical stability.
To describe the coupling of the two models, we first consider two domains ⌦3D and ⌦1D , representing
the aorta trunk in the LV model and the ascending aorta in the systemic circulation model in Fig. 1, and
the interface a at x = a is the upper boundary plane of aortic trunk as well as the beginning of the
ascending aorta.

Figure 1: The interfacial plane x = a at the location of the aortic valve (AV), connecting the 3-D model
of the LV to the 1-D model of the aorta in the systemic circulation.
Among the four phases during one cardiac cycle in the LV, the coupling only happens during systole;
two models are separate during all the other phases, i.e. diastolic filling, isovolumetricR contraction and
relaxation. The coupling starts when the cross-sectional averaged pressure, p̄(a ) = a p/| a |dA, in
the aortic trunk at the position of the aortic valve, first exceeds the pressure p̄(a+ ) in the ascending aorta
at the root of the systemic arteries, i.e. p̄(a ) > p̄(a+ ) correspounding to the opening of the aortic
valve, and it ends when the flow Q(a ) < 0. During systole, we assume that, at the interface a (x = a)
between the two domains ⌦3D , ⌦1D in Fig. 1,
Z
1
p̄(a ) = p̄(a+ ), where p̄(a ) =
p dA,
(1)
| a| a
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+

Q(a ) = Q(a ),

where

Q(a ) =

Z

a

in which u is the velocity of the fluid, and n is the outward unit normal to the surface
3

(2)

u · n dA.
a.

RESULTS AND CONCLUSIONS

In this study, the coupled systemic system is tested by one normal simulation, based on measurements
of healthy LV and healthy systemic arteries from two healthy subjects, followed by 3 controlled cases
representing 3 different diseased-related conditions. The results are compared with those calculated
using Olufsen et al.’s model with a periodic clinical cardiac output as inlet flow rate boundary condition
instead of a dynamic LV [4,5], and the other parameters are kept the same as those in the coupled model.
Results in the normal case show that the flow rate in the LV proximal to the AV agrees well with the
experiment data with less than 2% difference in peak value (Fig. 2). The peak LV pressure (159.1 mmHg)
is also close to the experiment data (150 mmHg) with less than 3% difference (Gao et al. 2014) [1].

Figure 2: Comparisons of flow rate in the LV model with circulation boundary condition (solid line) and
the measured flow rate (dashed line).
Three disease-related cases are studied in the coupled model, i.e. stiffening of arterial wall, simulating
functional rarefaction and changing end-of-diastolic pressure (EDP). The first two disease-related cases
are simulated by parameter control as described in Olufsen et al. (2012).
The results show that increasing the stiffness of the large arteries by 50% and 100% result in increased
pulse pressure (by 3.8% and 8.0%) and decreased trough pressure (by 4.1% and 8.0%) in the ascending
aorta (Fig. 3), while increasing the stiffness of small arteries has less effect on the pressure or the flow
rate during systole. Increasing the degree of vascular rarefaction (by 5.8%, 13% and 20%) increases
both peak and mean pressure in the aorta (by 2.6%, 8.6% and 17.6% for peak pressure), but the peak
flow rate barely changes. Increasing the EDP from 8 mmHg to 10 mmHg leads to a 4.1% increase in
the end-of-diastolic volume and a 9.76% increase in the cardiac output as well as a 5.9% increase in the
peak LV pressure, while decreasing the EDP has the opposite effects on these characteristics.
Compared with the calculated results from Olufsen et al. (2012) [5], the waveform of the pressure and
the flow rate in our model have the same trend as those in the circulation model, but both the peak and
the trough pressures in the coupled model are around 5 mmHg to 10 mmHg lower than those in the
circulation model. Moreover, the effects of disease cause an increase in peak pressure is less in the
coupled model than in the circulation model. This means that the dynamic LV tends to decrease the
pressure, reducing the effects of diseases on the systemic arterial system.
In this study, we have developed a dynamic left ventricle and circulation model, which contains a dynamic FE/IB LV model and a cross-sectional area-averaged systemic circulation model. With the sys-
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: Comparisons of pressure in the ascending aorta ((a) and (b)), left subclavian ((c) and (d)), and
femoral arteries ((e) and (f)) between the coupled model (first column) and the results reproduced from
circulation model in Olufsen et al. 2012 (second column) [5], increasing stiffness of large arteries by
50% and 100%.
temic arterial model providing realistic downstream condition for the LV, for the first time the profiles of
pressure and flow rate are both predicted in the LV and systemic arteries at any position along the vessels
, which is important progress in simulating the cardiovascular system. The coupled model can be used
to analyse the interactions of the LV and the systemic arteries during systole, as well as to explore the
causes and development of cardiovascular diseases.
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SUMMARY
A closed loop model of the cardiovascular system is presented. It consists of a sophisticated 3D
nonlinear solid mechanics model of the heart ventricles, coupled to 0D models for the heart valves,
the pulmonary and the body circular system. The model is blood volume preserving and suitable to
be used in heart assist device engineering as it is capable to represent various diseases (myocardial
infarction, chronic heart insufficiency) based on patient specific heart geometries and cardiovascular
function.
Key words: heart modeling, cardiovascular mechanics, reduced order modeling

1

INTRODUCTION

The adequate predictive modeling of cardiac mechanics that is capable of accurately reproducing
the heart’s functionality and response to external disturbances is challenging. Especially the various
physical phenomena involved, i.e. structural and fluid mechanics as well as electrophysiology, pose
high demands on the numerical solution strategies. We present a 3D nonlinear finite element model
based on patient-specific heart geometries, which includes an active material law prescribing the ventricular contraction along a generic muscle fibre orientation [1]. In addition, a passive material model
captures the highly anisotropic nonlinear behavior of the myocardium [2]. Furthermore, the structural
model is strongly coupled with the ventricular blood compartments, addressed through 0D models to
represent valve functionality and the circulatory system. We use a closed-loop lumped-parameter
model which is able of modeling veinous return by assuring conservation of volume within the closed
loop model of the circulatory system, similar to [4, 5, 7]. This leads to a strongly coupled monolithic 0D-3D nonlinear system of equations being solved within an iterative Newton-Raphson scheme
with adequate block preconditioners at hand and allows for the physiologically meaningful solution
of the heart contraction mechanics without considering a full fluid-structure interaction problem. We
demonstrate efficient strategies for calibrating the model to real-life experimental data. Given the
calibrated patient-specific heart model, we demonstrate the model’s predictive capability for cardiac
assist device engineering and optimization.
2

METHODOLOGY

The 3D model of the ventricles is based on patient specific geometries and incorporates an anisotropic,
passive material
Z
Z
nR Z
X
⇢0 ü · u dV + S : E dV +
N ⌦ N (kj u + cj u̇) · u dA =
(1)
⌦0

=

X

i=`,r
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Z

WSI,i
0

j=1

⌦0

piv JF

T

N · u dA ,

R,j
0

with

@
+ ⌧a f 0 ⌦ f 0 ,
(2)
@E
where the material law consists of the passive strain energy contribution according to [2] and an active
stress model governing the contraction in the muscle fibre directions. Muscle and sheet directions are
determined as described in detail in [1]. In eq. (1), the integral over R,j
represents a viscoelastic
0
embedding tissue surrounding the heart with N the outer surface normal. The loading term on the
right hand side is a traction acting on the luminal surface of the heart muscle in the left (i = l) and right
ventricle (i = r) in the current, deformed configuration, respectively. The loading term piv is governed
by the 0D model coupled to the 3D structural equations, see Fig 1. The 0D model accounts for all
four heart valves, the left and right atrium and the pulmonary and body circuit system, respectively.
It can be calibrated to meet patient specific cardiovascular properties using a Levenberg-Marquardt
type optimization procedure.
S=

The activation function ⌧a is either prescribed or governed by the electrophysiological field
Z
Z
Z
Z
˙
dV + Q · r dV =
T̂
dA + f
dV ,
⌦0

⌦0

Q
0

(3)

⌦0

where
Q = Dr

(4)

relates the electric flux to the gradient of the potential via an anisotropic diffusion model according to
[6].

Figure 1: Visualization of the closed loop 0D-3D cardiovascular heart model. Patient specific 3D structural
dynamics model of the left and right ventricle utilizing anisotropic, hyperelastic material with activation term.
0D representation of the closed loop circulatory system representing atria, heart valves, arterial and venous
system.

The coupled 0D-3D nonlinear system of equations is solved for in a monolithic Newton-Raphson
type procedure yielding a 2 field problem in case the muscle fibre activation function ⌧a is prescribed.
If an electrophysiology model (3) is incorporated, it is coupled to the 0D-3D model in a partitioned,
one way coupled fashion.
A 3D solid mechanics model of an extravascular assist device (not shown in Fig. 1) acting on the
epicardial surface of the heart muscle can be incorporated to model assist device-heart interaction.
This is particularly of interest for assist device prototype engineering as well as patient specific device
calibration.
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3

RESULTS AND CONCLUSIONS

The 0D reduced order model coupled to a 3D patient specific heart muscle model is capable of reproducing patient specific physiological pressure and flow measurements obtained from experiments
based on healthy and diseased porcine individuals. Therein, the closed-loop reduced order model
guarantees blood volume conservation. A method to calibrate the resistances, capacities and inertance of the 0D model based on a Levenberg-Marquardt optimization algorithm is utilized to perform
patient specific calibration.
In this presentation we will supply modeling and algorithmic details of the method proposed as well
as results demonstrating the ability to reproduce physiologically meaningful and patient specific cardiovascular behavior. An outlook is given that will demonstrate the use of the proposed 0D-3D heart
model in assist device virtual prototyping.
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SUMMARY
We review boundary conditions for the epicardium currently utilized in cardiac mechanics simulations, in terms of the underlying physiology and their computational and modeling complexity. Furthermore, we propose a computationally tractable framework motivated by the heart’s physiology.
We illustrate the consequences of each boundary condition using a simplified geometry.
Key words: cardiac modeling, pericardium, boundary conditions, finite elements

1 INTRODUCTION
Biomechanical modeling of the human heart allows the computation of diagnostic quantities not available in routine clinical examinations (e.g. imaging) such as the regional distribution of mechanical
constitutive parameters, stresses, and work. When adapted to every patient, the model outputs can
support the physicians selecting optimal surgical treatments, e.g. choosing the pacing site for cardiac
resynchronization devices [1] or to optimize the radiofrequency ablation for the treatment of arrithmias [2]. In the future, cardiac modeling could be used to describe the long-term progression of
pathologies, such as myocardial remodeling after infarction [3], to allow for optimal treatment planning.
Cardiac mechanics simulations consist of solving a nonlinear elastodynamic boundary value problem
[4]. Therefore, physiological boundary conditions are essential to obtain predictive results for the
previously mentioned clinical purposes. The boundary conditions on the structure field of the myocardium are mainly governed by two physiological aspects: Blood flow within the chambers near
the inside surface of the myocardium (endocardium) and the pericardial sac on the outside surface.
The blood flow is commonly represented by reduced-order fluid models that apply a normal pressure
to the endocardial wall [5]. However, there is no consensus on boundary conditions to represent the
effects of the pericardial sac. We review pericardial boundary conditions currently utilized in cardiac
mechanics simulations and propose a new physiological and computationally efficient formulation.
2 PERICARDIAL BOUNDARY CONDITIONS
2.1 Anatomy of the pericardium
Figure 1 shows the approximate location of the pericardium of a healthy volunteer (male, age 24) in
a short-axis magnet resonance image (MRI) of the heart. The human pericardium consists of a serous
membrane (serous pericardium) and a 1 − 3 mm thick closed fibrous sac (fibrous pericardium) [6].
The serous pericardium is connected to the myocardium (visceral pericardium) and the fibrous pericardium (parietal pericardium). The composite of fibrous and parietal pericardium is commonly
referred to as pericardium, whereas the visceral pericardium in contact with the myocardium is referred to as epicardium. The space between the visceral and parietal pericardium is the pericardial
cavity which is filled by a thin film of 20 − 60 ml of fluid. The pericardium itself is attached to the
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Figure 1: Short-axis view of the heart of a healthy volunteer (male, age 24). The approximate position of the
pericardium is indicated in red. Image courtesy of Department of Nuclear Medicine, Technische Universität
München.

central tendon of the thoracic diaphragm and the sternum and additionally supported by the coats of
the great vessels.

2.2 Physiology of the pericardium
The pericardium is at least one order of magnitude stiffer than the myocardium and is dominated
by the viscous behavior of extracellular matrix and elastin fibers [7]. Its general purpose is to constrain both systolic and diastolic movement of the heart and isolate it from other structures [8]. The
pericardium prevents the heart chambers from dilation as well as from hypertrophy under strenuous
exercise. Due to the closed cavity of the stiff pericardium and the incompressibility of the pericardial
fluid, the pericardial fluid acts as a load balancing mechanism. The pericardial fluid supports the passive atrial diastole by applying negative pericardial pressure during ventricular systole. Furthermore,
it ensures equal transmural end-diastolic pressure through hydrostatic compensation when acceleration forces are acting on the heart. Physiological pericardial boundary conditions are thus crucial for
the global kinematic and stress state of the heart in cardiac simulations. On the epicardial surface,
they must model both the stiffness of the pericardium as well as the adhesial force of the pericardial
fluid.
2.3 Review of existing boundary conditions
Pericardium-myocardium interaction is in fact a fluid-structure interaction problem. However, a mathematical and numerical treatment of such a physical behavior is extremely challenging and would
mount the implementation and computational cost to levels not affordable from a practical (and clinical) perspective. Many boundary conditions exist in literature to account for the pericardium intending
to represent the physics in a simplified manner. They are combinations of Dirichlet, Neumann, and
contact conditions. In simulations consisting only of the ventricular geometry, a common approach
is to apply Dirichlet boundary conditions on the atrioventricular plane together with homogeneous
Neumann boundary conditions on the epicardial surface [9, 10, 11]. Other models directly prescribe
the motion of the epicardium as observed in tagged MRI [12]. More advanced formulations model the
impact of the pericardium with a unidirectional solid-rigid surface [13, 14] or bidirectional solid-solid
contact problem [15].

2.4 Mechanical model
We propose to model the pericardium-epicardium interface as an adhesial node-to-segment sliding
penalty contact between a solid body (myocardium) and a rigid surface (pericardium) [17]. For that
we project each node xS of the epicardial surface in spatial configuration Γ in the direction of the
spatial normal nS at xS onto an epicardial reference surface Γ0 . The projected point of node xS on
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Γ0 is denoted as x̄M . We evaluate the so-called gap function g as the distance between the points xS
and x̄M in direction of the spatial normal nS at node xS :
g = (x̄M − xS ) · nS ,

xS ∈ Γ, x̄M ∈ Γ0 .

(1)

Since the pericardium and epicardium are separated by a fluid, we impose frictionless sliding in
tangential direction. In normal direction we employ a stiffness k. It models both the stiffness of the
pericardium, which is much stiffer than the myocardium, and the adhesive force of the pericardial
fluid. The work contribution Wc of the boundary condition can be identified as the potential of a
linear spring:
!
1
Wc =
k g2 dΓ.
(2)
2
To study the effects of different epicardial boundary conditions, we use a very simple geometry of
a hollow half-ellipsoid which roughly represents the shape of the left ventricle. It is able to show
the consequences of each approach while being simple enough to isolate the effects of the boundary
condition.
3 CONCLUSION
Physiologically correct boundary conditions are crucial for the use of cardiac models as clinical predictors. Using unrealistic boundary conditions leads to a wrongful estimation of the kinematic and
stress state of the heart. Currently, epicardial boundary conditions found in literature for cardiac simulations do not account for the influence of the pericardium. Applying Dirichlet boundary conditions
at the atrioventricular plane as in [9, 10] severely constrains the heart in an unphysiological way. It
limits both the twisting motion of the left ventricle and the movement of the atrioventricular plane
along the long axis. The solid-solid contact model in [15] takes into account the anatomy of the
pericardium. It is however computationally cumbersome. We proposed a way to obtain physiological
pericardial boundary conditions at limited additional costs. The effects of all boundary conditions
considered can be studied with a simple ellipsoidal geometry.
Our model can be modified in a straight forward manner to include the viscous damping experienced
in tensile testing of pericardial tissue [7]. Also, the stiffness parameter of the boundary condition
can be varied locally to represent the neighboring organs of the pericardial cavity. Furthermore, the
influence of pericardial boundary conditions on the left ventricular pressure can be investigated by
coupling the solid model to a lumped parameter model representing the blood. In further studies, the
boundary condition can be applied to a patient-specific ventricular geometry and verified quantitatively using 3D imaging data.
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SUMMARY
Closed loop cardiovascular model based on 1D-0D coupling is presented including autoregulation,
venous valves, four-compartment heart model with valves.
Key words: arterial pulse wave propagation, veins, one-dimensional (1D) and lumped (0D) models,
systemic, cerebral, pulmonary and coronary circulations

1

INTRODUCTION

In this work an extensive summary of the reduced order approach to cardiovascular simulations is
considered. A 1D - 0D coupling used for closed loop blood flow model. 1D part is stated in terms
of viscous incompressible fluid flow in the network of elastic tubes. 0D compartments are stated in
terms of mechanical elastic reservoir. These compartments are used for heart chambers and aneurisms
modeling. Heart chambers are described as active components with time-dependent variable elasticity. They extended with 0D reduced model of valve functioning. Reduced-order technique is also
applied to vessel elasticity modeling to derive pressure to cross section relationship on the basis of
complex nonlinear 3D material models and vessel’s walls mechanics (e.g. [1]).
Individual patient-specific model validation is included through the cardiovascular system anatomical
structure processing based on MRI/CT scans analysis, segmentation, spatial order reduction and, 1D
graph generation. Elasticity and resistance fitting performed basing on ultrasound velocity data Various recently developed applications are presented. First part includes external pressure impact to the
vessels in different regimes: legs muscles contraction during walking and running, enhanced external
counterpulsation, myocardium muscles impact to coronary circulation. Second part includes fractional flow reserver assessment for single and multiple stenosis in coronary and cerebral circulation.
These applications require the model sophistication through introducing autoregulatory mechanisms,
venous valves impact and external pressure model. Several elasticity models are compared.
2
2.1

METHODOLOGY
1D closed loop model formulation

The 1D flow in every single vessel is described by the reduced model of viscous incompressible fluid
flow through an elastic tube on the basis of mass and momentum conservation [2, 3, 4, 5] as
@A/@t + @(Au) /@x = fA ,
2

@u/@t + @ u /2 + p/⇢ /@x = fu ,

(1)
(2)

where t is time, x is coordinate along the vessel, A(t, x) is cross-section area of the vessel, u(t, x)
and p(A) are averaged over the cross-section linear velocity and blood pressure, ⇢ is the blood density
(constant), fA is the mass source or sink per unit length, fu is the flow acceleration due to different
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forces (friction, gravity, circular force and other forces exerted on the fluid). Elasticity is provided by
the pressure to cross-section area relationship by the following S-like monotone function
(
exp (⌘ 1) 1, ⌘ > 1
P (A) = ⇢c20 f (⌘(A)) , f (⌘) =
(3)
ln (⌘),
⌘61
where ⌘ = A/A0 , c0 is the velocity of small disturbances propagation along the vessel A0 is the
cross-section area of the unstressed vessel.
The 1D closed loop network blood flow model is constructed by imposing boundary conditions at
vessels junctions and inlets and outlets of the vessel network. They include compatibility condition
along outgoing characteristic of (1)-(2). The second part of boundary conditions at the junction of N
vessels is mass conservation
X
"k Ak (t, x̃k ) uk (t, x̃k ) = 0
(4)
k=k1 ,k2 ,...,kN

where {k1 , . . . , kN } are the indices of the incident vessels, "k = 1, x̃k = 0 for incoming vessels, "k =
1, x̃k = Lk for outgoing vessels. The other boundary conditions are N pressure drop conditions
pk (Ak (t, x̃k ))

pl (t) = "k Rkl Ak (t, x̃k ) uk (t, x̃k ) , k = k1 , k2 , . . . , kN ,

(5)

where pl is the pressure at the junction point with index l, Rkl coefficients are estimated basing on the
known ultrasound velocity data.
Microvascular circulation coupling is derived by coupling terminal arteries and veins to junction
points where (4),(5) hold. Resistance coefficients Rkl are estimated from known pressure drop between arteries and veins. The larger vascular network is, the smaller vessels are combined and the
better accuracy of the method is.
2.2

0D four-compartment heart model with valves

Each heart chamber is simulated as elastic reservoir with variable elasticity.
Ij

d 2 Vj
dVj
+ Rj
+ ej (t) Vj = pj , j = 1, . . . , 4
2
dt
dt

(6)

where Vj — volume of the cahmber, Ij — inertia coefficient, Rj - hydraulic resistance coefficient, ej
— stiffness coefficient defined as
ej (t) =

Ejsyst

+

Ejsyst + Ejdiast
2

e (t)

(7)

where Ejsyst , Ejdiast are constants, e (t) is periodic activation function. The closed loop is formed by
coupling chambers with each other and to terminal nodes of major vessels by pressure drop condition
Qij =

↵ij
(Pj
rij

Pi )

(8)

where i, j — pair of indexes for the pair of coupled chambers or chamber and terminal node of the
appropriate vessel, r — hydraulic resistance, P — pressure, Q — volumetric blood flow
8
min ,
>
0, 1 < ✓ 6 ✓ij
>
>
< 1 cos ✓ij
min
max
< ✓ 6 ✓ij
,
↵ij =
(9)
max , ✓ij
1
cos
✓
>
ij
>
>
:1, ✓ > ✓max
ij
where ✓ — valve opening angle; mass conservation condition
dVi X
=
↵ij Qij
dt

(10)

j
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where j — indexes of neighbouring chambers and nodes. The heart valves dynamics is presented as
(
min
0, Pi < Pj and ✓ij < ✓ij
d2 ✓ij
f r d✓ij
p
r
=
K
+
K
(P
P
)
cos
✓
+
F
,
=
, (11)
j
i
ij
ij
ij
ij
dt2
dt
1, otherwise
8
0, ✓max ✓ < ✓max
>
>
⌘⌘
< ij ⇣ij ⇣ ij
r
max
max and d✓ij > 0
, ✓ij > ✓ij
Fijr = K tan 10 ✓ij ✓ij
dt
⇣ ⇣
⌘⌘
>
>
d✓ij
:K r tan 10 ✓
min
min
✓ij
, ✓ij 6 ✓ij and dt < 0
ij

(12)

where K f r , K p , K r — constants. This model was adopted from [6].
2.3

Individualized 1D domain generation

The computational domain represents 1D network in 3D space. It can be generated on the basis of
general anatomical data or patient-specific data [5]. The state-of-the-art technology is illustrated in
Fig.1. At the first stage one produces the segmentation of vascular system on the basis of CT or MRI
data (Fig.1, left); at the second stage one reduces the 3D domain to centerlines and extract radii as
parameter (Fig.1, center); at the third stage one generates the 1D network in 3D space that is used
in simulations (Fig.1, right). Venous part has different structure. For the large vascular tract we
approximate it by the same structure and modify parameters S0 and c0 . Finally venous part becomes
much more flexible (c0 decreased) and store more blood according to human physiology [4].

Figure 1: Personalized 1D network of large systemic vessels: vascular segmentation (left), centerlines extraction (middle), 1D network in 3D space generation (right).

3

RESULTS AND CONCLUSIONS

The results of comparison of different elasticity models is presented at fig. 2. A single vessel with non
reflecting outflow boundary conditions is considered. Difference in speed of pulse wave propagation
and shock wave formation length is clearly observed. Shock waves are not developed in healthy conditions but can occur for stiff arteries in some cases. This also fundamental property of the considered
mechanical model (e.g. [7]). It means that S-like monotonic behaviour of P (A) function from (3) is
important. It also in agreement with soft tissue models [1] and medical data.

Figure 2: Pressure and velocity in single artery test. t1 = 0.8 s, t2 = 1.0 s, t3 = 1.2 s, t4 = 1.4 s. 1 — [8, 9]
et.al., 2 — [10], 3 — [11, 12, 13, 14, 15] et.al., 4 — [2, 3, 5] et.al.
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SUMMARY
In this work we explore the predictive and descriptive capabilities of an anatomically detailed arterial
network (ADAN) model in the context of one-dimensional computational hemodynamics. The study
presents a comparison between the numerical simulations carried out with the ADAN model and
those performed using a simplified model. Such comparison is presented in the healthy case and in
the case of disease, specifically in the presence of aortic coarctation. The presented results provide a
solid argumentation for the development of anatomically detailed descriptions of the cardiovascular
system and evidence the potentialities of the ADAN model in theoretical and applied research.
Key words: hemodynamics, waves, anatomy, aortic coarctation

1

INTRODUCTION

Over the last 40 years, diverse models of the arterial system, based on one-dimensional mathematical
representations, have subserved the research in the field of systemic function. These models have
helped in the interpretation of the role played by pressure and flow waves, in the explaination of the
characteristic pressure contour conformation and, in general, in providing rational bases in applications such as the prediction of abnormal systemic conditions through understanding pressure or flow
landmarks present in the waveforms [1, 2, 3].
With regard to the definition of the model of the arterial system, specifically in the definition of the
domain in which partial differential equations are to be formulated, there has been consent in the literature about the importance of the role of the main vessels in the prediction of physical phenomena.
Evidently, attention has been largely focused on the larger vessels, and the discussion about the importance of the anatomical definition has received little (or even null) debate. Very few contributions
incorporate further generations of vessels aiming at capturing more refined hemodynamic interactions
(see for instance [4]).
Recently, we have developed a novel model (ADAN model) of the arterial network featuring an extremely detailed anatomical description [5, 6]. It is important to note here that, since arterial wave
contours are the result of multiple interactions between pressure and flow waves reflecting forward
and backward, anatomical refinement of the models allows to rationally assess to what extent simplified representations are able to deliver meaningful insight in both normal and abnormal hemodynamic
conditions.
Hence, the aim of this study is to compare numerical predictions made by the ADAN model with
those made by a truncated version of the model, comprising the main 55 arterial vessels, hereafter
called ADAN55. The comparison is performed qualitatively and quantitatively in terms of waveforms,
covering the normal and abnormal hemodynamics scenarios.

292

2

METHODOLOGY

The well-known one-dimensional mathematical representation of fluid flow in deformable pipes is
employed here. Basic equations include conservation of mass and momentum [7]
@A @Q
+
= 0,
@t✓ @x
◆
@Q
@
Q2
A @P
+
↵
=
@t
@x
A
⇢ @x

(1)
8⇡µ
Q,
⇢A

(2)

where Q is the flow rate, P is the fluid pressure, A is the lumen area, ⇢ and µ the fluid density and
viscosity, respectively. As usual, we have consider a parabolic velocity profile to account for viscous
losses and a momentum flux correction factor ↵ = 1. In addition, a nonlinear viscoelastic constitutive
model including collagen fibers provides the closure equation for the mechanical equilibrium at the
arterial wall
⇤
⇡hRo ⇥
P = Po +
EE " + EC ✏r ln(eu + 1) + KM "˙ ,
(3)
A
with
r
A
" "0
"=
1
u=
,
(4)
Ao
✏r
being h the wall thickness, R the lumen radius, EE and EC the elastin and collagen effective stiffness parameters, "0 and ✏r are the localization and width of the fiber recruitment function, KM the
viscoelastic coefficient, and index o denoting reference values.
As stated, the ADAN model used in the simulations has been presented [5, 6], and is shown in
Figure 2. It incorporates an unprecedented level of refinement concerning the arterial vasculature,
containing over 2142 arterial vessels (1598 arterial segments with acknowledged name), 28 organs
and 116 vascular territories -tissue structures that control the blood flow distribution. Model setting
and parameterization have been carried out using stringent anatomical and physiological criteria as
detailed in the aforementioned works.
The truncated version of the ADAN model, called ADAN55, incorporates those arteries which appear
in the model presented in [3] (see Figure 2). Model setting follows the criteria used in the configuration of the ADAN model. Cardiac output for both models is the same. Terminal parameters in the
ADAN55 model are calculated such that blood to organs equals the blood of the ADAN model. Blood
to peripheral vessels not present in the ADAN55, in turn, is sent to the upper and lower limbs. Terminal resistances are then scaled to match aortic pressure in both models. A combined fully implicit
finite-difference/finite element method (first order in time and space) is used in the approximation of
equations (1)–(3) [8]. Time and spatial discretization are the same for both models. Normalized root
mean square error (RMSE) is used for the comparisons.
For comparison purposes, the cardiac output is assumed to be the same for both models. In the
ADAN55 network, the vascular territories are sparser than in the ADAN network, that is, they are
grouped and lumped in a smaller number of flow outlets. This is evident in the extremities in which the
blood reaches the final (distalmost) destination without flow delivery throughout the arterial pathway.
This is why more blood is sent through the main arteries of the upper and lower extremities in the
ADAN55 model.
The simulated pathological condition corresponds to the presence of aortic coarctation, which is simulated by introducing a resistive element (stenosis) in the thoracic aorta such that the resulting drop
pressure in the ADAN model is 25 mmHg.
3

RESULTS AND CONCLUSIONS

From Figure 2 it is observed that, even in the healthy case, the reflections are more evident in the
ADAN55 model. Indeed, the ADAN model imposes a more distributed, smoothed, reflection pattern.
Also, Figure 2 shows the pressure waveform along the aorta for both models and for the healthy
and aortic coarctation scenarios. While the systolic pressure in the ADAN model is 150 mmHg, in
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Figure 1: Models used in the present study. Left: ADAN model with over 2000 arterial vessels. Right:
ADAN55 model with 55 arterial vessels.

(a) Healthy condition

(b) Aortic coarctation

Figure 2: Pressure waveform along the aorta for the ADAN model (left) and ADAN55 model (right).
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the ADAN55 model it is significantly overestimated, yielding 166 mmHg. This is caused by the
existence of collateral circulation pathways that promote the blood delivery to the lower body and
helps to release the upper body blood pressure.
The normalized RMSE is presented in Table 1 for both scenarios. In the healthy case the comparison
between both models is satisfactory, and so the ADAN55 is a reasonable model. However, in the case
of disease, the predictions of the ADAN55 model deviate from the ADAN model because of the lack
of arterial pathways that are crucial in such hemodynamic conditions.
Artery
aortic arch
subclavian
internal carotid
thoracic aorta
renal
inferior mesenteric
abdominal aorta
posterior tibial distal
femoral distal

RMSE (%)
healthy
aortic coarctation
Flow rate Pressure Flow rate Pressure
3.29
2.75
8.99
6.98
8.75
3.05
7.01
8.89
10.98
10.66
10.40
10.94
4.01
2.52
9.57
11.35
8.10
2.70
10.05
11.02
16.12
4.04
27.82
9.91
8.27
2.50
14.78
9.88
32.97
13.25
59.99
15.42
10.41
4.34
8.41
9.11

Table 1: Normalized RMSE for the healthy and aortic coarctation scenarios. Pressure normalization performed
with pulse pressure, and flow rate normalization performed with maximum systolic flow rate. Normalization
values taken from the ADAN model
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SUMMARY
In this work we present the first stage of development of a model of the cardiovascular system featuring an extremely refined anatomical detail regarding the arterial and venous networks. This model is
built on top of an anatomically detailed arterial network model recently developed by our group, the
ADAN model. Concerning the venous vasculature the model includes over 160 vessels. Model setting
and parameterization is discussed. The cerebral venous model renders increased level of anatomical
detail because of the relevance of applications regarding this venous compartment. Numerical simulations will be presented and discussed in physiological and pathological conditions.
Key words: hemodynamics, anatomy, arteriovenous coupling, cerebral circulation

1

INTRODUCTION

Since the 1950’s there have been increasing efforts to develop computational models and simulationbased techniques to assess physiological and pathological conditions accounting for the multiple time
scales and levels of spatial organization present in the cardiovascular system (CVS). Applications
such as diagnosis, treatment and surgical planning have enormously benefitted from these complementary tools. Furthermore, the scientific community has recognized the fact that an integrative
approach to the modeling of the CVS should be able to model and accurately simulate the mutual
interactions between phenomena taking place at these different scales, going from genes expression
to the whole organism functioning, aiming at more adequate patient-specific diagnoses and treatment
of cardiovascular diseases.
From early developments of topological descriptions of the CVS [1, 2], subsequent improvements and
alternatives [3, 4], and finally reaching solid in-vitro validations and in-vivo verifications [5, 6], onedimensional models have had a prolific existence. Furthermore, nowadays one-dimensional models
have been taken to the edge in terms of realism in the anatomical description of the CVS, through
the development of the anatomically detailed arterial network (ADAN) model [7, 8]. Remarkably, all
these contributions have exclusively been focused in the description of the arterial vasculature.
More recently, the venous system started to call the attention of the scientific community in this field
because of the importance of an accurate and consistent approach to low pressure wave propagation
phenomena and the relations with certain cardiovascular diseases [9, 10, 11]. In response to those
needs, one-dimensional models of the venous system were developed with increasing level of topological realism [12]. Recently, simulations of arteriovenous interactions were performed in [13, 14]
including in-vivo validation, yet with less anatomical resolution when compared with the present
model. Pathological conditions such as: extracranial venous strictures; arteriovenous malformations;
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orthostatic stress; varicose veins and portal hypertension, amon others, trigger the interest in the development of computational models of the venous system.
In the context of the previous paragraph, this document presents ongoing work being carried out in
our group regarding the construction of an anatomically detailed venous network to be merged with
the aforementioned ADAN model. Specifically, here we present the current stage of development of
what will result an anatomically detailed arteriovenous network. Aspects related to model calibration
will be discussed, the main challenges will be identified and preliminary simulations will be shown.
2

METHODOLOGY

Standard one-dimensional governing equations are employed in the entire arteriovenous system. That
is
@A @Q
+
= 0,
(1)
@t ✓ @x
◆
@Q
@ Q2
A @P
8⇡µ
+
=
Q,
(2)
@t
@x A
⇢ @x
⇢A
⇤
⇡hRo ⇥
P = Po +
EE " + EC ✏r ln(eu + 1) + KM "˙ ,
(3)
A
where Q is the flow rate, Pqis the fluid pressure, A is the lumen area, ⇢ and µ the fluid density and
viscosity, respectively, " = AAo 1 and u = " ✏r"0 . Notice that a nonlinear viscoelastic model is used
for the vessel walls. Thus, h is the wall thickness, R the lumen radius, EE and EC the elastin and collagen effective stiffness parameters, "0 and ✏r are the localization and width of the fiber recruitment
function, KM the viscoelastic coefficient, and index o denoting reference values. Constitutive equation (3) was chosen because it accounts for the differentiated action of elastin and collagen, allowing
to match the complex nonlinear mechanical regime seen in arteries and, fundamentaly, in veins.

As with the ADAN model, the venous network was outlined in three-dimensional space in compliance with descriptive anatomy textbooks [15, 16]. Vessel lengths resulted from the drawing process.
Regarding model parameters, an exhaustive search in the specialized literature was performed. This
implied dealing with over 100 scientific publications to retrieve normal values for venous vessel radii.
From those radii, compliances were estimated as explained in [8]. Peripheral beds are set up according to the blood flow distribution as given in [7]. The arteriovenous model is closed with cardiac and
pulmonary lumped models as described in [12].
A numerical method to deal with large networks of vessels in an efficient and robust manner was
specifically developed and is the matter of another contribution to this conference. This method is
based on well-balanced finite volume methods incorporating features such as local time stepping and
consistent vessel-and-junction high order approximation within a distributed computing paradigm.
3

RESULTS AND CONCLUSIONS

The present stage of development can be seen in Figure 1. The arterial model consists of 2142 vessels
(1598 with well-acknowledged name), 28 specific organs and 116 vascular territories (distributed
organs). Model setting and parameterization have been carried out as explained in [7, 8].
The venous model consists of 168 vessels which drain the blood from all anatomical parts of the
body: head, trunk and limbs. Special attention is given to the cerebral venous vasculature, for which
we have over 77 vessels with 44 venous inlets.
Arteriovenous coupling in the current stage implies dealing with NA arterial outlets with NV venous
inlets (NA
NV ). For the definition of such territorial coupling, criteria were based firstly on the
function of the vessel itself, and in cases of lack of function definition they were based on outlet-inlet
proximity.
Figure 2 zooms in the cerebral circulation, featuring the extreme level of anatomical realism and
detail in the arteriovenous network. There, it can be seen that all sinuses are present in the model with
connectivity following that of an average healthy subject.
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Figure 1: Arterial (left) and venous (right) systems with high degree of anatomical detail.

Figure 2: Detail of arteriovenous vasculature in the brain. Size of vessels is for mere visualization purposes.
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The most outstanding feature of this model is that we can account for arteriovenous interactions
which are crucial to deliver an accurate and refined explanation of the cardiovascular physiology. For
instance, the present model is to be a comprehensive simulation laboratory for the study of the most
diverse aspects encountered in cerebral circulation, involving pathologies such as arterial stenoses,
venous stenoses, local blood control mechanisms, arteriovenous interactions with the cerebrospinal
fluid, and thus address the onset and progress of a large group of cardiovascular diseases, organ
functioning, tissue perfusion, gas transport, planning of surgical procedures, pharmacokinetics and
pharmacodynamics studies, among others.
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1

National Laboratory for Scientific Computing, Av. Getúlio Vargas 333, Petrópolis, 25651-075,
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SUMMARY
The recent development of extremely detailed models of the human vasculature, such as the ADAN
model, poses new challenges to the numerical tools used to solve the (cheap) one-dimensional blood
flow equations. After identifying the implications arising from characteristics of these models and
application-specific requirements, we develop a computational platform based on finite volume schemes,
addressing the high-order coupling of viscoelastic vessels, the implementation of local time stepping
and its parallelization. The proposed methodology is applied to a closed-loop model of the cardiovascular system including vessels spanning multiple spatial scales and different mechanical properties.
Key words: hemodynamics, finite volume schemes, high-order, local time stepping

1

INTRODUCTION

Until a few years ago, one-dimensional blood flow modelling has concentrated in networks comprising a reduced number of vessels, at most of the order of a few hundreds. The recent development of
an anatomically detailed model of the arterial system (ADAN), comprising a number of vessels of the
order of several thousands and spanning a wide range of spatial scales [2, 3], poses new challenges
to the numerical methods used for solving the partial differential equations that govern blood flow in
these vessels.
Spatial scale heterogeneity is not the only aspect of current models posing specific requirements to
the numerical methods to be used. Closed-loop models of the cardiovascular system might include
venous networks in addition to the arterial counterpart, see [10, 11, 12], which require the use of robust
numerical schemes, able to deal with highly compliant vessels that can undergo large deformations
and even collapse. Moreover, if control mechanisms are to be incorporated in these models, as in [4],
simulation times might become long (hours), posing the need for conservative numerical schemes in
order to preserve mass at a discrete level.
Other applications where one-dimensional models might have a considerable computational cost are
uncertainty quantification experiments [6], parameter estimation [7] and the use of one-dimensional
networks as closure conditions [13].
In this work we present a computational approach based on finite volume schemes, where we address
the high-order coupling of viscoelastic vessels, the usage of local time stepping techniques and their
parallel implementation.
2
2.1

METHODOLOGY
Mathematical model

One-dimensional blood flow in deformable vessels is described by the following system of PDEs
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Here A is the cross-sectional area of the vessel; q is the flow rate; p is the average internal pressure
over a cross-section; µ and ⇢ are the fluid viscosity and density, respectively.
To close the system we adopt a tube law relating p to A and other parameters, namely
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where R0 , A0 and h0 are the vessel radius, cross-sectional area and wall thickness at reference state,
respectively; Ee and Ec are the effective Young modulus for elastin and collagen; Km is the effective viscoelastic parameter; "0 is the deformation state for which 50% of collagen fibers have been
activated and ✏r is the standard deviation of the fiber activation state distribution.
2.2

Contributions of the present work

Model reformulation
We reformualte system (1) as proposed in [14], in order to account for variable, even discontinuous,
mechanical and geometrical properties of the vessels. Moreover, the viscoelastic term in the momentum balance equation results in a diffusive term involving the second order derivative of the flow
q. Following [8], we perform a hyperbolic reformulation of the equations, ending up with a hyperbolic system to be solved. Here, the underlying numerical solver is the one proposed in [9], which
guarantees high-order accurate solutions within the one-dimensional domain.
Local time stepping
Explicit numerical schemes must satisfy the Courant-Friedrichs-Lewy stability condition. We choose
to advance in time as much as possible by computing the required time step at each cycle of the
time loop. Considering the large spatial scale heterogeneity of the ADAN model (elements can have
a length of less than 1 mm), local time stepping (LTS) becomes the first logical step towards high
performance computations [5]. To the best of our knowledge, LTS was never applied in this context.
High-order coupling of viscoelastic vessels
In order to implement LTS, we must ensure high-order solutions in the entire domain. Therefore,
junctions between vessels must be treated with the same order of accuracy as the one-dimensional
domain. We propose a methodology for high-order coupling of viscoelastic vessels, in which we
exploit both, the wave propagation properties of our hyperbolic reformulation and the modification of
standard finite volume techniques.
3

RESULTS

Since LTS allows the solution in each vessel to evolve in time using its local time step, there is
a drastic decrease of computational cell updates if compared to the case where a global time step is
used (the smallest one, as constrained by the CFL condition), as shown in Figure 1. The ratio between
the number of computational cells updates for cardiac cycle between global and local time stepping is
approximately 100. Results in terms of speed-up and parallelization are under current development.
The impact of high-order coupling in the accuracy of the obtained solution with respect to low-order
coupling is shown in Figure 2. This figure shows pressure and flow rate for the renal artery of the
vessel network presented in [1]. The impact of proper coupling conditions between one-dimensional
domains is evidenced by the fact that the low-order coupling solution (O3-J1) is closer to the first
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Figure 1: Time step frequency in terms of computational cells for the ADAN model.

Figure 2: Pressure (left) and flow (right) at the midpoint of the renal artery of the in-vitro model presented in [1]:
reference solution (Ref.); first-order scheme (O1), third order scheme with high-order (O3-J3) and low-order
(O3-J1) coupling numerical solutions.

order solution, rather than to the high-order solution (O3-J3), which in turn is very close to a reference
solution (Ref.) obtained using a very fine mesh.
Up to now, viscoelastic vessels have always been coupled neglecting their viscoelastic properties at
junctions. This approach might be valid if the neglected term is rather small in comparison to the
elastic component of pressure. However, small arteries are more muscular than larger ones and the
viscoelastic component becomes more significant, as shown in Figure 3. In fact, the elastic coupling
introduces spurious oscillations in the viscoelastic vessel, differing from the expected dissipative
behaviour.
4

CONCLUSIONS

The proposed methodology constitutes an efficient and robust alternative for obtaining accurate solutions in the context of large networks of one-dimensional vessels. Moreover, the methodology can be
applied to other problems where large networks of hyperbolic systems have to be modelled.
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SUMMARY
This paper is concerned with the application of a new version of the high order ADER methodology to
solve the equations of blood flow. The new scheme is based on a recently proposed implicit method
for solving the Generalized Riemann Problem (GRP) for systems of balance laws. The resulting
method is globally explicit, with a locally implicit solver for the GRP, which allows the proper treatment of stiff source terms, without any theoretical accuracy barrier. Advantages and disadvantages of
the new method, as compared to existing approaches, will be discussed. We apply the methodology
to two realistic network of vessels.
Key words: ADER methodology, Implicit Generalized Riemann Problem Solver, 1D Blood Flow
Equations, Computational Haemodynamics
The ADER methodology has made significant progress in the last decade. The approach was first
proposed by Toro et al. in 2001 [1], in the finite volume framework, for model problems on Cartesian
meshes; it was then extended to non-linear systems in one space dimension in [2] and to multiple
space dimensions, first on Cartesian meshes [3] and then on unstructured meshes [4, 5]. The ADER
approach was then formulated in the discontinuous Galerkin framework and in a unified finite volume/discontinous Galerkin in [7].
A key component of the ADER methods is the solution of the generalised Riemann problem (GRP).
The original solver by Toro and Titarev [2] achieves arbitrary accuracy for balance laws with non-stiff
source terms. A locally implicit numerical solution of the GRP was put forward by Dumbser-EnauxToro [8], resulting in a globally explicit ADER scheme with a locally implicit solver for the GRP.
This is by now the standard GRP solver for ADER schemes. In particular, it is used in the global
multi-scale model for the human circulation by Müller and Toro [9].
Recently, a new semi-analytical locally implicit method to solve the GRP have been put forward by
Montecinos and Toro [10]. This new solver is also able to handle stiff source terms and maintains
high order of accuracy. In this work we apply the ADER scheme with this locally implicit GRP solver
to the one-dimensional blood flow equations in order to achieve high-order of accuracy and handle
stiff source terms, when present.
Mesh
4
8
16
32
64

L1 error
1.48e-03
3.15e-06
3.58e-09
3.57e-12
3.46e-15

L2 error
2.09e-03
3.66e-06
4.01e-09
3.97e-12
3.85e-15

L1 error
2.95e-03
5.18e-06
5.67e-09
5.61e-12
5.48e-15

L1

order
0.00
8.88
9.78
9.97
10.01

L2

order
0.00
9.15
9.84
9.98
10.01

L1

order
0.00
9.15
9.84
9.98
10.00

Table 1: 10th-order accurate ADER scheme with implicit GRP solver applied to a linear advection-reaction
system of two equations with stiff source terms. Convergence-rates results in three norms, with CFL coefficient
of 0.9.
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Figure 1: Comparison between the ADER method 2nd order with explicit and implicit GRP. The quantity
shown is the correctional area of the blood vessel, normalised by the equilibrium cross-sectional area. The
continuous red line is the exact solution. The source terms are stiff. Results are shown for different values for
the CFL number.
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Figure 2: Comparison between the ADER method 2nd order with implicit GRP solver against experimental
measurements and numerical results of [13]. Figures depict pressure and flow within a cardiac cycle.

Several applications of the one-dimensional blood flow equations have been proposed in the literature,
see [6, 11, 13, 12, 14]. In this work we apply the new numerical methodology to two models for the
cardiovascular system. The first one is the Alastruey model [11] for which in-vitro measurements
are available and are used to assess the performance of our methods. The second model is a realistic
global model for the human circulation due to Liang et al. [12], constructed for the study of aortic
valvular and arterial stenoses.
Table 1 shows empirical convergence rates for the 10th-order accurate ADER scheme with implicit
GRP solver applied a model linear advection-reaction system of two equations with stiff source terms.
See [10] for further details about the test problem. The expected accuracy of 10 in space and time for
the numerical method is achieved.
Fig. 1 depicts a comparison between the ADER method of 2nd order using the explicit and the
implicit GRP solvers, applied to a fabricated one-dimensional test problem for the non-linear blood
flow equations with stiff source terms and exact solution. The red line represents the exact solution. A
clear difference can be seen between the numerical results given by the explicit and the implicit GRP
solver. The difference is due to the inability of the explicit scheme to deal with the stiff character of
the source terms.
Fig. 2 depicts an application to the Alastruey network using the numerical methodology ADER of
2nd order using the implicit GRP solver. A comparison between the numerical results and in-vitro
measurements are given in the right iliac-femoral artery.
Future developments in mind include high-order of accuracy (beyond two), adoption of a visco-elastic
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tube law, junction algorithms that allow the presence of trans and supercritical flow and high-order
treatment of junctions. Our final goal is to apply these numerical developments to a full, global
multiscale model for the human circulation.
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[6] K. S. Matthys, J. Alastruey, J. Peiró, A. W. Khir, P. Segers, P. R. Verdonck, K. H. Parker, and
S. J. Sherwin. Pulse wave propagation in a model human arterial network: Assessment of 1-D
numerical simulations against in vitro measurements. Journal of Biomechanics, 40:3476–3486,
2007.
[7] M. Dumbser, D. Balsara, E. F. Toro and C. D. Munz. A unified framework for the construction
of one-step finite-volume and discontinuous Galerkin schemes on unstructured meshes. Journal
of Computational Physics. 227:8209-8253, 2008.
[8] M. Dumbser, C. Enaux and E. F. Toro. Finite volume schemes of very high order of accuracy
for stiff hyperbolic balance laws. Journal of Computational Physics. 227:3971-4001, 2008.
[9] Lucas O. Müller and E. F. Toro. A global multi-scale model for the human circulation with
emphasis on the venous system. International Journal for Numerical Methods in Biomedical
Engineering, 30 Issue 7:681-725, July 2014.
[10] G. I. Montecinos and E. F. Toro. Reformulations for general advection-diffusion-reaction equations and locally implicit ADER schemes. Journal of Computational Physics, 275:415-442,
2014.
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SUMMARY
Modeling and simulation of blood flow dynamics in 1D arterial networks require three types of
equations–Navier-Stokes equations ensuring conservation of momentum and mass and a constitutive equation relating blood pressure and area–as well as outflow boundary conditions representing
flow and pressure in down-stream vasculature. While many relevant models have been implemented,
it is still a challenge to determine proper parameter values corresponding to physiological data. To
this end, we consider various techniques of estimating both inflow and outflow boundary conditions
using both elastic and viscoelastic constitutive equations within a 1D arterial model.
Key words: Cardiovascular modeling, arterial network, outflow boundary conditions, wall model

1 INTRODUCTION
Over the years, numerous studies have used 1D fluid dynamics models to predict blood flow (BF)
propagation in arterial networks [2, 6, 7]. These models have been extensively validated against
magnetic resonance imaging (MRI) measurements of flow. 1D models are useful for understanding
the fluid-structure interaction and flow dynamics within a network, yet they also make a good research
tool by providing boundary conditions for more complex 3D models and for assessing techniques to
estimate in vivo pulse wave velocity (PWV) [6]. Moreover, the relatively simple nature of these
models can be used in a patient-specific context, improving diagnosis of observed hemodynamical
disorders and predicting the outcomes of surgical intervention [7].
While 1D flow and geometry data can be extracted from MRI measurements, much less is known
about dynamics of blood pressure (BP) except by Finapres or tonometry measurements from superficial arteries. This makes it difficult to validate the 1D models’ ability to predict blood pressure.
Typical 1D models are hyperbolic, requiring boundary conditions at the inlet and outlet of each vessel. Accurate predictions of flow can be obtained even in the presence of simple constitutive linear
elastic wall models. If elastance is varied spatially, ensuring that distal vasculature is stiffer, 1D
models are able to predict systolic and diastolic pressures though the waveform may not be accurate.
The characteristic shape of the arterial BP waveform is the consequence of transient properties of the
pulse wave such as the velocity of wave propagation and the type and nature of the reflected waves.
These quantities are interlinked and are greatly influenced by the boundary parameters associated
with the downstream vasculature. It is known that arteries display nonlinear elastic and viscoelastic
deformation, and accounting for these effects significantly affect pressure predictions.
This study shows how variation of in- and outflow conditions as well as wall model properties affect
BF and BP wave propagation. In particular, we show how BF and BP change under elastic vs.
viscoelastic wall models and how predictions of BF and BP depend on outflow boundary conditions.
We reveal how the outflow boundary and elastic and viscoelastic models affect the wave-propagation
and how the inflow boundary condition can be estimated given downstream measurements of pressure
and area. The latter is done using a variation of the ensemble Kalman filter (EnKF), which also gives
information about the uncertainty of model predictions.
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2 METHODOLOGY
2.1 Experimental Data
Data for this study include BP and area measurements from the ascending aorta of a healthy male
Merino sheep, aged 18-24 months with an approximate weight of 32 kg. The excised vessel segment
is mounted in the organ chamber of the mock circulation (Figure 1) and stretched to its in vivo length.
The vessel is subject to physiological hemodynamic conditions induced by a Jarvik heart pump. The
external arterial diameter is measured using sonomicrometry and BP is measured with a solid-state
microtransducer. More details of the experimental protocol can be found in [2].
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Figure 1: Mock circulation (left) including a pneumatic pump, a perfusion line connected to the chamber with
the mounted vessel segment, a resistance modulator (R), and a reservoir. BP (P ) is measured with a micro
transducer while the diameter (D) is measured with a pair of ultrasonic crystals using sonomicrometry. Time
series data are shown (middle). The vessel segment (right) shown with in- and outflow boundary conditions.

2.2 Blood flow and arterial wall model
Arterial BF, BP, and area can be predicted using a 1D fluid dynamics model derived from the NavierStokes equations under the assumptions that vessels are cylindrical, vessel length is significantly
greater than the vessel radius, blood is incompressible, and flow is Newtonian and axisymmetric.
Under these conditions, conservation of mass and momentum [2] are given by
!!
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∂t
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where the blood density ρ = 1.06 g/ml and viscosity ν = 0.049 g/s/cm are assumed constant. The
cross-sectional area of the vessel (cm2 ), BP (mmHg), and BF (ml/s) along the vessel are denoted by
A(x, t), p(x, t), and q(x, t), and we assume that δ = 2, corresponding to a parabolic velocity profile.
Two linear wall models are studied: a linear elastic model (a) and a Kelvin viscoelastic model
# (b).
A0
Both relate vessel cross-sectional area A to blood pressure p via the strain function ε = 1 − A(t)
with parameters E elastic modulus, h wall thickness, and r0 and A0 zero-pressure radius and area.
The viscoelastic wall model has two additional parameters, A1 and b1 , where A1 is the amplitude
associated with the characteristic relaxation time b1 .
$ t
Eh
r0
A1 r0
(a) p(t) =
ε(t),
(b) ε(x, t) = (1 − A1 )
p(t) +
e−(t−ζ)/b1 p(ζ) dζ.
r0
Eh
b1 Eh t0
At the proximal end of the vessel, an inlet boundary condition is prescribed, applying a periodic flow
profile. At the outlet, a three-element Windkessel model with two resistors R1 and R2 and a capacitor
C describes the relation between BF and BP.
3 SIMULATIONS
The focus of this study is to investigate the impact of boundary conditions by analyzing how network
inflow can be predicted from measurements of BP and area. We further discuss the impact of outflow
boundary conditions and study how outflow boundary conditions influence pulse wave propagation.
3.1 Estimating inflow given BP and area measurements
For this study, available data include BP and area measured in the middle of the vessel shown in
Figure 1; however, BF dynamics were not measured. While BP can be applied as an inlet boundary
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condition, the predicted flow typically is not physiological. Here we aim to determine an initial BF
profile using the available BP and area data. To this end, we view the problem from a Bayesian inverse problems perspective and apply an EnKF-based iterative scheme in the style of [1] to estimate
the initial flow profile from a prior distribution of curves. As shown in Figure 2, the resulting distribution of flow profiles yields an estimate for the mean flow profile using an ensemble of temporally
discretized curves, along with a measure of the uncertainty in the estimation of BP and area.
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Figure 2: (a) EnKF estimated inflow profile (solid red) and ± 2 standard deviation curves (dashed red) obtained
via filtering from a prior of curves (grey cloud). (b) Resulting area curves using the EnKF estimated inflow
from (a). (c) Resulting pressure curves using the EnKF estimated inflow from (a). (d) Area vs. pressure curves
using the EnKF estimated inflow from (a). Area and pressure data are plotted in black.

3.2 The relation between wall models and outflow boundary conditions
Using the estimated BF profile, we discuss the impact of adding wall viscoelasticity. Energy is lost
throughout the system as viscoelasticity increases. This energy loss must be compensated for in
the downstream boundary conditions. To investigate how the viscoelastic wall impacts the outflow
boundary conditions, the amount of viscosity (A1 ) is decreased until an elastic wall model is achieved
(A1 = 0) while maintaining the same Windkessel parameters. Results are shown in Figure 3 (top) and
demonstrate an increased BP and area as the wall becomes less viscous. Additionally, the hysteretic
effect captured by the BP-area data cannot be captured by the purely elastic wall.
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Figure 3: (a–e) Effect of changing wall viscosity while keeping outflow boundary conditions constant. A1
ranges from 0.867 to 0 in inverse spectrum order. (d) (From top to bottom) Systolic, mean, diastolic, and pulse
pressures. (e) Pulse wave velocity. (f) Maintaining pulse BP by varying R1 . (g) Maintaining mean BP by
varying R2 . (h) Results for R1 , R2 , and RT values necessary to maintain pulse and mean BP simultaneously.

Next, we show how to match pulse BP (psystolic − pdiastolic ) by adjusting the R1 and mean BP by
varying R2 (see Figure 3). Because R1 and R2 are not identifiable, it is necessary to recalibrate these
parameters to match both quantities simultaneously while noting that RT = R1 + R2 is identifiable.
Our results show that RT remains nearly constant for all values of A1 . Additionally, the ratio R1 /RT ,
previously estimated to 0.2 [4], changes as the wall model increases viscosity (Figure 3).
3.3 Prediction of wave-propagation under elastic and viscoelastic wall models
Assuming negligible frictional losses and setting q = Au where u is the fluid velocity, the numerically generated BP and BF waveforms are further separated into their forward (+) and backward (−)
components using the time-domain technique wave intensity analysis [5], which provides
$t
$t
p± (t) = p0 +
dp± , u± (t) = u0 +
du± ,
t−T

t−T
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1
dp± = (dp ± ρc(p)du) ,
2

where

1
du± =
2

!

dp
du ±
ρc(p)

"

and

c(p) =

%

A ∂p
ρ ∂A

denote the infinitesimal pressure and velocity wave elements and the PWV. For numerically generated
waveforms of sufficiently high temporal resolution N per cardiac cycle T , dp and du are computed
as changes in pressure and velocity over sampling time dt = T /N such that dΓ = Γ(ti ) − Γ(ti−1 ),
where ti = i dt, ∀i ∈ [0, N ], and Γ = p or u. Corresponding time-normalized wave intensity is
defined as WI± = (dp± /dt) (du± /dt). WI+ along with dp+ > 0 or dp+ < 0 identify forward waves
as compressing or decompressing, and similarly WI− indicates the presence of backward compression or decompression waves corresponding to dp− > 0 or dp− < 0, respectively. Results show that
increasing wall viscosity decreases the pulse pressure associated with forward and backward compression waves, yielding a smaller net pulse pressure, which in turn contributes to decelerating the
blood flow (see Figure 4).
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Figure 4: Effect of changing wall viscosity on the wave propagation while keeping outflow boundary conditions
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4 DISCUSSION
This study shows that not only is it important to predict vessel geometry but to accurately predict
BF, BP, and vessel area profiles, attention should be given to the in- and outflow boundary conditions
as well as to the wall model. Moreover, when validating the model for studies with missing data,
Bayesian filtering methods can be used to predict missing states (in our case the inflow) and provide
information about uncertainty of model predictions (here, predictions of BP and area).
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SUMMARY
In this work we investigate the application of Kalman filtering for the estimation of parameters in a
one-dimensional blood flow model. In particular, we assess the identifiability of clinically relevant
parameters, such as vessel elasticity, network terminal resistances and presence of stenosis using
in-silico, in-vitro and in-vivo data.
Key words: 1D blood flow model, Kalman filter, finite volume method

1

INTRODUCTION

One dimensional blood flow modeling provide a very powerful tool to efficiently simulate blood flow
in large vessel networks. From the point of view of clinical applications, these models can provide
useful insights in the hemodynamics, though being rather simple.
However, parameters have to be estimated in order to perform patient-specific simulations. This
task is performed by combining (generic) mathematical models and (patient-specific) measurements.
These measurements are usually available at only a few locations and regard, in the vast majority of
the cases, non invasively measurable quantities, such as flow.
The main goal of this work is to investigate the accuracy and robustness of a parameter estimation
approach based on a Kalman filter for one-dimensional blood flow models in realistic clinical settings.
2
2.1

METHODOLOGY
One-dimensional blood flow models

Due to their relatively high computational cost, full 3D hemodynamics models can be used to resolve
the blood flow only locally, i.e. focusing on a limited number of vessels. In order to investigate
large arterial and venous networks, the complexity of the problem can be reduced by considering
the cardiovascular system as a network of interconnected and compliant vessels, in which the flow
is assumed to be one-dimensional. Integrating the mass and momentum conservation equations over
each pipe cross section, one obtains the following formulation of one-dimensional Navier-Stokes
equations:
8
@A
@
>
<
+
(uA) = 0,
@t
@x
(1)
@(uA)
@
A @p
>
:
+
u2 A +
= f,
@t
@x
⇢ @x
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where A(x, t) is the cross sectional area along the longitudinal axis, u(x, t) the cross-sectional averaged axial velocity, p(x, t) the average internal pressure over the cross-section, f (x, t) stands for
the friction force per unit length and ⇢ denotes the blood density. Moreover, system (1) is completed
with a tube law involving a pressure-area relation, i.e. relating the vessel deformation to changes in
transmural pressure [9] via the following algebraic relation
p(x, t) = pe (x, t) + K(x) (A(x, t), A0 (x)) ,
with
(A, A0 ) =

✓

A
A0

◆m

✓

A
A0

◆n

.

(2)

(3)

In (2) pe (x, t) denotes the external pressure, K(x) is the bending stiffness of the vessel wall (related
the Young modulus, the wall thickness, and the vessel radius in an unloaded reference configuration),
while A0 (x) denotes the cross-sectional area at reference pressure. System (1) is efficiently solved
using an explicit high-order ADER finite volume scheme [3, 6, 10] applied on a modified version to
account for discontinuous variation of parameters [11].
The one-dimensional domain is coupled to (Windkessel) lumped parameter models representing the
microvasculature (see [7] for full details). These models can be of the RCR type, where the pressure
evolution in time is given by
✓
◆
dP
1 P1D P
P Pd
=
,
(4)
dt
C
Rp
Rd
P being the pressure in the lumped compartment, whereas Rp and Rd represent the proximal and
distal vascular resistances, respectively.
2.2

Unscented reduced-order Kalman filter for parameter estimation

Let us denote with X n the ensemble of the state variables of the one-dimensional model at time step
tn (consisting, e.g., of the values of fluxes and cross-sectional areas at each discretization node along
the network), and with ✓ a set of parameters to be estimated, such as Young moduli of selected vessel
segments or terminal resistances of 0D boundary models.
The evolution of the system can be then written in the form
X n+1 = A(X n , ✓)
✓n+1 = ✓n

(5)

0

X = X0
where A depends on the numerical scheme, X0 denotes the initial condition, and the parameters are
considered to be constant in time.
The purpose of the Kalman filter is to improve the results of the dynamical system and the values
of the parameters taking into account available measurement on the systems, according to a proper
norm, which depends on the confidences in both the measures and in the model.
Namely, let {Zi }i denote a set of measurements at each time step, obtained by observing the state X n
via an observation operator H, e.g.
Zi = H(X n ) + ⇠i ,
where ⇠i is a random variable denoting the errors on the measurements.

The filtering can be formulated as a prediction-correction scheme, i.e., in which the evolution step (5)
provides a prediction, denoted by (Xn+1 , ✓n+1 ), for both state and parameters:
Xn+1 = A(Xn+ , ✓)
✓n+1 = ✓n .
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(6)

This prediction is then corrected taking according to the discrepancies between observation and measurements:
+
Xn+1
= Xn+1 + KX Zn H(Xn+1 )
(7)
✓n+1 = ✓n+1 + K✓ Zn H(Xn+1 )

The Kalman matrices KX and K✓ can be defined in such a way that, after the correction (7), the
distance between the observation and the measurements is minimized in a proper norm. In particular,
neglecting the uncertainty on the state, the Kalman matrices can be computed only through matrices
of the size of the parameter space, typically smaller than the size of the state space, yielding the
so-called reduced-order Kalman filter [5]. See, e.g., [2] for further details on the UKF algorithm.
3

RESULTS

While the geometry and mechanical properties of the one-dimensional network play a major role in
the definition of pressure and flow waveforms, lumped parameter models will have a profound impact
in blood distribution patterns over the network. In order to explore the accuracy and robustness of
a parameter estimation approach based on a Kalman filter for one-dimensional blood flow model in
realistic clinical settings, we consider three different scenarios.
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Figure 1: Estimation of the aortic Young modulus using flow measurements in the right carotid artery and
in the right iliac femoral artery (III), comparing the results obtained using synthetic data and experimentally
measured flows. We refer to [1] for the geometrical details of the arterial network. Left: results starting with
an initial guess of 1.8MPa (+50 % of error). Right: Results starting with an initial guess of 0.6MPa (-50 % of
error).

In-silico study First, we assess the potential of the Kalman filter considering the arterial network
described in [1] and in-silico measurements. In particular, we investigate the accuracy of the estimation of selected parameters using synthetic measures, i.e. numerical results (perturbed with noise) to
generate the observations. The results confirms to some extent the findings of [4, 8], showing that
aortic stiffness parameters and terminal resistances can be estimated using appropriate terminal data.
However, in the presented work the considered measurement are restricted to flow data at few selected
locations of the network, in order to mimic a realistic clinical scenario.
In-vitro study In previous works regarding parameter identification in one-dimensional models via
Kalman filtering in-silico data was used to guide the algorithm in the search for parameters. As a
further step towards realistic applications, we assess the ability of the filter to estimate different types
of parameters considering again the one-dimensional model of [1], but using as measurements the
corresponding experimental results. Figure 1 shows the results of the UKF for the estimation of the
Young modulus of the aorta, using only two flow (synthetic or experimental) measurements.
In-vivo study Finally, we investigate the applicability of the parameter estimation technique to the
identification of pathological venous circulation [12]. To perform such a study we consider a closed-
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loop model comprising a one-dimensional description of systemic arterial and venous networks [7].
Our results show that clinically relevant parameters, e.g. such as resistances of terminal 0D models,
can be estimated starting from limited clinical data.
4

CONCLUSIONS

We have explored the potentiality of a Kalman filter applied to a one-dimensional blood flow model,
using in-silico, in-vitro and in-vivo data to feed the parameter estimation algorithm. Results suggest
that the applicability of the algorithm to the clinic depends on the parameters to be estimated and
on the data availability. Exploring strengths and limitations of the algorithm, we show how relevant
clinical information could be obtained from medical data.
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SUMMARY
A triple arc-incision refractive surgery is proposed and studied by means of computational simulations. Parametric studies of four geometrical conditions of the surgery are performed in order to
determine their effect on the curvature of the cornea. Corneal positive and negative curvature changes
are observed indicating the surgery may simultaneously correct both hyperopia and presbyopia. Comparison to clinical cases confirms not only the accuracy of the simulations, but also de potential of the
surgery for the simultaneous correction of different ametropies.
Key words: Refractive Surgery, Computational Biomechanics, Human Cornea

1

INTRODUCTION

The human cornea accounts for three major functions: protect the inner contents of the eye, maintain
the shape of the eye, and refract light [1]. Several factors can affect the cornea shape, thickness, and
curvature. In particular, undesired changes in curvature (refractive errors) such as myopia or presbyopia, can badly influence the visual performance. To overcome this problem, several new strategies have been proposed. Various refractive surgery techniques such as laser in situ keratomileusis
(L ASIK) and photo-refractive keratomy (PRK), have shown successful results in patients around the
world.
Regarding the simulation of the refractive surgery, special interest has been given to the simulation
of the refractive power of the cornea after the surgery. However, the change in curvature in most
published work is weighted over the optical zone [2, 3, 4], leading to a single value of the dioptric
power. This procedure obscures a very interesting phenomena, i.e. that the change in curvature may
drastically vary within the optical zone.
We take advantage of this fact and propose a new variation of the refractive surgery. Our main
objective in the present investigation is to evaluate the change in curvature in the optical zone caused
by a triple-arc incision using a finite-element model of the cornea. We will focus on a parametric
study of the incision geometry and its effect on the corneal curvature.
2

TRIPLE-ARC INCISION SURGERY

The triple-arc surgery was first proposed by Arciniegas and Amaya [5]. It consists of three symetrically distributed arched incisions, shown schematically in Figure 1. The two most important incision
variables are the incision radius r and the incision angle ✓. The incisions are performed by a laser,
which leaves a 50 nm unaltered layer. Two aditional incision geometric parameters are considered:
the incision depth w, expressed as a proportion of the local cornea thickness w, and the incision
width .
Figure 1 also depicts a cutting plane across the vertical meridian. The optical zone is defined as the
region limited by an imaginary circle passing through the center of the incision, namely from r to r.
The change in curvature that may occur outside of this region will not greatly influence the patient’s
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Figure 1: General nomenclature for the triple-arc incision.

vision. To separately analyze the change in curvature over the optical zone, three zones are defined:
Zone 1, 2 and 3. Zone 1 corresponds to 30% of the optical zone, and is the closest region to the
incision. Given that this region is constantly covered by the upper eyelid, the change in curvature in
this region will not contribute significantly to the improvement of the patient’s vision, thus it is not of
much interest. Zone 2 is the central region and corresponds to 40% of the optical zone. An increase in
the refractive power (steepening) in this region will lead to the correction of hyperopia. Finally, Zone
3 corresponds to 30% of the optical zone. An increase in refractive power (curving) in this region will
lead to the correction of presbyopia.
3
3.1

COMPUTATIONAL SIMULATION
Observed geometry generation

The first step of the simulation corresponds to the observed geometry generation. This geometry is
associated to the corneal geometry under the action of the intraocular pressure (IOP). In this work,
the geometric formulation of Arciniegas and Amaya [5] will be considered. Given that the geometry
generated in the previous step corresponds to the observed geometry, the stress-free geometry, which
will deform to the observed geometry under application of the IOP, needs to be computed. To find
the stress-free geometry, the displacements of the observed geometry under application of the IOP
are first investigated. This displacements are then subtracted to the observed geometry, generating a
similar hemispherical-shell structure of smaller dimensions. It is expected that once the IOP is again
applied, the new deformed geometry will approximate with considerable accuracy to the observed
geometry (advantage is taken from the linear-elastic nature of the material). In this manner, after a
few iterations, the geometry obtained by the displacement subtraction will be the stress-free geometry.
3.2

Material Properties and Boundary Conditions

The corneal tissue material is characterized by its linear-elastic incompressible behaviour. The material is defined by the Poisson’s Ratio ⌫ and the Modulus of Elasticity, E. The former was assumed to
be ⌫ = 0.49, and the latter was assumed to be E = 2.00 MPa. The boundary conditions of the model
are defined by establishing the supports and loads. For the supports, the approximation of Elsheik
and Wang [6] was taken, where the cornea is supported by roller supports at an angle of 23o . The IOP
is simulated as an internal outward pressure of 14 mmHg.
3.3

Triple-arc incision simulation

The incisions are generated over the observed geometry of the cornea. For this reason, it is also necessary to find their stress-free configuration. This is done by generating the incision-domains directly
in the observed geometry, and with the stress-free geometry calculation procedure, their stress-free
configuration can also be found. At this moment, the incisions are simulated as the extraction of
material. Once the stress-free configuration of the cornea with the incisions has been computed, the
IOP is again applied. Finally, the change in curvature over the corneal surface will be evaluated.
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3.4

Triple-arc incision effect analysis

On previous studies [2, 3, 4], the refractive power of the cornea after the surgery was weighted over
the optical zone, leading to a single change in curvature value for the optical zone. Here we present a
different approach to analyze the change in curvature after the surgery. For the correction of hyperopia
and presbyopia the change in curvature across the vertical meridian is of primary importance. Three
main zones can be identified in the curvature profile. In Zone 1 significant discontinuities on the
curvature are observed. This is due to the closeness to the incision. To decide whether if flattening
or curving in the Zones 2 and 3 occurs, it was assumed that the global tendency of the zone will be
represented by the area-weighted average (centroid) of the change in curvature profile. The parametric
study is done by defining intervals for each one of the four geometric variables of the incisions. For
each possible combination of variables, the complete surgery is simulated and the change in curvature
centroid is computed for Zones 2 and 3.
4
4.1

RESULTS AND DISCUSSION
Change in curvature

In order to perform the complete parametric study, the following intervals for each geometric variable
of the incisions are defined:

r := [1.20; 1.25; .....; 2.45; 2.50]mm

(1)

✓ := [60; 65; · · · ; 105; 110]deg

(2)

w := [0.2; 0.4]mm

(4)

:= [40%; 80%].

4.2

(3)

Comparison with clinical cases

In order to validate the proposed method, two dioptric maps obtained from the simulations will be
compared with clinical experimentation. Two relevant clinical cases have been found. Both are shown
in Figure 2 and 3. For the first case three remarkable flattening regions (blue regions) are observed.
This situation is not fully appreciated in the simulation. This effect can be justified by the fact that
the incisions in the surgery were performed by hand, causing the incision geometry to differ from the
simulated one. However, a curving region occurs in Zone 3, and it is well predicted in the simulation
coninciding with the curvature change of 2 dioptres reported for the clinical case. A similar result
can be found by comparing the second clinical case. In Figure 3 the curving region in Zone 3 is
remarkably well predicted by the simulation exhibiting for both, clinical and computational, a final
curvature of 44.5 dioptres in zone 3.
5

CONCLUSIONS

By using a linear-elastic biomechanical cornea model we analyze the effect in the change in curvature
of a triple-arc incision surgery. Three zones are defined over the vertical meridian. These zones are
limited by an imaginary circle whose radius is the incision radius. The zones of mayor importance
are the central zone (Zone 2) and the inferior zone (Zone 3).
Four incision geometric parameters are varied in the parametric study, leading to different changes
in curvature in both regions. Flattening and curving occur in Zone 2, meaning that the surgery may
be suitable for the correction of myopia. Curving occurs for every incision-geometry combination
in Zone 3, meaning that the surgery may also correct presbyopia. This tendency has been verified
by comparing simulated dioptric maps with two clinical cases. The overall study reveals that the
triple-arc incision will be of great advantage in the myopia and presbyopia treatment.
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Figure 2: Change in curvature after surgery (dioptres). Incision geometry: r = 2.50 mm, ✓ = 60o ,
w = 0.2 mm.

= 90% y

Figure 3: Change in curvature after surgery (dioptres). Incision geometry: r = 2.50 mm, ✓ = 60o ,
w = 0.2 mm.

= 90% y
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SUMMARY
The determination of biological material behaviors and numerical tools for medical application
have been largely ongoing in the last hundred years and numerous models were developed at
different scales and for different physics. We present here some late development of numerical
models regarding direct medical applications for the use by clinicians, surgeons and repair surgery.
These models are mostly concerned with multi-scale and multi-physics approaches with real time
applications and priority is given to direct clinical transfer for everyday use. More specifically,
examples are presented for bone remodeling, maxillo-facial surgery, and soft-tissue behavior for
augmented reality surgery.
Key words: Numerical models, biological tissue, Constitutive laws, Bone remodeling, Maxillofacial surgery
1 INTRODUCTION
The works presented here deal with the development of mechanical numerical tools for
applications within medical and surgical environments. In the past decades, numerous numerical
models have tried more or less successfully to integrate mechanical material behavior within the
medical environment. This has become the field of a wide range of research since numerical
models have the ability to represent and predict biomechanical evolutions over long periods of time
which is not possible only by standard medical practices. Here we will present late developments
regarding mainly three field of studies developed in our laboratory about bone reconstruction,
maxillo-facial surgery and surgical augmented reality for soft organs behavior.
In bone surgery, major questions remain in the surgical bone reconstruction. Testing of different
biological and functional parameters during surgery is limited and difficult, especially for children
population. It is therefore desirable to develop 3D continuum model to describe the long term
evolution phenomena of bone reconstruction, eventually grafted with biomaterial, driven by
applied mechanical loads [1, 2].
In many medical applications where surgical treatment are necessary, post-surgery aesthetic is
always important for patients [3]. For orthognatic surgery, appropriate position of the maxilla is
critical as it is usually the first step of the procedure and will greatly determine the quality of the
outcome, especially in terms of facial aesthetics and smile harmony [4]. Computer assistance has
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become a substantial improvement regarding maxillary positioning. Numerous software allow
intuitive pre-operation planning (see for example [5]). However, one of the main difficulty remains
in the transfer of the computer planning to the operative theater. Here, we present a new system
based on electromagnetic tracking of the maxilla, including real time registration of head
movement for accurate positioning and improved accuracy.
Finally, in surgery using augmented reality, we propose a numerical tool useful for the surgeon that
will enable him to prepare its surgery using numerical models integrating realistic soft tissue
mechanical behavior and also have a real time rendering of the complex structural behavior while
undertaking the mini-invasive surgery using assisted robotics. This will enable, through endoscopic
images on a 3D screen, to be able to determine precisely all surgical actions with exact precision
and accounting with realistic organ mechanical behavior.
2 METHODOLOGY
2.1 Bone reconstruction
The development of multi scale numerical models for biological applications is always a
challenging task [6, 7] and requires both expertises and experimental results to validate them. The
model developed here [1, 2] aims to describe the complex biomechanical evolutions occurring
within bone tissue reconstruction knowing the biological phenomena in play and following
ordinary differential equations slowly varying in time. The actor cells such as osteoclasts and
osteoblasts are activated by means of a biological stimulus defined in the form of an energy
function based on the applied mechanical loads [8]. We account for the interplay between
biological and mechanical effects known to be important for the bone tissue synthesis and we study
the effect of different applied mechanical load intensities and directions to characterize the quality,
rate and density of bone reconstruction.
2.2 Maxillo-facial surgery
The objective is to match precisely the desired position of the maxilla before fixation in order to get
a perfect match and optimize the surgery outcome. The system is composed of a medical plastic
head model for validation purposes, an electromagnetic tracking navigation system, and a
navigation software that displays in real time the positions of both the 3D maxilla (to be fixed) and
the 3D upper facial skeleton. An Electro Magnetic (EM) tracking system is used to achieve
registration from the real environment to the virtual one of the head and maxilla. A navigation
software was developed using open source code and virtual toolkit library. This software allows for
displaying the real time positions of both 3D models of the upper skeleton and maxilla. The
correlation between a 6-points registration procedures enables exact positioning of the maxilla
within the 3D head model. An adequate match between the planned and the actual maxilla position
results in the corresponding match on the software and enables fixture of the real maxilla.
Quantitative evaluation, in adequate positioning and time of positioning, was performed amongst
differently experienced surgeons in order to validate the interest of using such software.
2.3 Surgery using augmented reality
The main challenges of this work are threefold. In a first stage, it is required to be able to model
adequately the movement of each organ individually. This was developed previously in the work of
Hostettler et al. and Zhu et al. [9-13]. In a second stage, it is necessary to integrate the real organ
deformations using homogenized constitutive laws accounting for the organ, vascularization and
tumor. Some previous works by Hostettler et al. [12] and Nierenberger et al. [14-16] have measured
and modeled some constitutive behavior of soft tissues. Here we aim at developing a finite element
numerical model integrating homogenization and local non-linear behaviors and accounting for the
specific external boundary conditions of the surgery. Finally, once this stage undertaken, we will be
using a proper generalized decomposition (PGD) method in order to be able to extract all possible
deformation scenarios and be able to render the results in real time during the surgical operation.
3 RESULTS AND CONCLUSIONS
IN the bone reconstruction work, objectives are to describe the evolution of bone densities as a
function of time in order to be used for the prediction of bone reconstruction after surgery. Figure 1
shows a simple case geometry of femoral head where strain energy density has developed from
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external applied mechanical loads on the femoral head. We can observe the well known distribution
that will generate bone reconstruction using different mechanical scenarios and biological
evolutions.

Figure 1 : Strain energy developed from applied
mechanical load and leading to bone density
evolution.

For the maxilla orthognathic surgery, the developed graphical interface is presented in Figure 2.
The quantitative results regarding usefulness of the guided interface are presented in Table 1.
Results show that the graphically guided interface is mainly useful for training surgeons where the
positioning time is much shorter than expert surgeons. Final positioning is not very different
although expert surgeons manage to reach better final performances.

Figure 2 : Graphical interface for global
maxillary repositioning before fixation

Group

Global

Trainees

Intermediates

Experts

Mode

CONV

NAV

CONV

NAV

CONV

NAV

CONV

NAV

Duration
(sec)

mean

26.7

34.8

41.7

30.9

20.1

31.3

13.0

41.9

sd

32.9

32.9

42.5

15.6

19.9

36.6

19.8

39.2

Angular
error (deg)

mean

3.9

2.6

3.9

2.5

3.8

3.1

4.2

2.3

sd

2.0

1.4

1.6

1.7

2.3

1.4

2.3

1.0

Translation
error (mm)

mean

2.4

1.3

2.5

1.4

2.3

1.6

2.3

0.8

sd

1.4

1.0

1.2

0.9

1.6

0.7

1.6

1.1

Table 1 : Comparative positioning times and errors for different surgeon expertises.
Finally, the objective regarding augmented reality is to deliver a numerical simulation tool with
realistic and real time organ deformations used by the surgeon. For this, some geometries were
extracted from patient livers including vascular network and tumor (Figure 3). The first stage,
currently being undertaken, is to implement the geometry into the finite element code Abaqus and
test different loading scenarios and boundary conditions. Once the model is implemented, adequate
homogenized constitutive laws will be implemented to account for the mechanical effect of
vascular distribution and obtain macroscopic structural behavior.
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Figure 3 : Example of exported mesh from liver,
vascular network and tumor.
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SUMMARY
In this paper a new method is described for the generation of computational patient avatars for surgery
planning. By “patient avatar” a computational, patient-specific, model of the patient is meant, that
should be able to provide the surgeon with an adequate response under real-time restrictions, possibly
including haptic response. The method is based on the use of computational vademecums [F. Chinesta
et al., PGD-based computational vademecum for efficient design, optimization and control. Archives
of Computational Methods in Engineering, 20(1), 31-59, 2013.] that are properly interpolated so
as to generate a patient-specific model. It is highlighted how the interpolation of shapes needs for a
specialized technique, since a direct interpolation of biological shapes would produce, in general, nonphysiological shapes. To this end a manifold learning technique is employed, that allows for a proper
interpolation that provides very accurate results in describing patient-specific organ geometries. These
interpolated vademecums thus give rise to very accurate patient avatars able to run at kHz feedback
rates and thus enabling not only visual, but also haptic response to the surgeon.
Key words: Real time simulation, patient-specific models, surgery planning

1

INTRODUCTION

In this work and advancement in the development of patient avatars with an eye towards personalized
surgery planning simulators is made. The goal is the development of patient-specific surgery planning
systems able to provide the surgeon with valuable information on the patient’s anatomy so as to be
able to forecast the difficulties that most likely will be faced during the real surgery procedure.
The development of a surgery simulator faces several difficulties, see [4]. To this end, several approaches can be found in the literature, although they are in general limited to very simplified constitutive modeling of soft tissues. Even though a realistic enough surgery simulator has not been
completely achieved, the consideration of patient-specific information still complicates the challenge.
First of all, personalized geometry should be obtained from any type of medical imaging system
(computerized tomography, ultrasounds, etc.) and conveniently segmented so as to provide an accurate description of the patient’s anatomy. This is not, however, the objective of this work.
Once the patient’s anatomy has been segmented, a computational model able to provide with the
mechanical response of the different organs with a relevant role during the surgical procedure must
be developed. The approach here considered to this problem is conceptually simple: to interpolate the
patient-specific anatomy from previously computed computational vademecums [2] for the organ(s)
of interest. Thus, off-line computed numerical simulations of parametric problems are exploited in
real time, even with handheld, deployed platforms such as smartphones or tablets [1].
In general, the computational solution of parametric problems needs for a campaign of (numerical)
experiments and a sort of interpolation between the solutions so as to obtain the desired response
surface of the parametric model. It is well-known, however, that it is not possible to “mesh” the
entire parametric domain and just to solve the resulting high-dimensional problem. Since the number
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of degrees of freedom grows exponentially with the number of dimensions of the phase space, the
size of the problem soon becomes intractable, giving rise to the so-called curse of dimensionality.
Recently a technique to overcome these problems has been proposed. Considered as a generalization
of Proper Orthogonal Decomposition, the Proper Generalized Decomposition (PGD) [3] approximates the solution in the form of a finite series of separated functions, thus leading in practice to the
solution of a series of low-dimensional problems rather than a high-dimensional one. PGD techniques
have been employed in the past by the authors to produce computational vademecums to develop haptic surgery simulators.
The procedure here proposed is thus conceptually simple. From a database of pre-computed vademecums that provide the response of the organ of interest for any value (within a prescribed interval)
of the parameters of the model, the just segmented anatomy of the patient is used to obtain a new
interpolated vademecum. Parameters could be material coefficients, thus taking into account patient
variability of the properties, position of the loads provoked by the interaction with the surgeon scalpel,
or, in general, any other.
2

A BRIEF OVERVIEW OF COMPUTATIONAL VADEMECUMS FOR HAPTIC SURGERY
SIMULATION

In this section we reproduce, for completeness, results from some of the authors’ previous works
on the topic. Essentially, to develop a surgery simulator, we look for the solution of the mechanical
problem under any possible location of the force of contact between surgery tool and organ, say
s. Consider, for simplicity, the static equilibrium equations of a general solid under small strain
assumptions:
r · + b = 0 in ⌦,
(1)
where b represents the volumetric forces applied to the body, subjected to the standard essential and
natural boundary conditions.

The standard weak form of the problem is obtained after multiplying both sides of Eq. (1) by an
admissible variation of the displacement, u⇤ , and integrating over the domain ⌦. The basic ingredient
of the PGD to the problem is to consider the load t̄ as a parameter of the formulation, thus enabling to
obtain a parametric response surface to the problem. The load is assumed to be applied at point s of
the surface and, for the sake of simplicity in the exposition, unitary and vertical. Then, u = u(x, s)
with (x, s) 2 ⌦ ⇥ ¯ , where ¯ ✓ t represents the portion of the boundary where the load can be
applied.
The main ingredient of the PGD approach to the construction of a computational vademecum is the
establishment, in an iterative way, of an approximation to the solution in the form of a finite sum of
separable functions [3]. If we assume that, at iteration n of this procedure the solution has converged,
um
j (x, s) =

m
X
k=1

Xjk (x) · Yjk (s),

(2)

where the term uj refers to the j-th component of the displacement vector, j = 1, 2, 3. To find a new
pair of functions Rj (x) and Sj (s) that improves the approximation, our experience indicates that a
fixed-point alternating directions algorithm, in which functions Rj and Sj are sought iteratively, gives
excellent results despite its simplicity.
3

MANIFOLD LEARNING TECHNIQUES FOR THE INTERPOLATION OF ANATOMIES

The inclusion of the patient anatomy as a parameter in the formulation is a delicate task, however,
as will be readily noticed. Shape is not a parameter itself. In other words, by linearly interpolating
two ellipses, for instance, shapes very different to an ellipse can be obtained. This very well-known
phenomenon that has already been noticed in many branches of science and engineering.
To efficiently parameterize shapes, it has been preferred to embed the segmented organ(s) geometry (a
human liver in this case) on a background mesh and to compute in it the distance field to the boundary
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Figure 2: Set of 50 different livers generated by applying a non-linear transformation to an original liver
geometry.

of the organ (in other words, a level set), see Fig. 1. The set of nodal distances is thus stored in the
form of a high dimensional vector, living in this case in a space of 49321 dimensions. Associated
to each anatomy, an off-line pre-computed vademecum is considered that provides with its response
with respect to a punctual load at any point of its accesible boundary, as introduced in the previous
section.
To find the underlying geometrical structure of a particular set of organ anatomies and their associated,
pre-computed vademecums, Locally Linear Embedding (LLE) techniques have been employed [5]. Essentially, LLE looks for a suitable, lower-dimensional
space where to project the set of high dimensional
vectors and still obtain meaningful results.
Denote by X i the coordinates of each organ in the
high dimensional space, that is, its associated 49321dimensional vector containing the distance to the organ boundary. LLE looks for a suitable interpolation
of each point i in terms of a number of neighbors
(that must be chosen by the user, always greater than
Figure 1: Distance field for a particular liver and the expected dimension of the low dimensional space
associated geometry extracted by the Marching
where we try to project). These weights are found by
Cubes algorithm.
minimizing the functional
X
X
"(W ) =
|X i
Wij X j |2 ,
(3)
i

j

where Wij = 0 if i and j are not neighbors. The basic assumption of LLE is that, in the low
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Figure 3: Comparison between an interpolated anatomy and the original one. Reference anatomy (left) is represented in solid, while the obtained interpolation is represented in wireframe. Right, superimposed deformed
geometry of the interpolated and the target vademecum.

dimensional space these weights still interpolate well the new, embedded coordinates Y i .
4

RESULTS

A set of different 50 livers has been generated by applying a non-linear transformation to a segmented
anatomy. These 50 livers are shown in Fig. 2.
By doing this, one of the vademecums was interpolated from among their neighbors, as dictated by the
LLE algorithm, and the predicted results were compared to the reference ones, obtained by standard
application of the PGD method. Results from the comparison between the reference anatomy and
the just interpolated one are shown in Fig. 3. As can be noticed, very good agreement between both
vademecums is obtained, with an error in the predicted volume of the liver under 5% and an error in
the displacement field, measured in the L2 -norm, of 9.03%.
5

CONCLUSIONS

A manifold learning technique has been presented that allows for the creation of patient-specific models for surgery planning by properly interpolating existing computational vademecums of a sampled
set of anatomies. The method has demonstrated to be able to interpolate very accurately both the
anatomy and the associated vedemecum (i.e., the precomputed displacement response surface of the
organ).
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SUMMARY
This paper presents a meshless method based on the Modified Moving Least Squares (MMLS)
shape functions. The proposed meshless method is used for a brain deformation simulation in 2D.
The results are compared with the commercial finite element software Abaqus. The simulation
results demonstrate the superior performance of the MMLS over classical MLS with linear basis
functions in terms of accuracy of the solution.
Key words: Meshless Method, Modified Moving Least Squares, Soft Tissue Deformation
1 INTRODUCTION
Modelling brain deformation for neurosurgical simulation and neuroimage registration for
image-guided surgery is a non-linear problem of continuum mechanics which involves large
deformations and large strains with geometric and material non-linearities. In such cases, finite
element method can fail due to element distortion. In this context, meshless methods [1] provide a
better alternative where a predefined mesh is not necessary. In meshless method the unknown
deformation field is approximated based on the displacements at arbitrarily distributed nodes using
shape functions associated with those nodes. Among existing shape functions, the ones obtained
using Moving Least Squares (MLS) are often preferred due to the smoothness, continuity and
consistency of the approximated deformation field they generate.
However, in order to compute the shape functions over the entire problem domain, the
classical MLS places strict requirements on the nodal distributions that can be used (not all nodal
distributions are admissible). Due to such limitations, the practical use of higher order polynomial
basis in classical MLS is not trivial for randomly distributed nodes, although they possess the
capability for more accurate approximation of complex deformation fields. In this context, a
modified moving least squares (MMLS) approximation has been recently developed by ISML
[2,3]. This paper assesses an Element Free Galerkin (EFG) meshless method based on the MMLS.
The proposed meshless method is used for a brain deformation simulation in 2D. The results are
compared with the commercial finite element software Abaqus.
1.1 Modified Moving Least Squares (MMLS) method

The procedure for constructing classical MLS shape function starts with the
approximation of a function u(x), denoted by uh(x), using a combination of polynomial
basis functions [4]. After minimization the least squares functional and solving the
resulting systems of equations, the classical MLS approximation is obtained as:
𝑢 (𝐱) =    𝐏 (𝐏 𝐖𝐏) 𝐏 𝐖𝐮 = 𝚽 𝑻 (𝐱)𝐮
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(1)

As can be seen from equation (1), the construction of the classical MLS shape functions 𝚽
is depended on the non-singularity of the moment matrix 𝐏 𝐖𝐏, where 𝐖  is the weight matrix.
The necessary conditions for the moment matrix to be non-singular depend on the types of basis
functions used, and for higher order polynomial basis it demands more nodes inside the support
domain of each integration point, resulting in higher computational cost. Although the higher order
polynomial basis has better approximation and convergence properties, these restrictions prevent
the practical use of such basis.
In this context, Joldes et al. [2] developed a modified MLS with second order polynomial
basis. Additional constraints on the coefficients associated with the second order monomials in the
basis were added to the least squares functional. The modified approximant is obtained as:
𝑢 (𝐱) =    𝐏 (𝐏 𝐖𝐏 + 𝐇) 𝐏 𝐖𝐮  
𝑻

=    𝚽 (𝐱)𝐮

(2)

where H is a matrix with all elements zeros except the last three diagonal entries, which are equal
to the weight vector associated with the additional constraints μ
𝐻=

𝐎
𝐎

𝐎
𝑑𝑖𝑎𝑔(𝛍)

(3)

Using this technique, it can be proved that the nodal distributions which are admissible for
the classical MLS with linear basis functions are also admissible for the MMLS which uses the
higher order quadratic basis.
2 METHODOLOGY
The approximation capability of the MMLS shape functions was assessed by comparing it
with the classical MLS shape functions with linear and quadratic basis. In order to define all shape
functions, quartic spline weights with circular domain were used. In this example, the equal
weights for the additional constraints (𝜇 =    𝜇 =   𝜇 =   𝜇) and a constant radius of influence
R for all nodes were used. A 2D rectangular problem domain was defined and the domain was
discretised using 324 nodes using both regular and irregular distributions.
The following function was used for testing the approximation accuracy in 2D for different
values of 𝜇 and R. The function was chosen to present a variety of behaviours in a surface.
𝑢(𝑥, 𝑦) = (1 − 𝑥 − 𝑦 )𝑒

(

)

(4)

The approximation accuracy was determined using the root mean square error evaluated
using a regular distribution of N=81x81 points:
𝑅𝑀𝑆𝐸 =

∑

(𝑢(𝑥) − 𝑢 (𝑥))
𝑁

(5)

The results are shown in Fig.1 and Table 1.
A craniotomy induced brain deformation was simulated using the Meshless Total
Lagrangian Explicit Dynamics (MTLED) algorithm [5,6], modified to use the MMLS shape
functions. A regularized weight function was used to impose the essential boundary conditions [7].
The  Young’s  modulus  for  the  brain  parenchyma  and  the  tumour was set to 3000 Pa and 6000 Pa
respectively  and  a  Poisson’s  ratio  of  0.49  was  assigned  for  both  parenchyma  and  tumour  due  to  the  
incompressibility of the brain tissue. The interaction between skull and brain was modelled as finite
sliding, frictionless contact. The skull was assumed to be rigid and the ventricles were modelled as
a cavity. A displacement was enforced on the nodes of the brain surface in the craniotomy area. For
the meshless computation the brain model was discretised with 707 nodes; 4988 integration points
were created from a triangular background grid with four integration points per cell. A constant
influence domain (R = 8) and equal weights for the additional constraints ( =10-7) were used. The
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results were compared with those obtained using the commercial finite element software Abaqus.
The constitutive material laws, loading and boundary conditions were identical in both meshless
and Abaqus computations. Higher order plain strain elements with hybrid formulation were used in
Abaqus to handle the incompressibility of soft tissues. The results are shown in Fig.2 and Table 2.
3 RESULTS AND CONCLUSIONS
3.1 MMLS Approximation capability in 2D
From the results shown in Table 1, it can be seen that as the nodal influence domain radius
is decreased, the classic MLS with quadratic basis fails due to singular moment matrix. However,
the MMLS with quadratic basis is stable. The approximation accuracy of MMLS is found to be
better than that of classical MLS with linear basis function. Moreover, it is also noticeable that if
the value of  is decreased, the MMLS accuracy approaches the accuracy of classical MLS with
quadratic basis function.
Table 1. Root mean square error (RMSE) in approximating 𝑢(𝑥, 𝑦) = (1 − 𝑥 −
𝑦 )𝑒

(

)

using 324 nodes and various radius of nodal influence domain, R.

Approximation
method

Regular node distribution

Irregular node distribution

R=2.0

R=1.5

R=0.8

R=2.0

R=1.5

R=0.8

MLS, linear BF

0.0817

0.0636

0.0218

0.0861

0.0651

0.0272

MLS, quadratic BF

0.0146

0.0100

Singular M

0.0179

0.0132

Singular M

MMLS, 𝜇 = 0.1

0.0220

0.0223

0.0203

0.0246

0.0125

0.0261

MMLS, 𝜇 = 0.01

0.0153

0.0114

0.0139

0.0186

0.0145

0.0209

MMLS, 𝜇 = 0.001

0.0147

0.0101

0.0072

0.0180

0.0133

0.0126

MMLS, 𝜇 = 0.0001

0.0146

0.0100

0.0059

0.0179

0.0132

0.0099

Figure 1. Approximated function by modified MLS (=0.1, R=0.8) using a regular distribution of
324 nodes.
3.2 Simulation of Brain Deformation in 2D
Table 2. Numerical details of comparison for the cases presented in Figure 2.
Case
a) Classical MLS
b) MMLS ( =10 )
-7

330

Nodes

Elements
(Abaqus)

Integration
points
(Meshless)

Average
difference
(mm)

Maximum
difference
(mm)

707

1247

4988

0.14509

0.67531

707

1247

4988

0.12332

0.50729

a)

b)
Figure 2. Differences of the computed deformation field in the brain a) between classic MLS
(linear basis) and Abaqus; b) between modified MLS and Abaqus.

The brain simulation results in Table 2 show that the maximum and average differences
between MMLS and Abaqus are found to be lower compared to those between classic MLS with
linear basis and Abaqus. Furthermore, for the given support domain radius, the classic MLS with
quadratic basis failed due to the singularity of moment matrix. The results demonstrate that the
MMLS with quadratic basis, while using the same size for the support domain, is stable and
delivers better accuracy compared to the classical MLS with linear basis.
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SUMMARY
Modeling interaction between deformable and rigid objects efficiently and accurately is one of the
most important tasks for interactive surgical simulation. The Finite Element Method (FEM) has become very popular in this context due to its versatility in representing elastic bodies with irregular
geometric features and diverse material properties. In this work we propose a hybrid FEM approach
to simulating realistic tissue behavior that uses a non-linear formulation in the vicinity of the interaction while employing a less accurate and inexpensive linear formulation elsewhere. A semi-implicit
time stepping is used for the non-linear portion of the domain. This avoids expensive domain decomposition strategies required to maintain consistency at the interface and allows for regular system
assembly using a non-overlapping interface and single solver for both domains. This study demonstrates the advantages of our novel approach, especially for the case of real-time surgical simulation.
Key words: finite element method, domain decomposition, medical simulation

1

INTRODUCTION

Surgical treatment of neurological diseases is complicated and requires highly advanced training.
Interactive surgical simulators are tools that provide advanced training for complex procedures, accelerating the training of residents and improve skills in areas where patients outcome correlates with
surgical experience. Advances in computing technologies in the last decade have made surgical simulations a more realistic option to train residents. Modeling deformations accurately and efficiently
is important to surgical simulation as the realism of the simulator relies, in large part, in its ability to
describe soft tissue response during the simulated procedure. Several approaches have been proposed
to model deformable solids in real time, most of them based on the finite element method (FEM) and
the theory of elasticity [5, 8, 4, 6]. FEM discretizes a spatially-continuous model into a collection of
pieces or elements and then performs a spatial integration of the material constitutive laws for each element. This is then assembled into a system of equations and solved using numerical methods. Many
of these approaches are limited to linear stress-strain models which do not capture large displacement
deformations. Also, for a number of cases, the FEM converges to a unique solution but requires many
elements (resulting in a large system of equations) in order to reach that solution. Therefore, FEM is
considered to be difficult to employ in real time computations.
In the present work, we propose a hybrid FEM approach in which the computational domain is split
into two regions. Elements in one region obey a non-linear deformation model – where large displacements are expected to occur – while elements in the other region are treated with a linear model.
Employing such a method will be useful in simulation of Arteriovenous Malformation (AVM) brain
micro-surgery where defective vascular structures that occur as a tangled bundle of blood vessels
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called nidus (see Figure 1a) is removed. In AVM surgery large part of the brain is untouched and
undergoes minor deformations. The strains in such regions stay in the linear deformation regime and
therefore can be replaced by less costly linear FEM while retaining non-linear formulation near the
interaction region.
2

METHODS AND RESULTS

In this study, the computational domain (or mesh) was partitioned into two sub-domains ⌦l , ⌦nl and
a non-overlapping interface , as shown in Figure 1c. The subscript l and nl correspond to the linear
and non-linear material models, respectively. The sub-domains ⌦nl and ⌦l share a set of nodes and
triangles at their boundary. Each of the sub-domains are discretized with tetrahedral elements.

(a)

(b)

(c)

Figure 1: (a) Diagram of an Arteriovenous malformation (AVM) (from www.TAAFonline.org) showing a nidus, vessel network and blood flow. (b) Geometric model of a patient’s brain with AVM
pathology, (c) Decomposition of the mesh domain into ⌦l and ⌦nl with non-overlapping interface .
The linear domain is modeled using a linear elastic model, which can be defined in terms of the strain
energy as (F) = µ✏ : ✏ + 2 tr2 (✏). Where F is the deformation gradient, ✏ is a small strain tensor
and µ, are the Lamé coefficients. This model yields accurate deformations for small strains. All
the elements belonging to ⌦l are formulated using a linear constitutive law. The elements in ⌦nl
which lie near the surgical tool are formulated using a non-linear formulation. We use the MooneyRivlin model for brain tissue; its parameters are not as realistic for brain tissue as the general Ogden
hyperelastic model [7]), but it is similar in computational intensity as it is a special case of the Ogden
model. The strain energy density of the Mooney-Rivlin hyperelastic material model is given as:
µ1 ¯
K1
(I2 3) +
(J 1)2 ,
(1)
2
2
where µ1 , µ2 and K1 are material constants and I¯1 , I¯1 are the invariants of the Left Cauchy-Green
tensor and J is the Jacobian of the deformation gradient F, see [2]. The resulting non-linear set of
equations are generally solved using the Newton-Raphson method [1]. However, if multiple Newton
iterations are attempted, the domain modeled using linear material model has to be updated after each
Newton iteration step in order to enforce consistency at the boundary between linear and non-linear
regions. This coupling requires combinations of Neumann and Dirichlet type boundary conditions
conditions [10] and is computationally expensive since the entire domain must be updated every
Newton iteration. We avoid multiple Newton interactions by using semi-implicit backward Euler time
stepping approach. In this method the internal force is approximated using Taylor series expansion
containing the tangent stiffness. The resulting linear system of equations is:
(F) =

(M +

µ1 ¯
( I1
2

3) +

tD + ( t)2 K) v =

t (fext

fint (ut )

( tK + D)vt ) .

(2)

int
Where fint , fext are the internal and external forces respectively. The tangent stiffness K = @f@u
is
the first order approximation of fint (ut+ t ), D and M are the damping and mass matrices respectively and t is the time step size.

At each time step, the linear and non-linear portions of the stiffness matrix and resultant forces must
be updated separately but in a way that is consistent and does not introduce lag at the interface .
We now assemble the separate linear systems obtained from linear and non-linear domains into a
single linear system to be solved at the end of each time step. The resulting system of equations can
be written in the following matrix form:
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2
4

3 2 l
KII
vIl
nl
5
4
0
vI
=
v
Kl I

0
nl
KII
nl
K I

v = Af .

32 l 3
KIl
fI
nl
5
4
KI
fInl 5
f
K

(3)
(4)

The subscript I represents the interior degrees of freedom and represents the degree of freedom
belonging to the interface . The matrix A represents the effective stiffness matrix, v = vt+ t vt
represents the change in velocities and f represents effective forces. It can be seen that the total degree
of freedom are arranged and sequenced as belonging to ⌦l , ⌦nl or .
This resulting global matrix A is symmetric and positive definite [1]. We can therefore employ wellknown algorithms such as preconditioned conjugate gradient to solve it.
2.1

Results

The described method was implemented using VEGA [9], an open source finite element library.
The linear and the non-linear part of the meshes are integrated using same time step t in order
to maintain temporal consistency. The resulting mixed linear system of equations are symmetric and
positive definite (SPD) since each of the sub-matrices, K ⇤ constituting the global stiffness in equation
(4), are themselves SPD. Therefore, we use the conjugate gradient method to solve equation (4).
Figure 2 shows the deformed configuration of the sample mesh that was modeled using hybrid approach. The blue elements are modeled using non-linear FE while the red part using linear FE.

(a)

(b)

(c)

(d)

Figure 2: The original mesh domain for a bar (a) showing non-linear (blue) and linear(red) regions.
(b) is a deformed configuration modeled using hybrid method when a horizontal force is applied at
the base. The original undeformed mesh domain for a sphere (c) and its deformed configuration (d).
Table 1 shows comparison of times for updating the linear system for fully non-linear and hybrid
formulations for different meshes. It can be seen that stiffness matrix update and assembly for fully
non-linear formulation is close to 1.7 times that of the hybrid formulation for close to equal number
of elements for linear and non-linear sub-domains. For the case of nidus mesh where there are more
linear elements, the speed-up is observed to be greater than 2.
This speedup can be further improved if more elements are under linear sub-domain. This is certainly
the case for neurosurgery simulation. We further tested the overall time of tangent stiffness update,
assembly and solving. For the bar mesh (2929 elements) a fully non-linear model took 95 ms while
the hybrid approach took 44 ms on an average. For the case of sphere mesh (7845 elements) the fully
non-linear model took 380 ms on average while that of hybrid method took 215 ms.
3

CONCLUSIONS

We have proposed a hybrid approach that can employ non-linear tissue models near the interaction
area and a less accurate and computationally cheaper linear formulation else-where. The proposed
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Mesh
Bar Non-linear
Bar Hybrid
Sphere Non-linear
Sphere Hybrid
Nidus Non-linear
Nidus Hybrid

# Elements

Setup time

2929
(Nnl = 1424, Nl = 1505)

8.06 ms
4.6 ms

(Nnl

7845
= 3657, Nl = 4188)

22.0 ms
12.56 ms

(Nnl

26030
= 1900, Nl = 24130)

80.3 ms
36.7 ms

Table 1: Comparison of setup times which is the sum of computation of tangent and assembly for
fully non-linear and hybrid formulations. Nnl , Nl represent number of elements in non-linear and
linear sub-domains respectively.
method had been successfully tested on sample meshes. We are working towards employing this
cost saving method for AVM neurosurgery simulator where large number of elements are automatically generated [3] from MRI scans of a patient with AVM. We are further working on a strategy to
generalize this method by adaptively determining the boundary of the non-linear domain based on a
specialized metric.
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[8] Andrew Nealen, Matthias MÃŒller, Richard Keiser, Eddy Boxerman, and Mark Carlson. Physically based deformable models in computer graphics. Computer Graphics Forum, 25(4):809–
836, 2006.
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SUMMARY
We present a novel strategy to perform estimation for mechanical systems, and more generally for
evolution equations with uncertain initial conditions and parameters. We adopt an observer approach
to construct a joint state-parameter estimator that uses available measurements by incorporating databased correction terms in the dynamical system, in order to converge to the target solution. First,
state estimation is performed using a Luenberger observer, which allows for effectiveness and robustness. For parameter estimation we then incorporate the parameters in an augmented dynamical
system, and perform reduced-rank Kalman-based filtering in the parameter space. The convergence
of the resulting joint state-parameter estimator can be mathematically established, and its effectiveness demonstrated in various contexts. The applications considered here are motivated by cardiology,
to provide patient-specific simulations of high predictive value.
Key words: data assimilation, cardiovascular modeling, identification, medical data

1

INTRODUCTION

In many application fields, a momentous aspect of the modeling chain is to be able to register the conceptualized system on actual measurements at hand, in order to enable the predictive nature of the
model. This key concept is referred to as data assimilation. Mathematically speaking, data assimilation belongs to the inverse problems category, in the sense that some data that are generally potential
outputs of the system help to retrieve specific inputs of the model: unknown initial conditions, physical parameters, etc.. Historically, data assimilation has appeared in the 70’s in geophysics [1], but
has nowadays reached new fields, e.g. in life sciences and in particular in cardiovascular modeling
[2]. Indeed, modeling is increasingly present in cardiology, bringing new biophysical insight into the
complex behavior of the cardiovascular system. Moreover, a growing understanding has appeared on
the necessity that these simulations be personalized on each subject to really offer diagnosis and
prognosis tools. This requires acquiring the specific anatomy, but even more importantly registering
the biophysical state – with possibly non-standard conditions associated with a disease. This biophysical personalization is based on the abundant data available for each patient: medical imaging,
pressure records, electrocardiograms, etc., hence falls into the data assimilation framework. We point
out that the available data are multidimensional signals and images, for instance MR or CT images
shaping the deformation, or depolarization maps indicating when and where the cardiac action potential has arisen. A fundamental challenge is thus to assimilate the various data as they are essentially
delivered – namely, in the cardiac context, mostly images – in order to adapt generic models to a
specific patient to assist clinical diagnosis and prognosis.
2

METHODOLOGY

In essence, data assimilation aims at reconstructing the trajectory of an observed partial differential
equation (PDE) system in the form
ẏ = A(y(t), ✓, ⌫(t)), t > 0;
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(y(0), ✓, ⌫) unknown,

(1)

where y is the state variable in an adequate functional space with – possibly – an uncertain initial
condition y(0), ✓ is a set of unknown parameters in some regular space (possibly finite dimensional)
and ⌫ some additional model noise in a functional space to be defined (potentially stochastic). For
this system, we have at our disposal some observations on a target trajectory {y̆(t), t > 0}, and
the objective is to merge the information on the data and the model knowledge. In most cases, the
observations z are assumed to be resulting from a simple measurement procedure, hence modeled
by an observation operator C such that z = C(y̆), up to some noise. In fact, in most of the data
assimilation strategies, we mainly need to define a so-called dissimilarity measure D which aims at
comparing the given observations with synthetic observation generated from the model trajectory.
Typically, if the observation operator is C, we usually choose D(z, y) = kz C(y)k2 . But when
measurement are shapes or images, more intricate definitions of the similarity can be envisioned,
provided they allow to compare the data at hand and the model outputs.
A classical data assimilation approach consists in minimizing a least-square criterion combining the
discrepancy between the actual data and the simulation, with additional regularization terms accounting for the confidence in the model, viz.
Z T⇣
⌘
2
2
min J = ky(0) y0 k + k✓ ✓0 k +
D(z(t), y(t)) + k⌫(t)k2 dt.
0

This is known as the variational approach as reflected in the popular 4D-Var methodology [3], where
the criterion gradient is obtained through an adjoint model integration corresponding to the dynamical
model constraint under which the criterion is minimized. As a result, the minimization problem is
classically solved by a gradient descent algorithm involving numerous iterations of the combination
of the model and adjoint dynamics.
Whereas the “genericity” of the variational approach is attractive, it involves the solution of a costly
optimization problem. Original alternatives can be inspired from the point of view of feedback control
theory. The key concept is to define a so-called observer – also referred to as estimator in the stochastic context – that uses the data as a control to track the actual trajectory, and concurrently retrieve the
unknown parameters. This sequential approach gives a coupled model-data system solved similarly
to a usual PDE-based model, with a comparable computational cost. We thus define a new dynamical
ˆ | that pursues the target trajectory and parameters via a feedback control B = (By B✓ )|
system (ŷ ✓)
only depending of the similarity measure D, hence leading when D(z, y) = kz Cyk2 to
(
ˆ 0) + By (z C ŷ), t > 0; y(0) = ŷ0
ŷ˙ = A(ŷ, ✓,
(2)
˙ˆ
ˆ = ✓0
✓ = B✓ (z C ŷ), t > 0; ✓(0)
with B often based on the adjoint C ⇤ . Indeed, this approach can combine originality and efficiency
as soon as the control is designed specifically for the system at hand – as prescribed in the 70’s by
Luenberger [4] – or is based on reduced-order optimal strategies, in order to overcome the well-known
“curse of dimensionality” arising with classical optimal observers. Note that the second equation in
(2) enables the identification of parameters by introducing a dynamics for the parameters. When
assuming perfectly known parameters, we classically talk about state estimation. The question of
extending a state observer to a joint state-parameter observer is known as adaptive observer design.
3

OBSERVER EXAMPLES FOR THE CARDIOVASCULAR SYSTEM

A first example of observer used in cardiovascular modeling is a mechanical observer which aims at
registering a mechanical model of an organ on a sequence of images. A natural discrepancy consid˘ from the computed
ered in this respect was defined in [5] using the distances to the object contours @ ⌦
object @⌦ associated with the state y, viz.
Z
2
D(z, y) =
|dist@ ⌦(t)
˘ (x + ys (x, t))| d ,
@⌦(t)

Then, a Luenberger observer is formulated wherein By modifies the relation that gives the solid
velocity vs as the time derivative of the solid displacement ys , in the form
@ ŷs
(x, t) = v̂s (x, t) + Exts (dist@ ⌦(t)
˘ (x + ŷs (x, t), t)).
@t
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Here, Exts is an extension operator lifting the distance computed on the boundary into the solid
domain [5, 6]. Note that this approach has been successfully used with a cardiac model in [5], and
also in fluid-structure interaction models for the aorta in [6].
This Luenberger observer can be extended to a joint state-parameter observer by designing a parameter feedback B✓ based on optimal Kalman-based filtering. The principle is to use the previously
defined Luenberger feedback on the state dynamics to reduce the model uncertainties on the parameter space. Assuming the parameters to be estimated can be discretized with a reasonable number of
degrees of freedom, we can use a reduced-order optimal strategy [7, 8] on the parameter space. This
approach, when using particle-based optimal filters such as the reduced-order Unscented Kalman
Filter [8] – but also possible with Ensemble Kalman Filters – have proved to be very effective in estimating biophysical parameters. For instance, it has already been successfully employed to estimate
constitutive parameters of the cardiac passive law in [9], or the active law in [10]. It was also used to
estimate the aorta constitutive law in [11], and some boundary condition parameters in [6].
Another application of the reduced-order optimal filtering approach is the state estimation of dissipative systems using model reduction. Indeed, numerous developments have been pursued to define
adequate reduced bases describing the physical state of a system, as for instance with proper orthogonal decomposition (POD). As the reduced basis allows to discretize a physical system with a limited
number of degrees of freedom, the curse of dimensionality that classically restricts the use of optimal
filtering can be circumvented. Two approaches can then be envisioned: (1) use the reduced basis to
entirely describe the model state y, and then apply a full Kalman-based filter to define By , or (2)
retain the full contents of the original state and use the reduced-basis to reduce the model uncertainty in order to apply reduced-order Kalman-based filtering on the reduced-basis subspace. This
last approach has been justified for cardiac mechanics in [12], and also in electrophysiology in [13]
where the observations are the 12 ECG-derivations and the observation operator the transfer operator
providing the ECG-derivations from the cardiac potentials.
We point out that there are also new attempts to define Luenberger observers in electrophysiology,
as in the recent work [14] where a state feedback is constructed to only use depolarization maps
reconstructed from ECGI modalities as an observation. Note that variational strategies have also been
used on this type of measurement, see [14] and references therein.
Finally, we emphasize that all these approaches can be combined in a coupled electro-mechanical cardiac model with eventually fluid-structure interaction in order to take advantage of the heterogeneous
measurements – namely ECG, MR images, pressure signals etc.. The potential of this strategy for
coupled systems has been mathematically justified and numerically illustrated in [13].
4

CONCLUSIONS

The data assimilation strategy has now demonstrated its tremendous potential to construct patientspecific biophysical models of the cardiovascular systems. In this context, novel methods have been
devised in the promising framework of observers. These observers combine complex models and data,
in order to produce a new system registering in time the patient physical state and jointly identifying
parameters of importance. The resulting new systems can be computed as a classical model with a
comparable complexity. This approach paves the way for using complex models in the applicative
– clinical – context.
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SUMMARY
Reducing the computational complexity of inverse problems governed by partial differential equations (PDEs) is a challenging task relevant in many biomedical applications. We propose a new,
certified framework combining several reduced-order models (ROMs) to speedup the solution of inverse uncertainty quantification (UQ) problems, in which unknown/uncertain parameters related to a
PDE model have to be estimated from noisy observation of suitable quantities of interest. We develop
these techniques in view of the application to cardiac electrophysiology, where we are interested in
the identification of myocardial ischemias.
Key words: Reduced order modeling, Inverse problems, Uncertainty Quantification, Cardiac Electrophysiology, Partial Differential Equations

1

INTRODUCTION

The design of efficient numerical solvers for inverse problems governed by PDEs is a relevant challenge in a broad range of applications. In this work we focus on computational reduction techniques
to speed up the solution of Bayesian inverse problems, for which either reduced-order or surrogate
models can be exploited. The complexity of these problems increases when we consider unsteady
and/or nonlinear PDEs, requiring an even more careful design of reduced-order models.
In the context of cardiac electrophysiology, we aim at combining (noisy) measurements of (bodysurface or intracavitary) potentials and a mathematical description of the electrical activity of the
heart in order to identify the presence of heart ischemias and/or infarctions. These latter can be characterized by means of unknown/uncertain parameters (such as their position and size) or parameterdependent coefficients (involving more complex geometrical features), in the forward PDE problem
consisting of the monodomain equation for the electrical potential in the cardiac muscle.
Identifying the values of the unknown parameters, and quantifying their uncertainty in a Bayesian
framework, requires to determine the posterior distribution of the unknown parameters, combining
their prior distribution and a set of outputs of the forward computational model. Computational
strategies to deal with inverse problems are based on sampling techniques, such as Markov chain
Monte Carlo (MCMC) or Kalman filters.
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Since (i) sampling techniques require repetitive evaluations of outputs and (ii) the solution of timedependent nonlinear PDEs by means of a high-fidelity approximation technique (e.g. finite element
method) is usually very expensive, solving an inverse problem in this context is a true computational
challenge [4, 7]. We thus want to combine suitable reduced order models (ROMs) to speed up the
evaluation of the forward problem, and reduction error models (REMs) to control the propagation of
reduction errors along the inversion process, yielding very efficient and accurate solutions.
2

METHODOLOGY

Inverse problems governed by PDEs stand at the interface between scientific computing and applied
statistics, as they involve both the numerical approximation of differential models and a suitable
description of uncertainties related to data. In both these areas the curse of dimensionality requires
suitable algorithms to reduce the computational costs and tackle data complexity. As a matter of
fact, the efficient solution of inverse problems takes advantage of the synergy of different algorithms
within a unified framework.
Here we consider PDE models with unknown or uncertain parameters (or fields), which can be estimated from indirect observations/measurements of suitable quantities of interest. In a Bayesian
framework, unknown parameters and output measurements are modeled as random variables, so that
an estimate of the unknown parameters, together with a quantification of their uncertainty, is obtained
in terms of a (posterior) probability density function [13].
We construct a reduced basis method for the forward problem by combining few high-fidelity solutions for properly selected parameter values. Within this class of methods, greedy algorithms [4]
or proper orthogonal decomposition (POD) [5] can be used to generate a low-dimensional set of basis functions, followed by a Galerkin (or Petrov-Galerkin) projection to generate the reduced-order
problem. A reduced basis method relies on a suitable splitting between (i) an expensive offline stage,
where the basis functions and all the parameter-independent structures can be computed and stored
once (and for all), and (ii) an online stage, where the reduced problem can be assembled and solved
in a very inexpensive way, for any new combination of parameters [11].
Performing this offline/online splitting in the case of unsteady nonlinear problems, such as the monodomain equations in the context of cardiac electrophysiology [3, 12], is not an easy task. In particular, assembling the parameter-dependent structures (such as the Jacobian matrix and the residual
at each step of a Newton iteration for the linearization of the problem) in a very efficient way at the
reduced level is crucial to ensure the efficiency of the RB method. Here we rely on the empirical
interpolation method (EIM) and its discrete version (DEIM) [1] to deal with nonaffine and nonlinear
terms, respectively, following a matrix DEIM approach recently proposed in [9]. Last but non least,
in the nonlinear case also providing efficient error estimates of the ROM quantities of interest with
respect to the high-fidelity ones is a very challenging task.
A relevant question, arising when surrogate models or ROMs are exploited to solve inverse problems,
is related to the propagation of reduction errors along the inversion process: it is crucial, in fact, to be
able to quantify uncertainties due to the ROM in order to obtain an accurate solution to the Bayesian
inverse problem (see [2, 8]). Here we apply some reduced error models (REM), developed in [7],
to quantify the error between the full-order and the reduced-order model affecting the likelihood
function, in order to gauge the effect of the ROM on the posterior distribution of the identifiable
parameters.
3

RESULTS AND CONCLUSIONS

The proposed approach is rather general and can be employed in a broad variety of contexts. As a
proof of concept, we apply it to a simplified problem dealing with the identification of an ischemic
region over the cardiac tissue (see e.g. [6, 10]). In particular, we aim at reconstructing the size and the
position of the ischemic region starting from noisy boundary-measurements of the electrical potential.
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In order to characterize the presence of an ischemic region, we introduce a non-homogeneous parametrized conductivity field, aiming at the identification of the unknown parameters. We show that
reduced order model are mandatory in order to gain a strong computational speedup compared to a
high-fidelity approximation technique. Relying on a suitable reduction error model ensures to improve the identification of unknown or uncertain parameters, by controlling the reduction error along
the inversion process. The combined use of these techniques clearly enhances the solution of parametric inverse UQ problems.
REFERENCES
[1] S. Chaturantabut, and D.C. Sorensen. Nonlinear model reduction via discrete empirical interpolation. Siam J. Sci. Comput., 5:2737–2765, 2010.
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SUMMARY
This paper aims at modeling the variability in cardiac electrophysiological measurements. We present
the models used to simulate the action potential in cardiomyocytes. Then, we describe a methodology
to estimate the probability density of the parameters that induce a significant variability in the outputs
of these models. We compare the proposed approach to state-of-the-art techniques to investigate the
variability in experimental data. We illustrate the current approach and its performance with respect
to existing techniques through an application to parameter estimation from synthetic data. Finally, we
apply our methodology to experimental action potential recordings.
Key words: cardiac electrophysiology, uncertainty quantification, stochastic inverse problem

1

INTRODUCTION

Electrophysiological measurements on cardiac cells exhibit substantial variability which causes are
yet unknown. When developing electrophysiological models, fluctuations in the measurements are
considered an issue and parameters are calibrated by averaging results obtained from different individuals. However, it is believed that not only this variation needs to be taken into account from a
modeling perspective, but also that it provides an insight into the inner properties of cardiac cells.
It may be analyzed to better understand the underlying causes of cardiovascular pathologies such as
arrhythmia. It may also be used as a tool for assessing the effect of a drug and thus enhance safety
pharmacology procedures. In this paper, we propose a method to estimate the probability density of
ionic model parameters using the electrical recording of action potentials. First, we describe the ionic
models used in the scope of this work and the methodology is detailed. Then, the proposed approach
is tested on a synthetic data set and its performance compared to that of existing techniques found in
the literature. Finally, the methodology is confronted to a real experimental data set.
2
2.1

METHODOLOGY
Electrophysiological models

In this paper, we focus on modeling the action potential at the cell scale, that is only 0–D models (i.e.
sets of ODEs) are taken into account. Over the wide range of cardiac electrophysiological models,
two of them were chosen.
First, the so-called minimal ventricular (MV) model [1] is used. As its name suggests, the MV model
is phenomenological and features only four unknowns. Though it is not as detailed as most ionic
model, it is complex enough to represent the main features of the action potential and counts 27
parameters, which is already a daunting task when it comes to parameter estimation. This model will
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be used to compare the present approach to exisiting techniques of parameter estimation.
The second model used in the present work is the Courtemanche et al. [2] ionic model of second
generation (i.e. it includes detailed models of the internal ions dynamics). It will be used to perform
the uncertainty quantification on an experimental data set.
2.2

Stochastic inverse problem: moment matching

In this paper, we propose the following stochastic inverse problem: given a data set which exhibits
variability (in our case, a set of action potential time series), find the probability density (PDF) of the
parameters that generated this specific variability. To be noted that, in the scope of the present work,
the parameters which vary are known a priori.
Without any loss of generality, suppose Np parameters vary, they will be noted pk , k = 1, . . . , Np .
First, Ns samples of the Np parameters of interest are drawn from a uniform distribution: ✓i =
(p1,i , . . . , pNp ,i ), i = 1, . . . , Ns . Then, Ns outputs (action potential time series) of the model are
generated by varying the Np parameters of interest. For the sake of clarity, these samples g(✓i , t) will
be noted gi,t in the following and they form what will be referred to as the simulation set.
Given a certain PDF ⇢(✓), one can define the statistical moments of the simulation set. The moment
of order ↵ thus reads:
Z
m↵,t =
g(✓, t)↵ ⇢(✓).
(1)
⇥

This integral is approximated with a Monte-Carlo algorithm. Therefore, the samples ✓i are drawn
from a uniform distribution and m↵,t is approached by m⇤↵,t :
m↵,t ' m⇤↵,t =

V⇥ X ↵
gi,t ⇢i ,
Ns

(2)

i

where V⇥ is the volume of the stochastic domain. Analogously, the empirical moments of the experimental data set can be computed and they will be noted me↵,t .
The main idea of the proposed methodology is to find the PDF ⇢ such that the simulation moments
are equal to the experimental moments. This “moment matching” condition may be translated into
the cancellation of the following residual function:
R(↵, t) = m⇤↵,t

me↵,t .

Over the many ways to achieve this condition, we look for the PDF ⇢ that maximizes the entropy
under the constraints that the moments (up to a certain order) are matched. An iterative method was
developed to solve the corresponding saddle-point problem.
Once such a ⇢ is found, the statistics of the parameters can then be retrieved. For instance, the mean
pk and variance vk of the parameter pk read:
Z
Z
pk =
pk (✓)⇢(✓), vk =
p2k (✓)⇢(✓) pk 2 .
(3)
⇥

3
3.1

⇥

RESULTS AND CONCLUSIONS
Application to synthetic data

The following strategy was applied to a test case in order to confront it to exisiting approaches. A
synthetic data set was generated by computing action potentials using the MV model when varying
two parameters (✓1 and ✓2 ). ✓1 and ✓2 are drawn from an uncorrelated bivariate normal law with
respective means µ1 , µ2 and standard deviations 1 , 2 . 1000 samples were generated and a Gaussian
noise (of mean 0 and s.d. 1% of the signal amplitude) was added to the time series prior to the moment
computation to prevent any inverse crime. 512 outputs of the MV model were generated by uniformly
sampling the two parameters of interest. The methodology explained in the previous section was
applied to the present test case and a solution ⇢ was obtained. Figure 1 shows the contours of both
⇢ and the initial PDF from which the parameters used to build the synthetic data set were drawn. A
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post-processing step is performed by projecting the log of the PDF on high order polynomials and
evaluating it on a cartesian grid in order to plot the contours. Furthermore, one can compute the
means and standard deviations of the parameters distributions using (3). Results compare well with
the exact solution as can be seen in the last column of Table 1.
3.2

Comparison with existing techniques

2.10

2.10

2.05

2.05

2.00

2.00

✓2

✓2

In this section, the test case previously described is used to compare the present approach to existing
stochastic inverse problem techniques. Two approaches found in the literature are introduced.
First, we present the method by Zabaras and Ganapathysubramanian [3] applied to parameter estimation in heat conduction problems. This approach consists in explicitly minimizing the moments
differences. The approached moments are computed using a sparse grid algorithm to generate collocation points. Then, the cost functional is minimized by a gradient descent method. At each iteration,
the ODE model is evaluated several times, which makes this approach relatively slow compared to
the present one where all simulations are run offline, prior to the parameter estimation.
The work by Kuhn and Lavielle [4] is on the contrary a bayesian approach. A stochastic approximation of the expectation maximization algorithm (SAEM) is developed. This approach is very robust
and is particularly efficient when parts of the data are missing (which our approach would fail to deal
with for instance). It also allows to estimate the amount of noise present in the measurements. Again,
many evaluations of the model are necessary in this approach, making it rather slow, even when one
considers only sets of ODEs. However, it is possible to lower the computational cost by building a
pre-computed grid and then perform interpolations [5].
In order to compare our approach to the two mentioned existing ones, the method by Zabaras was implemented and we used the Monolixr software which offers a Matlab implementation of the SAEM
algorithm. One can notice that the three methods yield satisfactory results. The means and standard
variations of the two parameters are approached at a precision of three digits in every case. However,
the present approach has the clear advantage of being computationnally faster. Indeed, it differs in
that the outputs are computed off-line, meaning the model is not evaluated during the iterative process. The moment matching approach is about 100 times faster than the one by Zabaras and about
1000 times faster than the SAEM one. This needs to be tempered by the fact that these time ratios
hold for a specific test case and that our implementations of the other techniques are not optimal.
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Figure 1: PDF of two parameters: reconstructed solution of moment-matching (left) and exact solution (right)

3.3

Application to experimental data

Finally, the present approach is applied to a set of 254 experimental action potential (AP) recordings from the paper by Sanchez et al. [6]. Since no time series were available, we used so-called
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Parameter
name
✓1
✓2

Real distribution
mean s.d.
0.2
0.01
2
0.05

SAEM
mean s.d.
0.201 0.0097
1.999 0.0497

Zabaras
mean s.d.
0.200 0.0111
2.00
0.0435

Moment matching
mean s.d.
0.200 0.0100
2.00
0.0498

Table 1: Comparison of different uncertainty quantification techniques.
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“biomarkers” which are quantities extracted from the action potential signals (e.g. action potential
duration, maximum upstroke velocity, etc.). After a preliminary investigation on the most important
parameters and most sensitive biomarkers, it was decided to perform the uncertainty quantification on
3 ionic channel conductances. The reference values of these parameters were multiplied by factors
(respectively gK1 , gCaL and gN a ) sampled over the range 0 to 3 (-100%/+200% relative variation).
The moments (up to the order 3) are matched using the previously described approach. Fig. 2 shows
the marginal densities for each parameter. Table 2 shows the mean and standard variation computed
from the numerical solution of each of the three parameters.
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Figure 2: Marginal densities of three parameters estimated from experimental AP recordings.

gK1
mean s.d.
1.21 0.50

gCaL
mean s.d.
1.12 0.20

gN a
mean s.d.
1.16 0.50

Table 2: Experimental biomarkers of SR patients action potentials: parameter estimation.
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SUMMARY
We propose reduced order modeling techniques in order to efficiently solve nonlinear three-dimensional
mechanical problems. In particular, we focus on cardiac mechanics, with the goal of investigating
how deformations of the heart tissue depend on some clinically relevant parameters. A reliable approximation of the high fidelity model is obtained, by combining proper orthogonal decomposition
for the selection of basis functions, Galerkin projection over a low dimensional subspace and a new
matrix discrete empirical interpolation technique for efficiently handling the nonlinear terms. We
present some preliminary results on an idealized left ventricle configuration, in order to assess the
computational performance of the proposed strategy.
Key words: model order reduction, cardiac electromechanics, non-linear mechanics, proper orthogonal decomposition, empirical interpolation method

1

INTRODUCTION

Modeling the heart functioning in both healthy and pathological cases is a challenging task, because
of the multiscale and multiphysics problem’s nature. In order to accurately describe cardiac deformations, several electromechanical models have been proposed ([12, 11]). Electromechanics is a coupled
problem consisting of an electrical subproblem, which describes the propagation of the electrical signal triggering the heart contraction, and a mechanical subproblem, that describes the deformations of
the cardiac muscle.
Although solving the electrical model is computationally affordable, solving the mechanical part
of the model is usually very expensive, especially when dealing with three-dimensional realistic or
patient-specific geometries. Indeed, in order to capture the correct ventricular displacement, we need
complex constitutive laws, characterized by an exponential strain energy function and the presence of
muscular fibers and sheets, resulting in a complex model with highly nonlinear terms.
In this work we are interested in developing efficient numerical strategies to solve the mechanical
problem several times, in order to analyse how the solution behaves when changing parameters such
as fibers orientation, tissue conductivity or other physical properties of the myocardium. For that, we
aim at constructing a low dimensional model, able to accurately reproduce the solution of the original
high fidelity model, with a significantly reduction in the computational costs. Our approach is based
on a reduced basis method, relying on the proper orthogonal decomposition for the construction of a
low dimensional approximation space [9, 10]. The long term goal is the integration of this reduced
order model within a modular fluid-dynamics for the simulation of the whole coupled heart.
Here, we propose a novel approach in order to rapidly compute the solution of the problem for different parameters of interest, through an efficient offline-online decomposition. First, a training stage,
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in which the parameters domain is explored, is performed and a set of full order (high fidelity) solutions is computed. Then, the solution of the reduced model is rapidly evaluated thanks to a projection
method during an online phase.
2

METHODOLOGY

Modeling the heart contraction leads to the solution of a coupled problem involving an electrical and
a mechanical model.
To describe the electrophysiology, here we consider a monodomain model, able to compute the transmembrane potential, which plays a crucial role in the description of the heart contraction [8].
For what concerns the mechanics, myocardium is considered as orthotropic, hyperelastic, and incompressible with passive properties defined by an exponential strain energy function. In order to
accurately describe cardiac deformations, we need a mechanical constitutive law accounting for two
preferred directions: fibers and sheets directions, that are essential to determine the correct shortening
and torsion of the ventricle. In this work we consider the model proposed by Holzapfel and Ogden
([5]), which has been widely accepted for the description of the heart activity.
In order to represent the systolic part of the cardiac cycle, the active contraction of the muscular fibers
has to be included in the model. Different approaches have been investigated, in particular the active
stress and the active strain approach [1, 3]. Here we adopt an active stress formulation, where a stress
contribution, typically dependent on fibers orientation, is included in the force balance. To compute
the solution of the coupled problem we rely on a finite element method, adopting a segregated algorithm for the electromechanical coupling
In order to speed up the solution of the high fidelity problem, we consider a reduced basis method,
using the Proper Orthogonal Decomposition (POD) for the construction of a low dimensional space,
onto which we project the original problem in order to get the reduced problem. Since we are dealing
with a nonlinear problem, we consider a Newton method for the solution of both the finite element
and the reduced models. At the reduced level, the cost of assembling the projected residual and the
Jacobian matrix, required at every reduced Newton iteration, would rely on algebraic structures that
still depend on the dimension of the high fidelity problem. To overcome this bottleneck, several
techniques have been recently proposed in the literature, such as empirical interpolation or ”best interpolation points” method [4, 7].
In this work we consider a discrete empirical interpolation method ([2]), in order to compute the online residuals, and a recently proposed matrix DEIM technique ([6]) to rapidly compute the Jacobian
matrix during the online phase.
Discrete empirical interpolation is a technique which allows to select a small subset of the grid nodes,
chosen in an iterative, optimal way, yielding a reduced mesh, where matrices and vectors can be assembled in a very efficient way.
The combination of all these ingredients allows to obtain a reduced order model by means of which
we can evaluate the nonlinear mechanical problem at a very reduced computational cost, still retaining
the same accuracy of the finite element model.
3

RESULTS AND CONCLUSIONS

In order to show the effectiveness of the proposed method, we present some numerical results on an
idealized geometry of a human left ventricle. We consider as parameters the fibers orientation, the
bulk modulus and the isotropic coefficient of the Holzapfel-Ogden law. The average L2 relative error
over a testing set of 40 randomly selected parameters is less than 1%, selecting about 20 basis for
the approximation space. In Figure 1 we show the error behaviour vs the number of selected basis
functions.
We obtain computational speed-up of at least 1-2 order of magnitude, depending on the mesh dimension. In Figure 2 we report the difference between the high fidelity and the reduced solution, for 3
different combinations of the parameters. In conclusion, a significant reduction in the computational
costs is obtained, preserving the accuracy of the high fidelity solution.
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Figure 1: Average L2 relative error over a testing set of 40 parameters.

Figure 2: Difference between the finite element and the reduced solutions for 3 different combinations of the
parameters.
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SUMMARY
Patient-specific parameter estimation in a heart model for the physiology of single-ventricle congenital heart disease is presented. Heart chambers are described by a single-fibre mechanics model and
valve function is modelled with smooth opening and closure. Patient-specific clinical measurements
are used either as boundary conditions in the model or as target curves for parameter estimation. The
unscented Kalman filter method of data assimilation is employed for parameter estimation to closely
reproduce the measurements and obtain physiologically realistic results.
Key words: data assimilation, unscented Kalman filter, lumped heart model, patient-specific models

1

INTRODUCTION

For the analysis of patient-specific haemodynamics, the method of geometric multi-scale modelling
has gathered much attention in the last decade. In this method, the area of interest is represented by a
3D geometrical reconstruction (where Navier Stokes equations are typically solved) while the rest of
the circulation is represented by a lumped parameter model (see for e.g. [1]). A critical aspect for the
success of predictive capabilities of this method is the correct estimation of the lumped model parameters [2]. It is natural that such parameters be estimated via patient-specific clinical measurements
such that the model output closely reproduces the measurements. In this regard, methods under the
purview of data assimilation can be computationally effective, and take measurement uncertainty into
account [3]. This manuscript presents an application of such a method, in particular the unscented
Kalman filter (UKF), for parameter estimation in a lumped model of a single-ventricle heart.
2

METHODOLOGY

A single-ventricle pathophysiology (see [1]) is considered in this study. The specific patient under
consideration is 5 months old (post stage-I surgery) with body surface area of 0.34 m2 and has only
the right ventricle in function. A schematic of such physiology is shown in Figure 1: the atria are
connected through the atrial septal defect (ASD), and the right ventricle feeds into the aorta. Each
chamber of the heart (LA, RA, and SV in Figure 1) is described by a single-fibre mechanics model
[4, 5]. The pressure-volume relationship in a chamber is given by
f

= P (1 + 3V /Vw )

(1)

where P and V represent the pressure and the volume of the chamber, respectively, f is the fibre
stress, and Vw is volume of the heart muscle surrounding the chamber (wall volume). The reference
state of the chamber is chosen as the passive chamber at zero transmural pressure. At this reference
state, the chamber volume is denoted by V0 and the sarcomere length by l0 . For a general state of the
chamber at a volume V , the sarcomere length, l, can be written (see [5]) as
✓
◆
l
1 + (3V /Vw ) 1/3
=
(2)
l0
1 + (3V0 /Vw )
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Figure 1: Schematic of a single-ventricle heart model (only functioning ventricle: right).

The sarcomere shortening velocity, vs = dl/dt, can be obtained from equation (2) in terms of the
volume V and time-derivative V̇ of the chamber. The fibre stress can be written as is the sum of an
active component, denoted by a , and a passive component, denoted by p .
f

=

a (l, ta , vs )

+

(3)

p (l)

where p is function of the sarcomere length alone, and a is a function of sarcomere length l,
sarcomere shortening velocity vs , and time elapsed since activation ta . The dependence of a and p
on l, ta , and vs is taken from [5]. Following this material behaviour specification of the sarcomere,
given V and V̇ of a chamber, the pressure in the chamber can be calculated through equations (1)–(3).
For valve function, the model proposed in [6] is adopted. The pressure drop across the valve is
described by the Bernoulli relation
P = Bq|q| + L

dq
,
dt

where

B=

⇢
2A2e↵

and

L=

⇢ le↵
.
Ae↵

(4)

Here, Ae↵ and le↵ are the effective area and effective length of the valve, respectively, and ⇢ is
the density of blood. The effective area of the valve is described by an auxiliary variable ⇠(t) as
max
min
Ae↵ (t) = Amax
Amin
⇠(t) + Amin
e↵
e↵
e↵ , where Ae↵ and Ae↵ represent the maximum and minimum
effective areas of the valve. In this study, for a healthy valve Amin
e↵ is taken to be zero (implying that
the valve is non-regurgitant). The auxiliary variable ⇠(t) completely defines the state of the valve and
varies between 0 (for the completely closed configuration) and 1 (for completely open configuration).
Valve dynamics is represented by the following ordinary differential equations (ODEs) based on the
idea that the rate of valve opening/closure is proportional to the pressure gradient across the valve [6]
⇠˙ = (1

⇠) Kvo

P

if

P >0

and

⇠˙ = ⇠ Kvc

P

if

P <0

(5)

where Kvo and Kvc are the proportionality parameters (fixed in this study to the values reported in
[6]). The pressure drop across the ASD is described by equation (4) similar to the valves (without the
dynamics). The complete heart model of Figure 1 is described by the following ODEs for model state
V̇LA = qLPV + qRPV

V̇RA = qSVC + qIVC + qASD
V̇SV = qAV

(

(

(6)

qASD

(7)

qAV

(8)

qAO

q̇ASD = (PLA

PRA

q̇AV = (PRA

PSV

BASD · qASD · |qASD |) /LASD

BAVV · qAV · |qAVV |) /LAV

q̇AO = (PSV PAO BAOV · qAO · |qAOV |) /LAO
˙⇠AVV = (1 ⇠AVV ) K AVV (PRA PSV ) if PRA PSV > 0
vo
˙⇠AVV = ⇠AVV K AVV (PRA PSV )
if PRA PSV < 0
vc

AOV (P
⇠˙AOV = (1 ⇠AOV ) Kvo
PAO )
SV
AOV (P
⇠˙AOV = ⇠AOV Kvc
PAO )
SV

if PSV

PAO > 0

if PSV

PAO < 0

(9)
(10)
(11)
(12)
(13)

max
The 9 parameters to be estimated are [V0LA , VwLA , V0RA , VwRA , V0SV , VwSV , Amax
e↵ AVV , Ae↵ AOV , Ae↵ ASD ].
The effective lengths for the valves are set to be two times the diameter of the valves (calculated
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Figure 2: Clinically measured patient data: MRI flow-rates and catheter pressure measurements over time (s).

10

PRA : UKF

obs.

5

PLA : UKF

obs.

19.4

19.6

80
60
40
0
0.6

5

10

0
20.0 19.2
4
3
2
SV
1
Vw
0
15
20 0
25

19.8

Amax
e↵ AOV

0.4

0

5

10

15

19.4

19.6

VwLA

5

10

20
15
10
20 0

100

qAO : UKF

obs.

50

5

0
19.2

0.2

10

V0SV

5

10

0
20.0 19.2
4
VwRA
3
2
1
0
15
20 0
12
10
8
6
4
15
20 0

19.8

19.4

19.6

Amax
e↵ AVV

5

10

V0LA

5

19.8

20.0

Ae↵ ASD

15

20

V0RA

10

15

20

Figure 3: Data assimilation by UKF to estimate parameters through the measurements; time (s) in x-axis, obs.:
measurements, V in ml, q in ml/s, P in mmHg, and A in cm2 .

through the effective area) and the effective length of the ASD is assumed to be 1/10th of the effective
area. The measurement data available for parameter estimation are qSVC + qIVC , qLPV + qRPV , qAO ,
PAO , PLA , and PRA . These are shown in Figure 2. The model described by equations (6)–(13) is
completed by specification of the measured qSVC + qIVC and qLPV + qRPV at the left boundaries and
PAO at the right boundary (see Figure 1). Consequently, the target curves to estimate the parameters
are qAO , PLA , and PRA . The UKF method of data assimilation is employed for parameter estimation.
Starting from an initial estimate of the state and the parameters, UKF recursively provides parameter
estimates that account for the observations (target curves) and their associated uncertainty. For details
of the UKF and its utility in haemodynamics parameter estimation [3] is referred.
3

RESULTS AND CONCLUSIONS

Figure 3 shows the UKF results: the assimilated state and parameters are shown in blue and green
while the measurements are shown in red. Starting from an initial (guessed) estimate of the parameters
at t = 0, the UKF adjusts the parameters such that model output closely follows the measurements.
The variation in the parameters gradually stabilises to an estimate of the true parameters. The forward
model is run with the parameter estimates and the results are shown in Figure 4. Owing to the valve
model, the two valves open and close in succession in a smooth manner. The isovolumic relaxation
and contraction phases are present in the ventricle volume variation, providing the single-fibre model
credibility. Furthermore, the PV loop of the ventricle and the relation between aortic pressure and
ventricular pressure are physiologically reasonable.
In conclusion, the UKF method of data assimilation is an attractive and computationally efficient
method to estimate parameters in models of circulation while accounting for measurement uncertainty. This is demonstrated on a lumped parameter model of single-ventricle physiology. While the
UKF is able to closely reproduce the measurements, the uniqueness of the estimated parameters is not
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Figure 4: Forward model with the estimated parameters; time (s) in x-axis except in the PV-loop plot where
x-axis represents volume, V in ml, q in ml/s, and P in mmHg.

guaranteed and can heavily depend on the initial estimate of the state and the parameters. This is particularly pertinent if the inverse problem is ill-posed. In this regard, an identifiability analysis of the
parameters from the available measurements should be performed. Another aspect when estimating
circulation parameters in an open-loop setting is that the boundary conditions are deterministically
imposed and consequently this measurement uncertainty is not accounted for. This can possibly be
avoided by using a stochastic differential equation formulation to impose uncertainty in the boundary
conditions. Another attractive workaround is to perform estimation in a closed-loop model and use
all the clinical measurements as uncertain observations in the data assimilation framework. These
developments are areas of future work.
Acknowledgements: This study was supported by a grant from the Fondation Leducq, Paris, France.
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SUMMARY
An optimal control approach based on Dirichlet control is suggested to solve the Data Assimilation
problem in blood flow simulations. A discretized then optimized methodology together with a sequential quadratic programming algorithm is applied to a realist 3D geometry representing a pathological
case. The results show that better accuracy is achieved, when compared with typical simulations
based on flow rate measurements.
Key words: Boundary control, Data Assimilation, blood flow

1

INTRODUCTION

Data Assimilation techniques have been recently applied to improve the accuracy of patient-specific
simulations of the blood flow. In particular techniques based in variational approaches were shown
to be able to successfully reconstruct the blood flow profile, even when in the presence of noisy
measurements ([1]). There, the authors defined an optimal control problem considering the pressure
values at the inflow boundary as the control variable. They showed that a Discretize then Optimize
(DO) approach, when associated to Newton method’s type solver can achieve good results. In [3]
and [6] the authors suggested a similar approach for the two-dimensional case, but taking the velocity
profile on the boundary as the control variable. In the present work we follow the same ideas and
connect the well-posedness of the resulting control problem with recent existent results ([4]). Then
we describe a DO approach that leads to a nonlinear mathematical programming problem, which
can be solved using a well established SQP nonlinear solver. From several cases that were used to
validate numerically this approach, we have chosen one three-dimensional realistic pathological case
for illustration purposes.
2

METHODOLOGY

The Navier-Stokes equations have been widely accepted as a mathematical model for blood flow
in large and medium size arteries ([5]). In the steady case, the blood velocity and pressure will be
described by the vector function u and the scalar function p, respectively, which solve the nonlinear
system
8
⌫ u + u · ru + rp = f
in ⌦,
>
>
>
>
>
>
in ⌦,
< r·u=0
(1)
u=g
on in ,
>
>
>
>
u=0
on wall ,
>
>
:
⌫@n u pn = 0
on out .
Here ⌦ represents the vessel domain with two artificial surfaces set to be the inflow and outflow
boundaries. The vector body forces are represented by f , and g is the function imposing the velocity
profile on the inflow boundary in . We consider homogeneous Dirichlet boundary condition on the
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vessel wall wall and a homogeneous Neumann boundary condition on the outflow boundary
The kinematic viscosity is represented by ⌫.

out .

The velocity tracking approach for the Data Assimilation problem consists in looking for the control
function g such that minimizes the cost functional
Z
Z
Z
J(u, g) = 1
|u ud |2 dx + 2
|g|2 ds + 3
|rs g|2 ds,
(2)
⌦part

in

in

where u is the solution of (1) corresponding to g, and ud represents the data available only on a part of
the domain called ⌦part . By fixing the parameters 1 , 2 and 3 , we decide whether the minimization
of J should emphasize a good approximation of the velocity vector to ud , a control g with smaller
L2 -norm, or a smoother control.
To solve the optimal control problem (1)-(2) we use a discretize-then-optimize approach. Hence, we
first discretize the control problem using SUPG stabilized finite elements to obtain a nonlinear finite
dimensional optimization problem of type

subject to

min J(U, G)

(3)

F(U, P, G) = 0

(4)

Next, we solve problem (3)-(4) with the SNOPT implementation of the Sequential Quadratic Programming method ([2]).
3

RESULTS AND CONCLUSIONS

To numerically validate this approach we have used different realistic geometries representing parts of
the cardiovascular system in pathological cases. To illustrate the results that were obtained, we present
here the case of a saccular brain aneurysm for which we assumed to know the computational geometry
and some measurements of the velocity in parts of the domain. See Figure 1 for the representation
of the geometry ⌦ and of the known “synthetic” data ud in ⌦part that we have generated from a
parabolic profile.
After solving problem (4) for 1 = 103 , 2 = 0 and 3 = 10 3 , we obtained the control g and
the controlled solution u. Next, we present the results concerning the differences between u and the
synthetic data. As a reference, we compare these with the differences between the synthetic data and
Q
the solution uQ obtained from taking g =
where Q is the volumetric flow rate associated to
| in |
ud . In Figure 2 we compare the control g with the parabolic profile that was used to generate ud . In
Table 1 we compare several errors between the controlled solution u and the synthetic solution with
the ones obtained when u is replaced by uQ .
In Figure 3 we show the spatial relative error of the wall shear stress (WSS) of the controlled solution
u (left) and uQ .
We can see that the Data Assimilation approach provides a more accurate solution, when compared
with a typical solution obtained using the information on the flow rate. This is specially evident when
looking at the WSS.
Relative Error in ⌦

Relative Error in ⌦part

u vs ud

0.08373

0.08297

0.13266

uQ vs ud

0.14545

0.135436

0.354898

Table 1: Relative errors with respect to the L2 norm in ⌦, ⌦part and
are compared with the ones for the solution obtained with g =
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Q
| in |

Relative Error in

in

in . The errors of the controlled solution u (top row)
(bottom row).

Figure 1: Left: computational domain ⌦ and ⌦part (sections in black). Right: velocity vectors at ⌦part .

Figure 2: Control g (black arrows) and parabolic profile used to generate the data ud (red arrows).

Figure 3: Left: Wall Shear Stress Relative Error of u with respect to ud . Right: Wall Shear Stress Relative Error of uQ
with respect to ud .

359

REFERENCES
[1] M. D’Elia, A. Perego, and A. Veneziani. A Variational Data Assimilation Procedure for the
Incompressible Navier-Stokes Equations in Hemodynamics. J. Sci. Comput., vol. 52, no. 2,
340–359, 2011.
[2] P. Gill, W. Murray, M.A. Saunders. SNOPT: An SQP Algoritm for Large-Scale Constrained
Optimization. SIAM REVIEW, 47 No. I, 99–131, 2005.
[3] T. Guerra, J. Tiago, and A. Sequeira. Optimal control in blood flow simulations. International
Journal of Non-Linear Mechanics, 64, 57–59, 2014.
[4] T. Guerra, A. Sequeira, and J. Tiago. Existence of optimal boundary control for the NavierStokes equations with mixed boundary conditions. Portugaliae Mathematica, submitted.
[5] L. Formaggia, A. Quarteroni and A. Veneziani, The circulatory system: from case studies to
mathematical modelling, in Complex Systems in Biomedicine, A. Quarteroni, L. Formaggia and
A. Veneziani Eds., Springer, Milan, 243–287, 2006.
[6] J. Tiago, A. Gambaruto, and A. Sequeira. Patient-specific blood flow simulations: setting Dirichlet boundary conditions for minimal error with respect to measured data. Mathematical Models
of Natural Phenomena, vol. 9, Iss. 6, 98–116, 2014.

360

Boundary Challenges in
Clinically Relevant Physiological
Flow Simulations II

361

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

STABILITY AND INSTABILITIES OF OUTFLOW CONDITIONS IN
FLOW SIMULATIONS
Malte Braack
Mathematical Seminar, University of Kiel, Germany, braack@math.uni-kiel.de

SUMMARY
Imposing the classical do-nothing condition for the Navier-Stokes equations has severe drawbacks
concerning stability properties. No control about inflow across such boundaries can be ensured. This
has in particular severe deficiencies for physiological flow simulations at higher Reynolds number.
This paper addresses modifications of the classical do-nothing condition. Such modifications give the
opportunity to downsize possible inflow and to enhance the stability. We address stability, existence
of weak solutions, uniqueness, an a priori error estimate, and numerical examples in order to illustrate
the effectiveness of this boundary condition.
Key words: Navier-Stokes, outflow condition, do-nothing condition

1

INTRODUCTION

The classical do-nothing (CDN) condition to describe outflow boundaries has a severe drawback in the
context of the Navier-Stokes equations, because not even existence of weak solutions can be shown,
see [7]. The reason is that this boundary condition does not exhibit any control about the inflow, see
[5]. This has a severe impact onto the stability of numerical algorithms for flows at higher Reynolds
number. The directional do-nothing (DDN) boundary condition is one possibility to circumvent these
drawbacks. In particular, existence of weak solutions are proved in [5], and in several application
the stability is enhanced compared to the classical do-nothing condition, see e.g. [1, 8]. The issue of
appropriate boundary conditions for the Navier-Stokes and Euler system is also recently addressed by
Becker et al. in [2]. Therein, a Nitsche method with a proper scaling is proposed in order to obtain
control over the kinetic energy.
This paper addresses a variant of the DDN condition in the context of the skew-symmetric formulation
of the convective term. Existence of weak solutions and, in the case of small data, also uniqueness
can be shown. Moreover, the introduction of a parameter gives the possibility to downsize inflow
even more and to enhance the stability further.
2

THE CLASSICAL DO-NOTHING CONDITION (CDN)

We consider the stationary incompressible Navier-Stokes equation in the domain ⌦ ⇢ Rd , d 2 {2, 3},
(u · r)u

⌫ u + rp = f

in ⌦ ,

div u = 0 in ⌦ .

Here, p : ⌦ ! R denotes the pressure and u : ⌦ ! Rd the velocity field. The constant ⌫ > 0 is the
viscosity. The right hand side f is assumed to be in L2 (⌦)d . The boundary @⌦ = S0 [ S1 is split
into a Dirichlet part S0 with homogeneous Dirichlet conditions
u = 0

on S0 ,

and a natural outflow part S1 . The classical do-condition (CDN) reads
⌫
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@u
@n

pn = 0

on S1 .

(1)

This condition is easy to implement for discretization methods based on variational formulations,
because it arises naturally by integration by parts of the viscous term and the pressure gradient.
The usual variational space for p is Q := L2 (⌦), and for u it is the Hilbert space V := {u 2
H 1 (⌦)d | u = 0 a.e on S0 }. The disadvantage of the corresponding variational formulation in is that
not even existence of weak solutions can be shown due to the absence of a uniform stability property
of possible solutions, see e.g. [5].
3

DIRECTIONAL DO-NOTHING CONDITION (DDN)

In order to distinguish between the outflow and the inflow portion we use for a scalar quantity v the
notation
v+ := max(v, 0)

and

v

:= min(v, 0),

such that v = v+ +v . In contrast to (1) we consider in this work the directional do-nothing condition
(DDN):
⌫

@u
@n

pn

1+
(u · n) u = 0
2

on S1 ,

(2)

with free parameter
0. This boundary condition was analyzed in [5] for the particular case
= 0. Moreover, we treat here the case of the skew-symmetric formulation of the convective term in
combination with such DDN condition.
For u, 2 V we obtain by partial integration:
✓Z
Z
Z
Z
1
(u · r)u · dx =
(u · r)u · dx
div (u ⌦ ) · u dx +
(u · n)u ·
2
⌦
⌦
⌦
@⌦
✓Z
◆
Z
1
=
(u · r)u · dx
u · (u · r) dx
2
⌦
Z⌦
1
+
[(u · n)+ + (u · n) ] u · ds.
2 S1

ds

◆

The arising boundary integral does not vanish because we do not have Dirichlet conditions on S1 . We
will treat the DDN condition (2) in the weak sense. This leads us to the following associated bilinear
form (linear in the tuples (u, p) 2 X := V ⇥ Q and ( , ) 2 X):
Z
Z
Z
1
A(w)(u, p; , ) =
((w · r)u ·
u · (w · r) ) dx +
⌫rur dx
p div dx
2 ⌦
⌦
⌦
Z
Z
1
+ div u dx +
[(w · n)+
(w · n) ] u · ds.
2 S1
⌦
The variational equation becomes
(u, p) 2 X :

A(u)(u, p; , ) =

Z

⌦

f·

dx

8( , ) 2 X.

(3)

The variational formulation with skew-symmetric convection terms and CDN condition is also given
by (3) with parameter = 1. The advantage of this bilinear form A for
0 consists in the
following two stability properties:
• The skew-symmetric form of the convective term is very convenient. Even in the case that this
form is applied to velocities w, u 2 V which are not exacly divergence free, diagonal testing
leads to a vanishing convective term:
Z
1
((w · r)u · u u · (w · r)u) dx = 0.
2 ⌦

363

Figure 1: Solution of the backward-facing step problem with the CDN condition and two different length of
the domain. The shorter configuration (lower figure) shows a too large secondary recirculation zone.

• Due to the signs of the boundary terms of DDN-type we get non-negativity for the semi-linear
form
A(w)(u, p; u, p)

0

8u 2 V , 8p 2 Q.

These properties are important to ensure existence (and uniqueness) of solutions. The formulation
(3) has certain similarities to the one proposed in [6]. They included the Stokes solution in the
variational formulation. In the particular case that the Stokes solution vanishes and for a certain
choice of parameters, their formulation corresponds to (3) with = 0.
4

EXISTENCE OF WEAK SOLUTIONS AND UNIQUENESS

For proving the existence of a weak solution (u, p) of (3) it is sufficient to make the following assumptions: f 2 H 1 (⌦)d , S1 ✓ @⌦ a C 1 boundary, and
0. Moreover, each solution satisfies
the stability property
✓
◆1/2
Z
1
2
2
⌫||ru||L2 (⌦) +
[(u · n)+
(u · n) ] u ds
 ⌫ 1/2 ||f ||H 1 (⌦) .
(4)
2 S1
In the case of small data
||f ||H

1 (⌦)

 c⌫ 2 ,

with a constant c only depends on ⌦, S1 and , the solution (u, p) of (3) is unique. We refer to [3] for
the proofs. It should be noted that we can’t expect to prove uniqueness without the smallness assumption, since we encounter similar difficulties as for Navier-Stokes in the standard case of homogeneous
Dirichlet conditions on entire @⌦.
5

NUMERICAL RESULTS

We illustrate the stability properties of the DDN condition and its classical counterpart (CDN). The
simulations are done with piece-wise bilinear elements, so called Q1 -elements for pressure and velocities. The absence of a discrete inf-sup condition for this equal-order pair is cured by local projection stabilization (LPS). The convective term is stabilized by a LPS technique as well. For details, we refer to [4]. The example consists of the backward-facing step configuration at Reynolds
number Re = 8, 000. Because the flow is strongly convection-dominated, the flow becomes timedependent. For time integration we use the trapezoidal rule (Crank-Nicholson) with constant time
step t = 0.125. As initial condition we chose a parabolic flow in the upper part of the domain,
consistent with the parabolic inflow at the left boundary.
In Figure 1 we depict streamlines at time t = 25 by use of the CDN condition for two different length
of the domain, L = 7 and L = 10. The streamlines are colored according to the horizontal velocity
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Figure 2: Solution of the backward-facing step problem with the DDN condition ( = 0) and two different
length of the domain. Also the fit of the two solutions is not perfect, the solution of the shorter configuration is
much better than the corresponding one with CDN.

component. In the shorter domain, the location of the CDN inside the secondary recirculation zone
leads to a too dominant recirculation area close to the outflow boundary. The larger domain leads to a
smaller amount of recirculation. Using the DDN condition with = 0 results in solutions displayed
in Figure 2. The solution for the longer domain coincides perfectly with the one with CDN in the
long configuration. Due to the smaller amount of recirculation at the outflow boundary at x = 10, the
choice of boundary condition is less critical in this case. However, the solution with DDN condition
in the shorter domain coincides much better with the one in the longer configuration. In particular,
the spurious recirculation is avoided with the DDN condition. We conclude that the origin of this
spurious inflow is a consequence of the lack of stability of the classical do-nothing (CDN) condition.
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SUMMARY
In order to control the backflow instabilities at open boundaries in physiological flow simulations,
we propose a stabilized formulation based on a penalization of the residual of a weak Stokes problem
on the open boundary.
Key words: Navier-Stokes equations, backflow stabilization, physiological flows

1

INTRODUCTION

Let us consider a fluid flow within a domain ⌦ described by the incompressible Navier-Stokes equations and let us denote with N and D the subsets of the boundary @⌦ on which Neumann and
Dirichlet boundary conditions are imposed. Without loss of generality let us consider the case with
homogenous Neumann and Dirichlet data (non-forced system). It is well known that in this case the
energy balance reads:
Z
Z
Z
d ⇢
⇢ 2
2
2
|u| = µ |ru|
|u| u · n ,
(1)
dt 2 ⌦
2
⌦
N
where u : ⌦ ! Rd , d = 2, 3 denote the fluid velocity, µ and ⇢ stand for the dynamic viscosity and
the density, respectively, and n is the surface outward normal to N . Hence, a stable energy balance
cannot be guaranteed when during backflow, i.e., when u · n < 0 on N .

Some treatments to overcome backflow instabilities have been already reported. A first group of
methods consist in strongly imposing additional conditions on the velocity field at the open boundary,
see [1]. A second group of methods, consists in perturbing the Neumann boundary condition only
during backflow, i.e.
(u, p)n =

P n + ↵(u · n) (⇢/2)((u · n)u

with
↵(x) =

(

0
1

ū2 n)

on

N

,

(2)

for x 0,
for x < 0,

in which P stands for the Neumann data and the stabilization term is defined by the parameters > 0
and a normal boundary velocity ū : N ! R. Using this boundary condition, stability is ensured
if
1.0. To the authors best knowledge, this stabilization approach first appeared in [2], with
= 1.0 and ū = 0, and it was recalled much later in [3, 4, 5]. Different choices for ū 6= 0 were
reported in [6, 7, 8, 9] allowing to improve the consistency of the formulation and hence the accuracy
of the results.
Finally, a different strategy was recently proposed in [10], based on a penalization of the tangential
derivatives of the velocity at the open boundary, by including in the weak form the following term
T (u, v) =
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d 1
X
⇢⇣
j=1

2

|u · n| t|j ru, t|j rv

⌘

,
N

(3)

where v denotes a test function, |x| := (x |x|)/2, is a stabilization parameter to be chosen, and
the vectors t1 , td 1 stand for the tangential directions to N .
Here, we extend the stabilization (3) by including additional terms to enhance the accuracy.
2

METHODOLOGY

The approach proposed here is based on the stabilization term
Z
⇢Ub ˜
S(u, v) =
,
(⇢@t u + a(t)n) · v + µV(u, v) ,
2µ
N

(4)

with
V(u, v) :=

d 1
X
j=1

(t|j r(v

· n))|

⇣

t|j r(u

⌘

· n) +

d 1
X
i=1

(t|j r(v

· ti ))|

⇣

t|j r(u

· ti )

⌘

!

,

(5)

where a(t) is a given time dependent function playing the role of a boundary pressure gradient, and
can be either computed during the simulation or be a given data. If Ub is taken close to the peak
backflow velocity, the stabilization parameter ˜ plays the same role as in (3). A stable energybalance is guaranteed by choosing ˜ sufficiently large [11].
3

NUMERICAL EXAMPLE

Figure 1 shows the results for 2D Womersley flows relevant to hemodynamics and respiratory flows.
There, we choose the smallest stabilization parameter such that the simulation remains stable, comparing the stabilized finite element solution with the analytical profile. The performance for different
choices of a(t) are presented, including a Poiseuille-based and a profile-dependent approximation
computed online during the simulation. For all of them, the stabilized formulation does not present instability problems and does satisfactorily recover the reference solution. However, using a Poiseuille
resistance for approximating the pressure gradient does induce larger errors, in particular for the air
flow example.
4

CONCLUSIONS AND PERSPECTIVES

We presented a stabilized finite element formulation for the simulation of fluids in case of open
boundaries based on the penalization of a Stokes-residual on the boundary. A 2D numerical example
is reported and compared with a ground-truth (analytical) solution. Further 3D Womersley flows
in both blood and respiratory flow regimes will be extensensively discussed during the talk, as well
as patient-specific aortic and bronchial testcases. Naturally, detailed comparison with previously
reported methods will be presented.
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(b) Air flow: ⇢ = 0.0011176, µ = 0.000186

Figure 1: Stabilization results for the 2D-Womersley examples with mesh size h = 0.06 and ˜ = 4e 3 (all
units in cm-gr-s). Normal component of the velocity on N (top) and pressure normalized to pressure drop on
the inlet (velocity Dirichlet boundary) (bottom) at different time instants comparing the analytical (blue) and
the finite element solutions for Stokes (green), Navier-Stokes with Stokes consistent stabilization for different
choices of a(t): known analytical pressure gradient (red), Poiseuille resistance (cyan) and dynamic resistance
(magenta) (see [11] for details of the choices).
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SUMMARY
To address the problem of multi-resolution coupling and outlet boundary condition in computational
hemodynamics, we propose a strategy that consists of adding a 3D artificial part where the NavierStokes equations are modified in such a way that the system is energetically similar to a classical
coupling with a 3-element Windkessel model. We investigate theoretically the stability of the system
and we test the approach for the numerical simulations of blood flow in patient-specific models.
Key words: Hemodynamics, Boundary conditions, Backflow instabilities

1

INTRODUCTION

In computational hemodynamics, it is usual to couple models with different resolutions (e.g. [2, 3,
4, 6, 7, 8, 9]). When coupling a 3D compartment with a 0D model, the pressure is usually imposed
as a uniform boundary condition on the 3D boundary. But in complex flow there is a priori no
reason that the pressure is uniform on a boundary. In this work, we propose to handle the outflow
boundary conditions by coupling the 3D Navier-Stokes equations with another 3D compartment.
This artificial compartment involves modified Navier-Stokes equations that mimic a three-element
Windkessel model [5]. The advantages of such an approach are that the coupling does not enforce
a uniform traction at the interface, is energetically close to the usual 3D Navier-Stokes - Windkessel
solution without the potentially destabilizing convective boundary term, and is provably stable in the
energy norm without needing a total pressure formulation.
2

METHODOLOGY

The incompressible Navier-Stokes equations are solved with no-slip condition on the wall and with
a Dirichlet boundary condition on the velocity at the inlet in (see Figure 1). Instead of a 0D model, an
artificial 3D domain ⌦2 is added to the 3D domain of interest ⌦1 . In ⌦2 , the Navier-Stokes equations
are modified by adding terms to recover an energy balance similar to the one obtained with a coupling
with a Windkessel model. The resulting system can be written in a compact form in ⌦1 [ ⌦2 :
⇢

where ↵,
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and

@u
+ ⇢u · ru + rp 2µr · "(u)
@t
u
+ u+⇢ r·u = 0
2
dp
↵ + p+r·u = 0
dt
u| [ 2 = 0

vanish in ⌦1 , to recover the standard equations, and are positive in ⌦2 .

(1)
(2)
(3)

Figure 1: Domains for the 3D-3D coupling scheme.

Parameter ↵ is a distributed version of the capacitance (C) in the Windkessel model. Parameters
and 1/ play the role of the proximal (Rp ) and distal (Rd ) resistances respectively. The additional
term ⇢ u2 r · u is necessary to ensure stability in the energy norm, because the fluid is no longer
incompressible in the artificial domain ⌦2 . The equations in the two domains ⌦1 and ⌦2 are coupled
through the usual transmission conditions:
u1 = u2 , and

1

·n=

2

on ⌃,

· n,

(4)

which are automatically satisfied when a standard variational formulation of equations (1)-(3) is set
on the whole domain ⌦1 [⌦2 . In the following, this method will be refered to as the 3D-3D approach.
A variant which consists of coupling the artificial 3D compartement to a 0D model will be refered to
as the 3D-3D-0D approach.
Contrary to what happens when the 3D model is coupled to a 1D or 0D model, the information
coming from the “downstream part” is not uniform on the outflow section ⌃. Unlike when a backflow
stabilization is used [1], this formulation can let energy enter into the system through ⌃ in the presence
of a physical backflow. In addition, an equality can be formally proved to control the energy of the
system (without needing a total pressure formulation):
Z
Z
Z
d ⌦1 [⌦2
d
p2
⌦1 [⌦2
2
EK
+ PV
+↵
+
p +
|u|2 = Pin⌦1 .
dt
dt ⌦2 2
⌦2
⌦2
with
⌦
EK
=

3

Z

⌦

⇢ 2
|u| ,
2

PV⌦ = 2µ

Z

"(u) : "(u),
⌦

Pin =

Z

in

·n·u

⇢

Z

in

|u|2
n · u.
2

RESULTS AND CONCLUSIONS

We present the results obtained on a child patient-specific pulmonary arteries with congenital heart
disease. Figure 2 represents the complete geometrical model, that will be used for the reference
solution, a short geometrical model with cut pulmonary artery branches, that will be used for 3D-0D
and stabilized methods, and a short model with its artificial parts at the outlet surfaces, that will be
used for 3D-3D and 3D-3D-0D. The velocity is prescribed at the inlet with a plug profile, following
a typical shunt flow tracing. The highest Reynolds number is 3000.
In Figure 3, the velocity fields in the Right Pulmonary Artery (RPA) are compared between different
methods at the same location during maximal forward flow (left) and deceleration flow (right). The
reference case (top) was run with a standard 3D-0D method on the complete geometry. It presents
no instability because the flow is smoother at its distal outlets. The other three methods were run in
the cut model. At maximal forward flow, the reference model shows complex flow in the RPA. This
behavior is retrieved with a standard 3D-0D (on the cut model) but with large inwards velocity vectors
that may lead to divergence. The stabilization proposed in [1] efficiently avoids the risk of instabilities
observed with the standard approach, but it also kills the (physical) reverse velocity vectors observed
on the reference simulation at the coupling surface. The 3D-3D approaches also lead to a stable result
and allow for a slight backflow, as in the reference solution. The 3D-3D-0D variant leads to results
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Figure 2: a. imposed inlet flow, with the two dots representing maximum flow and decelerating flow respectively; b. complete model (for reference solution); c. short model (two outlets, RPA and LPA), and d. short
model with the two modified Navier-Stokes parts on each side. Arrows indicate the inlet.

Figure 3: Velocity fields in RPA at peak inlet flow (left) and during decelerating flow (right) comparing the
reference solution (on the complete geometry), 3D-0D and stabilized (on the cut geometry) , 3D-3D and 3D3D-0D (on the extended cut geometry) coupling methods from top to bottom.
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closer to the reference solution. These results are quite representative of other simulations we ran.
They show that 3D-3D approaches offer possible alternatives to the usual 3D-0D coupling to handle
complex flow at artificial boundaries.
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SUMMARY
In this talk we address the topic of defective boundary conditions in the context of blood fluiddynamics. We discuss their prescription, their role in the geometrical multiscale models, and their
applications to cases of clinical interest.
Key words: Flow rate, mean pressure, Lagrange multipliers, Nitsche's method, geometrical
multiscale modelling.

1 INTRODUCTION
Defective boundary conditions are characterized by a lack of knowledge of the whole field needed
to make well posed the equations of the fluid-dynamics. For example, the whole velocity profile
needed to prescribe a Dirichlet condition is not known at a certain artificial section. Instead, only
the flow rate, that is the integral over the section of its normal component, is known. Other
examples are given by the knowledge of the mean pressure instead of the pointwise normal
traction, or of a linear combination of flow rate and mean pressure (resistance condition).

2 METHODOLOGY
In all these cases, the use of suitable mathematical methodologies are needed to prescribe correctly
these conditions. Of course, suitable hypotheses need to be introduced in order to obtain well posed
problems. The first aim of talk is to discuss possible alternatives for the prescription of defective
boundary conditions. In particular, we will focus on the augmented formulation [1,2,3] and on a
Nitsche based method [4,5] for the prescription of a defective resistance condition.
Defective conditions arise when no enough clinical data are known at the artificial sections.
Moreover, they play a crucial role in the so called geometrical multiscale modelling of the
cardiovascular system, which is based on the coupling of heterogeneous models. For example 3D
representation of an artery could be coupled with a 1D or 0D network to account for a portion of
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the distal circulation [6,7,8,9]. This coupling introduces the need of defining proper interface
conditions between the heterogeneous models. The second aim of this talk is to discuss these
conditions and their relation with defective conditions when partitioned algorithms are introduced
for the effective numerical solution of the coupled problems.

3 RESULTS AND CONCLUSIONS
To assess the validity of the methodologies introduced to prescribe a defective resistance condition,
we show some numerical results both for academic and real scenarios. In particular, we are able to
show their accuracy, their stability properties when used to prescribe outflow boundary conditions,
and their suitability in the context of the geometrical multiscale modelling.

Figure 1. Example of velocity fields obtained by the imposition of the flow rates.
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SUMMARY
We study a coupling of a 1D blood flow model with a 3D model based on the Navier-Stokes equations
posed in a domain with rigid walls. We review several immediate coupling conditions based on
continuity of normal stresses, flow rate, pressure, or a combination of thereof on the interface between
1D and 3D domains. This approach does not account for the inconsistency between elasticity effects
in the 1D model and the non-compliance of the 3D model, so we call it hard coupling. To mimic
the effect of the 3D model compliance and hence to reduce pressure wave reflection and instabilities
caused by the inconsistency, an auxiliary absorbing 0D model can be introduced at the interface
between 1D and 3D models. We call such approach a soft coupling. In this report, we develop an
auxiliary absorbing model based on transparent mechanical principles.
Key words: multiscale modelling, coupling boundary conditions, blood flow

1

INTRODUCTION

Geometrically multiscale modelling became nowadays a standard approach in computational hemodynamics. Multiscale models describe blood flow in a region of interest in necessary details, while
providing information about averaged flow statistics in other parts of the vascular system by employing simplified 1D flow models. Typically 1D vessel is treated as elastic, since the vascular compliance
is the driving mechanism of pressure wave propagation. However, the full 3D fluid dynamics is often
computed in domains with rigid walls, since this considerably reduces the numerical complexity of
the problem. The major challenges of such multiscale approach are physiologically correct coupling
of basic 1D and 3D models as well as the development of stable and efficient numerical algorithms.
A standard approach for coupling 1D and 3D fluid flow models is based on enforcing the continuity
of normal stress, or flow rate, or pressure, or vessel cross-section area or a combination of these
quantities on the interface between 1D and 3D domains. We call this approach a hard coupling, since
it does not account for the inconsistency between elasticity effects in the 1D model and the noncompliance of the 3D model. The inconsistency is known to generate non physiological backward
pulse-waves and numerical instabilities. To reduce the spurious phenomena, an auxiliary absorbing
device can introduced on the interface between 1D and 3D models (soft coupling). A well known
approach uses a 0D electric circuit model, which is placed in-between blood flow models [1]. In
this report we introduce a different 0D model by (virtually) placing an elastic spherical balloon at
the junction of two flow models. We deduce governing equations and coupling conditions from
transparent mechanical principles. This gives several advantages, in particular, the auxiliary model
parameters can be derived from physiological data.
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Γ

Ω1D

Ω3D

Figure 1: A simple multiscale 1D-3D model. Coupling conditions are prescribed for Γ and x = b.

2

BASIC 3D AND 1D MODELS

We treat blood as a Newtonian incompressible fluid. A fluid flow in a 3D domain with rigid walls is
described by the Navier-Stokes equations in pressure–velocity (p, u) variables:
 %
&

 ρ ∂u + (u · ∇) u − ν∆u + ∇p = 0
∂t
in Ω3D ,
(1)


div u = 0
ρ, ν are density and viscosity of the fluid. No-slip and no-penetration boundary conditions are prescribed on the vessel wall. For the computational purposes we use a finite element method to discretize the system of equations (1).

The 1D model of blood flow operates with averaged hemodynamic statistics: the cross-section area S,
the mean velocity ū, i.e. Q1D = S ū is the flow rate, and mean pressure p̄. The mass and momentum
conservation laws written in these variables lead to the set of equations:
∂S ∂(S ū)
+
=0
∂t
∂x
∂ ū ∂(ū2 /2 + p̄/ρ)
+
=φ
∂t
∂x

in Ω1D .

(2)

Equations (2) are complemented with a state equation that defines the dependence of the vessel crosssection area on the pressure. If a network of 1D vessels is considered, then the coupling conditions
between network segments are given by the mass conservation and Poiseuille’s pressure drop condition. For the numerical integration of the 1D model equations, we use an explicit first order monotone
finite difference scheme applied to the characteristic form of equations (2).
3

1D-3D HARD COUPLING

Assume the 3D and 1D blood flow models are coupled through the interface Γ ⊂ ∂Ω3D as illustrated
in Figure 1. One standard coupling condition is the ‘continuity’ of the normal stress on Γ:
())
'
∂u
−ν
+ pn )) = p̄|x=b n,
(3)
∂n
Γ
where n is an outward normal vector for Ω3D . In a weak formulation, condition (3) is natural for convection and conservation forms of the Navier–Stokes equations. If the coupling happens downstream,
identity (3) is related to so-called ’do-nothing’ condition, which has been shown to be surprisingly
useful as an outflow boundary condition.

For the second interface condition, it is common to impose the continuity of cross-section S = |Γ| in
x = b or the continuity of the flow rate:
*
u · n ds = S ū|x=b .
(4)
Γ
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u, S̄, p̄(S̄)
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Γ

Ω3D
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Figure 2: The schematic coupling of Ω1D , Ω0D and Ω3D domains.

The pair of interface conditions (3) and (4) guarantees the mass conservation for the multiscle model.
At the same time, this choice is known to be energy inconsistent. To avoid energy inconsistency, the
continuity of the linear combination of the fluid flux and the energy flux can be prescribed [2]:
*
*
ρ
ρ
|u|2 (u · n)ds = (p̄S ū + S ū3 )|x=b ,
(5)
p̄ u · nds +
2
2
Γ

Γ

leading to the correct energy balance and hence to the fundamental energy estimate. In particular, the
condition (5) leads to energy stable outflow coupling even if a reverse flow happens on the outflow
part of Ω3D : see [2] for the employment of (3) and (5) for the modeling of blood flow past a model
intravenous filter placed in inferior vena cava.
The proposed coupling technique is rather effective, especially if applied on downstream interface.
However, the above hard coupling of the elastic 1D model and the 3D model with rigid walls produces
reflected pressure waves [1], [3], especially if the interface is located upstream. These reflected waves
are spurious. The oscillations may also lead to the failure of subdomain numerical solvers. More
flexible (soft) coupling conditions are desirable in this case.
4

1D-3D SOFT COUPLING

Following the authors of [1] we place a virtual absorbing device on the interface of 1D and 3D
models, which helps to mimics the effect of the 3D model compliance and so to reduce pressure
wave reflection and instabilities caused by the inconsistency of elastic-rigid coupling. The 0D model
introduced here is a hydraulic one rather than electrical. We consider an elastic sphere Ω0D filled with
a fluid (blood) of volume V = V (t). The pressure p0D = p0D (t) is assumed to be homogeneous in
Ω0D and the reference volume V 0 for the sphere ‘at rest’ is known for the zero pressure (since p0D
has the meaning of the difference between fluid and external pressures, it can be non-positive). The
elastic properties of the sphere walls are characterized by the expansibility factor C and the resistance
coefficient R0 . The kinematic of the sphere under the action of fluid pressure is then described be
following ODE
I

d2 V
dV
V − V0
+ R0
+
= p0D ,
2
dt
dt
C

(6)

where the first term accounts for inertia effects, if one prescribes a non-zero mass to the elastic walls
of the sphere; otherwise one may set I = 0. In [4], equation (6) was considered as a part of the
dynamic heart model: every of four chambers were represented by the elastic spheres. Here we use
the hydraulic model as an auxiliary one for the coupling of vessels networks.
Further, we couple our hydraulic model to 1D and 3D blood flow models. Since we treat the blood
as an incompressible fluid, the conservation of mass leads to the following equation on the rate of
volume change:
dV
= Q1D − Q3D ,
dt

(7)
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+
where Q1D = S ū is the fluid flux at x = b and Q3D = Γ u · n ds is the fluid flux on Γ. Finally, we
assume the Poiseuille law, which links the flow rate to the pressure drop:
p̄ − p0D = R1D0D Q1D

at x = b,

(8)

p0D − p = R0D3D Q3D

on Γ,

(9)

where R1D0D and R0D3D are the resistance coefficients. For a pipe flow these coefficients can be
explicitly computed for given viscosity, the pipe length and diameter. Thus, equations (6)–(9) form
the complete set of coupling and absorbing conditions. Figure 2 illustrates the new geometrical
multiscale model.
We remark that conditions (6)–(9) reduce to the hard 1D-3D coupling based on the flow rate (4) and
the continuity pressure of pressure p = p̄ on 1D-3D interface if one sets R1D0D = R0D3D = I =
R0 = 0 and lets C → ∞. For the particular case of I = R0 = 0 the model is formally equivalent (up
to prescribing particular values to other coefficient) to the electric circuit model with zero inductance
from [1]. More important is that the clear mechanical interpretation of the present multiscale model
leads to the choice of parameters based on physical properties of modeled fluids and materials, i.e.
the model parameters can be based on the physiological data.
5

CONCLUSIONS

The scope of this work is to analyse different types of coupling conditions and numerical algorithms
for geometrical multiscale models. Hard coupling conditions lead to efficient splitting or domain decomposition methods. These conditions are attractive for downstream coupling, but produce spurious
pressure waves when posed on an upstream interface. Electric circuit or hydrodynamic lumped models can be used to damp reflected waves. We suggest to use another absorbing 0D model based on the
kinematic of a small elastic balloon placed at the 3D-1D interface. Parameters of this model can be
estimated based on the physiological data.
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SUMMARY
In computational fluid dynamics, incoming flow at open boundaries, or backflow, often yields to
unphysical instabilities, especially in blood and air flow applications. Several treatments to overcome
these backflow instabilities have been proposed in the literature. We present a collaborative effort in
order to asses these approaches in terms of stability, accuracy and robustness in different physiological
regimes.
Key words: Navier-Stokes equations, numerical instabilities, backflow, benchmark, blood flow, air
flow

1

INTRODUCTION

In computational fluid dynamics of the incompressible Navier Stokes equations, incoming flow at
open boundaries, or backflow, often yields to unphysical instabilities even for moderate Reynolds
numbers. This is due to the incoming energy arising from the convection term, which cannot be a
priori controlled when the velocity field is unknown at the boundary. The question of controlling such
energy at boundaries is not new (e.g. [1, 2]). However the numerical simulations of blood or air flows
in large conduits have necessitated to revisit this question both theoretically and practically to be able
to obtain stable results. Several treatments to overcome backflow instabilities have been proposed in
the literature. However, these approaches have not been compared yet in detail in terms of stability,
accuracy and robustness in different physiological regimes (e.g. blood and air flows).
To this aim, we propose a backflow benchmarking, where the stabilization methods can be tested
in different setups. In particular, these include both validation benchmarks, i.e. in which numerical
results can be compared against reference solutions and/or reference outputs and comparative benchmarks, in which, in absence of a ground truth, the solution provided by participants will be compared
among each other and discussed. Note that the primary aim of this benchmarking is not to find a
best method, but rather to provide a comprehensive overview of the available approaches, and better
understand their pros and cons, depending on the characteristics of the problem (i.e. physical parameters, boundary conditions, numerical method used). A further goal of this study is to prepare a
collaborative article with the outcome of the study, in order to provide an important reference publication in the field of physiological flow simulations, and more important, benchmarking for future
method developments.
2

METHODOLOGY

To facilitate discussion, the participants and the organizers will implement several methods in FreeFem++
[3] concentrating on two-dimensional examples, in order to be easily compared and shared.
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In order to reduce spurious effects due to the discretization of the stress tensor which may lead to
misinterpretations of the results at backflow, the non-symmetric for the viscous term is suggested in
the incompressible Newtonian Navier-Stokes equations. In a bounded domain ⌦ ⇢ Rd , d = 2, 3, in
convective form for the velocity u(t) : ⌦ ! Rd and the pressure being p(t) : ⌦ ! R, it reads:
(
⇢@t u + ⇢u · ru µ u + rp = 0 in ⌦,
(1)
r · u = 0 in ⌦
⇢, µ being respectively the density and dynamic viscosity of the fluid.
In the general case, we define the following Dirichlet and Neumann boundary conditions
(
u = ū on
D,
µ@n u

pn = S̄n

on

(2)

N

respectively, with ū and S̄ being given velocity (vector) and stress (second-order tensor) data. Most
methods devised to handle these backflow instabilities consist in choosing S̄ in different ways. They
aim at controlling the entering energy through terms involving either the velocity [4, 5, 6, 7, 8, 9, 10,
11] or its derivative [12, 13].
For the benchmarking, two regimes relevant to physiological flows are considered for large conduits
considered as cylinders, with a no-slip velocity condition on the wall:
• Blood regime:
⇢ = 1.06 g/cm3 , µ = 0.035 Poise, R = 1.0 cm, L = 3 cm, u0 = 50cm/s, ⌧ = 1 s.
• Respiratory regime:
⇢ = 0.0012 g/cm3 , µ = 0.000185 Poise, R = 1.0 cm, L = 5 cm, u0 = 200cm/s, ⌧ = 4 s.
where R, L, u0 , ⌧ are the radius, length, typical velocity and typical time period respectively. Different velocity profiles are chosen to generate incoming flows. A reference solution with homogeneous
outlet Neumann conditions will be generated. The goal is then to see how with Neumann boundary
conditions at both the inlet and outlet, the different methods can approach this reference solution. In
other benchmark cases, a velocity profile oscillating in time will be imposed at the inlet, creating this
typical flow reversal seen in air and blood flow applications.
3

RESULTS AND CONCLUSIONS

Typical instability examples will be presented emanating from different blood and airflow biomedical
applications. Then, for benchmarking, several cases that have been tested will be presented. Other
numerical cases will be proposed and open for discussion. Similarly, a number of methods effective
to handle these instabilities will be presented but the inclusion of other methods will be discussed.
Conclusions will thus be drawn during the talk based on benchmarking results so far and suggestions
from the mini symposium participants.
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SUMMARY
The mechanical deformation of cells in confined conditions has a close relationship with the physical
characteristics of the fluid flow and the cells and the confinement level. In this work, we propose a
numerical simulation framework to understand individual cell deformation under different confined
conditions based on a fluid-solid interaction method, using a novel immersed finite element approach.
In particular, this methodology provides a convenient way to couple a Lagrangian method (for the
cell body) with Eulerian (grid-based) solution for the fluid flow. This numerical tool allows to evaluate the deformation of single cells and their nuclei under different fluid flow conditions in confined
conditions.
Key words: Fluid-Solid interaction, Cell deformation, Nucleus deformation

1

INTRODUCTION

The interaction of fluid flow with deformable micro-particles (e.g., droplets, polymeric capsules,
phospholipid vesicles, or cells) in confined spaces is a fascinating fundamental problem with increasing relevance for technological applications, for example, in food processing, drug delivery, or
designing lab-on-chip devices [1]. This fact has motivated the development of numerous publications
about this topic, specifically focused on the study of vesicle and red blood cell (RBC) dynamics [2].
For this purpose, numerical simulations are the most common tool to quantify the deformation that
cells suffer under different confined geometries and fluid flow conditions. Actually, most of these
works have focused on red blood cells, which lack a cell nucleus. However, the deformability of
eukaryotic cells is strongly determined by the mechanical properties of the cell nucleus [3].
The present study is devoted to investigate the interplay between the confinement, the viscosity contrast (ratio between internal and external fluid viscosities) and the mechanical properties of cell nucleus on the dynamics of cell deformability. This study is relevant to estimate, for example, the
deformation and stress distribution on the cell nucleus for different geometrical conditions.
2

METHODOLOGY

In this work, we propose an immersed finite element approach to simulate how fluid flow is able to
deform cell body and nucleus in 2D and 3D. Actually, we assume two interfaces for the cell body,
distinguishing between the cell cytoplasm and the cellular nucleus. We use an Eulerian (grid-based)
solution for the fluid coupled with a Lagrangian method for the cell body.
As a first approach, for the constitutive laws, we consider the cytoplasm as a viscous fluid and the cell
nucleus as a solid. Hence, fluid-fluid-solid interactions are going to be considered in our approach (see
Figure 1). Therefore, two interfaces are present. First, the outer interface between the cell membrane
and the surrounding fluid, in which two fluids with different viscosities are interacting. Second, the
inner interface between the nucleus membrane and the cytoplasm, in which solid-fluid interaction is
occurring. In both cases, to simulate both interfaces, we apply the continuity equilibrium condition
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in the velocity field and the normal stress equilibrium. In any case, a surface tension could be applied
in the interface, however, for simplicity we have assumed that this surface tension is zero.

⇥
⌦N

external fluid

CS

Figure 1: Cellular cytoplasm (CS) and nucleus (N) that are that are simulated during the movement of one
deformable cell in a confined domain.

We solve this fluid-fluid-solid interaction problem using a monolithic coupling formulation, where
momentum balances in both fluid and solid domains are solved in combination with continuity and
equilibrium conditions on both interfaces. After convergence, the new solid and fluid variables are
updated, including solid displacements and fluid velocities, computing the new location of both interfaces. For each finite element node in the new solid domain we find its previous location and
extrapolate the state variables to the new location.
With this solid-fluid interaction framework, we are able to predict the stress/strain level that cell
nucleus is supporting in function of different microenvironmental conditions that involve physical
constraints, fluid flow, cytosol properties, and nucleus elasticity. Therefore, this platform can be a
very useful tool to estimate the best conditions for cell use in different biological applications.
As example of application in 2D, we apply a force on the cell nucleus and analyze its movement
through a confined pipe. As a first approach in this model, we do not consider the contact between
the cell and the surface of the confinement.
3

RESULTS AND CONCLUSIONS

In Figure 2 we show the deformation of one fibroblast and its nucleus when it is advancing in a confined pipe (diameter of 14 microns) filled out with fluid. In particular, we are simulating a fibroblast
where we assume that the nuclear diameter is 6 microns and its external diameter is 12 microns,
respectively. We apply a constant force on the cell nucleus to force the cell to move towards the
confined domain. For this simulation, we consider that the elastic modulus of the fibroblast is 6 kPa
[4] and the viscosity of the cell cytoplasm is 35.28 Pa.s [5]. For the surrounding fluid we assume a
fluid viscosity of 1 Pa.s.
4
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SUMMARY
Experimental and theoretical studies have demonstrated that the polarization of actomyosin forces in
the cytoskeleton of adherent cells is governed by local elastic stresses. Based on this phenomenon,
and the established observation that the nucleus is mechanically connected to the extracellular matrix
(ECM) via the cytoskeleton, we theoretically analyze here the active mechanical coupling between
the nucleus, cytoskeleton and the ECM. The cell is modeled as an active spherical inclusion, containing a round nucleus at its center, and embedded in a 3D elastic matrix. We investigate three sources
of cellular stress: spreading-induced stress, actomyosin contractility and chromatin entropic forces.
Formulating the coupling of actomyosin contractility to the local stress we predict the consequences
that the nucleus, cytoskeleton and ECM mechanical properties may have on the overall force-balance
in the cell and the perinuclear acto-myosin polarization. We demonstrate that the presence of the
nucleus induces symmetry breaking of the elastic stress that, we predict, elastically tends to orient actomyosin alignment tangentially around the nucleus; the softer the nucleus or the matrix, the stronger
is the preference for tangential alignment. Spreading induced stresses may induce radial actomyosin
alignment near stiff nuclei. In addition, we show that in regions of high actomyosin density myosin
motors have an elastic tendency to orient tangentially as often occurs near the cell periphery. These
conclusions highlight the role of the nucleus in the regulation of cytoskeleton organization and may
provide new insight into the mechanics of stem cell differentiation involving few fold increase in
nucleus stiffness.
Key words: cell nucleus, stress fibers, mechanotransduction

1

INTRODUCTION

An increasingly explored mechanism of cellular mechano-transduction (the conversion of mechanical
signals to specific modulations of gene expression) is attributed to the interconnectedness of the nucleus to the cytoskeleton and of the cytoskeleton to the extracellular matrix [1, 2, 3, 4, 5]. It has been
suggested that global mechanical deformations of the nucleus, caused by variations in cytoskeletal
stress, may locally alter the packing of DNA in the nucleus and thereby contribute to the regulation
of gene expression. The nucleus is mechanically and functionally structured; chromatin appears in
distinct levels of condensation, dense heterochromatin condenses near the nuclear envelop and less
dense euchromatin is found closer to the nuclear center [3]. Actively translated genes are generally
found in more loose regimes of the chromatin. Due to the mechanical heterogeneity of the nucleus
global mechanical deformations can locally expose or suppress the transcription of certain genes as
recently demonstrated experimentally [6].
Efforts are thus placed on quantifying the mechanical properties of the nucleus and understanding
the mechanisms and forces that regulate its morphology [3]. Rheological measurements of isolated
nuclei have shown that the nucleus is generally a viscoelastic solid, showing creep response times on
the order of seconds [7, 5]. The stiffness of cells’ nuclei has been shown to increase in the course of
development and to vary from one tissue-cell type to the other [5]. Lamin A, a major component of
the nuclear envelop, has shown to be key regulators of nuclear elasticity [8]. While in differentiated
cells the nucleus is a relatively compacted, dense and rigid organelle, 3 − 10 fold stiffer than the
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cytoskeleton [7, 9], in embryonic stem cells lacking lamin A/C the nucleus is a much larger and softer
organelle with elastic modulus of ∼ 0.1 − 0.5 kPa, comparable to that of whole cell moduli [10]. The
contribution of the nucleoplasm to overall viscosity and elasticity of the nucleus is still under debate
[10, 11, 5].
Being embedded in, and physically connected to the cytoskeleton, the nucleus is subjected to the
stresses that develop and evolve therein. Both microtubule and actomyosin based forces contribute
to the balance of forces. Whereas inhibition of myosin II molecular motors and dissociation of the
actin cytoskeleton in adherent cells result in dramatic reduction in nucleus projected area, inhibition
of microtubule polymerization typically has the opposite effect [12, 13]; indicating that these exert
opposing forces on the nucleus. During cell adhesion to the extracellular matrix, the cytoskeleton
undergos large scale reorganization processes where actin filaments and myosin II molecular motors
develop from an isotropic network to a more polarized structure with long and thick actomyosin stress
fibers spanning the cytoskeleton [14]. The cell shape and elastic properties of the extracellular matrix
have been shown to play an important role in the regulation of these processes. Through many experimental and theoretical studies of this phenomenon it appears that the anisotropic development of
stress fibers in the cell is governed by the local stress distribution in the cell [15]. Recent experiments
demonstrate that actomyosin interaction shows a catch bond phenomenon whereby the lifetime of
the interaction increases with the force [16], providing molecular insight into the active orientational
response of forces in the cell. These structural rearrangements of the actomyosin cytoskeleton and the
concurrent reorganization of microtubules have shown to influence the morphology and alignment of
the nucleus [17, 18, 19]. In addition, a recent study on fibroblasts has shown that actomyosin activity
in the cytoskeleton may induce nucleus rotation in symmetrically-shaped cells and a hydrodynamic
theory has been proposed to explain the behavior [20].
2

METHODOLOGY

We here ask a converse question, if whether by virtue of its distinct elastic characteristics the nucleus
may contribute to the local ordering of the cytoskeleton in its vicinity; a self-consistent evaluation
of the mechanical state in the cell is carried out to predict the mutual responses of nucleus and the
actomyosin cytoskeleton to stresses generated in the cell. Mechanically, the nucleus behaves as an
elastic inclusion in the cytoskeleton; depending on its size and rigidity it modulates the elastic stresses
in the perinuclear region and can thereby affect the alignment of motor proteins and filaments in its
vicinity.
An analytical theory of the actively-regulated elastic coupling between the nucleus, cytoskeleton and
the ECM is developed. Our focus is on early stages of cell adhesion where the cytoskeleton still
possesses an isotropic and homogeneous network structure and we investigate how the stresses developed in this network may govern the active anisotropic polarization of actomyosin forces around
the nucleus. We concentrate on cells with spherically symmetric morphologies in order to focus on
the elastic effects arising from the inhomogeneous nature of the cell interior. The cell is modeled as
an active spherical inclusion, embedded in a 3D matrix, and containing a round nucleus at its center. For simplicity, the nucleus, cytoskeleton and the ECM are treated as elastically homogeneous
and isotropic domains having distinct (spatially-averaged) elastic moduli. The model can principally be extended to account for additional concentric layering of the nucleus, including the nuclear
membrane and the heterochromatin and euchromatin layers in the nucleoplasm. This additional complexity primarily affects the stress and strain distribution inside the nucleus but does not qualitatively
affect our conclusions about actomyosin polarization in the cytoskeleton. As appropriate for earlytimes, the cytoskeleton is assumed to comprise a localized distribution of actomyosin force-dipoles
[21, 22, 23, 24] that may adjust their magnitude and orientation in response to the stresses that develop in the cytoskeleton. In addition to actomyosin contraction, we consider two additional sources
of stress in the cell: spreading-induced tractions at the cell periphery, and outward- pushing entropic
forces of the coiled chromatin in the nucleus [25, 26].
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3

RESULTS AND CONCLUSIONS

We demonstrate that the presence of the nucleus induces a breaking of symmetry in the stress distribution in the cell, and predict that this may initiate actomyosin alignment either tangentially or radially
around the nucleus. It is shown that the tendency of myosin II motors to align tangentially increases
with the softness of the nucleus and that entropic forces within the nucleus induce a similar response.
We also demonstrate that the dependence of the early-time actomyosin alignment on nucleus rigidity
is different for the distinct sources of stress in the cell. While the early time stress originating from
actomyosin contraction always tends to orient myosin motors tangentially around the nucleus, the
surface tractions arising from the forward motion of the cell front during spreading may induce radial
alignment for stiff enough nuclei. Experimentally, both radial and transverse-arc stress fibers have
been described [27] but their proportion, particularly in the vicinity of the nucleus has not yet been
quantified. Finally, we demonstrate that local accumulation of myosin II motors induces an elastic
tendency of those motors to orient tangentially as often observed near the cell periphery [28]. These
conclusions highlight the role of elastic forces in the regulation of cytoskeletal self-organization in
the perinuclear and peripheral regions. The theory presented here is also applicable for investigating
the spontaneous organization of cells within spherically symmetric domains in a gel. Measurements
of radial cellular alignment as function of local cell density and rigidity may contribute to our understanding of the mechanics of morphogenesis.
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SUMMARY
We present a theoretical model for interstitial tissue growth that can capture the coupling between
degradation, swelling, and transport within a hydrogel scaffold. The model is used to investigate how
cell-mediated enzyme degradation affects the balance between tissue growth and scaffold degradation
around chondrocytes. We show that this mode of degradation has the potential to allow tissue growth
while maintaining scaffold stiffness in time, which addresses an important question in cartilage engineering.
Key words: Growth mechanics, mixture, tissue engineering
1

INTRODUCTION

Despite tremendous advances in the field of tissue engineering, a number of obstacles are still hindering its successful translation to the clinic. One of these challenges has been to design cell-laden
scaffolds that can provide an appropriate environment for cells to successfully synthesize new tissue
while providing a mechanical support that can resist physiological loads at the early stage of in-situ
implementation. A solution to this problem has been to balance tissue growth and scaffold degradation by creating new hydrogel systems that possess both hydrolytic and enzymatic degradation
behaviors. Very little is known, however, about the complex behavior of these systems, emphasizing
the need for a rigorous mathematical approach that can eventually assist and guide experimental advances. To address this issue, this abstract presents a model for interstitial growth based on mixture
theory to better understand how the coupled mechanisms of transport, deposition and elasticity can
affect the overall growth of a tissue construct subjected to finite deformations. The new framework
has the following contributions: (a) it is based on thermodynamical principles that accounts for both
the elastic deformation of solid constituents and their mixing with fluid phases, (b) it enables a natural coupling between the mechanical deformation of each phase and the overall permeability of the
tissue. This framework is then used to investigate the coupling between degradation, swelling, and
transport of extracellular matrix (ECM) molecules released by cartilage cells (chondrocytes) within a
hydrogel scaffold. Our study particularly focusses on the relative roles of hydrolytic and enzymatic
degradations on ECM diffusion and their impacts on two important outcomes: the extent of ECM
transport (and deposition) and the evolution of the scaffold’s mechanical integrity. Numerical results based on finite element analysis show that if properly tuned, enzymatic degradation differs from
hydrolytic degradation in that it can create a degradation front that is key to maintaining scaffold stiffness while allowing ECM deposition. These results therefore suggest a hydrogel design that could
enable successful in-situ cartilage tissue engineering.
2

METHODOLOGY

In this study, we consider the growth of a tissue into a pre-existing hydrogel scaffold made of a
mixture of cross-linked polymer and water [1]. We assume that the mixture also contains a type of
enzyme produced by cells and that eventually controls the rate of scaffold degradation. Adopting a
multiphasic mixture approach, four phases are therefore considered (Fig. 1): (a) the polymer network
(solid), denoted by subscript p, (b) the growing matrix (in its free and solid state), denoted by subscript
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m (c) the interstitial water (fluid), denoted by subscript w and finally, the enzyme, denoted by the
subscript e. For this system, the Gibbs free energy (initial gel volume) is composed of entropic,
enthalpic and elastic components of the form:
!
n
X
X
Ĝ(E, C↵ ) =
⌫↵ C↵? ↵ (E) + Gmix (C↵ ) p J
⌫↵ (C↵? + C↵ )
(1)
↵

↵=1

where ↵ = (g, w, m, e), E is the Green-Lagrange strain while ⌫↵ and C↵ are the specific volume
and nominal concentration of the ↵ phase, respectively (an upperscript ? is used for solid phases).
The functions ↵ are the elastic potential for each phase and the Lagrange multiplier p represents the
hydrostatic pressure that ensures the incompressibility of all constituents within the mixture (with J
the volumetric deformation). Since the growth process tends to minimize the above energy function,
we will see next that most governing equations depends on the form of Eq. (1).
Governing equations: transport, growth and mechanics. The process of growth (depletion) is then
defined as the increase (decrease) in either volume or mass density of the solid constituents within
the mixture. This means that any fluid phase that does not convert into a solid can be thought of as an
“inactive” constituent (water, enzymes). In contrast, constituents such as collagen and proteoglycans
actively participate to the growth process by depositing and becoming part of the solid phases over
time. The change in composition of an active constituent ↵ arises from two main mechanisms: (a)
the production rate P↵ in its free (or fluid) state and (b) its conversion into solid with rate ↵ , where
rate constants are measured in units of moles per time per reference volume. From the knowledge
of these two quantities, it is straightforward to write the mass conservation in a reference elementary
volume and obtain the following two equations:
DC↵
DC↵?
+ r X · Q ↵ = P↵
and
= ↵
(2)
↵
Dt
Dt
where Q↵ are nominal fluxes and the gradient is taken with respect to the reference solid configuration. We note here that P↵ = ↵ = 0 for inactive constituents (m  ↵  n). The above equations
show that the knowledge of the production and conversion functions are enough to characterize the
change in concentrations of each phase of a growing body, and subsequently deduce its change of
mass. We therefore denote the knowledge of P↵ and ↵ as the “growth law”. Furthermore, the
nominal flux Q↵ are computed from the chemical potential µ↵ = 1/⌫↵ @ Ĝ/@C↵ of each phase as:
Qw =

̄
r X (µw )
⌫w ⌘

and

Q↵ = C↵ Ṽw

⌫ ↵ c↵
D̄↵r X (µ↵ )
RT

(3)

where ̄ = JF 1 F T and D̄ ↵ = JF 1 D↵ F T are the pullback permeability and diffusivity tensors, respectively, and Ṽw = F 1 ṽw is the pull-back velocity vector of the solvent. These equations
constitute a Lagrangian form of Darcy’s law and the convection-diffusion equation, respectively. The
balance of linear momentum can finally be expressed in terms of the nominal stress P as:
X
@ ↵
r X · P = 0 where
P=
⌫↵ C↵?
pJF T
(4)
@F
↵
where quasi-static conditions are justified due to the slow process of growth.

Constitutive relation: free energy of mixing. For a polymer/matrix/solvent system, statistical mechanics based on a lattice model yield the following form for the mixing energy:
Gmix = RT (Cw ln(

w)

+ Cm ln(

m)

+ Cw (1

w ))

(5)

where is the binary (polymer-fluid interaction) Flory-Huggins parameter describing the enthalpic
interaction between polymer and solvent molecules. We also recall that ? is the current volume
fraction of all solid phases and R = NA kB is the gas constant (NA is the Avogadro constant).
Polymer scaffold elasticity and degradation. Following the classical Flory-Rehner model for the
elastic energy of a hydrogel, the elastic potential of the polymer network, with reference in its dry
state, reads:
⇢RT
(tr(E) ln(J)) .
(6)
p (E) =
⌫p
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Figure 1: Internal composition of a growing tissue in a polymeric scaffold.

Here ⇢ represents the molar ratio of cross-links and polymer chains while ⌫p is the molar volume
of the polymer. We also note that the Green-Lagrange strain E is measured with respect to the dry
(or unswollen) polymer state; In the present study, the polymer is slowly degraded by the enzyme
produced by cells. These physics can be cast in terms of a Michaelis-Menten equation describing the
loss of cross-link with increasing enzyme concentration ce = Ce /J as [2]:
@d⇢/@t =

kce ⇢0  ⇢  ⇢0

(7)

where k is the degradation constant, ⇢0 the initial cross-link density and 0 < < 1 a factor describing
when the gel reaches reverse gelation. At this point (⇢ = ⇢0 ), polymer chains lose their connectivity
and the effective cross-link density drops to zero.
ECM elasticity. In contrast to a hydrogel, the elasticity of the newly deposited matrix depends on the
properties of the building blocks, such as collagen or proteoglycans as well as the physical links that
form between them. In general, this will yield relationships that are currently poorly understood due
to a lack of measurements of tissue properties during growth. As a first approximation, it is therefore
reasonable to choose an extension of linear isotropic elasticity for large deformations (known as the
Saint-Venant-Kichoff model) for its simplicity and generality. The elastic potential of the deposited
matrix can then be written in terms of two Lame constants and µ as:
m (Em )

3

=

2

(tr(Em ))2 + µtr E2m .

(8)

RESULTS

In this section, we present results of finite-element simulations of growth mechanisms around periodically distributed chondrocytes embedded in a degradable hydrogel scaffold. Since chondrocytes
adjust their enzyme and matrix production rates according to surrounding conditions, we model them
0 and C 0 of ECM and enzyme, respectively. This
as a reservoir that contains a fixed concentrations Cm
g
0 and C 0 .
means that the rate of release eventually vanish when concentrations in the scaffold reach Cm
g
The growth simulations are then performed until the scaffold is entirely degraded and the evolution
of both material properties (stiffness of gel and ECM) and structure (physical connectivities m and
g of ECM and gel) are monitored as a function of time. In this work, we specifically investigate the
role of the rate of enzymatic degradation on the overall evolution of the construct. All simulation are
performed under the assumption of a relatively fast rate of ECM deposition m compared to the rate
k of degradation.
We show next and in Fig. 2 that cell-mediated enzyme degradation can, in certain circumstances,
lead to a very localized spherical degradation front around cells and a very inhomogeneous ECM
distribution [3]. For this, we plot both the loss of hydrogel stiffness and gain in ECM stiffness in
time for two characteristic regimes as shown in Fig. 2. We note here that stiffnesses are normalized
with respect to their maximum values. We can generally make the following observations: (a) For
homogeneous degradation (Fig. 2a), the ECM cannot participate in the overall construct’s stiffness
before the scaffold is entirely degraded. Since the scaffold needs to be entirely degraded before tissue
can form, construct’s mechanical integrity is not maintained during tissue development. (b) For a
fast enzymatic degradation rate, a sharp degradation front is observed around the cells. ECM can
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Figure 2: 3D Model results for hydrogels with different degradation characteristics. (a) Slow degradation
kinetics lead to disconnected ECM clusters, and therefore, sharp decrease in macroscopic stiffness. (b) Fast
degradation exhibits a growth front that enables to maintain the mechanical integrity of the construct.

thus diffuse and deposit in highly degraded areas around cells. The presence of a sharp degradation
and ECM front enables two important phenomena (Fig. 2b): an optimized ECM stiffness (since the
hydrogel is entirely degraded behind the front) and a postponement of the drop in overall hydrogel
bulk modulus. The latter is due to the fact that as the hydrogel degrades locally around the cells, the
large volume of intact material left ahead of the front is able to sustain significant loads. Our model
predicts here that the scaffold can both preserve its mechanical integrity and promote ECM diffusion
and tissue development; this represents a significant improvement compared to current methods based
on hydrolytic degradation.
4

CONCLUSION

In this study, we introduced a theoretical framework that enables us to quantitatively understand the
mechanisms that characterize the tissue growth in cell-laden hydrogel scaffolds that can be degraded
by cell-mediated enzymes. Numerical results show that if properly tuned, enzymatic degradation can
create a degradation front that is key to maintaining scaffold stiffness while allowing ECM deposition.
Such predictions are critical to guide the development of complex patient-specific hydrogel scaffolds.
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SUMMARY
If cell migration is a long studied phenomenon, only few publications focus on blebbing. This mode
of locomotion is caracterized by a hydrostatic pressure build up in the cell that eventually generates a
herniation and the creation on an actin-free bleb. When the cell is confined in a channel, the compression forces on the cell resulting from confinement are sufficient to enable a forward motion without
the need for adhesion forces, a phenomenon known as chimneying. The models presented here highlight the major role of mechanics in such a migration strategy, which cells can spontaneously use in
low adhesive media.
Key words: Chimneying, Blebbing, Amoeboid migration

1

INTRODUCTION

The ability to migrate is a fundamental property of cells and the keystone of many biological phenomena. Amoeboid migration commonly refers to rapid cell crawling thanks to pseudopods, which
comprises a wide range of biophysical modes of cell motility[2]. At one end of this spectrum, we
find actin-polymerization-based gliding, which relies on the coupling of protrusion through actinfilaments polymerization and adhesion of the cell to the substrate[1][2][5]. This mode of migration
has been preferably studied in the past decades in comparison to blebbing motility, that can be found
at the other end of the spectrum, in which the contraction of the actomyosin-network at the rear
of the cell generates the formation of an actin-free bleb due to hydrostatic pressure. While actinpolymerization-based crawling requires adhesion and protrusion forces to move forward, blebbing
motility is an adhesion-free locomotion mode, based on contraction forces, on which we will focus in
this paper[2][3].
In confined migration, blebbing motility offers an interesting alternative to actin polymerization, since
no adhesions forces are required for the cell to move forward. Indeed, the immobility needed for the
cell to move forward is provided by the sheer force of actin filaments polymerizing and pushing perpendicularly to the outer surface: this mode of migration is often referred to as ’chimneying’[1][3][4][6].
Interestingly, blebbing seems to be faster than actin polymerization and less energy-consuming, since
there are no adhesion to detach in the forward movement. If these two antagonist migration modes
seem antagonist, it has observed that some cells are able to naturally shift from one mode of migration
to the other[2].
1.1

Chimneying mechanism

The life cycle of a bleb consists in three step: bleb initiation, bleb expansion and bleb retraction. Bleb
initiation can follow two different mechanisms: a local rupture of the cortex – a layer of actin, myosin
and associated proteins underneath the plasma membrane – or a local detachment of the membrane
from the cortex[2][3]. Both mechanisms are the result of an increased global or local pressure in
the cell, generated by actomyosin contraction, leading to herniation and thus bleb formation. After
initiation, this over-pressure leads to bleb expansion, lasting for 5-30 seconds[3]. Once the cortex
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has re-polymerized at the bleb membrane, the expansion phase is finished and bleb retraction takes
over. During chimneying, the cell in compressed and thus exerts force that are perpendicular to the
confining surface, allowing it the move forward, just like a rock climber would when mounting a
chimney[4]. Chimneying begins with the nucleation of bleb at the leading edge. The, the cell rear –
the uropod – contracts, giving rise to a simultaneous bleb growth, until the bleb gets into contact with
the surface and the confinement keeps it steady. The cycle can then start again[3].
This paper will present a computational model of blebbing migration in a confined environment. We
will focus on the mechanical aspects of the problem to show its major role during the whole migration
process.
2

THE MODELS

As was developed in previous publications[7][8][9], there are four key aspects in our models:
• Newton’s laws, that provide the governing equations of the model.
• Active deformations, that reflect the cell ability to generate a movement by itself.
• Contact forces, which allow forward movement of the cell and are of major importance in
chimneying.
• Tight synchronization between active deformations and various forces, particularly the contact
forces.
We decided to explore different configurations in which chimneying may occur, in particular:
Pseudo-confined model: in this model, the cell is in a micro-channel and thus cannot spread freely
like on a substrate, but it is not confined and squeezed to begin with. This approach is the
closest to the one of a rock-climber in a chimney, and the motility of the cell will depend on its
ability to make contact with the channel. The cell first extends its uropod until it touches the
walls of the channel. Once the contact occurs, a force is developed, allowing the cell not to slip
and to anchor to the micro-channel walls. Then, the uropod can contract and push forward in
order for the cell to progress. Afterwards, the cell recovers to its initial configuration and the
cycle starts again. This model was also tested on a channel with a widening at some point.
Confined model: in this model, the cell is squeezed in the channel and there is no need to make
contact with the channel walls since this contact is continuously assured on the cell body. The
migration strategy had then to be adapted. The migration is governed by an active deformation
at the uropod that cyclically contracts/relaxes. The contraction of the rear generates an overpressure that lead to the formation of two frontal blebs. Once the frontal blebs are in contact
with the channel walls and generate a contact force that is high enough, the whole cell body
can move forward and the cycle resumes with a new contraction at the rear.
2.1

Models mechanics

We will present here the governing equations of the models. We always consider a micro-channel
parallel to the x axis.
2.1.1

Pseudo-confined model

In this model, the channel can have a variable geometry and has a characteristic equation that depends
on x. The contact force has been defined to grow slightly before touching the wall so that the bleb
would be slowed down, and to rise sharply right after contact. Then, it reads :
(
y y0 (x)
Tn ekn Tn
if y < y0 (x)
Fc (x, y) = k2
2
2
k
k
2
n
n
kn y0 (x) + 2Tnn y02 (x)) if y > y0 (x)
2Tn y + (kn
Tn y0 (x))y + (Tn
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with Tn the slight force before contact, kn a large stiffness when contact occurs and y0 (x) the gap
distance before the bleb touches the channel.
The active deformations are then defined for the rear, the front and the cell body as follows :
✏rear (x, t) = ycrit (x)(sin(
8
<0
✏f ront (x, t) =
:✏rear (x + l

Ta (x)
4

t

Ta (x)

) + 1)

t Ta (x+lcell ) 12
Ta (x+lcell
t Ta (x+lcell ) 12
2⇡ Ta (x+lcell )

if 2⇡

cell , t) if
8
Ta (x)
t
<
2
ycrit (x) sin(2⇡ Ta (x)
) if
✏cellbody (x, t) =
:0
if

<0
>0

@✏f ront (x,t)
@t
@✏f ront (x,t)
@t

>0
<0

with lcell the cell dimension along the x axis, t the time elapsed since the beginning of the movement
and ycrit (x) the distance before the contact force is high enough that the cell would not slip on the
walls. In these expressions, Ta (x) is defined such that the velocity of the active deformation will be
(x)
constant and will not depend on the geometry of the channel: Ta (x) = b2⇡ ycrit
vbleb c with vbleb the
mean blebbing velocity found in the literature.
2.1.2

Confined model

In the second model, the cell is fully confined in the micro-channel. For the contact forces, the
expression from the previous model is still valid. However, only one active deformation is necessary
which is expressed as:
t + T4a
✏rear (t) = ✏0 (sin(2⇡
) 1)
Ta
The extension of the frontal blebs is directly coupled to the contraction of the uropod through diagonal
springs. The forces in these springs can be expressed as :
Furopod!frontal bleb =

xi
kxi

x1
kxi
( k
x1 k

x1 k
kpi

kpi
p1 k

p1 k

+ Pa ), i 2 {2, 3}

with, pi the original configuration and xi the current configuration and pa the active pressure resulting
from the rear contraction, that can be defined as :
Pa = kf (✏1 + ✏i )
where ✏1 refers to the contraction of the uropod, while ✏2 and ✏3 refer to the elongation of the coupling
springs.
3

RESULTS AND CONCLUSIONS

We present here some preliminary results obtained through simulations run in Mathematica. The
cell geometry is very simple and represented by three rectangles : one for the cell body, in the same
direction as the channel, and two orthogonal ones for the uropod and the frontal blebs. In the pseudoconfined model, the cell is able to adapt the width of its blebs to the width of the channel, thus enabling
cell movement, as can be seen in Figure 1. We are currently working to improve this simplistic model
and the finite element approach is employed in order to obtain a complete mechanical model.
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Figure 1: Steps of pseudo-confined chimneying mechanism in A: a straight micro-channel and B: a microchannel with a changing geometry
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SUMMARY
We present a framework for the modelling of cell motility in heterogeneous environments. The cell
membrane is represented by an evolving surface, with the movement of the cell determined by the
interaction of forces that act normal to the surface. The biochemistry is modelled through partial
differential equations posed on the cell membrane. For the mechanics, we propose a force balance
on the surface, including external forces to model inhomogeneities in the medium such as other cells,
adhesion to a substrate and obstacles. We employ a computational method based on evolving surface
finite elements for the simulation of the model and report on a number of simulation results illustrating
the applications of the approach.
Key words: cell motility, surface finite elements, elastic membranes, adhesion, obstacles

1

INTRODUCTION

Understanding cell motility, the directed motion of cells, is of importance due to the central role it
plays in several biological phenomena such as embryonic development, cancer, tissue development
and immune responses. Coupling modelling with experiments appears indispensable in furthering
our understanding of the complicated processes involved [1]. Simulation of cell motility necessitates
the consideration of evolving geometries and is a formidable computational challenge.
This work builds on [2] in which we presented a mathematical framework for the modelling of cell
motility and a numerical method for the simulation of such models. The approach consists of partial
differential equations posed on the cell boundary coupled to an evolution law for the cell membrane.
In this work we focus on the inclusion of external forces to model heterogeneity in the medium in
which the cell migrates. The numerical method for approximating the model, based on evolving triangulated surfaces, consists of an evolving surface finite element method [3, 4] for the approximation
of the surface partial differential equations that model the biochemistry and a parameterised finite
element method [5] for the approximation of the surface evolution law that models the mechanics.
2

MODELS AND METHODS

The cell membrane is represented by a smooth closed smoothly evolving hypersurface (t), with
the movement of the cell determined by the interaction of various forces that act normal to the cell
membrane. We consider external forces such as a a pressure that constrains the enclosed volume, as
well as internal forces that arise from the reaction of the cell surface to stretching and bending. We
use the following force balance on the membrane:
0 = (Fprot + Fvol + Fvisc + Fext + Fsurf + Fbend ) ⌫,

(1)

where ⌫ denotes the outward pointing unit normal to the surface . The assumed force balance leads
to the following equation for the evolution of the cell boundary:
✓
◆
◆
✓
1 3
H + + Fext ⌫,
(2)
H + H |r ⌫|2
V = k p · a k s H + kb
2
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where V is the material velocity of points on the cell surface (which is has zero tangential component
due to the assumption of only normal forces), a = (a1 , . . . , ana )T denotes a vector of species resident
on the cell surface (e.g., actin, myosin, etc.,), kp 2 Rna governs whether each species promotes
protrusion or retraction of the cell membrane, H is the mean curvature of , ks the surface tension, kb
the bending rigidity,
and r are the Laplace-Beltrami and surface gradient operators respectively,
⌫ denotes the outward pointing unit normal to , denotes a (spatially uniform) Lagrange multiplier
that enforces volume conservation and Fext are external forces (acting normal to the surface).

For the surface resident species a appearing in (2), we consider an RDS posed on an evolving surface
{ (t)}t>0 :
(3)
@ • a + ar (t) · V D (t) a = f (a) on (t), t > 0,
where

@ • a := @t a + V · ra,

(4)

is the material derivative with respect to the velocity V , D is a diagonal matrix of positive diffusion
coefficients and f (a) is the reaction.
We now summarise the additions to the modelling we consider in this work, i.e., the incorporation of
adhesion and the inclusion of obstacles.
2.1

A model for adhesion

To include adhesion in the model we propose a Lennard-Jones adhesion potential of the form
◆
◆ !
✓
✓
Z
Z
↵

Eadh =

W (d) :=

d(x)

↵/2

d(x)

dx,

(5)

where d(·) is the distance function to the object the cell adheres to and , ↵ 2 R+ are parameters
governing the strength and range of the potential. The potential is repulsive at very short distances,
attractive at medium distances and rapidly decays to zero at long distances and hence is a reasonable
model for adhesion between two surfaces that can not intersect. The corresponding force contribution
to the evolution law may be derived consistently as in [6] and yields
Fadh =
2.2

W 0 (d)rd · ⌫

W (d)H.

Obstacles as a hard constraint

In [2] we proposed a model for migration in the presence of obstacles with the interaction between
the cells and the obstacles modelled with a repulsive potential. In this work we propose an alternative
model for the inclusion of obstacles in which the obstacles are treated as a “hard” constraint. We
assume a set of smooth disjoint obstacles such that the boundary of the obstacles consists of smooth
closed surfaces which may be described by a smooth level set function, obs say, such that, obs is
positive outside the obstacles, obs is negative inside the obstacles and |r obs 6= 0|.

Our model for cell migration in the presence of obstacles consists of the coupled geometric evolution
law surface RDS system (2) and (3) together with the constraint (x) 0 for all x 2 (t).
2.3

Discretisation

The numerical methods we employ are based on moving triangulated surfaces. Hence, equations
posed on a surface that is d-dimensional are approximated with a d-dimensional algorithm. The
method for the approximation of (2) is based on the parametric finite element method derived in
[5]. Under the method the movement of the nodes of the triangulation satisfies the evolution law
in the normal direction and includes a tangential velocity (that leaves the evolution law unchanged)
which gives highly desirable mesh-properties in practice. The surface RDS is discretised with an
ALE-evolving surface finite element method analysed in [4] which accounts for the fact that the
vertices of the triangulated surface are moved with a velocity that is not Lagrangian. We use quadratic
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elements for consistent approximation of the geometric evolution equation. For efficiency, we employ
an adaptive meshing strategy with an heuristic adaptivity criterion based on the local mean curvature
and adaptive timestepping strategy with an heuristic adaptive strategy based on the normal velocity
of the surface. The linear systems are solved either using a direct solver or in the case of obstacles the
variational inequality is solved using a projected SOR algorithm.
3

RESULTS

We conclude with some simulation results illustrating the efficacy of the methodology, in the interests
of space we only briefly summarise the mathematical models and omit the details on the parameter
values used.
3.1

Simulation of adherent cell chemotaxis: cell-cell adhesion

(a) t = 0.

(b) t = 2.

(c) t = 5.

(d) Ligand source reached.

Figure 1: Multi-cell chemotaxis with cell-cell adhesion.

Figure 1 shows the results of a simulation of the chemotaxis of multiple cells. The surface RDS
is taken to be the Meinhardt model for chemotaxis used in [2, 7], we incorporate cell-cell adhesion
by including a Lennard-Jones potential between each of the cells. The cells are taken to be initially
circular and distributed in a ring around a source of ligand. The ligand density is assumed to be
time independent and to decay exponentially away from the source. We observe chemotaxis of the
cells towards the ligands via biased generation of pseudopods and adhesion between cells with no
interpenetration of cells.
3.2

Simulation of adherent cell migration: cell-substrate adhesion

To model adhesion to a substrate we include another surface resident species corresponding to surface
binders which form adhesions with the substrate. The Lennard-Jones potential is now weighted by
the surface binder density i.e., in (5) is a function of the surface binder density. The evolution of the
surface binders satisfies a surface Cahn-Hilliard type equation based on the model of [8]. We keep the
Meinhardt surface RDS used in 3.1 to generate protrusion. Figure 2 shows the results of a simulation
of adhesion, with the binders moving into the protrusion which then adheres to the substrate.

(a) Surface binder density at t = 0, 1, 2, 3, 4 and 5 reading from left to right.

(b) Surface RDS activator density at t = 0, 1, 2, 3, 4 and 5 reading from left to right.

Figure 2: Migration of an adherent cell on a substrate.
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3.3

Simulation of cell migration in the presence of obstacles

We conclude with a simulation of cell migration in the presence of obstacles. The model is based
on the model for the motion of fish epithelial keratocytes presented in [2]. Under the model (in the
absence of obstacles) the cells exhibit steady directed motion in a fixed direction with a constant speed
(c.f., [2] and Figure 3(a)). When we include two cylindrical obstacles that the cell can not penetrate
(Figure 3(b)) we observe that the cell is trapped by the obstacles and by t = 3 has attained a steady
state in which the cell is stationary.

(a) Migration without obstacles t = 0, 1.5, 3 and 4 from
left to right.

(b) Migration with obstacles t = 0, 1.5 and 3 from left
to right.

Figure 3: Cell migration with and without obstacles.

4

CONCLUSION

We have presented a modelling and computational framework for simulating cell migration in heterogeneous media. The computational method employed is robust and efficient and we illustrated its
efficacy by simulating multicell chemotaxis, adherent cell migration, and migration in the presence
of obstacles. The next steps will be to validate the modelling and simulations against experimental
observations such as in vitro studies of cell migration in biomaterial scaffolds.
5
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SUMMARY
Cell motility is a complex process comprising, among others, cytoskeletal remodelling and growth,
active force generation, chemical transport and reaction of multiple substances inside and outside the
cell as well as on the cell membrane, anisotropic material behavior of the cell and of the extracellular
matrix (ECM), and proteolytic cleavage of the ECM. We are working on an evolving finite element
based computational framework that is able to incorporate models and methods for all the key features
of cell motility. The approach exploits a mesoscopic point of view and aims at a comprehensive 3D
model allowing for the simulation of cell motility at reasonable computational costs. In the presentation we will first sketch the overall framework, addressing all the respective models and methods,
and will then focus on some essential subunits.
Key words: cell motility, finite elements, immersed method, porous media, volume averaging

1

INTRODUCTION

There have been a notable number of very differing attempts in cell migration modeling in 3D [1]. A
broad overview of all of these approaches is neither necessary nor feasible in such an abstract. Hence,
in the following we briefly summarize only two recent contributions because they could be viewed as
a kind of benchmark for us concerning model complexity and comprehensiveness. They also pursue
the same objectives as we do, i.e., (i) being able to predict migration processes as response to different
internal and external stimuli, (ii) helping to design new experimental platforms, (iii) obtaining data
for conditions at which experiments are not feasible at all, and (iv) gaining a better understanding of
how physiological processes affect cell migration and vice versa.
The first approach is from Mousavi et al. [2] who model single cell and multi-cell migration guided by
mechanical, chemical, thermal, and electrical cues. The cell movement is determined by the balance
of forces acting in the cell center. Those forces are calculated by model equations taking into account,
e.g., the chemical gradients (chemotaxis), and the gradient in temperature (thermotaxis). Although
the cell is modeled as a three dimensional sphere, the cell membrane is included only as an auxiliary
model for mechanosensing, i.e., the resultant of all forces acting on the cell surface is transferred to
the cell center. The active material model consists of two springs, one representing the passive part
of the cell interior, and another representing the actin filament stiffness which is in series with an
active actuator representing the actomyosin contractile machinery [3]. This is not implemented as a
continuum model, but rather as discrete springs acting between the cell membrane and the cell center.
We recall that the cell is assumed to be spherical in shape, which together with the fact that the cell
environment is assumed to be just a Newtonian viscose medium allows the interaction between the
flow and the cell to be modeled by the well known Stoke’s Law for the drag force on a sphere exposed
to a viscous flow. Modeling the interaction of the cell with the Extra Cellular Matrix (ECM) by performing, e.g., proteolysis is therefore nonsensical in this model framework and is not considered. The
second approach is from Borau et al. [4] who simulate single cell migration guided by mechanical
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and chemical cues employing a probabilistic Voxel-Fe model. The cell movement is implemented as
addition or removal of cell-voxels to the computational domain according to probability functions,
depending on external and internal stimuli like, e.g., the chemical gradients (chemotaxis), and the cell
stress gradient (mechanotaxis). Mechanosensing is modeled with the same active material model as
employed by Mousavi et al. but since here the cell is a real three dimensional continuum the springs
act in each cell voxel independently in the three spatial directions. Flow-Cell interactions are neglected. The Brinkman Equation governs the flow through the computational domain, which contains
the porosity as variable. However, the porosity is assumed to be constant and no interactions between
the cell and the ECM like, e.g., the proteolytic cleavage of the ECM are included in the model. In addition, the flow is assumed to be stationary and is solved only once at the beginning of the simulation.
Here we propose a comprehensive modular continuum modeling approach for cell migration on the
mesoscopic scale, which is able to get rid of the limitations of the models mentioned above. The
system is built up in a way that provides the possibility to enhance our model framework with new
submodels and refinements of existing models without having to change the overall modeling framework. This is of particular importance since cell motility is a very active field of research and many
cellular mechanisms are not yet fully understood. One perfect example for this is the functionality
of the contractile apparatus driving cell motilty. In the models described above, the forces generated
by the active material model are assumed to be solely dependent on the stretch of the actin-myosin
complexes in the cytoskeleton. By contrast this dependency is neglected in [5], where only the forcevelocity relationship of Hill’s muscle model is considered. For our model we follow both arguments
and model both dependencies on active force generation, enhancing the active material model at the
same time by taking additionally into account the band-like stress fiber propagation emphasized by
Preethi et al. [6]. One strong constraint of the above models is that they rely on commercial software
tools with all the respective capabilities but obviously also their severe limitations. In contrast we can
take advantage of our own versatile in-house parallel multiphysics simulation software BACI. Our
mesoscopic poro-elastic medium (PM) model, representing the ECM, incorporates Flow-ECM coupling between the interstitial fluid flow and the fiber network of the ECM. Furthermore, we employ
an immersed method for the Flow-Cell and Cell-ECM interaction which enables the load transfer
between all participating physical fields independent of the positions of the computational meshes of
cell and ECM relative to each other. In contrast to the models above we consider the shedding of
proteolytic enzymes (MMPs) by the cell and the subsequent ECM degradation, since this seems an
important mechanism for the migration of motile fibroblasts and some cancer cells and it is highly
associated with the density of the ECM scaffold and the forces applied to the cell membrane [7].

2

METHODS AND RESULTS

With respect to where they occur, one can distinguish three categories of physiological processes during cell migration, namely those happening in the interior of the cell, those happening in the Extra
Cellular Matrix (ECM), and those happening in the cell membrane. Concerning the cell interior, the
dominating process is the active cytoskeletal contractility. The deformation of the cell body is governed by the usual balance of linear momentum for which we have to provide a special material law
yielding the active stresses associated with cell contractility. For this purpose, our material modeling approach is based on the insight that the contraction of muscles and cell contractility is due to
the same molecular machinery, i.e., the actomyosin crossbridge cycle. The derivation of the stress
law follows the volume averaging arguments presented in [5]. We enhanced this model by further
taking into account the strain dependency of the actomyosin force generated in the cytoskeleton [3],
as well as the feature of band-like stress propagation proposed in [6]. Parallel to the active material
model, the passive cell constituents can be modeled with any arbitrary passive material law like, e.g.
a viscoelastic material law to also include time-dependent strains. Eventually, this active and passive
material model allows to simulate the cell behavior as response to mechanosensing.
The physiological processes and properties influencing cell migration associated with the cell exterior,
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like, e.g., matrix rigidity (durotaxis), interstitial flow (rheotaxis), chemical cues (chemotaxis), and
proteolytic matrix degradation are naturally included in our poro-elastic medium (PM) model. This
model represents the fibrous tissue of the ECM external to the cell. Since the exact discrete geometric
setting of collagen and elastin fibers of real tissues and their interaction with the interstitial fluid
flow is neither known nor needed for the aims we are heading for, we apply the volume-averaging
theorems on the balance equations. This leads to a mesoscopic volume-coupled multi-field problem,
wherein the interface between the two phases is not resolved explicitly. The mechanical behavior
of the PM is determined by the conservation of mass of the fluid phase and the Brinkman Equation
governing the interstitial flow. The structural phase of the PM is governed by an additional volumeaveraged balance of linear momentum. Coupling terms establish the interaction between the fluid
phase and the structural phase. For further details, see [8]. It is important to note, that this model still
carries a coarse grained information about the microstructure in the dimensionless porosity variable
which varies in space and time and may be part of chemical reaction processes, since can also be
interpreted as collagen concentration. Also, anisotropic material behavior of the ECM is inherent in
the PM model. Such behavior can arise from preferred directions of fiber orientation either from the
start or after remodeling and is an important issue when the effects of contact guidance are included
in the model. The transport of n chemicals (with concentrations ci ) and their reaction in the ECM is
modeled by the volume averaged convection-diffusion-reaction equation:
@ci
@t

X

+ rci · uc

r·

⇣

⌘
D e↵ · rci +

(c)ci = 0 i = 1...n.

(1)

Here D e↵ denotes the diffusion coefficient, (c) the reaction coefficient depending on the mn
species combined in the vector c, and uc denotes the convective velocity. Fig. (1) shows some results
of a simulation of the proteolytic reaction following the reaction model proposed in [9]. The porosity
(a measure for the collagen concentration at any point) changes over time due to the reaction with
MMPs. For the sake of simplicity the results in Fig. (1) are obtained by taking only 4 species into
account, namely collagen, MT1-MMP, TIMP2, and the complex of the latter two.

(a)

(b)

Figure 1: Simulation of proteolysis. (a) Conture plot of MMP concentration secreted at the tip of the
rectangular region. Additional convection by interstitial flow from right to left. (b) Time evolution of
the reference porosity at the tip of the rectangle region for two TIMP concentrations.
We combine those cell internal and external subunits of our global model in an immersed poro-elastic
medium structure interaction method. This method allows for a full coupling of all participating physical fields by modeling appropriate transfer equations. Those transfer equations have two purposes: (i)
they render the formulations of the background poro-elastic medium and the immersed cell structure
compatible and (ii) they model the physics at the cell membrane. Compatibility relates for example
to the compressibility of the immersed structure and the interstitial fluid. In general this property
differs significantly among the two physical fields. Transferring the appropriate quantities from the
cell structure to the interstitial fluid in order to modify the continuity equation of the flow mends this
incompatibility. The physics at the cell membrane include, e.g., the shedding of proteolytic enzymes
like MT1-MMP (see above), adhesion to the ECM via integrins, and compression of the cell body
by the ECM structure. The latter process is most likely to influence the kinetics of the proteolytic
process by regulating the expression of cleavage enzymes at the cell surface [7]. Exemplary results
of a rheotaxis simulation are depicted in Fig. (2).
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Figure 2: Idealized cell geometry with passive nucleus (red) and contractile part (green) adhering at
its leading edge. Original bounding box of the cell is depicted in white. The cell is subjected to a flow
entering the domain from the right. The active material model is producing a contractile force large
enough to overcome the fluid drag and the cell is pulling itself to the upstream direction of the flow.
3

CONCLUSIONS

The aim of this abstract was to present the general idea and short details on exemplary subunits of
a comprehensive computational cell migration model. Due to the fact that our approach is based
on the coupling between cell and ECM physics via an immersed method, which in turn are coupled
problems between multiple physical fields, our approach is highly modular and easy updatable to
more advanced submodels and up-to-date scientific insights.
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SUMMARY
Wave intensity analysis formulated in terms of changes in cross-sectional area and velocity lends
itself to analysis based on magnetic resonance imaging (MRI) data, thereby overcoming the limited
clinical applicability of the technique due to the need for invasive pressure data. In this study we
first carried out an in vitro experiment in a compliant phantom, acquiring both MRI and catheterbased pressure and comparing wave intensity results. Having demonstrated the reliability of the
method, we then showed its clinical relevance by applying it to a patient population in which
ventriculo-arterial coupling is particularly compromised, i.e. palliated hypoplastic left heart
syndrome.
Key words: wave intensity analysis, magnetic resonance imaging, congenital heart disease
1 INTRODUCTION
As a hemodynamic index, wave intensity has been used in the past to assess the working condition
of the heart in relation to the remainder of the vasculature (i.e. ventriculo-arterial, VA, coupling)
[1]. Its research applications are widespread (systemic, pulmonary and coronary circulations),
although limited by the invasive nature of the pressure data required to perform the analysis,
according to the original definition of wave intensity as the instantaneous product of pressure and
velocity differentials at one location in the vasculature, dI = dPdU, with the waterhammer equation
relating such changes, dP±=± cdU± (where = blood density and c = wave speed).
Formulating wave intensity in terms of the product of simultaneous changes in velocity (dU) and
fractional changes in area (dlnA) instead renders the analysis non-invasive, and suitable for the
analysis of cardiovascular magnetic resonance imaging (MRI) data [2]. MRI-derived wave
intensity, however, has not been validated against pressure-based data. Hence, we sought to verify
the agreement between the two formulations in a simple MRI-compatible in vitro setup.
Having shown the reliability of the MRI methodology, we applied it to analyse one scenario of
congenital heart disease in which insight into VA coupling is particularly desirable, namely
hypoplastic left heart syndrome (HLHS). Following surgical palliation of HLHS (Figure 1),
obligatory mismatched VA coupling persists for the duration of a patient lifetime. However,
volume unloading following Stage 2 surgery (i.e. bidirectional cavopulmoary connection, BCPC,
or Glenn operation) may restore a more favorable coupling between the systemic right ventricle
and the systemic arterial circulation. Thus we sought to quantify changes to VA coupling following
BCPC using MRI data alone.
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BCPC

Norwood

TCPC

Figure 1: Staged repair of hypoplastic left heart syndrome. Stage 1 (Norwood operation), Stage 2
(bidirectional cavopulmoary connection, BCPC, or Glenn operation) and Stage 3 (total
cavopulmonary connection, TCPC, or Fontan completion). Image modified from [3].
2 METHODOLOGY
2.1 In vitro MRI-compatible setup
A reproducible pressure pulse was generated using a pulsatile pump (Harvard Apparatus) in a
flexible arterial model (25 mm internal diameter, 2.5 mm wall thickness, 300 mm length, Figure
2a) printed with a compliant compound (Heart Print Flex®, Materialise). The model was mounted
in a water-filled tank. A 6F side port was incorporated to allow for the insertion of a fibre optic
pressure sensor (OpSens). Flow-velocity was measured at the inlet of the tank with an ultrasonic
flow probe (9PXL Transonic). Downstream the arterial model, an air chamber allowed for
regulating compliance (Figure 2). The whole setup was MRI compatible, lacking ferromagnetic
components, and was placed inside the scanner (1.5 T Avanto, Siemens) for acquisition of phasecontrast magnetic resonance (PCMR) data. Pump flow settings: stroke volume = 55 mL, heart rate
= 50 bpm, diastolic time fraction = 50%. The obtained PCMR flow sequences were then analyzed
using an in-house written plug-in (OsiriX) providing information on the change in area and velocity
that allowed calculation of the wave speed and wave intensity (dI). The analysis was also
performed combining pressure and velocity changes at the same location, ultimately comparing the
area results (dIA=dlnAdU) against the pressure gold standard (dIP=dPdU).

a)

b)

1

2

4
3

5

Figure 2: a) Compliant arterial model manufactured using Heart Print Flex ® showing insertion
port for pressure catheter (red arrow) and b) MRI-compatible experimental apparatus including 1)
ultrasonic flow probe, 2) pressure measurement port, 3) compliant arterial model, 4) compliance
chamber, 5) atrial chamber.
2.2 In vivo data
MRI scans were performed on 12 patients, both prior to BCPC (age: 0.2-2.8 years, BSA: 0.28±0.04
m2) and prior to Fontan completion (age: 0.7-3.7 years, BSA: 0.55±0.07 m2). Functional data
including ejection fraction (EF%), indexed end-diastolic and end-systolic volume (iEDV, iESV),
and indexed stroke volume (iSV) were calculated from clinical cardiac MRI data. Furthermore,
wave intensity data were derived from aortic flow PCMR acquisitions using the semi-automatic
house-written plug-in. Analyzing the net wave intensity patterns, peak early systolic forward
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compression wave (FCW) and peak end systolic forward expansion wave (FEW) were obtained as
surrogates for ventricular contractility and relaxation, respectively. A ratio FCW/FEW was
calculated, as a non-dimensional indicator of VA coupling. Additional coupling information was
gathered using the quantity ESV/iSV also directly derived from the MRI data, taken as a surrogate
for arterial elastance/ ventricular elastance (Ea/Ees). All comparisons were performed with paired ttest, p<0.05 indicating statistical significance.
3 RESULTS AND CONCLUSIONS
Experimental data was successfully obtained and the results showed a high level of agreement
between MRI and invasive data. The pressure and flow signal measured in vitro were extremely
repeatable (mean peak values: 77.2±0.6 mmHg and 10.4±0.06 L/min, respectively). Wave speed
calculations from the slopes of the Pressure-Velocity loop (7.6 m/s) and lnArea-Velocity loop (6.7
m/s) were in good agreement. Figure 3 shows the superimposition of the two sets of results, clearly
highlighting extremely similar waveforms and trends.

a)

b)

c)

d)

Figure 3: Comparison of data obtained invasively (blue) with those obtained from MRI (red).

Figure 4: Comparison of data prior bidirectional cavopulmonary connection (BCPC) and total
cavopulmonary connection (TCPC).
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Analyzing the patient data, BCPC circulation was shown to have an overall favorable effect on VA
coupling, as indicated by an increase in both FCW/FEW (3.0±1.7 vs. 8.1±5.8, p=0.006) and in
Ea/Ees (0.28±0.14 vs. 0.42±0.15, p=0.006). As a result of the hemodynamic changes following
BCPC, an overall improvement in EF was registered (52±13% vs. 59±7%, p=0.024). These
changes are summarized in Figure 4. However, a change in volumetric data was not appreciated in
this population (iEDV: 82±17 vs. 84±12 mL/m2, p=0.9; iESV: 39±12 vs. 36±8 mL/m2, p=0.3).
In this abstract we have shown that non-invasive measurements of area and velocity show good
agreement with invasive measurements of pressure and velocity in a simplified experiment,
confirming that MRI is a reliable way to obtain wave intensity information to evaluate VA coupling
in clinical scenarios where MRI data is available. This validation is further enhanced by the wave
speed calculations, whereby linear fitting of the slope of the early (30 ms) portion of the loop –prior
to the arrival of reflected waves– shows good agreement between the lnArea-Velocity loop and the
Pressure-Velocity loop. The material of the compliant tube provided reasonable distensibility,
which ultimately led to the wave speeds being within an accepted range for arteries. This validation
experiment now enhances confidence towards the use of this method to obtain and analyze VA
coupling information. In vitro results obtained in a controllable MRI-compatible environment
indeed suggest that the technique is reliable to calculate wave speed and take the analysis forward
including wave separation and Windkessel analysis [4].
With regards to clinical applications, the insightfulness of the technique is confirmed by the
analysis of HLHS data also presented here. Indeed, non-invasive quantification of VA coupling
based on MRI data demonstrated that BCPC improves the inherent VA coupling mismatch in
palliated HLHS patients, clinically intuitive but not previously quantified. It appears that rather
than a specific improvement in right ventricular performance, favorable systemic vascular
adaptation to the volume unloaded circulation may facilitate better VA coupling, which can lead to
improved ventricular function.
This study suffers from the limitations of a retrospective study and a small patient cohort, although
it should be remarked that matched pre-BCPC and pre-TCPC scans for HLHS patients do represent
a very specific and small population. In the future, it would be interesting to acquire prospective
data and correlate MRI outcomes, and wave intensity results in particular, with other indicators of
ventricular performance. Conductance catheter measurements remain a gold standard for coupling
assessment, but their use is extremely limited in clinic, and particularly in such a vulnerable
population. Nevertheless, were suitable animal models available, in vivo studies comparing
pressure-volume loops and MRI wave intensity measurements would be another exciting future
development.
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SUMMARY
Carotid arterial wave intensity is increasingly being used to study cardiac and cerebrovascular properties. With the aid of a detailed model of the cardiovascular system, we investigate which cardiovascular properties influence the major carotid waves. Results suggest that the determinants of the waves
are more complex than is commonly thought, i.e. that the magnitudes of the forward compression,
backward compression and forward expansion waves are indexes of ventricular contractility, cerebral
microvascular resistance and rate of active ventricular relaxation respectively. Nevertheless, based on
insights gained, a load-independent index of ventricular systolic function derived from carotid wave
intensity is proposed.
Key words: carotid haemodynamics, one-dimensional model, ventricular function

1

INTRODUCTION

Wave intensity analysis is a powerful technique for gaining insights into forward and backward running waves in arteries. The timing and magnitude of waves at a given location are used to make
inferences about anatomically remote physiological processes, such as heart function and distal wave
reflection. This technique is increasingly being applied in the common carotid artery (CCA) because
non-invasive measurement of blood velocity, a blood pressure surrogate (such as diameter), and hence
calculation of wave intensity, is relatively straightforward in clinical studies. In addition, the CCA in
part supplies blood flow to the cerebral circulation, whose properties are often of clinical interest.
The CCA wave intensity profile contains three major waves that are each thought to signify important aspects of left ventricular (LV) or cerebrovascular function. First, a pressure-increasing forward
compression wave (FCW) corresponds to the early systolic flow acceleration and pressure rise occurring at the onset of left ventricular (LV) ejection. The magnitude of the FCW has been shown to
correlate with both the maximal rate of LV pressure rise and maximal elastance [1, 2] and is therefore thought be an indicator of LV contractility. Second, a pressure-increasing backward compression
wave (BCW) following the FCW is thought to arise from wave reflection in the cerebral microvascular bed and its magnitude is thought to depend on cerebrovascular resistance [3, 4]. Third, towards
the end of systole a pressure-decreasing forward expansion wave (FEW) is thought to relate primarily
to the rate of LV relaxation [1, 2, 3].
Although there is some experimental evidence suggesting that the FCW, BCW and FEW are influenced by LV contractility, cerebral resistance and LV relaxation respectively, it is unclear if and to
what extent other factors modulate the magnitude of these waves. This question is important because
a simplistic notion of the origins of a particular wave may lead to false conclusions in clinical studies. Conversely, establishing the physiological determinants of these waves may lead to more robust
indices of cardiovascular function.
In this paper, we investigate the physiological determinants of the major CCA waves using an anatomically-based one-dimensional model of the entire cardiovascular system [5]. Based on model results,
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we propose a new index of LV systolic function that uses CCA wave intensity and other standard
clinical measurements, and is independent of preload and afterload.
2

METHODOLOGY

2.1

The model

The reduced order (0D/1D) cardiovascular model is described in [5]. This model is an extension of the
systemic arterial model described in [6] and includes anatomically-based 1D networks of the systemic
and portal veins, along with the pulmonary, coronary and cerebral arteries/veins. The standard nonlinear one-dimensional equations governing pressure, velocity and cross-sectional area were solved
using a finite element method [6], along with a non-linear viscoelastic constitutive relation.
Microvascular beds were represented by a windkessel-like compartment containing a characteristic
impedance for each terminal 1D segment, arterial and venous compliances, and a pressure-dependent
vascular bed resistance (Rvb ) described by [5]
⇣
⌘
Pzf
Rvb = R0 pptm0
(1)
tm Pzf

for ptm > Pzf and Rvb = 1 for ptm  Pzf , where R0 is resistance at a reference transmural
pressure (ptm0 , 80 mmHg for systemic beds), ptm = p pext is instantaneous transmural pressure (p,
intraluminal pressure; pext = 0, external pressure) and pzf = 5 mmHg is the zero-flow pressure. The
heart model represents each of the four chambers as a time-varying elastance in series with a source
resistance and accounts for pericardial constraint, septal interactions of contralateral chambers and
atrioventricular interaction caused by atrioventricular plane motion.
Parameterisation of the model is described in [5]. Of particular relevance to the current study, dimensions of the cerebral arterial network were based on [7] and included linear tapering where proximal
and distal dimensions differed. LV elastance was described via a two hill functions.
2.2

Parameter investigations

To investigate the effects of major cardiovascular properties/function on CCA waves, the following
input parameters were increased and decreased (one at a time) by 25% and 50% with respect to a
reference simulation representing a healthy adult (reference values provided in parentheses).
1. LV Emax (2.8 mmHg/mL), maximal elastance governing ventricular contractility.
2. LV Emin (0.07 mmHg/mL), minimal elastance governing passive ventricular compliance and
used to alter LV preload.
3. LV RS = KS Enat (v V0 ), source resistance governing the flow dependence of generated
ventricular pressure, where Enat is native elastance that accounts for both free-wall elastance
and septal interaction [5], v and V0 are LV instantaneous and zero-pressure volumes and KS
(5 ⇥ 10 4 s/mL) is a constant.
4. LV ⌧ (21.6 ms), the time constant of active relaxation, defined as the time it takes pressure to
drop to 50% of the value at minimum dP/dt, altered by lengthening or shortening the descending
limb of the input elastance curve.

5. Rart (0.9 mmHg.s/mL), systemic vascular resistance, altered via the reference resistance of all
systemic vascular beds (R0 in Eq. (1)).
6. Rcer (6.9 mmHg.s/mL), cerebral vascular resistance.
7. Cart (1.4 mL/mmHg), total compliance of the 1D systemic arterial network.
8. Ccer (0.022 mL/mmHg), cerebral arterial microvascular compliance.
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Figure 1: Model-derived blood pressure, flow and wave intensity profiles in the right common carotid artery
for the reference case representing a healthy adult.

Figure 2: The effect of increasing or decreasing key LV and systemic arterial properties on the area under the
forward compression wave (FCW), backward compression wave (BCW) and forward expansion wave (FEW).

3

RESULTS AND CONCLUSIONS

Figure 1 shows model-derived CCA pressure and flow for the reference case, which are representative
of published in vivo profiles for a healthy adult [7]. Similarly, the CCA wave intensity profile was
similar to published data measured in humans and contained all of the major waves (FCW, BCW,
FEW) [4].
Figure 2 shows the effects of increasing or decreasing key LV and systemic arterial parameters on
the major CCA waves. Changing LV Emax led to proportional changes in FCW area, confirming
the contractility-dependence of this wave. However, FCW area was also highly dependent on KS ,
Rart and Cart , and moderately dependent on preload (Emin ). The BCW was also dependent on these
parameters in a similar manner and decreased only slightly when Rcer was decreased, with no change
as Rcer was increased. FEW was highly dependent on Cart and was also affected by Emax , ⌧ , Emin
and Rart . These results strongly suggest that there is no exclusive relationship between the areas of
these waves and any one parameter.
We investigated whether wave areas could be adjusted using clinically available information to more
independently represent cardiovascular properties of interest. A ‘systolic function index’ (SFI) is
obtained by adjusting FCW area as follows,
SFI = FCWarea

DBP
LVEDV ⇥ PP

(2)

where DBP and PP are diastolic and pulse pressures in the CCA and LVEDV is left ventricular enddiastolic volume. Figure 3 (left) shows that in contrast to raw FCW area, SFI is almost exclusively
dependent on Emax and KS , which are the two parameters governing LV systolic function.
Although a number of papers have reported BCW area (or ‘negative area’) as a measure of wave reflection, wave reflection strictly relates to the ratio of BCW area to FCW area, given that the BCW is
a reflection of the FCW. Indeed, Figure 3 (middle) shows that the ratio is relatively insensitive to LV
preload and systolic function. Surprisingly, however, this ratio is also insensitive to cerebral microvascular properties (Rcer and Ccer ), suggesting that these properties may not be primarily responsible for
the wave reflection, as is commonly thought. Another possibility is that the wave reflection arises in
large part from arterial tapering in the conduit arteries supplying the brain. In support of this hypothesis, adjusting the cerebral arterial geometry in the model to remove all tapering led to a 35% decrease
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Figure 3: Changes in adjusted indexes of LV systolic function (left), wave reflection (middle) and LV active
relaxation (right) with changes in model parameters, as in Figure 2.

in the BCW/FCW ratio and delayed the BCW by 27 ms, suggesting that the effective reflection site
had shifted downstream by approximately 8 cm. While further work is needed to more precisely
define the location and determinants of the CCA BCW, these model results raise doubts about the
prevailing view that the BCW is a sensitive marker of cerebral microvascular properties.
Given that Figure 2 (right) suggested that FEW area is determined by a combination of LV systolic
and diastolic parameters, along with arterial compliance, we investigated whether a correction could
be applied to FEW area to achieve a more independent measure of LV active relaxation. After testing a number of equations involving clinically measurable parameters, no simple relation could be
found, unlike for the FCW. We then used an optimisation technique (Generalised Reduced Gradient
method in Excel’s solver function) to minimise the changes in an adjusted index (FEWadj
area ) over all
simulations except those in which ⌧ was altered, with coefficients kn as degrees of freedom,
k0
k1
k2
k3
k4
FEWadj
area = FEWarea ⇥ FCWarea ⇥ BCWarea ⇥ LVESV ⇥ PP ⇥ SBP

(3)

where LVESV is LV end-systolic volume and SBP is systolic blood pressure. Figure 3 (right) shows
the resulting changes in FEWadj
area for the various parameter changes. Although ⌧ is the most sensitive
determinant of FEWadj
,
increasing
Rart or Cart still have a comparatively substantial effect, sugarea
gesting that the FEW is determined by a complex combination of cardiovascular properties. Although
FEW is dependent on LV relaxation rate, assessment of this important functional information may be
confounded by other factors whose effects may be difficult to correct for.
REFERENCES
[1] N. Ohte, H. Narita, M. Sugawara et al. Clinical usefulness of carotid arterial wave intensity in
assessing left ventricular systolic and early diastolic performance. Heart Vessels 18:107–111,
2003.
[2] M. Nakayama, H. Itoh, K. Oikawa et al. Preload-adjusted 2 wave-intensity peaks reflect simultaneous assessment of left ventricular contractility and relaxation. Circ. J. 69:683-687, 2005.
[3] Y. Li, L. Guo. Clinical value of carotid wave intensity analysis for differentiating nonobstructive
hypertrophic cardiomyopathy from left ventricular hypertrophy secondary to systemic hypertension. J. Clin. Ultrasound 41:151-157, 2013.
[4] J. Liu, L. J. Yuan, Z. M. Zhang et al. Effects of acute cold exposure on carotid and femoral wave
intensity indexes: evidence for reflection coefficient as a measure of distal vascular resistance.
J. Appl. Physiol. 110:738-745, 2011.
[5] J.P. Mynard, J.J. Smolich. One-dimensional haemodynamic modelling and wave dynamics in
the entire adult circulation. Ann. Biomed. Eng. 2015, DOI: 10.1007/s10439-015-1313-8
[6] J.P. Mynard, P. Nithiarasu. A 1D arterial blood flow model incorporating ventricular pressure,
aortic valve and regional coronary flow using the locally conservative Galerkin (LCG) method.
Comm. Numer. Methods Eng. 24:367-417, 2008.
[7] P. Reymond, F. Merenda, F. Perren et al. Validation of a one-dimensional model of the systemic
arterial tree. Am. J. Physiol. Heart Circ. Physiol. 297:H208-222, 2009.

417

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

STUDY OF PULSE REFLECTION FROM A MODEL ANEURYSM
Ashraf W. Khir1 , Wisam S. Hacham1 , Etienne Boileau2 , Igor Sazonov2 , and Perumal
Nithiarasu 2
1

Brunel University London, Uxbridge UB8 3PH, U.K., ashraf.khir@brunel.ac.uk
2
Swansea University, Singleton Park, Swansea SA2 8PP, U.K.,
{e.boileau,i.sazonov,p.nithiarasu}@swansea.ac.uk

SUMMARY
Results of laboratory and numerical simulations for studying reflection of a pressure pulse from an
synthetic aneurysm are presented. The aim of this work is to better understand how aneurysms affect
the pressure and velocity waveforms. The second goal of the work is to justify numerical methods
applied to cardiovascular disease simulation (in particular 1D modelling) by comparison with experimental results.
Key words: Cardiovascular disease, aneurysm detection, cardiovascular laboratory simulation, onedimensional cardiovascular modelling

1

INTRODUCTION

Cardiovascular disease is responsible for the death of over eight million people worldwide every year.
Aortic aneurysms alone result in over 100 000 deaths, with about 6000 occurring in England and
Wales as a result of rupture. An aortic aneurysm is a dilation of the aorta, usually exceeding the
normal diameter by more than 50%. Abdominal aortic aneurysms (AAA) are the most common form
of aortic aneurysm, although they are often asymptomatic. As it increases in size, an AAA is more
likely to rupture and becomes a life-threatening condition.
There is some evidence to support screening and stratification in the population at risk of aortic
aneurysms. Developing of noninvasive and comparatively non-expensive screening method based
on pulse wave analysis is a very actual problem for medical and biomedical engineering research.
One of the easiest method to record the pressure waveforms is via arterial tonometry or cuff pressure measurements obtained from the wrist, carotid, etc. The pulse produced by the heart propagates
downstream along the arteries, partly reflected from regions where blood vessels undergo sudden
parameter change: vessel bifurcation, aneurysm, stenoses, calcium, stent, etc. Accurate analysis
and decomposition of measured pressure waveforms can give a clue about the existence of an aortic
aneurysm. Therefore laboratory and numerical simulation of pressure waveform can help in developing screening or monitoring methods for aortic aneurysms.
In this work we determine and analyze the pressure waveform peculiarities caused by reflection from
an aneurysm by comparing with the pressure waveform in a healthy vessel. To model a blood vessel
with and without aneurysm we have developed a laboratory set-up representing a part of the cardiovascular system. The scheme and the parameters of this set-up are also used in the numerical
simulations.
2

LABORATORY MEASUREMENTS

The laboratory set-up modelling includes a pump and system of tubes modelling the blood vessels,
one of those has a bulge modelling an aneurysm (see Figure 1). The pump modelling the heart
generates periodic pressure pulses of the half-sine shape with the amplitude of around 20 kPa, duration
0.6 s and period of 2 s. The main tube made of rubber has inner diameter of 17 mm and walls of
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Figure 1: The laboratory set-up scheme.

Figure 2: The geometry of the 44-mm synthetic aneurysm.

2 mm thickness. Water is used as a working liquid. The measured Korteweg wave speed in the pipe
is measured to be approximately 21 m/s. The inlet and outlet of the main tube are attached by a 3 cm
fitting. The tube is then connected to a big reservoir. The pressure waveforms are measured at 3 sites
located at distances of 10, 25 and 50 cm from the main pipe inlet.
The tube with the ‘aneurysm’ is made of silicon. Its geometry is shown in Figure 2. It has the same
inner diameter in the non-bulged part and the same wave speed as in the main tube. The measured
wave-speed drops with the increase of the tube diameter down to 6 m/s for the 50 mm inner diameter.
This is partly caused by the increase of the diameter and party by thinning the wall in the process of
bulging.
The measured waveforms are presented in Figure 3. We can observe strong oscillations at sites
downstream from the inlet in the set-up with ’aneurysm’ (Figure 3a). The farther from the ‘aneurysm’
— the stronger the oscillations are. In the absence of the ‘aneurysm’ we see much smaller oscillations
of similar amplitude in all the sites (Figure 3b). Also one can see that the maximal amplitude of the
pressure waveform is approximately 1.6 fold smaller in the presence of the ’aneurysm’ than in the
control set-up.
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a

b

Figure 3: The measured pressure waveforms at 10 cm, 25 cm and 50 cm downstream of the mother tube inlet
with context of aneurysm in 44 mm of maximum inner diameter (a) and without context of discontinuity due
to aneurysm (control) (b).

3

NUMERICAL SIMULATION

The one-dimensional approximation is employed for the numerical simulation. This approximation
is mainly based on Stergiopuloss model with some modifications adopted from Wang and Parkers
model to avoid large reduction in arterial material properties. In this approximation, the governing
equations can be written in the following form which is standard for the FE analysis:
Ut + F x = S
where the variables term, U, the flux term, F, and the source term, S, are
!
"
!
"
!
"
A
uA
0
U=
,
F= 1 2
,
S=
.
u
−8πµu/(ρA)
2 u + p/ρ

(1)

(2)

Here A is the pipe inner cross-section area; u, ρ, p, µ are respectively, the average velocity, density,
pressure and dynamic viscosity of the liquid; subscripts t and x denote differentiation with respect to
time t and coordinate along the pipe x, respectively. Equations (1) and (2) are supplemented with a
commonly used pressure-area relation
√
#√
$ %
πhE !
E
p = pext + β
A − A0 , where β =
, E! =
(3)
A0
1 − σ2
where E and σ are, respectively, the Young modulus and Poisson ratio for the wall material; A0 is the
initial tube inner area.

The numerical scheme applied to solve the equations is similar to that described in [2]. Equation
(1) is discretised by adopting second-order Taylor-locally conservative Galerkin (LCG) finite element
method. The lumped mass matrices are therefore adopted for the numerical simulations in the present
work.
Geometrical and elastic parameters for the numerical model are taken from the laboratory set-up. The
big reservoir in the laboratory set-up causes the reflected expansion wave. In the numerical model it
is approximated by a wide tube with the length and diameter of 10 cm having a non-reflecting outlet
condition. The computations shows that the reflected expansion wave has similar parameters as in the
laboratory set-up.

420

a

b

Figure 4: The computed pressure waveforms at 10 cm, 25 cm and 50 cm downstream of the mother tube inlet
with context of aneurysm in 44 mm of maximum inner diameter (a) and without context of discontinuity due
to aneurysm (control) (b).

To model elastic properties of the ‘aneurysm’, we presume that during bulging the amount of the
material in the wall is preserved
$in every cross-section. Then the wall thickness h(x) depends on the
local inner radius a(x) as h = a2 + 2a0 h0 + h20 − a where a0 = 17 mm and h0 = 2 mm are inner
radius and the wall thickness of the non-bulged tube. Then the local wall elastic parameter β and the
local wave speed are
h(x)E !
β(x)a(x) √
β(x) =
,
c2 (x) =
π.
2
πa (x)
2ρ
This gives the wave speed of 8 m/s in the widest part of the 44 mm ‘aneurysm’. Laboratory measurement gives slightly lower speed about 7 m/s. Therefore we made a small correction to β:
β/β0 = (h/h0 )(a0 /a)2.1 where β0 is the elastic parameter of the non-bulged tube.
The computed pressure waveforms are presented in Figure 4. One can see that numerical waveforms
in general are close to those obtained in the laboratory experiment. This justifies the 1D model
applied for the numerical simulation. Some discrepancies can be caused by not accurate reproducing
of generated pressure waveform in the numerical experiment and also in some uncertainties in the
laboratory setup parameters.
4

RESULTS AND CONCLUSIONS

Laboratory and experimental results confirm that the presence of the aneurysm noticeably changes the
shape of the pressure waveform. This provides a basis for future work on developing new methods of
cardiovascular diagnostics based on the analysis of pressure waveforms measured in patients.
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SUMMARY
Partial mid-systolic closure and then reopening of the pulmonary valve, known as valve notching,
is a characteristic but inconstant indicator of pulmonary hypertension; however the mechanism by
which it occurs is poorly understood. By utilizing a simple computer model and wave intensity
analysis, we investigated the cardiopulmonary parameters that influence mid-systolic notching of
the pulmonary valve. Model results suggested that pulmonary microvascular properties and right
ventricular source resistance are the major determinants of valve notching. Wave intensity analysis
revealed that notch amplitude is mainly determined by a combination of mid-systolic forward and
backward waves, whose physiological significance is discussed.
Key words: mid-systolic notching, wave reflection, pulmonary valve, pulmonary hypertension
1 INTRODUCTION
Partial mid-systolic closure (or ‘notching’) of the pulmonary valve is a common but inconstant
finding in patients with pulmonary hypertension and accompanies an abrupt mid-systolic fall in
pulmonary arterial flow [1]. It has been suggested that a transient reversal of the transvalvular
pressure difference causes the valve to partially close (before then opening again) during midsystole while the right ventricle is still contracting [2]. This is considered a ‘specific but insensitive
sign of pulmonary hypertension’ [1] and has been widely regarded as one of the most significant
echocardiographic features of pulmonary hypertension.
While the mechanisms underlying this phenomenon have not been fully explored, one theory
suggests that a reflected wave from the high resistance pulmonary vascular bed perturbs valve
motion when it arrives in mid-systole [1]. The determinants of such a reflected wave have not been
explicitly demonstrated, but it is likely that the degree and timing of the reflected wave is
influenced by pulmonary arterial properties. The extent of mid-systolic valve closure (or ‘notch
amplitude’) may therefore hold important insights into the type and severity of pulmonary vascular
disease, noting in particular that notching is not always observed in patients with pulmonary
hypertension [1]. On the other hand, some investigators have questioned the wave reflection theory
on the basis that pulmonary valve notching has, in rare cases, been observed in patients without
pulmonary hypertension (in whom wave reflection is thought to be minimal) [3]. Indeed, some
experimental data suggests that RV function may play a role in the notching phenomenon [2].
Our study uses a 1D model to investigate how right ventricular and pulmonary vascular parameters
influence notching amplitude. We hypothesized that the notching amplitude is determined by the
net effect of both mid-systolic forward-running and reflected waves, which might help explain the
varied conditions under which the notching is seen.
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2 METHODOLOGY
2.1 Numerical model
The numerical model (Figure 1) consists of a single ‘equivalent’ 1D vessel that approximates the
haemodynamic properties of the large pulmonary arteries with only a few parameters. Its proximal
reference cross-sectional area (A1D = 7.6 cm2) represents a normal value for the main pulmonary
artery, while length (L = 20 cm) and linear tapering to a distal cross-sectional area of 3.0 cm2 were
chosen to achieve a normal return time of the reflected wave and to approximate the spatial
distribution of wave reflection. Reference wave speed (c1D) is 400 cm/s [4], assumed to be uniform
over the segment. Supplying the single vessel is an elastance based model of the right heart, in
which the right atrium and ventricle are each represented as a time-varying elastance in series with
a source resistance [5]. The single vessel terminates with a three-element windkessel model that
represents the microvascular networks of the lungs.
The tricuspid and pulmonary valves are represented by the valve model described by Mynard et al
[5], in which dynamic valve motion considers the rate of change of valve state (0 ≤ ζ ≤ 1, where 0
and 1 correspond to a fully closed and open valve respectively) to be determined by current ζ and
the transvalvular pressure difference. This pressure difference is equal to Bq|q| + Ldq/dt, where q is
2
is a Bernoulli resistance and L = ρleff / Aeff is blood inertance, dependent
valve flow, B = ρ / 2 Aeff
on valve effective area (Aeff) and length (Leff) and blood density (ρ).
A reference model representing a patient with pulmonary hypertension employs the following
parameters: Emax (maximum elastance of the right ventricle, 1.5 mmHg/mL), Emin (minimum
elastance of the right ventricle, 0.06 mmHg/mL), Aeff (7.6 cm2), Leff (1.5 cm) and RRV (right
ventricular source resistance coefficient, 6×10-4 s/mL). The three-element windkessel consists of
Z3Wk (characteristic impedance equal to ρc1D / A1D at distal end of the 1D vessel), R3Wk (vascular bed
resistance, 0.25 mmHg.s/mL) and C3Wk (vascular bed compliance, 0.05 mL/mmHg).

Figure 1: Schematic of the model containing an elastance based right heart model, 1D equivalent vessel
representing large pulmonary arteries and three-element windkessel microvascular bed.

2.2 Parameter sweeps
Our goal was to determine which cardiopulmonary properties are key determinants of pulmonary
valve notching. To achieve this, we performed parameter sweeps by varying the aforementioned
parameters. For each parameter, a range of values was plotted against % notch amplitude, where
100% refers to total mid-systolic closure. Chosen values span from those applicable to a normal
pulmonary circulation through to severe pulmonary hypertension as seen in the literature. Finally,
using all the groups of parameter values as a ‘virtual cohort’, wave intensity analysis was
performed to investigate the wave dynamics underlying valve notching.
3 RESULTS AND CONCLUSIONS
Figure 2 (left) shows the pressure and flow waveforms produced by the reference model of
pulmonary hypertension. Valve notching is clearly seen as a ~60% decrease in valve state at around
0.18 s, accompanied by an abrupt fall in blood flow and followed by a near complete reopening of
the valve prior to the onset of ventricular diastole (Figure 2, middle). Wave intensity analysis
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Figure 2: Showing corresponding pressure, flow and wave intensity waveforms to valve state. All graphs are
at baseline pulmonary hypertension values stated above. Note the mid-systolic components FCW ms and
FEWms.

reveals three waves occurring near the onset of notching, a large ‘mid-systolic’ backward
compression wave (BCWms, arising from reflection of the initial forward compression wave, FCWi)
and two small forward waves, a pressure-increasing forward compression wave (FCWms) and a
pressure-decreasing forward expansion wave (FEWms, Figure 2, right). The FCWms is most likely a
partial re-reflection of the initial BCWms, while the FEWms occurs when blood exits the ventricle at
high velocity and the chamber is unable to match the emptying with its contraction, leading to a
pressure drop that propagates into the pulmonary artery and decelerates outflow.
Figure 3 shows the influence of each parameter on notching. While c1D, Emax and Emin have little
effect on notch amplitude, R3Wk, C3Wk and RRV have a strong effect. More specifically, notch
amplitude was weakly dependent on R3Wk at higher values but fell to zero at low R3Wk. This
explains why notching is often seen in pulmonary hypertension (high R3Wk), is generally absent in
normal pulmonary arteries (low R3Wk) and suggests notch amplitude is not a sensitive indicator of
pulmonary vascular resistance per se. In contrast to R3Wk, notch amplitude displayed a nearly linear
dependence on C3Wk, suggesting that microvascular stiffness plays a key mechanistic role.
Importantly, RRV also displayed a similar negative linear relationship with notch amplitude. Unlike
R3Wk and C3Wk, RRV is a parameter relating to right ventricular systolic function and, we have found,
is the main determinant of the FEWms; the dependence of notch amplitude on RRV therefore implies
that the FEWms, although relatively small, may have a substantial effect on notch amplitude.
The relative influence of forward and backward waves on notch amplitude was assessed by pooling
data from all parameter sweeps. An approximately logarithmic relationship was evident between
the size of the BCWms (relative to the FCWi) and notch amplitude (Figure 4A), although distinct
outliers were present. These corresponded to parameter sweeps involving the valve parameters Leff
and Aeff as well as RRV (i.e. those parameters mechanistically unrelated to the BCWms).

Figure 3: Influence of key cardiopulmonary parameters on % notch amplitude. Top row: vessel parameters,
bottom row: heart parameters.
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Figure 4: A) BCWms/FCWi versus % notch amplitude for R3Wk, C3Wk, c1D, Emax Leff, Aeff and RRV. Note the two
vertical sets of data points belonging to Leff, Aeff and RRV. B) Showing [BCW + 3.33(FEWms - FCWms)]/FCWi
versus % notch amplitude. Wave magnitude is quantified as the area under a wave.

Further analysis revealed a relationship between Leff, Aeff and RRV and the mid-systolic forward
wave components. Since the FEWms and FCWms act to decrease and increase the transvalvular
pressure difference respectively, while the BCWms also acts to decrease the pressure difference,
given the initially observed relation shown in Figure 4A between BCWms/FCWi ratio and notch
amplitude, we hypothesised that the following relation would account for the effect of mid-systolic
forward waves also.
⎛ BCWms + γ ⎡⎣ FEWms − FCWms ⎤⎦ ⎞
Notch Amplitude (%) = k1 ln ⎜
⎟ + k0
FCWi
⎝
⎠

where k0, k1 and γ are constants. A best fit of this function to all data points, obtained via the
Generalized Reduced Gradient optimisation method, is shown in Figure 4B, and led to an R2 of
0.812 and γ =3.33. This indicates that notching amplitude is influenced by both the BCWms and
mid-systolic forward waves and, although forward waves might be small, notching is more than 3
times more sensitive to forward waves than backward waves.
We conclude that the wave reflection giving rise to a BCWms is a major determinant of valve
notching and is primarily determined by microvascular resistance and compliance. However, other
factors that influence notching significantly are valve effective haemodynamic properties (Leff and
Aeff) and RRV, which in turn modulate the magnitude of mid-systolic forward waves. These findings
may help to explain why mid-systolic notching may be seen in the absence of PH and further
investigation into this will be completed in future studies.
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SUMMARY
Pulmonary regurgitation (PR) is a cardiovascular abnormality frequently found in patients after
repair of tetralogy of Fallot. Recent studies have raised an interesting point that mild right
ventricular outflow tract obstruction (RVOTO) may counteract the negative effects of PR. In the
present study, a multi-scale model of the pulmonary circulation was developed to quantitatively
investigate the combined hemodynamic effects of PR and RVOTO. Numerical results confirmed
the clinical finding that RVOTO can reduce the degree of PR. Moreover, it was found that RVOTO
improves the energetic efficiency of the right ventricle, but at the expense of increased right
ventricular pressure.
Key words:
energetics
1
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INTRODUCTION

Pulmonary regurgitation (PR) is a common problem in patients after repair of Tetralogy of Fallot
(TOF) [1]. Volume overloading of the right ventricle (RV) secondary to PR is physiologically
tolerable, but may induce chronic pathological changes over time, such as irreversible ventricular
dilatation, systolic dysfunction and fatal arrhythmias [1]. Although pulmonary valve replacement
(PVR) is an effective remedy for PR, the surgery is generally not performed until significant
indications for interventions appear, such as severe PR, significantly dilated RV or impaired clinical
status [2]. Accordingly, how to minimize the negative effects of residual PR through a proper
design of operation procedures has emerged as a critical clinical issue [3]. In recent years, more and
more clinical studies suggested the preservation or creation of a mild right ventricular outflow tract
obstruction (RVOTO) in consideration of its potential role in alleviating the severity of PR and
reducing the risk of PVR [3,4]. Support has also been obtained from a theoretical study which
demonstrated that increasing the resistance proximal to pulmonary arteries reduces the fraction of
pulmonary regurgitation [5]. Despite these findings, it remains unclear how different combinations
of RVOTO and PR would affect hemodynamic conditions, especially those related to the working
status of the RV.
In this study, we developed a multi-scale model for the pulmonary circulation coupled with the RV
to investigate the combined hemodynamic effects of RVOTO and PR. As is different from the
lumped-parameter modeling method adopted in [5], a one-dimensional model was constructed for
the large pulmonary arteries to enable a more reasonable description of pulse wave propagation
phenomena. In our numerical experiments, the severities of RVOTO and PR were varied
respectively to represent various pathological conditions. Obtained results were analyzed to address
the hemodynamic consequences of variations in pathological conditions, with emphasis on PR and
RV energetics.
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2 METHODOLOGY
The model was obtained through modifying a cardiovascular model developed in our previous
studies [6]. Herein, the lumped-parameter (0-D) model of the pulmonary circulation in the original
model was replaced by a multi-scale model in which the large pulmonary arteries are described by
a one-dimensional (1-D) model coupled with a 0-D model of the remaining portion (see Fig.1). The
modeling strategy allowed the resulting model to simulate pulse wave propagation phenomena in
the pulmonary arterial tree which are important for the study of hemodynamic interactions between
the RV and the pulmonary circulation. The equations governing blood flows in the pulmonary
arterial tree and the associated numerical methods were similar to those used in [6]. Of note are the
significant differences in vascular wall composition and mechanical properties between pulmonary
arteries and systemic arteries. For instance, in healthy young adults, pulse wave velocity (PWV) is
5-10m/s in the aorta [6], which is 1-2m/s in the main pulmonary artery [7]. In the present study, the
parameters used in the mechanical model of arterial wall were tuned to ensure that PWV in each
pulmonary artery falls within the physiological range.

Fig.1 Schematic description of multi-scale modeling of the pulmonary circulation

The severity of PR was controlled by the effective orifice area (EOA) of the pulmonary valve
during flow reversal in diastole. Similarly, the severity of RVOTO was modified by changing the
EOA of the pulmonary valve in systole. Accordingly, the lumped parameters (i.e., viscous
resistance (R), Bernoulli’s resistance (B) and inertance (L)) that represent the hemodynamic effects
of the pulmonary valve were calculated based on EOA.
R

8 R l
( EOA) 2

B

1
2

,
1
EOA

B

(1)
1
AOT
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(2)

1
1 .
(3)
EOA AOT
Here, and represent the density (=1069kg/m3) and dynamic viscosity (=0.0043Pa.s) of the blood,
respectively; l is the effective length of the pulmonary valve leaflets; AOT refers to the nominal
cross-sectional area of the outflow space, which takes different values depending on the direction
of flow. R, B and L are coefficients used to match the calculated R, B and L with the values used
in previous studies under normal conditions [6]. For the convenience of notation, EOA in diastole
(when regurgitant flow occurs) and in systole were denoted by EOAdia and EOAsys, respectively.
L

2

L

In our simulations, EOAdia was varied from 0.0 cm2 to 4.0cm2 (i.e., 0.0 cm2, 0.5 cm2, 1.0 cm2, 2.0
cm2, 4.0 cm2) to represent the increase in PR severity. When EOAdia =0.0 cm2, PR does not occur,
representing a normal function of pulmonary valve in diastole; whereas EOAdia =4.0 cm2 represents
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a free pulmonary regurgitation state. In the meantime, EOAsys was reduced from 4.0cm2 to 0.5 cm2
(i.e., 4.0 cm2, 2.0 cm2, 1.0 cm2, 0.5 cm2) to account for the change in severity of RVOTO. EOAsys
=4.0 cm2 represents a normal pulmonary valve in systole; whereas EOAsys =0.5 cm2 indicates the
presence of severe pulmonary valve stenosis. With these EOA conditions, twenty sets of
simulations were carried out.
The fraction of pulmonary regurgitation was defined as the ratio of the amount of regurgitant flow
to that of the forward flow over a cardiac cycle (T). The energetic efficiency of the RV was
evaluated by calculating the fraction of oscillatory power relative to the total power of the RV. The
total power (Powert) represents the total hydraulic energy generated by the ventricle, which consists
of two components, namely mean power (Powerm) and oscillatory power (Powero). Powert was
calculated based on flow rate (Q) and pressure (P) at the root of the main pulmonary artery as
1 T
(4)
P(t )Q (t )dt .
Powert
T 0
And Powerm was calculated as
T
1 T
(5)
Powerm
P(t )dt
Q (t )dt .
2 0
0
T
Accordingly, the fraction of Powero was defined as
Powert Powerm
(6)
fo
100%
Powert
Powerm is a measure of the net hydraulic energy transported through the pulmonary circulation,
while Powero is the energy used to produce the pulsatile component of flow and pressure, and
hence Powerm may be considered as useful and Powero as wasted. Physiologically, a smaller fo
implies a better coupling state between the RV and the pulmonary circulation.
3 RESULTS AND CONCLUSIONS
The simulated flow waveforms across the pulmonary valve and pressure waveforms in the main
pulmonary artery were plotted in Fig.2. It is observed that enlargement of EOAdia induces
progressive increases in peak flow rate, the amount of regurgitant flow and pulse pressure in the
pulmonary artery.
600

EOAdia=0.0cm2

Flow rate (ml/s)

400

EOAdia=1.0cm2
EOAdia=2.0cm2
EOAdia=4.0cm2

200
0
-200
0.0

0.2

0.4

0.6

EOAdia=0.0cm2

28

Blood pressure (mmHg)

EOAdia=0.5cm2

EOAdia=0.5cm2

24

EOAdia=1.0cm2
EOAdia=2.0cm2

20

EOAdia=4.0cm2

16
12
8
4
0.0

0.8

0.2

0.4

0.6

0.8

Time (s)

Time (s)

70
60

EOAdia=0.0cm2

EOAdia=0.5cm2

2

2

EOAdia=1.0cm

70

EOAdia=2.0cm

EOAdia=4.0cm2

50
40
30
20
10
0
0

1

2

EOAsys (cm2)

3

4

Fraction of oscillatory power (%)

Fraction of pulmonary regurgitation (%)

Fig.2 Simulated trans-pulmonary valve flow waveforms (left) and pulmonary arterial pressure waveforms
(right) under various PR conditions. Note that EOAsys was set to be 4.0cm2 in the simulations.

60

EOAdia=0.0cm2

EOAdia=0.5cm2

EOAdia=1.0cm2

EOAdia=2.0cm2

EOAdia=4.0cm2

50
40
30
20
10
0

1

2

EOAsys (cm2)

3

4

Fig.3 Fraction of pulmonary regurgitation (left) and fraction of oscillatory power (right) under various
pathological conditions as characterized by different combinations of EOAdia and EOAsys.

428

180

Mean flow rate through the main pulmonary artery
End-diastolic volume of RV

160
140
120
60
40
20

Peak right ventricular pressure
Peak pressure gradient across the pulmonary valve

75

Pressure (mmHg)

Flow rate (ml/s)

Volume (ml)

Fig.3 illustrates the changes of the fraction of pulmonary regurgitation and the energetic efficiency
of the RV when different EOAdia and EOAsys conditions are combined. Given a fixed EOAdia, both
indices decease significantly with the reduction in EOAsys, indicating that the presence of RVOTO
can alleviate pulmonary regurgitation and improve the energetic efficiency (or reduce the fraction
of oscillatory power) of the right ventricle. However, it should be stressed that RVOTO can elevate
right ventricular pressure and reduce the amount of net flow transported to the pulmonary
circulation. Taking the condition EOAdia=2cm2 as an example, our simulations demonstrated that
reducing EOAsys (amounting to increasing the severity of RVOTO) results in increases in right
ventricular volume, peak ventricular pressure and peak pressure gradient across the pulmonary
valve, and decrease in mean flow rate through the main pulmonary artery.
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Fig.4 Effects of RVOTO on end-diastolic volume of RV, mean flow rate through the main pulmonary artery
(left), peak ventricular pressure and peak pressure gradient across the pulmonary valve (right).

In conclusion, our study demonstrated the beneficial role of RVOTO not only in alleviating PR but
also in improving the energetic efficiency of the RV. The effects seem to become more evident as
PR deteriorates. On the other hand, it was found that severe RVOTO significantly elevates both the
pressure and volume loads of the RV, implying that the severity of RVOTO should be carefully
controlled in order to obtain optimal clinical outcome. Finally, it is worth noting that the present
study did not take into account compensatory responses to hemodynamic changes induced by
variations in PR or RVOTO that might naturally occur in vivo.
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SUMMARY
The 3D numerical simulations for total cavopulmonary connection (TCPC) with porous insert has
been carried out. In one-diameter caval offset model, porous domain was placed along the entrance of
both pulmonary arteries. The effect of porosity and permeability on energy losses were also computed
with different flow splits. Energy loss in the model with porous domain exhibits lower power loss
across the connection. The employment of porous domain across TCPC makes the connection more
energetic.
Key words: porous domain, total cavopulmonary connection, fontan

1

INTRODUCTION

A surgical repair for tricuspid atresia, single ventricle congenital heart disease was introduced by
Fontan et al. [1]. Fontan procedure (Figure 1a) directs the superior vena caval blood to right pulmonary artery (RPA) through cavo-pulmonary anastomosis and inferior vena caval blood to left lung
via right atrium. de Leval et al. [2] encouraged the total cavopulmonary connection (TCPC) to bypass
the inferior caval blood to left pulmonary artery instead of via right atrium. However survival rates
of patients have improved, these patients remain at risk for numerous chronic complications [3]. It
includes pulmonary arteriovenous malformations (PAVMs), thrombosis, atherosclerosis, and reduced
exercise conditions due to unfavorable hemodynamics across TCPC. The increased energy dissipation
in the Fontan circulation can be reduced by creating the connection which avoids vortices, separation,
recirculation and stagnation in the blood flow [4]. Sharma et al. [5] performed in-vitro studies and
reported that power loss is double in zero offset model when compared to 1.0 and 1.5 diameter offset
model. Ryu et al. [6] studied the importance of accurate geometry in prediction of energy loss across
TCPC connection. The in-vitro and CFD simulations shows that simplified physiological model with
1.0 diameter caval offset is having low power loss when compared to nonplanar simplified model.
From the above studies, it is understood that optimal fluid dynamic geometry can minimize the complex flow structures and recirculation zones for Fontan circulation. However Narasimhan et al. [7]
and Raju et al. [8] showed that use of porous media at appropriate locations can reduce the overall pressure drop and minimize the recirculation zone in near-compact heat exchanger configuration.
Thus the objective of present study is to investigate the effect of porous media in a one diameter caval
offset TCPC model and to study the effect of porosity and permeability on energy losses by varying
pulmonary flow split ratio.
2
2.1

METHODOLOGY
Model description

Figure 1b shows one diameter caval offset model with both vena cava and pulmonary arteries having
D = 13.34 mm as inner diameter which has porous domain placed along the entrance of both the
pulmonary arteries. The three dimensional geometry was created and meshed using ICEM CFD. The
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(a) Human heart with Fontan connection

(b) Geometrical model

Figure 1: Schematic of Fontan and simplified model
ANSYS Fluent (Version 14.5.0) general purpose CFD solver was used to simulate the blood flow
in TCPC. This solver employs finite volume method to discretise the governing partial differential
equations. The total cardiac output was assumed to be 4 l/min. It was assumed that 40% of the total
cardiac output flows into TCPC through SVC with the remaining 60% flows through IVC. Blood
under investigation is a Newtonian and incompressible (density ⇢ = 1060kg/m3 , viscosity µ =
0.0035kg/ms). The above conservation equations are solved for steady laminar incompressible blood
flow with following boundary conditions. No-slip boundary condition was applied at the wall. Inlet
velocities were assumed to be uniform. The outlets were extended with pseudo domains to prevent
false diffusion errors and the outlet velocities were calculated by assuming diffusive flux normal to
the boundary as zero. Based on the grid independent study, the model with 1125352 elements has
been used for further studies.
2.2

Energy loss calculations

The energy loss across TCPC is an important parameter to investigate the hydraulic efficiency of the
connection. There are different methods like theoretical control volume analysis, simplified control
volume approach, viscous dissipation function to calculate energy loss. The energy loss [6] calculated
based on simplified control volume approach is given by,

Based on the assumptions,

X

1
(pstatic + ⇢uk uk )ui ni Ai
2 X
X
=
(Ptotal )Qinlet
(Ptotal )Qoutlet

Ėloss =

1
Qi
Ptotal ⌘ P̄static + ⇢ūi ūi , ūi =
,
2
Ai

(1)

(2)

where Qi represents the flow rate at an inlet or an outlet.
3

RESULTS AND CONCLUSIONS

The hydraulic efficiency of a TCPC depends on the local flow disturbance present across the connection and pulmonary arteries. The TCPC with porous insert has been modelled and simulated to
investigate the behaviour of the blood flow and efficiency of the connection. Figure 2 shows the variation of energy loss for different porosity and permeability. The energy loss variation follows the
same trend and pattern of clear fluid domain (CF) for porosity 0.9 and 0.8 at K = 10 3 m2 . Lower
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Figure 2: Variation of energy loss with flow split for different porosity and permeability (K1 =
10 2 m2 , K2 = 10 3 m2 , K3 = 10 4 m2 )

(a) Clear fluid

(b) Porous domain for

= 0.8 and K = 10

2

m2

Figure 3: Velocity vectors at z = 0 plane for flow split of LPA = 30%, RPA = 70%
energy loss is observed for flow split condition of LPA = 50% and RPA = 50% at all permeability and
porosity combinations.
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From the analysis, it is observed that there is a reduction in energy loss(for = 0.8) of 4% to 10%
when compared to CF. The energy loss variation has also been computed for different permeability
and keeping = 0.8. For different permeability, energy loss variation (Figure 2) follows the same
trend as CF. The lower power loss is observed for K = 10 2 m2 and 10 3 m2 when compared with
CF. However, decreasing the permeability for = 0.8, the energy loss is higher than CF by 2% to
12%. Also the porous media with K = 10 2 m2 and = 0.8 exhibit more flatter energy loss curve
than clear fluid flow. This indicates that TCPC connection with highly permeable porous media are
more resistant to changes in flow split ratios.
The recirculation at the centre of the connection is responsible for huge power loss across the connection. The energy loss reduced for the porosity values 0.9, 0.8 and on further reduction may increase
form drag in the domain. This may increase the overall pressure drop of the connection. Similarly
increasing permeability increases the blood flow with less form drag which results in reducing the
power loss. Figure 3 shows velocity vector at z = 0 for CF and porous domain model respectively.
But there is no significant reduction in the size of recirculation at centre of the connection. The
increase in efficiency was also due to reduction of flow disturbances along the pulmonary arteries.
Three-dimensional computational model for TCPC with porous insert has been developed and numerical simulations for studying the effect of porosity and permeability on energy loss were performed.
The results of this CFD study showed that porous domain on a TCPC along the entrance of pulmonary
arteries increases the performance of the connection. The overall reduction in power loss upto 10% is
observed for different porosity ( = 0.9, 0.8) at K = 10 3 m2 . The effect of variation of permeability
at = 0.8 is studied and observed that for higher permeability (K = 10 2 m2 ,10 3 m2 ), the energy
loss is lower than the CF. However at lower permeability K = 10 4 m2 , energy loss is higher than CF.
Decreasing either porosity or permeability of porous media, increases form drag in the domain. This
inturn increases the power loss. Hence, the influence of porous media properties on TCPC determines
the overall pressure drop.
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SUMMARY
In this study, we present a multi-scale framework for brain mechanics, wherein we explicitly model
the mesoscale mechanics, accounting for the cellular structure and interstitial fluid, and apply the
homogenization theory to derive the mean macroscale characteristics. This formulation allows for
the dynamic adjustment of the local properties: Deformations at the macroscale impact the
mesoscale structure, which in turn affects the macroscale properties. This model successfully
captures the brain consolidation under quasi-static load, which may be key in pathological
processes such as hydrocephalus.
Key words: poroelasticity, homogenization, brain
1 INTRODUCTION
The brain is recognized as the most complex of our organs, yet we still have a limited
understanding of its mechanics. Brain behavior has generally been described using top-down
modeling approaches, fitting the parameters of constitutive models to measured data. However,
from the large selection of possible constitutive models in the scientific literature, it becomes
evident that there is no agreement on the modeling of brain mechanical behavior[1]; all the more
that none of these models has been able to explain the deformations observed under small quasistatic load such as those occurring during hydrocephalus. Central to this argument is the
understanding of cerebral water transport. While the brain and surrounding cerebrospinal fluid were
classically believed to act as two separate compartments, there is now increasing evidence that they
are in constant communication [2], impacting the intra-cranial dynamics across all scales. In fact,
there are number of instances pointing to the fact that the porous, bi-phasic nature of the brain
should not be ignored; starting with the nature of cerebral edema, the volumetric shrinking of the
brain observed after hyperosmotic drugs administration, or the fact that brain samples subjected to
unconfined, quasi-static compression follow the consolidation theory for fine soils, where the intracerebral fluid is progressively squeezed out of the parenchyma [3]. As a result of the disagreement
on proper characterization of brain mechanics, bottom-up models have been introduced, seeking to
characterize brain mechanics through that of its individual constituents such as cells, interstitial
fluid and capillary beds [4]. However, these models do not consider the underlying geometric
configuration of the solid and fluid phases. As a consequence, several parameters are introduced
that cannot be readily obtained, requiring complex fitting procedures.
In this study, we present a multi-scale framework for brain mechanics built on the homogenization
theory.   The   brain’s   structure   is   classified   into   meso- and macroscale domains. The mesoscale
considers the anisotropic organization of fiber tracts and surrounding interstitial fluid, while the
macroscale differentiates between brain tissue and cerebrospinal fluid. We explicitly model the
mesoscale mechanics and apply the homogenization theory to derive the mean macroscale material
properties and mechanical behavior. This formulation allows for the dynamic adjustment of the
local properties: Deformations at the macroscale impact the mesoscale structure, which in turn
affects the average macroscale properties.
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2 METHODOLOGY
2.1 Governing Equations
Following a procedure similar to that employed by Li et al. [5], we derive the governing equations
for a fully saturated two-phase porous medium in integral Lagrangian form following the solid
matrix. For our application, we further assume that the extra-cellular fluid is incompressible,
neglect all body forces and only consider quasi-static deformations. The simplified governing
equations take on the following form:
 Conservation of momentum for the saturated porous medium
∇ ∙ 𝜎     𝑑𝑉 = 0



where 𝜎 = 𝜎 + 𝜎 is the total Cauchy stress, representing the sum of the stresses on the
solid matrix and on the fluid filling the pores.
Conservation of mass for the saturated porous medium
% 𝑑𝑝
+ ∇ ∙ 𝑞 ⃗ 𝑑𝑉 = −
∇ ∙ 𝑞 ⃗ 𝑑𝑉
𝐾 𝑑𝑡
where % and % represent the solid and fluid volume fractions, 𝑝 = −

%

tr(𝜎 ) is the

intrinsic Cauchy pressure of the solid matrix, 𝐾 is the bulk modulus of the solid phase, 𝑢⃗
and 𝑣⃗ are the solid displacement and fluid velocity, q ⃗ = (% + % )𝑢⃗̇ = 𝑢⃗̇ is the


normalized total flux and q ⃗ = % 𝑣⃗ − 𝑢⃗̇ the relative fluid flux.
Conservation of mass for the fluid
𝑑%
+% ∇∙ 𝑞 ⃗
𝑑𝑡

d𝑉 = −

∇ ∙ 𝑞 ⃗ 𝑑𝑉

2.2 Constitutive Equations
The cellular structures of the brain are here assumed to follow a linear elastic behavior and be
almost incompressible, with a  Poisson’s  ratio  of  0.49  and  an  elastic  modulus  of  600  Pa,  taken  as  a  
representative value for elastic moduli reported for neuronal cell bodies and glial cells [6]. The
initial interstitial fluid fraction is set to 20%. Assuming small matrix deformations between two
consecutive time steps, the macroscale properties are derived from the mesoscale structure by
homogenization[7] and yield the following expressions for the 2nd Piola-Kirchoff stress tensors of
the fluid and solid phases, respectively:
𝛴 = 𝐶: 𝜀 − 𝐷 ∙ 𝜃
𝛴 =𝐸∙𝜃
where 𝜀 denotes the macroscale Green strain, 𝜃 the macroscale fluid pressure in the reference
frame, C is the effective elastic tensor for the empty solid matrix, and 𝐷 ∙ 𝜃 represents the load
imposed by the fluid onto the matrix. These tensors are obtained by solving unit load problems at
every location for the corresponding mesoscale configuration. The relative fluid flux is obtained by
homogenization  as  well,  following  a  form  similar  to  Darcy’s  law:
𝑞 ⃗ = −𝑘∇𝑝
where the permeability 𝑘 is derived from the mesoscale and 𝑝 is the macroscale fluid pressure in
the current frame.
2.3 Numerical implementation
To minimize computational costs, the different mesoscale configurations are computed ahead of
time and the results stored in a look-up table. The governing equations are solved in finite volume
form employing an updated Lagrangian formulation, wherein the last known configuration at time
𝑡 is taken as a reference for the next time step 𝑡
. Relevant pushforward and pullback operators
are applied to ensure the consistency of all variables and material property tensors, boundary
conditions and constitutive equations.
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3 RESULTS AND CONCLUSIONS
Consistency of the updated Lagrangian formulation and pullback/pushforward operators was
validated in the context of a purely linear elastic material, while the porous formulations was
validated  against  Biot’s  analytical  solution  for  infinitesimal  deformations.  In the remainder of this
section, we will concentrate on the analysis of brain mechanics under large deformations.
The difference between short and long-term deformations has been noted experimentally, both at
the cellular [8] and tissue [3] levels. It is in that respect interesting to consider the results obtained
by Franceschini et al. [3] when subjecting a brain sample to a constant load with free drainage.
Figure 1 shows the equivalent numerical results for different brain segment lengths. The left panel
displays  the  average  consolidation  ratio  (current  value  of  the  specimen’s  shortening  divided  by  the  
final shortening at the end of the consolidation) as a function of the time elapsed since the instant of
loading. Consolidation time for the 6.9mm sample is in accordance with experimental findings [3].
As illustrated in the right panel, fluid pressure and volume fraction rise immediately after loading.
While the solid matrix may instantaneously deform, fluid equilibrium requires a significant amount
of time. The strong initial pressure gradient leads to the progressive seepage of the fluid out of the
pores ultimately resulting in reduced extracellular space dimensions and volume fraction (see right
panel). In addition, while consolidation is inherently linked to the material properties it also
strongly depends on the macroscopic dimensions of the sample considered. While a 7mm sample
reaches its final deformation after 10 hours, equilibrium in a 10cm sample would take about a
month. This may shed some light on the temporal evolution of slow mechanical deformations such
as those observed in hydrocephalus.

Figure 1: (A) Consolidation of a brain sample after an initial loading of 10mmHg for sample
heights of 6.9mm (as used by [3], red) and 10cm (blue). (B) Temporal evolution of the fluid
fraction and fluid pressure profiles in the 6.9mm sample. The compressive load is applied on the
lower boundary, while the upper one is considered as a fixed wall. Profile shortening illustrates the
deformation of the sample.
Investigating the dynamic response of our system, Figure 2 shows the characteristic stress-strain
curve for a uniaxial, quasi-static tension/compression test, under the same conditions as depicted in
[3]. These curves evidence a dependence of the macroscopic material characteristics on its loading
history, including hysteresis effects and different stiffnesses during loading and unloading. Both
compression/tension and tension/compression cycles also demonstrate apparent permanent
deformations, where the material remains stretched or compressed at the end of the cycle.
However, while the overall stress-strain magnitudes are in good agreement with the experimental
data, our model fails to capture the low elasticity region observed at small compressive or tension
stresses. This might partly be due to the neglect of the easily collapsible capillary structure.
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Figure 2: Uniaxial, quasi-static cyclic tension/compression simulations, using a tension or
compression speed of 5mm/min and a sample height of 14mm. Arrows indicate the loading
direction.
3.1 Conclusion and Outlook
This work details a multi-scale poroelastic model of the brain, building on the mesoscale structure
and properties of the tissue to derive the macroscale brain properties. The mesoscale model
includes both the global cellular structure and the interstitial fluid. Our results under quasi-static
load demonstrate that seepage of fluid out of the parenchyma extends over long periods of time.
Loads that may not suffice to yield a significant instantaneous deformation may thus have visible
effects over time, shedding light onto the possible mechanisms behind large brain deformation in
hydrocephalus. This framework also captures quite a few remarkable features of the brain tissue,
notably hysteresis, cycle dependent behavior, consolidation and large deformations. On the other
hand, as highlighted in the cyclic test experiments, the extent of the tissue non-linearities as
predicted by our model underestimate those observed experimentally. This may be due to the
simplifications made on the mesoscale. Future work should thus focus on refining 1) the underlying
structural geometry, and 2) the underlying constitutive equation for the solid phase. More detailed
modeling could also couple the homogenized tissue formulation with a more macroscopic domain,
including perivascular spaces, which may yield a faster and more dynamic drainage pathway for
the interstitial fluid, as well as the cerebral vasculature, which contributes to the pressure dynamics
and provides a compliance chamber for the brain.
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SUMMARY
The dynamical behavior of large networks of blood microvessels is highly complex. At a fundamental
level, blood perfusion in microvascular beds can be modeled as fluid flow driven through a network
of resistors by pressure gradients. The network resistance is set by the blood physical properties and
by the vessel geometry. Resistance is primarily due to small arteries and arterioles. The diameter of
such vessels is actively modulated by multiple factors acting on the tone of smooth muscles. In this
contribution, autoregulating/distensible vessel networks are coupled via upscaling techniques with a
homogenized porous medium embedding tissue and capillaries.
Key words: microcirculatory networks, vessel regulation, capillary bed model, homogenization

1

INTRODUCTION

The microvasculature is an extremely adaptable system, capable of architectural and functional adjustments in response to multiple biochemical and mechanical stimuli. Inadequate or inappropriate
adjustments often result in pathological outcomes. The overwhelming complexity of these mechanisms leaves still much space open to investigations. Mathematical and numerical models formulated
to address the spatial specificity of the hemodynamic response of microvascular networks, as well as
the separated influence of different stimuli and the coupling with the surrounding tissue, might help
in shedding light on these important phenomena. At its most fundamental level, blood perfusion in
microvascular beds can be modeled as fluid flow driven through a network of resistors by pressure
gradients. The network resistance is set by the physical properties of blood and by the net length,
branching pattern and cross-sectional area of the vessels. The pressure drop from the large supply
arteries to the capillaries indicates that the primary site of resistance resides in small arteries and arterioles. The diameter of such vessels is modulated by multiple systemic and local factors - blood
pressure, oxygen, carbon dioxide and tissue metabolic demand - acting on the tone of smooth muscle
cells of arteriolar walls. This mechanism represents an important instance of circulatory autoregulation.
In this contribution, an autoregulating arteriolar network and a distensible venular network are coupled with an homogenized three-dimensional metabolically active tissue in which capillaries are continuously embedded. Upscaling techniques are used to drive the interaction between the vessel network and the tissue. The functional and geometrical properties at the tissue microscale are summarized in effective porosity, tortuosity and permeability parameters, which take into to account the
effective architecture of blood capillaries.
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2

METHODOLOGY

In the following, we first briefly describe the model for blood flow on a single vessel and the interface
conditions to yield a problem on a complete vessel network. Then, we address the representation of
the tissue and capillary bed as a homogenized porous continuum.
2.1

Blood flow model

A mathematical model of the arteriolar and venular microvessel beds is obtained by specifying a
suitable network topology and assigning reference diameter and length to each vessel. This procedure
yields a graph, where each edge designates an arteriole or venule. In general, these vessels are tortuous
and their cross-sectional area varies along their length. For simplicity, here each vessel is represented
by a straight cylinder with time-dependent radius r and fixed length L.
The Hagen-Poiseuille’s law is assumed to hold between flow Q and pressure drop
of the vessel, with resistance R given by
R=

8µL
,
⇡r4

p at the endpoints

(1)

where µ is blood viscosity, possibly depending on the radius itself. The pressure drop is computed as
the signed difference between the values of the pressure at the nodes of the graph.
A confluence model is needed to couple different segments in the network. We represent the confluence as an elastic tank of volume VC with nb entries, associated with a graph node (see Fig. 1).

Figure 1: Model of a confluence in the vessel network with nb = 3 converging branches. The confluence is
represented as an elastic tank of volume VC with nb entries. Black dots represent nodes (graph vertices) in
which blood pressures are computed. Blood fluxes on the boundaries of VC are denoted by arrows.

P
2
Following [1], we define VC = nb
j=1 Aj Lj /2, where Aj = ⇡rj is the cross-sectional area the j-th
converging vessel and where the factor 1/2 is due to the fact that we assign half the volume of an edge
to each of its two vertices. Mass continuity is then applied to the control volume represented by each
vessel confluence. Let Qj be the flux, with the appropriate sign, of the j-th vessel branch converging
into a confluence and let s represents a net source/sink term associated with the region. Then, for all
times t > 0, the continuity equation for the converging region VC reads
nb

X
@VC
=
Qj + s.
@t

(2)

j=1

In addition, static pressure continuity is assumed to hold at each graph node.
Closure equations are needed to relate vessel radius and pressure. We refer to the companion paper [2] for the details regarding the autoregulation laws and distensibility considered for arterioles
and venules, respectively. Using Eqs. 1 into 2 along with the closure laws and upon enforcing appropriate initial and boundary conditions, yields two nonlinear ODE systems (one for arterioles and
one for venules) in the network radii, pressures and autoregulatory state variables, to be tackled by an
appropriate numerical solver.
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2.2

Capillary and tissue continuum

A continuum approach is adopted to the describe the dynamics of blood and solute in the tissue and
embedded capillaries. Capillaries receive blood and solutes from the arteriolar network and drain
waste charged blood to the venular network. Tissue exchanges solutes and metabolites through the
capillaries lateral walls. To set up the mathematical framework for the homogenized medium, we
associate with a generic point x of the tissue/capillary domain a representative elementary volume
(REV) V x and we introduce the blood and tissue volume fractions in the saturated medium as b =
x
Vbx /V x and t = 1
b , Vb being the volume occupied by blood in the REV. The mass balance
equation for the capillary/tissue mixture reads
@ b
+ r · ( b v b ) = Sb ,
@t

(3)

where vb is the blood velocity in capillaries described by Darcy’s law vb = Krpb , K being the
intrinsic permeability which depends on the physical parameters and on the capillary arrangement and
pb being blood pressure, and where Sb is the net source of blood from the vascular graph. Notice that
the volume fraction of blood may vary in response to phenomena as for example capillary recruitment
or capillary collapse (see, e.g., [3]).
The combined action of transport and diffusion determines the concentration of solutes in the blood
vessels, whereas in the tissue cellular uptake and release play a major role. Let c be the weighted
concentration of a generic solute in the REV, given by c = b cb + Ke t ct , cb and ct being the
volume averaged oxygen concentrations in the blood and tissue phases, respectively and Ke a local
equilibrium constant between the two mixture components. The following conservation law holds
@c
+ r · (vb c
@t

Dq rc) = Rc + Sc

Mc ,

(4)

where Rc is the term accounting for the surface–related dynamics of the exchange of solute through
the capillary walls (see [4, 5] for a thorough discussion of homogenized models of solute transport), Sc is the net source of solute from the vascular graphs and Mc keeps into account the tissue
metabolic consumption/production of the solute. The parameter Dq is the equivalent diffusivity in the
blood/tissue mixture, which can be computed resorting to closure relations (see e.g., [6]).
3

CONCLUSIONS

The present contribution, along with the companion work [2], is a step to obtain an advanced model
of the complex phenomena regulating microcirculatory structures. The model resolution provides the
spatial distribution of field variables needed to obtain a consistent coupling with the surrounding tissue, represented as a porous continuum along with the embedded capillaries. Considering a network
with a full distribution of vessel diameters, allows to trace a detailed relationship between network
geometry and system behavior. This is, in perspective, an important tool for better understanding the
long term consequences of hemodynamical impairments, and for the study of pathological conditions
due to local remodeling phenomena.
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SUMMARY
This study introduces a Multiple-Network Poroelastic Theory (MPET) model for the purpose of
studying, in detail, the effects of obstructing Cerebrospinal fluid (CSF) transport within the cerebral
environment. The MPET representation allows the investigation of fluid transport between CSF,
brain parenchyma and cerebral blood, in an integral and comprehensive manner. Key novelties of
this model are the casting of the multidimensional MPET model in a Finite Element Method (FEM)
framework, which allows one to capture important characteristics allied to edema formation,
especially in the periventricular region.
Key words: Multiple-network Poroelastic Theory, Cerebrospinal fluid, Hydrocephalus
1 INTRODUCTION
On a global scale, more than 44 million people live with confirmed and diagnosed dementia [1],
whilst by 2050, this number is expected to triple to 115 million [2]. The estimated cost of
Dementia will increase from $604 billion in 2010 to $1,117 billion by 2030 [2]. Dementias of the
elderly, such as Alzheimer’s Disease and Normal Pressure Hydrocephalus (which are known to
present with overlapping features) are exerting substantial pressures on society, through greater
health expenditure arising from the more specialized medical services required for such complex
and overlapping pathologies.
Hydrocephalus (HCP) can be succinctly described as the abnormal accumulation
(imbalance between production and circulation) of CSF within the brain [3]. This balance of CSF
production and reabsorption normally allows the maintenance of the CSF pressure to lie within the
approximate range. HCP cannot be considered a singular pathological entity, but instead, a
consequence of a variety of congenital and acquired disorders present within the CNS. HCP is
classified with regards to whether the point of CSF obstruction or discrete lesion lies within the
ventricular system (obstructive) and obstructs the flow before it enters the subarachnoid space, or
not (communicating).
Cerebral edema refers to swelling produced by expansion of the interstitial fluid volume
(or an increase in water content above the normal brain water content) and is a common response to
primary brain insult [4], such as Normal Pressure Hydrocephalus. Cerebral edema is usually
classified into the major subtypes: cytotoxic, vasogenic, interstitial or combined [4]. Most brain
injuries however involve a combination of these subtypes, making overall classification difficult.
Interstitial edema is considered a consequence of impaired CSF outflow (as in obstructive HCP),
leading to increased intraventricular pressure and a compromised ependymal lining. This leads to
increases in transependymal CSF flow migration into the parenchyma and generally into the
periventricular regions.
We aim to explore cerebral edema through the application of the MPET system, which has
been discretized using the FEM.
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2 METHODOLOGY
Multiple-Network Poroelastic Theory
Poroelasticity is known to have numerous applications in biomedical engineering as well as soil
mechanics and reservoir engineering. The classical  form  of  Biot’s  consolidation  model  is  described  
for an isotropic and incompressible solid matrix and homogenous porous medium [5]. For a simple
poroelastic medium to be defined, an equilibrium equation is needed to define elastic deformation,
Darcy’s  law  is  used  to  model  fluid  flow,  and  finally  mass  conservation  is  also  required.  Assuming  
the porous medium lies  within  the  bounded  domain  Ω  ⊂ ℝn, one may cast equations to be solved
for the mean displacement of particles forming the solid matrix, u, and the scalar pore pressures of
the extended multicompartmental porous medium (pa, pc, pe, pv), which is defined through multiplenetwork poroelastic theory (MPET). Biologically, the quadruple MPET system is derived by
accommodating a high pressure arterial network (a), lower pressure arteriole/capillary network (c),
extracellular/CSF network (e) and finally a venous network (v) which satisfy the following system:

          u   u    Ap A  0
A


t

(cA p A   A ii )     f A   S A

fA 

kA



A

(1a-c)

 p 
A

In the above equations, p is the scalar pore pressure in each fluid compartment, ii    u is the
dilatation, λ and μ are  the  Lamé  coefficients  of  the  elastic  medium,  α A is the Biot-Willis coefficient
for each fluid compartment, superscript A represents the relevant fluid compartment a, e, c or v, fA
is the Darcy flux for each compartment that is used to describe the transport of the four percolating
fluid networks within the solid matrix. Since this is an isotropic porous medium, the intrinsic
permeability tensor is the same for all diagonal elements (kij = 0, i   ≠   j   ) in each of the four
compartments. η  is defined as the viscosity of each fluid compartment. Through mass conservation,
equation(s) (1b) form the pore pressure equations for each of the four compartments and are
defined by cε, the specific storage (a measure of the released fluid volume per unit pressure in the
control volume) at constant strain, and S A , the external pressure and time-dependent (owing to the
A

temporal evolution of the boundary conditions) source ( S A  0) or sink ( S A  0) for each
compartment (rate of fluid transfer between networks b→  a). From equation(s) (1b) above:
Sa   sac , Sc  sce  sev , Se  sac  sce  scv , Sv  sev  scv , where sba are
the network transfer coefficients. Their directionality is highlighted in Figure 1. It should be noted
that at the current state of development of the model, the source/sink terms are of the
form S  ij ( p j  pi ) which implies that a hydrostatic pressure gradient drives the transfer, and
where  ωij represents the transfer coefficient scaling the flow from network j to network i.
Boundary Conditions
The MPET system is completed with the following boundary conditions for each of the four
compartments (a, e, c, v),   where   ∂Γs and   ∂Γv are boundaries at the skull and cerebral ventricles
respectively, and n is the outward unit normal vector:
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Since this is an adult brain that is being taken under consideration; a rigid wall approximation can
be envisaged stemming from the elimination of layers like the dura mater and scalp. CSF is
assumed to be produced at a constant rate, Qp within the ventricles. pbpA and pbp are the arterial
blood pressure and blood pressure in the sagittal sinus respectively, κc→vent represents the capillary
network resistance to the flow from the capillary network, R is the resistance due to the presence of
arachnoid granulations and finally Qo is the efflux of CSF at the region of the skull. It is necessary
to restrict the transfer of water between fluid networks, and Figure 1 sketches the setting in which
the quadruple MPET model functions.
Finally, initial conditions are also imposed for the transient system when considering the
finite element based template. The initial conditions are the solution of the quasi-steady system (u
(x, 0), pa(x, 0), pc(x, 0), pe(x, 0), pv(x, 0)) when ∂/∂t  →  0 in equations emanating from 1b, and are
used along with an implicit backward Euler step to feed the two starting vectors of the 2 nd order
accurate BDF method.
V  Qp 

4

e

V

S

The MPET 2D Finite Element formulation
The family of triangular partitions is assumed to be shape-regular and quasi-uniform in order to
optimally approximate the finite element domains in this study. We subsequently arm the
polynomial functional space ℘ on 𝒯 with shape functions for linear and quadratic Lagrange
triangles, which possess canonical bases of {1, r , s} and {1, r , s, r 2 , rs, s 2 } respectively. Finally, we
isoparametrically map the triangular elements in the manner (x, y) ⟼ (r, s).
Spatial discretization of the system through the weak form of the liquid and solid phases is
conducted via the standard multiplication of relevant test functions and integrating by parts, and
finally applying the boundary conditions. The time integration is obtained via a spatial-semi
discretization of the liquid phases, where the space discrete solution is obtained for the four
compartments  via  the  solution  of  a  system  of  ODE’s  which  satisfy  time-dependent nodal values. In
this context, the implicit backward-Euler method is used with  a  time  step  τ  for the fluid phases,
cA p A  x, t    A  u  x, t     [ f

A

 x, t ]   S A   A  u  x, t     cA p  x, t   
A

(4)

in order to accommodate one of the two (the second being the steady state solution of the MPET
system) starting vectors required for the second order accurate Backward Difference Formula,
BDF(2), which is well suited to stiff problems in addition to being able to accommodate large stepsizes. Gauss quadrature weights of precision four were also used in the template.

Qin

Arterial
Blood

Sac
(a)

Venous Blood Q
Scv
(v) out
Sev

Arteriole/
Capillary
Sce
Blood
(c)

CSF

(e)

Figure 1. The fluid transfer restrictions placed between the four compartments. It can be seen that flow is
prohibited between the CSF and arterial network, whilst directional transfer exists between (a) and (c), (c) and (v), (c)
and (e) and finally (e) and (v). In the CFD simulations, Qin and Qout are handled in a nested fashion, taking into account
the anatomically accurate ventricle morphology, with all of its physiological inlets and outlets.
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3 RESULTS AND CONCLUSIONS
The results obtained resemble the qualitative characteristics of the work on cerebral content
conducted by Levine [6], in that the larger the ventricular displacement, the gradient of
transparenchymal CSF content tends to reduce (especially if the rate of pressure increase is too
rapid). Periventricular lucency (first witnessed by Naidich et al.[7]) which is represented by
increased CSF content in the periventricular regions (see Figure 2), is assumed to result from
ependymal surface breakdown which helps alleviate some of the pressure in the ventricles by
allowing for some CSF extravasation (and edema formation). This could be achieved with the
possible assistance of Aquaporin-4 (AQP4) [8], which lines the ependymal surface. Peña et al. [9]
theorize that the concavity of the ventricles helps accumulate expansive stresses (on their
quadrilateral mesh) on the horns of the ventricles, which as is known now could induce swelling
activated Cl- channels such as microglia [10] and facilitate periventricular lucency due to the
effects on void ratio.
The capacity of monitoring CSF/ISF accumulation in the periventricular region was
therefore investigated with the aid of a novel two-dimensional FEM numerical template. Through
the enforcement of relevant boundary conditions that mimic ventricular expansion, periventricular
lucency can be identified, which aids in interpreting key mechanisms in HCP development.

Figure 2: (a) This plot depicts the fluid content for the CSF/ISF compartment. The areas of highest fluid content are
the periventricular regions, and the skull. This is in line with the pressure field of the same compartment in (b).The
minimum pressure is found within the parenchyma (blue region), and is 1087 Pa. The peak pressure is at the
ventricles and their periventricular region. (c) Darcy velocity of the capillary compartment. Higher velocities can be
found in the lower right ventricle (posterior horn), whilst the darker regions possess lower magnitudes.
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SUMMARY
The importance of compression on coronary vessels is well known, but the isolated effect of
isochoric tissue deformation has largely been ignored. In this study, we present results on the
computational modelling of myocardial perfusion with a focus on the parameterisation of
multiscale fluid domains, and the effect of strain on arterial resistance. We investigate the
implications of using biophysically derived, yet static, coronary arterial data to determine dynamic
flow parameters suitable for perfusion modelling throughout a heartbeat. We present numerical
results comparing methods for static-to-dynamic continuum flow parameter conversion, and
quantify the effect of isochoric deformation on coronary arterial resistance in a discrete flow model.
Key words: myocardial perfusion modelling, multiscale parameterisation, cryomicrotome
1 INTRODUCTION
Adequate myocardial perfusion is an essential component of a healthy functioning heart. This
process of distributing blood from the left ventricular blood pool to each cell within the
myocardium is inherently multiscale in nature, as evidenced by the range of vascular diameters
encountered in the coronary flow network – from microns in the capillaries to millimetres in the
epicardial arteries. The large number of vessels that constitute this network renders the discrete
modelling of myocardial perfusion computationally challenging. A more tractable alternative is
continuum perfusion modelling, whereby the physical system which is composed of muscular
tissue with an embedded vascular network, is modelled as a simplified continuous porous medium.
To remain faithful to the underlying physical system entails the homogenisation of local discrete
anatomical data to form continuous multiscale porous parameter fields. A key requirement to
support dynamic coronary flow modelling is the derivation of such parameter fields based on
biophysically accurate vascular data for use in whole-heart and full-cycle computational models of
myocardial perfusion.
Previous studies have applied homogenisation techniques to synthetic vascular networks in 2D [1]
and 3D [2] to derive static domain porous parameters, and the resulting values were used within a
multi-compartment Darcy flow model. Recently, we applied these porous parameterisation
techniques for the first time to biophysically realistic arterial canine and porcine networks extracted
from high resolution cryomicrotome imaging data and directly compared the continuum pressure
fields to the spatially-averaged pressure fields of the equivalent Poiseuille discrete flow model [3].
Using this framework, the aim of this study is to present an extension of these multiscale porous
parameterisation methods to account for the large deformation that is fundamental to cardiac pump
function. Unlike other organs, such as the kidney or brain which are effectively static over short
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timescales, the heart experiences local strains of up to 20% during a heartbeat. These large tissue
strains and stresses are known to greatly affect coronary flow resistance through alterations to the
vascular morphology, with compressive effects being historically the main quantity of interest.
Exactly how the stress-radius relationship behaves locally and across scales is currently unknown
and it remains a major barrier to biophysical myocardial perfusion modelling, whereas myocardial
strain is well characterized and is the focus of this current study. In contrast to periodic myocardial
strains, cryomicrotome imaging of an excised heart necessarily yields static network data. Typically
in the end-diastolic topology, this static data is used to define the discrete vascular model. Thus
cardiac movement, in conjunction with a static vascular data source, raises several critical issues
related to deriving temporally varying porous flow directions and the proportion of arterial
resistance attributable to isochoric tissue deformation alone.
2 METHODOLOGY
Image acquisition and vascular model building: Experimental procedures were undertaken in
strict accordance with the Institutional Animal Care and Use Committee (IACUC) of Maastricht
University, and cryomicrotome imaging was conducted at the University of Amsterdam. The
process is now briefly elucidated with the full details found in the original literature for the
experimental study [4]. An excised porcine heart was perfused with adenosine-loaded (100 µg/L)
phosphate-buffered saline, followed by infusion of a fluorescent vascular casting agent [Batson #17
casting resin (Polysciences Europe, Eppelheim, Germany)] at a pressure of 90 mmHg. After the
cast had polymerised, the heart was suspended in carboxymethylcellulose gel (Alfa Aesar,
Karlsruhe, Germany) containing 5% Indian Ink and frozen. It was then transferred to the
cryomicrotome and serially sliced and imaged using episcopic fluorescent imaging in a repetitive
fashion until the entire organ had been processed with an isotropic voxel resolution of 64 µm [5].
The resulting data stack was enhanced using our previously reported image processing procedure
[6]. Vessel radii were evaluated at the skeleton voxels using a model-based radius estimation
technique (Fig.1).

Figure 1. Long-axis projections from the porcine vascular model creation process for the left
coronary artery. (A) Maximum intensity projection of the original cryomicrotome imaging data
stack. (B) Projection of the enhanced and binarised vascular tree, post-vesselness filtering. (C)
After skeletonisation and radius estimation, a coronary arterial network is created. An alpha
channel applied to all radii less than 0.2 mm to enable the visualisation of the larger arteries.
Myocardial deformation model: The porcine left ventricular myocardium was manually
segmented from the cryomicrotome data stack, and a tetrahedral mesh with 24,793 elements was
fitted to the resulting binary image using netgen (http://www.hpfem.jku.at/netgen/). An
incompressible hyperelastic continuum mechanics model featuring active contraction and
Windkessel boundary conditions for the left ventricular pressure was used to deform this mesh, and
the displacement field was discretised into 50 time-points uniformly distributed throughout the
cycle, with time 0 s being the vascular model reference state (Fig.2A). Each vascular model node
was mapped to its unique tetrahedral element ξ  coordinate, thus allowing for the displacements of
the vascular nodes to be calculated at each time-point (Fig.2B). Vessel radius is dependent on a
myriad of factors (transmural left ventricular pressure transmission, local tissue structure and
contractile stress, coronary perfusion pressure, smooth muscle tone, health, age etc.). Given the
dearth of experimental data on intramural dynamic arterial radii, we chose to assume a quasi-static
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framework as a reasonable first-approximation whereby individual vessel volume was conserved.
This process yields a vascular model with time-dependent vascular morphology.
Multiscale permeability tensor modification: Notation is as follows: K is the permeability tensor,
F is the deformation tensor, V is the square matrix of vectors following eigendecomposition of K,
D is the new diagonal eigenvalue matrix after modification of the original eigenvalues based the
effect of stretch on Poiseuille conductance, R is the rotation tensor associated with F, and
subscripts denote time. Thusly, four methods for parameterising the porous parameters were
considered: (i) Kt = K0,  denoted  as  the  ‘Ref’  method; (ii) Kt = (FV) Dt (FV)-1,  denoted  the  ‘ModF’  
method; (iii) Kt = (RV) Dt (RV)-1,  denoted  the  ‘ModR’  method;;  and (iv) our gold standard method
denoted  as  ‘Opt’,  where  the  porous  parameters  were  reparameterised  at  each   time-point using the
now dynamic vascular model according to our parameterisation process outlined previously [3].
The modification of D is dependent on vessel strain, which itself is dependent on the choice of
reference time-point. To analyse the sensitivity of our dynamic parameterisation methods with
respect to this choice, six reference time-points, denoted tref, were chosen (time-points 1, 10, 18, 26,
36 & 43). The performance of the permeability modification methods for t ref = 1 are shown in
Figure 3A (remaining tref results not shown).

Figure 2. (A) Deformation metrics for the myocardial tissue model. Metrics have been normalised
with respect to their value at time 0 s. (B) Individual vascular strain within the myocardium at end
diastole (time-point 36) and mid systole (time-point 43), calculated with respect to an assumed
reference length at time 0 s.

Deformation effects on arterial resistance: The simultaneous measurement of human left main
stem (LMS) coronary flow and pressure was performed (Fig.3B). The latter was applied as the
input boundary condition, Pin, to a Poiseuille flow model, and assuming Pout = 3 kPa outflow
pressure at all distal terminal vessels. The total network conductance, defined to be the influx per
Pascal transnetwork pressure difference, denoted Ctot = Qin / (Pin-Pout) where Qin is the network
influx, was calculated and compared to the equivalent measured transient (derived by also
assuming 3 kPa terminal pressure and equal proximal vessel area as the simulated model). Two
keys results were found: (i) the simulated model overestimated mean Ctot by a factor of
approximately 25; (ii) Ctot for the simulated model increases during systole, contrary to the
measured Ctot transient.
3 RESULTS AND CONCLUSIONS
We have presented methods to apply a realistic left ventricular wall motion to a detailed coronary
arterial network and to derive porous parameters suitable for whole-heart and full-cycle perfusion
modelling. To the best of our knowledge, this is the first example of a high resolution, anatomically
accurate arterial model coupled to a realistically deforming cardiac geometry. This initial study
suggests that: (i) using the derived principal flow directions defined from the undeformed vascular
model would not result in significant simulated pressure errors for the multi-compartment Darcy
flow model (see Ref method results in Fig.3A); (ii) the absolute local permeability is likely to be
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dominated by tissue stress by an estimated 25-fold factor over isochoric deformation alone,
providing further strong evidence that compressive effects should be included in future perfusion
studies. The results provide insight into the effect of strain on arterial resistance in isolation from
the more complex factors of intramyocardial stress and autoregulation. Future studies will involve
the inclusion of multiscale volumetric deformation effects on permeability, and the application of
continuum porous parameters to hyperporoelastic myocardial perfusion and contrast agent transport
models.

Figure 3. (A) The root-mean-square error of the combined pressure fields for each of the four
dynamic K parameterisation methods, using the reference time-point tref = 1, compared against the
spatially-averaged Poiseuille pressure solution for the dynamic vascular model. It can be seen that
ModF performs best during diastole, ModR performs best during systole, and the Ref method never
produces a larger error than both permeability modifying methods. (B) The deformation-only
simulated total network conductance (red) overestimated the equivalent measured values (cyan) by
a factor of 25. Note that the displayed simulated Ctot transient has been scaled by 0.1 and pressure
by 0.2.
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SUMMARY
We use images of mouse lymph nodes to investigate the fluid transport pathways through it. The nodes
were imaged using selective plane illumination microscopy and the flow was modelled using Darcy’s
law in COMSOL Multiphysics. Data from the literature was used to determine suitable boundary
conditions and parameter values. The results show that the permeability of the lymph node structure
significantly affects the flow pathways through the node.
Key words: lymph node, porous media, image based modelling

1

INTRODUCTION

Lymph nodes are an important part of the immune system. They filter lymphatic fluid, are a site
for transfer of immune cells to and from the circulatory system and regulate lymph protein content.
Pathways for lymph flow have been inferred from the structure of the lymph node and by tracking
particles through the node. We present an image based model of Darcy flow through lymph nodes.
The structure of lymph nodes is complex. They have a fibrous capsule from which trabeculae, supporting columns of connective tissue, extend forming a skeleton for the node. The majority of the
tissue within the node is made up of lymphocytes within a network of fibroblastic reticular cells.
Each node contains it’s own network of blood vessels. High endothelial venules (HEVs) are specialised veins that have a thicker endothelial lining than other veins that lymphocytes are able to cross
through, leaving the blood stream and entering the lymph node. Lymph is transported to lymph nodes
through afferent lymphatic vessels and it leaves through efferent lymphatic vessels.
The protein concentration of the lymph can be concentrated or diluted as it passes through the node
[1]. Experiments have been carried out on isolated popliteal lymph nodes from dogs [1, 2, 3]. In
these experiments efferent and afferent lymphatics were cannulated and other afferent and efferent
lymphatics were ligated. The lymph nodes were perfused at physiological flow rates through the
afferent lymphatic and the efferent had a hydrostatic pressure equal to atmospheric pressure, i.e. 0
mmHg, applied to it. A vein was also cannulated so the venous pressure could be measured and controlled. The authors found that changes in protein concentration are mainly caused by fluid transfer,
responsible for 98% of the change, and attributed only 2% to protein transfer [1]. Similar experiments
were carried out on rabbit popliteal lymph nodes [4]. Both sets of experiments showed that the inflow
and outflow rates, venous and colloid pressures all had an effect on the outlet flow rate [1, 2, 3, 4].
In the experiments from [1, 2, 3, 4], the outlet and inlet conditions are measured. However it is difficult
to record how the fluid flows within the node. The aim of this model is to investigate how the internal
structure of the node affects the fluid flow pathways. The images are used to identify structures
within the node and to determine the permeability of the lymph node interstitium to lymphatic fluid.
Experimental data from [3] was used to determine boundary conditions and parameters for the model.
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2

METHODOLOGY

Images were obtained of mouse popliteal lymph nodes imaged using selective plane illumination
microscopy (SPIM), for details of this technique see [5]. Two nodes, one from a wild type mouse
(WT) and one from a plt/plt mouse (PLT) (a mutant mouse that lacks certain proteins in the T-cell
zone, resulting in a decreased accumulation of dendritic cells in this zone) were imaged. The high
endothelial venules (HEVs) were stained with fluorophores. Image segmentation was carried out to
identify the node from the background and the HEVs from the surrounding tissue. The resolution the
final processed images was 5.16 x 5.16 x 5 µm. The images of the node were saved with a white
background as an image sequence for use in COMSOL Multiphysics 4.4, the software that would be
used to model the fluid flow. ScanIP was used to create a mesh from the mask.
The mesh was imported into COMSOL. The fluid flow is modelled as an incompressible fluid with
dynamic viscosity, µ, and density, ⇢, using Darcy’s law and mass conservation, i.e.,
u=


rp,
µ

r.u
u = 0,

(1)

x 2 ⌦,
8x

where u is velocity,  is permeability, p is pressure and ⌦ is the domain of the node interstitium.
A flow rate was defined on the inlet of the node as 7.6 ⇥ 10 7 kg/s as in [3]. The outlet pressure was
increased from 0 Pa to 2170 Pa, relative to atmospheric pressure. Starling’s principle was used for the
boundary condition on the HEVs,
Jvel = Lp [(pv

p)

( ⇡)] ,

(2)

x2 ,
8x

where Jvel (m/s) is the velocity of the fluid flow across the vessel-interstitium boundary, Lp (m/(sPa))
is the hydraulic conductivity of the blood vessel wall, pv (Pa) is the venous pressure, p (Pa) is the fluid
pressure in the node, (no units) is the osmotic reflection coefficient, ⇡ = ⇡v ⇡n (Pa), where
⇡v (Pa) is the plasma colloid osmotic pressure in the HEVs and ⇡n (Pa) is the node colloid osmotic
pressure, and is the HEVs boundary with the lymph node tissue. is set to be equal to 0.9. A no
flow boundary condition is applied to all other boundaries, @⌦.
The fixed parameters were: µ = 1.5 cP, ⇢ = 1000 kg/m3 , = 0.9 and pv = 973 Pa. Kriging, an
iterative method that interpolates known function values to estimate an optimal parameter set, was
implemented in Matlab based on code from [7], to find the values of the average permeability, ,
hydraulic conductivity, Lp , and colloid osmotic pressure difference, ⇡.
The permeability,  , was defined using the images. A linear relation was used to relate the grey scale
of the image to the permeability, e.g. the darker the image, the less dense the material and therefore
the more permeable it is assumed to be. This linear relation had the general form,
( k0 im1(x, y) + k1 ) ⇥ (z < 5 µm) + ( k0 im2(x, y) + k1 ) ⇥ (z

+ ( k0 imn(x, y) + k1 ) ⇥ (z

5 µm) ⇥ (z < 10 µm) + . . .
5(n

1) µm)

2⌦

(3)

where k0 and k1 are constants that define the linear relation between the grey scale of the image and
the permeability, each imi is an image function related to the ith image, x and y are the coordinates
of the point in the image which is to be evaluated, z is the distance along the vertical axis and n is the
total number of images. Each image is defined on a 5 µm thickness using a logical expression. Three
linear relations were used to relate the grey scale of the images to the permeability value. The average
grey scale of the lymph node tissue images, G (no units), was found using a code in Matlab. After
finding the average permeability, , , (m2 ), the grey scale was related to the permeability by a linear
relation that passed through the points (G, ) and 1, 10 14 m2 . This was the maximum gradient.
The medium gradient was a linear relation that passed though (G, ) and 1,  + 10 14 m2 /2 .
The parameters used for the WT node are shown in table 1.
The models were implemented in COMSOL using a Matlab script with the COMSOL 4.4 with Matlab Livelink application. The models were computed on the IRIDIS High Performance Computing
Facility at the University of Southampton.
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Maximum
Medium
Constant

k0
6.2086 ⇥ 10
3.1043 ⇥ 10
0

11
11

k1
6.2096 ⇥ 10
4.9960 ⇥ 10
3.7825 ⇥ 10

11
11
11

Table 1: Parameters for varying permeability for WT node.
3

RESULTS AND CONCLUSIONS

Both the WT and PLT node have been modelled. Only the results for the WT node are presented here,
although the PLT node results lead to similar conclusions.
The values of Lp found as part of the parameter optimisation are three orders of magnitude higher
than the values found in literature. The value of Lp probably has to be higher because we have not
modelled all the blood vessels. Therefore in order for the same about of flow to cross the blood vessel
wall in the model as in the experiments the walls have to have a higher hydraulic conductivity so that
more fluid can be transferred through the walls which we do model.
The model was run for increasing outlet pressures. As the outlet pressure increased, more flow was
absorbed by the HEVs. This can be seen in figure 1. There are less stream tubes reaching the outlet
for the outlet pressure 2170 Pa than when the outlet pressure is 0 Pa.

(a) Outlet pressure = 0 Pa

(b) Outlet pressure = 2170 Pa

kg/m2 s
(c) Colour bar showing flow rate

Figure 1: Stream tubes for different outlet pressures for WT node. Grey areas are HEVs. Scale bars
= 250 µm.
In figure 2, the flux was calculated for a plane through the centre of the node and for annuli of different
radii. The three different permeability to grey scale relations are compared, the constant gradient is
treated as the baseline and is therefore 0. The graph shows that for the relation with the largest
gradient, 0.8% more flow goes through the second annulus from the centre of the node than for the
constant gradient and 8.5% less flow travels around the edge. This value was 3.4% for the PLT node.
This model has shown that it is possible to model fluid transport through a lymph node based on
images. This is the first study, to our knowledge, that shows how the internal structure influences
fluid flow pathways through the node. By relating the permeability to the grey scale of the SPIM
images, this model shows that the structure causes fluid to flow through the centre of the node.
The future work will include examining the sensitivity of the parameters used in the model, comparing
the model to other experimental data in the literature and modelling the protein transport through the
node. A model will also be created using computed tomography scans of lymph nodes of higher
resolution, which show more detail of the internal structure of the node, and see how much affect the
level of detail has on the flow of lymph.
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Flux Percentage Difference (%)

·10

2

0
2
Constant 0 Pa
Medium 0 Pa
Maximum 0 Pa

4
6
8
100

200
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Figure 2: Flux percentage difference for WT node caused by the permeability relation. The flux was
calculated on different areas of the centre plane of the node. These areas are grey on the images.
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SUMMARY
This work reports on the influence of inlet flow on the axial distribution of the radial velocity field
within a hollow porous construct for bone tissue engineering cultured in a radial-flow packed-bed
bioreactor. The model accounts for steady-state momentum transport in the bioreactor void spaces
and the cell-seeded construct. Changes of construct microstructure and cell concentration during
culture were accounted for by macroscopic parameters. Model predictions show that at the
beginning of culture, when construct permeability is high, an optimal inlet flow rate exists ensuring
uniform radial velocity distribution along construct length, and producing uniform cell oxygenation
and nutrition. As tissue matures, and permeability decreases, radial velocity distribution becomes
more uniform. Fluid adherence at the bioreactor boundaries hinders obtainment of axially uniform
radial velocity profiles. This suggests that bioreactors made of hydrophobic materials may favour
attainment of uniform radial velocity profiles along bioreactor length.
Key words: engineered biological tissue, flow, multiscale models, porous media, radial
bioreactor, transport phenomena
1 INTRODUCTION
Radial flow perfusion of osteogenic cells seeded in 3D annular porous scaffolds in radial flow
packed-bed bioreactors (rPBB) holds promises to prepare engineered bone substitutes for large-size
bone defects. Flow across hollow constructs cultured in rPBBs simulate well the flow pattern and
species transport of some bone human tissues. In fact, the hollow cavity resembles the Haversian
canals and radial medium flow that of lymphatic fluid (e.g. under mechanical stress). Uniform
distribution of radial velocity along construct length is essential to prevent cell starvation and nonuniform cell proliferation and differentiation in rPBBs. Criteria for optimizing rPBB design and
operation to ensure uniform velocity field distribution as tissue matures are not yet available. In this
work a model for the steady-state momentum transport in rPPBs was developed accounting for
bioreactor void spaces and the cell-seeded construct, the properties of which change as tissue
matures during culture. The model was used to investigate how the medium inlet flow rate
influences the radial velocity distribution along the bioreactor length and can be changed to
maintain uniform radial medium flow anywhere across the construct during culture. The influence
of fluid adherence at the bioreactor wall was also investigated to screen the effect of materials on
medium fluid dynamics.
2 METHODOLOGY
Momentum transfer across the three compartments of an axisymmetric rPBB operated at steadystate was described according to a 2D model. Figure 1 shows the cell-seeded annular porous
scaffold coaxially positioned in a cylindrical bioreactor and the investigated fluid domain. Culture
medium is fed to the construct inner hollow cavity, radially perfuses the construct, and is collected
in the outer peripheral annulus (i.e. centrifugal or CF-configuration). Then, medium flows in the
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outer peripheral annulus parallel to construct length and counter-currently with respect to the
medium in the inner hollow cavity (i.e. π-configuration) before leaving the bioreactor. Such
configurations were chosen because the π -configuration was shown to reduce the extent of radial
flux maldistribution in radial flow reactors treating gaseous streams [1][2] and the CFconfiguration was shown to provide a more effective supply of dissolved oxygen and nutrients to
cells in case of uniform radial fluxes [3]. Momentum conservation equations governing the rPBB
behaviour were obtained under the following assumptions: steady-state isothermal conditions;
incompressible Newtonian fluid; the construct is described as an isotropic porous medium in which
transport occurs according to Darcy-Brinkman equation [4]; transport in the inner hollow cavity
and the outer peripheral annulus is described according to the Navier-Stokes equation [5].

Figure 1: Scheme of the bioreactor and the investigated fluid domain: L, construct length; R,
radius of the inner hollow cavity; δC width of the construct; δE, width of the outer peripheral
annulus.
The conservation equations were solved with the following boundary conditions (BCs): parabolic
axial velocity profile at bioreactor entrance; bioreactor axis impervious to momentum and fluid;
continuous pressures and velocities at the interface between inner hollow cavity and construct and
between construct and outer peripheral annulus; walls of the housing are impervious to momentum;
the pressure of the stream leaving the outer peripheral annulus differs from atmospheric pressure by
an amount equal to the sum of the local pressure drops in the three zones at bioreactor outlet where
the cross-sectional flow area changes. Bioreactor walls were assumed either adherent (no-slip BC)
or non-adherent (slip BC), to simulate the use of hydrophilic or hydrophobic material respectively.
Reference was made to scaffold geometries typically proposed for bone tissue engineering [6]. The
inlet flow rates were limited to keep Reynolds number within the construct in the range typically
used in in vitro experiments, and to enable laminar or Darcy flow and prevent cell wash-out. This
justifies the use of Navier-Stokes and the Darcy-Brinkman equations.
The conservation equations and boundary conditions were solved numerically using a commercial
finite element method code, Comsol Multiphysics (Comsol Inc., Burlington, MA, USA). 2D
steady-state velocity profiles were predicted for values of model parameters representative of those
typical of bone tissue engineering. Construct porosity ε was chosen to keep construct Darcy
permeability in the range typical of scaffolds and constructs for tissue engineering [7]. The fluid
domain was meshed with tetrahedral rectangular elements the size of which was optimized to keep
the relative error on the predicted axial and radial velocity profiles below 5·10-5 in the whole fluid
domain. The uniformity of radial velocity field distribution along bioreactor length was
characterized in terms of the average distance from its length-averaged value, as proposed in [8]:



2
1   |=

= 1−
 
− 1 
 0  |=

where r and z are the radial and axial coordinates respectively, vr and vr the radial velocity in the
construct and its average value along z respectively. Values of ηvr = 1 characterize a uniform radial
velocity field distribution.
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3 RESULTS AND CONCLUSIONS
Radial flow packed-bed bioreactors have distinctive structural and operational features that make
them attractive for tissue engineering. In fact, cell allocation and medium flow pattern resemble
that of cells and body fluids (i.e. blood and interstitial fluid) in bone tissue [9]. Radial perfusion
with medium of porous hollow constructs enhances solute transport to cells over pure diffusion,
and makes a larger cross-sectional area available for flow and solutes travel over a shorter distance
to cells than in axial perfusion. However, rPBB ability to keep uniform flow distribution within the
construct non-linearly depends on the flow rate, as well as on the construct microstructure and the
bioreactor geometry. Through the model proposed, we investigated how the inlet flow rate
influences medium radial flow distribution along an rPBB at varying construct Darcy permeability.
Model predictions show that, for a given rPBB geometry, increasing inlet flow rates into the
bioreactor yield increasingly uniform radial velocity profiles up to an optimal flow rate at which
ηvr is closest to 1. Further inlet flow rates increases yield increasingly non-uniform radial velocity
profiles (ηvr decrease as inlet flow rate increases past the optimum). The existence of the optimal
inlet flow rate can be explained by considering that fluid pressure in the inner hollow cavity and the
outer peripheral annulus is determined by the balance between friction at wall surface, which force
pressure to decrease in the direction of flow, and momentum recovery produced by the axial flow
rate variation caused by suction due to the presence of the porous medium, this making pressure
increase in the direction of decreasing flow. At high inlet flow, momentum recovery prevails and
fluid pressure (so radial velocity field) increases in the direction of flow, this causing poor
perfusion of the upper part of the construct. At inlet flows lower than the optimum, friction prevails
and fluid pressure (so radial velocity field) decreases in the direction of flow, this causing poor
perfusion of the bottom part of the construct (Figure 2).

Figure 2: Representation of the effect of operating conditions on the radial velocity field
distribution within the construct. The optimal inlet flow ensures uniform radial velocity field
distribution (left); inlet flows higher (center) and lower (right) than the optimal value produce
radial velocity field maldistribution.
This effect smoothes down as construct permeability decreases. This suggests that as cell grows
and their concentration increases, construct Darcy permeability decrease thus making attainment of
a uniform distribution of radial velocity more critical in the initial phases of the culture.
The use of adherent materials, and of the no-slip BC at bioreactor walls, worsened the radial
velocity maldistribution to the point that a uniform radial velocity distribution along the bioreactor
length could never be reached under the conditions investigated. This suggests that making the
rPBB walls of hydrophobic polymers (e.g. polydimethylsiloxane, PDMS) might ease obtaining a
uniform radial velocity distribution thus promoting stable and uniform cell proliferation and
differentiation in the constructs.
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SUMMARY
We use a continuum model for confined structures to calculate ionic transport through various transmembrane proteins. The significance of the model, which was derived from the Boltzmann equation,
is the reduction of the (6 + 1)-dimensional problem to a (2 + 1)-dimensional one. After solving this
PDE, the current is obtained immediately. We apply the transport equation to two different transmembrane proteins, namely Gramicidin A and the KcsA potassium channel. Excellent agreement
between simulation and measurement is found. We also study the physiologically important effect of
selectivity.
Key words: Boltzmann equation, transport equation, ion channel, transmembrane protein

1

INTRODUCTION

Despite considerable advances in popular approaches for current calculation through ion channels
such as molecular dynamics, Brownian dynamics, or Monte Carlo, they are still computationally
expensive. Calculating ionic currents through transmembrane proteins or nanopores using molecular dynamics is prohibitively expensive. However, ionic currents or lack thereof are the important
physiological behavior of ion channels and are recorded in experiments.
In order to make the calculation of ionic currents through confined structures such as ion channels
possible, we derived a transport equation from the Boltzmann equation using a multiscale approach in
[1]. Starting from the 3D Boltzmann equation with suitable scaling and a suitable scattering operator,
a (2 + 1)-dimensional (position, local energy, and time) transport equation was derived from the (6 +
1)-dimensional (position, momentum, and time) Boltzmann equation while including a (harmonic)
confinement potential. The coefficients of the diffusion-type transport equation are determined by
the confinement potential and were given in explicit form. The numerical solution of the (2 + 1)dimensional transport equation is routine and immediately yields the ionic current by integrating the
fluxes over a cross section.
Due to the physiological importance of ion channels, this transport model is applied to two transmembrane proteins here, namely the Gramicidin A channel (an antibiotic) and the well-known KcsA
ionic channel. In each case, the model is validated by comparison with measured currents depending
on parameters such as applied voltages and bath concentrations of sodium and potassium ions.
In Section 2, an overview of the transport model is given. Then, in Section 3, simulation results are
presented. Finally, Section 4 concludes the paper.
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2

THE TRANSPORT EQUATION

The starting point of all considerations in [1] is the Boltzmann transport equation in the general form
@t f (X, P, t) + v · rX f (X, P, t) + F · rP f (X, P, t) = Q(f ),

(1)

where f (X, P, t) is the kinetic particle density, X 2 R3 is position, P 2 R3 is momentum, v is
the velocity, F is the force, t is time, and Q is the scattering operator. The scaling is chosen so that
the force by the confining walls is much larger than the external forces driving the ions through the
channel and so that a diffusion-type equation is eventually obtained. The scattering operator contains
much of the physical description of the problem and it is carefully chosen so that energy is conserved
locally in the confinement directions and so that it relaxes towards a Maxwellian distribution in the
transport direction.
After a long derivation, the Boltzmann equation for such a confined structure becomes the diffusiontype equation
@t ⇢(x, ⌘, t) + @x F x (x, ⌘, t) + @⌘ F ⌘ (x, ⌘, t) = 0,
(2)
where ⇢ is particle concentration, ⌘ is the energy variable, F x is the flux in x-direction (the transport
direction) and F ⌘ is the flux in ⌘ direction. The expressions for the fluxes are involved expressions
that depend on the coefficient functions of the harmonic confinement potential. All the details can be
found in [1, 2].
The potential V consists of two parts
(3)

V (x, y) = V0 (x) + V1 (x, y),
where V0 is the applied potential and V1 is the harmonic confinement potential written as
V1 (x, y) =

1
y
2

b(x)

>

B(x) y

b(x) ,

(4)

where y, b 2 R2 and the diagonal matrix B(x) is given by
✓
◆
B1 (x)
0
B(x) =
.
0
B2 (x)
The total current I through the confined structure is given by integrating the flux F x in x-direction,
i.e.,
Z
1

I=

F x (x, ⌘)d⌘

0

irrespective of the position x. Because the transport coefficients in (2) were given in explicit form, numerical solutions of this problem can be calculated as fast as solutions of a two-dimensional diffusion
problem.
3

SIMULATION RESULTS FOR TRANSMEMBRANE PROTEINS

Ion channels are of essential physiological importance, since they manage the concentration gradients
of ions across cell membranes. They conduct electrical signals inside neurons, muscles, and touch
receptor cells, and they generate the electrical impulses underlying information transfer in the nervous system. Here, we present simulation results for two transmembrane proteins: for the antibiotic
Gramicidin A in Section 3.1 and for a KcsA channel in Section 3.2.
3.1

Gramicidin A

Gramicidins are small bacteria produced antibiotics and they are selective for monovalent cations
with no measurable permeability to anions or polyvalent cations[4]. Their effect is to increase the
cation flow of the target bacterial membrane due to the formation of bilayer spanning channels. The
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advantage of Gramicidin channels for our purpose is that the structure of the bilayer spanning channels
is well-known.
We simulate the passage of sodium and potassium ions through Gramicidin A. In Figure 1, the measured and simulated currents are shown as functions of the applied voltage for an ionic bath concentration of 10 mM. The potential barrier inside the channel leads to higher selectivity for potassium
implying that the sodium current is much lower than the potassium current. The comparison with
experimental data simulation shows very good agreement.
0.4
Potassium−simulation
0.35

Current [pA]

0.3

Potassium−experiment
Sodium−simulation
Sodium−experiment

0.25
0.2
0.15
0.1
0.05
0
0

0.05

Applied voltage[V]

0.1

0.15

Figure 1: The simulated versus the experimental [3] sodium and potassium currents for different applied voltages through the Gramicidin A channel.

3.2

KcsA channel

All organisms have ion channels for Na+ and K+ . Potassium channels are membrane proteins that
allow rapid and selective flow of K+ ions across the cell membrane, and thus generate electrical signals in cells. Hence they are key components in the generation and propagation of electrical impulses
in the nervous system. Because of their fundamental importance to cell biology, we simulate currents through an ion channel here. The Streptomyces lividans KcsA channel consists of four identical
subunits. Each subunit contains two ↵-helices connected by an approximately 30 amino acids long
loop. The pore region consists of an inner pore, a large cavity near the middle of the pore, and the
selectivity filter that separates the cavity from the extracellular liquid.
The KcsA channel is highly potassium selective. In order to investigate this effect, we calculated the
sodium and potassium currents for a salt concentration of 500mM. As Figure 2 shows, the sodium
current through the KcsA channel is much smaller than the potassium current by a factor of more than
24 both for negative and positive applied voltages, although there is a slight fluctuation in the current
ratio of potassium over sodium. This ratio of potassium over sodium current agrees very well with
experiments and validates the transport model.
4

CONCLUSIONS

We have introduced a diffusion-type transport equation for the calculation of ionic transport through
confined structures. The confined structures are described by harmonic confinement potentials. The
great advantage of this approach is the much lower computational complexity; only a 2D second-order
equation needs to be solved.
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Figure 2: Current ratio of potassium over sodium for simulated and measured [5] current through a KcsA
channel for a bath concentration of 500mM.

For the simulation of realistic structures, the confinement potential is determined by the 3D structure
and the potential energy of the ions inside the structure. In simple terms, the width of the structure
determines how many states are available for transport and the potential energy may contain barriers
that reduce the transport of certain types of ions.
To validate the model, we calculated the currents through two well-known transmembrane proteins.
In each case, we compare the results with experimental data and found very good agreement. In
the case of KcsA, we also compared the K+ current with the Na current. This ratio determines the
selectivity of the channel between these two types of ions.
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SUMMARY
A multi-scale human thermal regulation model, including body heat transfer, arterial blood
circulation and thermal regulation system, is integrated to predict human thermal characteristics
under different environmental and clothing conditions. The integrated model is helpful in the
studying of human thermoregulation behaviors. Furthermore, the inverse problem of clothing
thermal resistance prediction is studied based on this model, which can give a reference value of
clothing thermal resistance for keeping in comfort. The research is beneficial for the prediction of
human thermal comfort and for the design of functional clothes.
Key words:
method

thermal regulation, thermal resistance prediction, inverse problem, finite element

1 INTRODUCTION
Human thermal response evaluation is becoming increasingly important in many areas of our life,
like environmental design of buildings, prediction of heat stroke, evaluation of safety driving, and
the design of functional clothing and so on. Great progress has been made in the analysis of human
heat-transfer characteristics and thermoregulaory mechanisms by using mathematical models.
Stowijk [1] proposed a 1-D thermal regulation mathematical model in 1966, which lay the
foundation for the correlational research. His model includes two parts: heat transfer in tissues and
a closed loop control system of thermal regulation. Sun [2] improved Stowijk’s model, which is
more consistent with a real man’s shape. Salloum [3] developed a human heat transfer model,
considering the characteristics of systemic hemodynamic and effect of environment on blood flow.
With the improvement of life functional requirement of clothing attracts our attention, especially in
the design of professional sports clothes and work clothes. It means that we must attach importance
to the evaluation of human thermal response and design a dress with a given value of thermal
resistance for a certain condition. Some models can be applied to predict heat and moisture transfer
properties with different dressing conditions [3, 4]. But most of them are confined to only the direct
problems and helpless in the prediction of clothing thermal resistance.
Xu [5] has proposed the inverse problem of textile thickness design (IPTTD). Adopting the idea of
the least-squares method, they formulated the IPTTD into a function minimization problem.
In this paper we develop an integrated model of human thermal regulation, which includes the
computation of body heat transfer, blood circulation and thermal regulatory response. Then the
inverse problem of clothing thermal resistance prediction is studied. We present the comfortable
clothing thermal resistance in different air temperature according to our numerical results.
2 METHODOLOGY
2.1 3-D heat transfer model
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A 3-D human model is developed, which is composed of 6 elliptic cylinder segments representing
head, trunk, arms and legs. Each segment contains skin, muscle, blood vessel and bone. Internal
organs are also recognized in head and trunk segments, including brain, lung, heart and abdominal
organs. Heat transfer of core tissues can be described by the Pennes’ bioheat equation:

(1)
 c T   2T  qmet  b b cb Tb  T 
t
Where Tb is average blood temperature,  is tissue mass density, c is tissue specific heat

capacity,  is tissue thermal conductivity, b is blood perfusion rate and q met is metabolic
heat production rate. For skin and muscle, the following energy equations are adopted:
T
  2T  qmet  skin b cb Tmuscle  T 
skin： c
(2)
t
T
muscle： c
  2T  qmet  b b cb Tb  T  - skin b cb T  Tskin 
(3)
t
Where Tmuscle and Tskin are temperature of muscle and skin respectively. skin is skin blood
perfusion rate, which is computed by human thermoregulatory model. Here two main assumptions
are made: Sufficient heat exchange occurs between tissues and perfusion blood; Blood flowing into
capillaries is divided into blood flowing in the core and blood flowing into skin [3].
Boundary condition of heat transfer at skin surface will be described in section 2.3. In addition, a 1D blood circulation model is weakly coupled to the heat transfer model by data transfer. Blood
temperature and blood volume velocity in each blood vessel are computed by the model [6, 7]. For


each body segment, Tb and total volume of blood Vb flowing tissues can be obtained according to


spatial distribution of vessels; finally we get the value of b by Vb / V , where V is the volume
of core tissue. Temperature of venous blood is set to be equal to surrounding tissues.
2.2 Human thermoregulatory model
Thermoregulation model is developed on the basis of “temperature set-point theory”. The set-point
temperature Tset plays a role of “control target temperature” [2]. Err is introduced when real body
temperature differs from the set-point value. The value of Err is defined as:
(4)
Err  T  Tset
Err is transferred and dealt with by hypothalamus to produce the total warm and cold signal.
Human thermoregulation system consists of 4 processes: vasodilation, vasoconstriction, sweating
and shivering. Hence, all of the 4 processes can be described by a uniform formula.
 F  Cs (Wrms  Clds )  Cc Errbrain
(5)
Where  F is thermoregulation response, Wrms and Clds are skin warm and cold signals,
Errbrain is brain err signal. Cs and Cc are coefficients.
2.3 A lumped parameter clothing model and thermal resistance determination using bisection
A lumped parameter clothing model is integrated into the heat transfer computation. Some
assumptions are adopted here: Only clothing of single layer is considered; taking no account of the
variation of clothing thermal conductivity caused by sweat absorption; Nishi permeability effective
factor is adopted to compute the influence of clothing to sweating evaporation. The relationship
between temperature of skin surface, clothing layer and outer air is established in the state of
thermal equilibrium. Finally heat transfer between skin surface and outer aircan be described as:
T

|skin  C1 (hc  hr )(T  Tair )  C2 qe
(6)
n
Tair is the temperature of outer air, qe is heat loss by evaporation, hc is convective heat transfer
coefficient, hr is radiation heat transfer coefficient, C1 , C2 are coefficients of sensible or latent
heat transfer respectively. C1 and C2 can be expressed as functions of clothing thermal
resistance Rcl . If the value of Rcl equals 0clo, C1  C2  1 . So equation (6) is the uniform
expression of skin heat transfer boundary condition.
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Fig.1 Function curves of C1  C1 ( Rcl ) and C2  C2 ( Rcl )
In our model a man is regarded as being in the state of thermal comfort if he doesn’t sweat or
shiver obviously. Dressing conditions can affect human thermal regulation response. So we make
an attempt to seek the appropriate value of clothing thermal resistance, which can make a man
comfortable. Here bisection method is adopted to seek the value of clothing resistance.
2.4 Numerical method and program description

Fig.2 Structure of the program (Rclmax and Rclmin are bounds of seeking interval)
A FORTRAN program is developed to solve the coupled problem. Finite element and finite
difference methods are respectively adopted to solve 3-D heat transfer and 1-D blood circulation
models. The two models are coupled weakly by data transfer of tissue temperature, blood
temperature and blood perfusion rate. The program structure is illustrated in Fig.2.
3 RESULTS AND CONCLUSIONS
3.1 Body temperature variation under various environments

a.

b.
c.
Fig.3 a.Distritution of skin temperature b.Variation of skin temperature
c.Variation of Inner organs’ temperature
The influence of air temperature on body thermal characteristics is simulated. Air temperature is
45℃during 30-150min and 28℃ in other period of time. Environment humidity and wind speed
are 40% and 0.8m/s respectively. Clothing thermal resistance is set as 1.0clo. The distribution of
skin temperature in the 60th minute is showed in Fig.3a. Fig.3b shows the variation of mean skin
temperature. Skin temperature stabilizes around 34.1 ℃ in the 30th minute; as air temperature
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jumps up to 45℃, skin temperature increases obviously and reaches to 37℃ in the 150th minute;
then skin temperature decreases towards about 34 ℃ in 150-180 minutes when air temperature
resets back to 28℃. Inner organs’ temperature is also affected by the variation of air temperature.
Fig.3c shows that 1 ℃ temperature rising occurs in 30-150 minutes. This change is much more
slightly than skin temperature variation. The result is validated against published numerical data [7].
3.2 Comfortable clothing thermal resistance prediction
Initial seeking interval is [0.0, 5.0] clo and accuracy is 0.05clo. Fig.4a and 4b show an example of
clothing thermal resistance prediction. Environmental conditions are set as follows: air temperature
is 5℃，relative humidity is 50%. At the beginning of the computation sweating happened when
Rcl equals 2.50clo, indicating that this value is larger than expectation. According to the thermal
response, search interval is narrowed to [0.0, 2.5] clo. Finally the target value of Rcl is found as
2.42clo. We can see that neither sweating nor shivering is occurred apparently.
Based on this method, thermal resistance prediction under different air temperature is carried out.
Results listed in Fig.4c shows that a decrease of approximate 0.5clo is needed when air temperature
is decreased 5℃. In the interval of [5℃, 20℃]，values of comfortable clothing thermal resistance
predicted by our model are relatively consistent with published dates in[8]. Furthermore, testing
condition of air temperature is expanded to [-5℃, 20℃], which supplements existing dates.

a.

b.
c.
Fig.4 a.Thermal response b.Thermal resistance prediction
c.Clothing thermal resistance at different air temperature

3.3 Conclusions
An integrated model of human thermal regulation is developed, including the computation of body
heat transfer, blood circulation and thermal regulatory response. Then clothing thermal resistance
prediction is studied. Our research provides a quantitative prediction for comfortable thermal
resistance. Currently the predicted clothing thermal resistance is just for people at resting state.
Different levels of physiological activities should be taken into consideration in our further research.
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SUMMARY
A novel design of transdermal drug patch is introduced which offers better pharmacological efficacy
and patient compliance than the conventional design which allows the entire skin under the patch
to have a direct contact with the drug. Several repeating portions of patched and unpatched areas
periodically arranged together to form the entire patch of conventional size is the basis of this new
design. It creates a series of high local flux regions around the boundary between these patched and
unpatched areas by virtue of increased lateral spread of drug. The design was found to be 100% more
effective than the conventional one in terms of overall flux. A reduction of upto 50% in time required
to reach the steady state was also observed with the new design.
Key words: Transdermal, Effective area ratio, Skin tolerability, Porous medium, Mass transfer
1

INTRODUCTION

Transdermal drug delivery (TDD) is an attractive alternative to minimize or avoid the majority of
the limitations associated with oral and parenteral administration of drugs. Compared to traditional
methods such as injection and oral delivery, TDD system possesses advantages of non-invasion and
avoids the disadvantage of hepatic first-pass effect, moreover, it offers stable and sustainable therapeutic effects. Importantly, unlike injectables, drug therapy can be interrupted at any desired time by
removal of the patch if toxicity or discomfort develops.
Over the last decade, transdermal administration has become an increasingly popular method of drug
delivery because its benefits include not only convenience for patients but also increased compliance.
However, cutaneous side effects are fairly common and may result in poor patient compliance. Skin
irritation is the most commonly reported cutaneous side effect among users of TDD system. Based on
data available, skin tolerability issues such as skin irritation, allergies, local edema etc. on prolonged
usage of patches occur in 20% to 50% of patients[1]. Sweat accumulation is thought to be the major
factor in skin irritation with long-term usage of conventional TDD patches because skin occlusion
can lead to the obstruction of sweat ducts. When this occurs, sweat may fail to escape the duct wall
and induce intraepidermal inflammation.
In this paper we propose a new design for TDD patches which can reduce the above mentioned drawbacks. Increased local fluxes regions created within stratum corneum (SC) because of the “lateral
spread” of drug[2]makes the new design effective than the conventional patch design. It also allows
an optimum “drug-free breathing space” between the skin and drug patches without compromising its
efficacy. These advantages would be more with anisotropic SC where the transdermal drugs prefers
inter-cellular route of diffusion.
2

MATHEMATICAL MODELING

With the conventional transdermal patch design, the concentration distribution and the flow pattern
within patched skin is same and considered to be repeating everywhere except at the edges [2]. In
this study, only a single repeating “unit cell” within the patched skin is considered for analysis of the
proposed new design. In this new design of TDD patch, only a portion of the unit cell comes into
contact with the drug and the remaining is left free without actually being in touch with the drug. A
new parameter EAR(effective area ratio) is introduced to specify the relative area of patched skin in

468

comparison with the total area of skin as,
EAR = P/(P + U ) ⇥ 100
(1)
P and U represent the width of patched and unpatched portion of the skin respectively within the unit
cell. Different EARs were obtained by changing U in multiples of P which is same as that of the
thickness of SC. Numerical analysis were carried out using a set of 2-D computational domains as
shown in Figure1.
Table 1: Boundary conditions used
Boundary

Boundary condition

A-D, C-E

0
0
CAD = CCE & CAD
= CCE

D-F, E-G

0
0
CDF = CEG & CDF
= CEG

F-H
G-I
A-B

Figure 1: Computational unit cell of
transdermal drug delivery system.

u = 28.57 ⇥ 10
u = 28.57 ⇥ 10

3 m/s
3 m/s

C = 10 mol/m3

H-I

C = 0 mol/m3

D-E

Cepi = CSC

F-G

J = D @C
@y

The domain consists of three different layers of skin which were assumed to be porous with a porosities ranging from 0.1 (SC) to 0.9 (dermis). Effective diffusivity values chosen were 10 14 m2 /s,
10 12 m2 /s and 10 10 m2 /s for stratum corneum, epidermis and dermis respectively[3]. The model
used is explained in Narasimhan et al. [2] with normal rate of cell migration in SC and blood flow in
dermis. Different boundary conditions used in the study are summarized in Table 1. C represents the
concentration of drug and C 0 ,its first derivative at the boundary specified in the suffix. The equations
governing the diffusion through the porous medium are,
@C
(2)
+ r (Cv) = r. (Di rC)
@t
The effective diffusivity is taken according to D = "⌧ DF . v represents the virtual velocity field
considered for taking into account of the cell migration in stratum corneum. " is the porosity of
the skin layers. ⌧ denotes the tortuosity factor of the porous medium. DF is the diffusivity of the
fluid phase (blood) filling the porous structure of skin. Di denotes the direction dependent diffusivity
which takes into account of the anisotropy of SC. The effective diffusivity of each layer in the porous
medium model was calculated such that the value accounts for the macroscopic effects of the tortuosity and porosity on diffusion.
@C
(3)
In epidermis,
"
= r. (DrC)
@t
In stratum corneum,

"

@C
(4)
+ r (Cu) = r. (DrC)
@t
Here, u represents the steady Darcy flow velocity of blood inside dermis. This velocity was taken
as the direct solution of the macroscopic Darcy momentum equation in porous medium (PM) represented by,
K
u=
rP
(5)
µ
K is the macroscopic permeability of blood through the porous structure of dermis and µ, its dynamic
viscosity were taken according to available literature[4].Both epidermis and dermis are anisotropic
and have only one diffusivity value represented by D. A commercially available software, COM SOL
[5], was used to solve the discretized governing equations by finite element method. Implicit time
stepping, which uses the backward differentiation formula (BDF) was used to numerically solve the
equations. Calculations were performed by varying the EAR from 100% to 16.67%. Simulations
were also performed incorporating the anisotropy of SC.
In dermis,

"
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3

RESULTS AND DISCUSSION

Figure 2 shows the comparison of conventional patch (EAR=100%) with the distributed type drug
patch with an EAR=50% in terms of average diffusive flux from the patched area (P). The curve
corresponds to anisotropic SC represents a special case, wherein the drug used in the patch is highly
lipophilic and which prefers the bi-lipid layers to diffuse in. The average flux from the patched area
when EAR=50% shows an improvement of 100% over the conventional patch after reaching steady
state (t>10000s).
The steady state is assumed to be
achieved when the variation in flux for
successive data points over time are under 10%. This improvement in flux
is shown by both isotropic as well as
anisotropic SC. Though the anisotropic
SC has a slight upper hand throughout the period of patch application over
isotropic SC, an additional 20% increase in flux is observed during the
initial stage of patch application (when
t<5000s) and is marked as a shaded region in Figure 2. From the contours of
constant concentration shown in Figure
3, it can be inferred that even though
unpatched areas exists in SC intermitFigure 2: Variation of diffusive flux (J) with time (t).
tently (by new design), the drug is getting filled in the remaining free areas (U
region) as well because of the “lateral spread” of drug within the SC. So the unpatched area can be
left free as such and there by side effects of skin occlusion can be avoided.

Figure 3: Concentration profiles within stratum corneum at t=1000s
Figure 3 shows 5 unit cells periodically arranged together to represent a small repeating portion of the
entire patched skin.The “lateral spread” is found to be more for the case of anisotropic SC where the
drug molecules find the easier way of intercellular lipid layers to diffuse though. So in this case, the
desired levels of drug can be send in transdermally within a shorter period of time. The anisotropic SC
can maintain a smoother concentration profiles within the SC and can achieve steady state earlier than
an isotropic SC. A smooth concentrtion distribution and early steady state are the desirable properties
of a TDD system. So for further analysis only anisotropic SC was being considered.
Figure 4 shows the local variation of flux within patched portion of the unit cell for different configurations of EAR. It can be observed that for EAR= 16.66% the local fluxes reaches one order higher
than the conventional patches near the edge of “P” region as the unpatched region of the near by
unit cell creates more concentration difference in lateral direction. These edges of high flux is what
increases the efficacy of the new design. This peak flux occurs in large number of times within the
new design as the width of a single repeating unit cell is of the order of micro scale only. This effect
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Figure 4: Variation of local flux within the span
(S) of patched area (P region).

Figure 5: Effect of effective area ratio (EAR)
on steady state approach time (ts ).

of increase in local flux is inversely proportional to the EAR as seen from Figure 4. The cumulative
effect peak flux regions of all the unit cells within the patch makes the new design more effective than
the conventional patches without the need of increasing the overall surface area of the patch itself to
deliver more drug. The new design has an added advantage of reaching a steady state earlier than the
conventional patch. The steady state approach time plotted in Figure 5 for different EAR configurations conclusively suggest it is better to keep the EAR as low as possible to reach the steady flux state
within in the shortest time.
4

CONCLUSION

This work proposes a new design for transdermal drug patches which can offer better pharmacological
efficacy and patient compliance than the conventional one which adheres completely on to the skin
over which it is applied. In the new design, micro-scale strips of drug secreting heads are arranged
periodically leaving equal number of ”air breathing spaces” between skin and the patch. This reduce
the major drawback of skin irritation associated with the conventional patches. Numerical analysis
has been carried out considering skin as composite porous medium to quantify the effect of microscale
distribution of drug heads. The design was found to be effective than the conventional one in terms of
overall diffusive flux as well as steady state approach time. An enhancement of 100% in diffusive flux
and a reduction of upto 50% in steady state approach time over the conventional patch was able to
achieve by varying the effective area ratio. The “lateral spread” of drug at the boundaries between the
patched area and air breathing space pushed the local fluxes to 10 times that of a conventional patch.
During the early stage of patch application, this lateral spread was found to increase the efficacy
of the design 20% further for drugs which are highly lipophilic which makes the stratum corneum
anisotropic.
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SUMMARY
Fixation of unstable intertrochanteric fractures in osteoporotic bones often fails, due to lag screw
cut-out. This study correlates experimental and numerical results of a new Trochanteric Plate of
Contention (TPC) that may improve the resistance to cut-out failure of internal fixation in
osteoporotic bone. Biomechanical properties of the new TPC met the ASTM F384-12 guideline
requirements. Images of the TPC surface were recorded by 2 cameras and analyzed with an
algorithm to correlate them, allowing us to evaluate the distribution of strain on the TPC.
Key words: Internal fixation, Image correlation, finite element analysis
1 INTRODUCTION
Hip fracture is a main concern of the elderly, most of whom suffer from osteoporosis in addition to
various medical and mental diseases that result in their being a high-risk population [1]. A large
number of internal fixation devices have been developed for the purpose of stabilize
intertrochanteric femur fractures. Nevertheless, despite the great number of devices that is
available, they can be separated into 2 categories: extramedullary (sliding hip screws) fixation
devices and intramedullary (nails) fixation devices. Unstable intertrochanteric femur fractures are
commonly fixed using intramedullary fixation devices, such as proximal femur nail antirotation
(PFNA) and reverse LISS, while extramedullary fixation devices are most suitable to treatment of
stable intertrochanteric femur fractures. Moreover, it is generally accepted that dynamic hip screw
(DHS) is the implant of choice in the treatment of stable intertrochanteric femur fractures [2], as
well as is considered the implant that any new design should be compared with [3]. More recently,
Kouvidis et al. [3] tested if resistance to cut-out failure can be improved by using a dual lag screw
implant in place of a single lag screw implant, concluding that the use of double screw provided
significantly greater resistance against varus collapse and neck rotation in comparison to a standard
DHS lag screw implant. Nevertheless, whether one or another of these devices is superior over the
other remains controversial, particularly as their introduction coincided with a decline in
complication rates due to increasing surgeon experience [4].
Moreover, although a great number of comparison studies have been addressed in the literature, no
concrete conclusions can be drawn from existing publications regarding unstable fractures,
especially of the reverse obliquity variety. The purpose of the present study was to evaluate the
biomechanical properties of a new Trochanteric Plate of Contention (TPC) that may improve the
resistance to cut-out failure of internal fixation in osteoporotic bone. The design principle of this
new medical device group concepts of both intramedullary nails and fixed-angle plate devices.
Furthermore, because in this new PTC fixation device the lag screw has an additional support area,
close to the femoral neck, it is expect superior rotational stability. The Biomechanical properties of
the new prototype were evaluated by laboratorial tests, which met the ASTM F384-12 guideline
requirements. Images of the TPC surface were recorded by 2 cameras and analyzed with an
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algorithm to correlate them, allowing to evaluate the distribution of strain on the TPC. The
experimental results were used to validate the TPC finite element model, which further can be used
to evaluate the rotational stability of this new Trochanteric Plate of Contention.
2 METHODOLOGY
The new Trochanteric Plate of Contention (TPC) system is comprised of a blade plate, a lag screw
and an anti-rotation pin, see Fig. 1. The system is constructed of stainless-steel 316L alloy. The
innovative blade plate has a geometry that gets inside of femur in the region of greater trochanter
and, after inside, is crossed by the lag screw. The procedure that was chosen to evaluate the TPC
strength, was based on the ASTM F384 guideline requirements. This standards is designed to
evaluate the bending strength properties of the TPC assembly in a single test. The test device
consists of a trolley placed on a single axis tension/compression apparatus and a custom-made
platform with support adapters for each testing device. The support adapter fixes the TPC to the
platform through the test sequence. The TPC assembly is subjected to transversal load, and the load
versus deflection values are recorded and analyzed. In order to eliminate the effect of the threaded
lag screw end, the tip of the lag screw were inserted into a spherical body made of steel. This
configuration distributes the axial load applied upon the lag screw in order to simulate the actual
load distribution in a bone.

Figure 1- Trochanteric Plate of Contention (TPC) system assembly
An additional technique, based on the correlation of digital images, was used to measure the
deformations. The ARAMIS Digital Image Correlation system (GOM mbH, Germany) with two
cameras was used to recorded images. The ARAMIS system uses digital images recorded at set
time intervals during a deformation event to determine the surface deformation and strain of a
target over time. Validation of the ARAMIS system was performed by comparing the accuracy of
the ARAMIS strain evaluation against a tri-axial strain gauge.
The use of the finite element method is the most common technique to represent the deformation of
flexible bodies. Thus, the finite element model of the experimental test was created and used to
investigate the stress and strain distribution developed in the TPC system.
3 RESULTS AND CONCLUSIONS
The first step of this study was to conduct the TPC strength and stiffness test according to ASTM
study guidelines. Some preliminary results, using the ASTM F384 method, show that the TPC yield
strength is about 550 N. The numerical and experimental displacement results for a load of about
481 N are presented in Fig. 2.

b
a
Fig. 2- Displacement magnitude for an applied load of about 481 N: a experimental results
obtained with image correlation; b numerical results.
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The finite element analysis and direct measurement of the displacement field was performed using
ADINA software and Digital Image Correlation (ARAMIS-DIC). In both methods, good agreement
is shown and the finite element model was validated. So, it is expected that this numerical model
will provide a significant enhancement to our present capability to predict the TPC assembly
behavior in a femur with osteoporotic bone.
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SUMMARY
Literature shows that hemodynamic factors are highly associated with initiation, progression and
rupture of cerebral aneurysms. Here, different methods for geometry reconstruction are presented
and Newtonian and Nonnewtonian models for blood flow are analysed in two different patient specific
aneurysm geometries obtained using an efficient pipeline for image based patient-specific analysis of
the hemodynamics of cerebral aneurysms.
Key words: image processing, computational hemodynamcics, cerebral aneurysms

1

INTRODUCTION

The rapid increase in non-invasive medical imaging, data acquisition techniques and easily accessible
computer technology has spurred research in mathematical modelling of biomedical systems and the
use of numerical simulations to describe their functioning in healthy and disease states. The advances
obtained in these areas led to more feasible computational simulations of the biomechanics (e.g. cardiovascular system), complementing the experimental research, and more recently allowing for more
evolved and explorative studies to be performed. While modelling can be seen as an approximation to
a generally more complex physical reality, the repeatability and high temporal and spatial resolutions
obtained in numerical simulations allows for a broad set of questions to be addressed, and moreover
on a patient-specific basis. The current trend of research is to identify mechanisms of disease initiation and progression that can lead to the notion of predictive medicine and to assist in optimised
therapy selection.
Robust automatic means for medical image processing, prior to object segmentation, for subsequent
analysis or use in numerical simulation, has benefited much attention. Despite this, only few approaches can be used generically as a robust automatic tool.
Partial differential equation based methods have been deeply studied, for image smoothing, due to
its accuracy in reducing noise while preserving important image features. Non linear anisotropic
diffusion, introduced by [Perona and Malik (1990)] relies on the fact that a smoothing method should
be adaptive and its process should depend on the local properties of the image, such as the image
gradient. This method and its regularizations are widely used in image pre-processing. The main
drawback reported is the staircasing effect, where a mild gradient region evolves into piecewise almost
linear segments separated by jumps. Also the difficulty on choosing a suitable stopping criteria is
pointed out. [Bernardes et al. (2010)] presented a regularization that includes and adaptive time step
and a scaling coefficient. This method has been applied to optical coherence tomography data. Results
have shown advantages over [Perona and Malik (1990)] with regard to edge preservation and also on
speckling filtering effectiveness.
Intracranial aneurysms occur, mainly, at cerebral bifurcations that frequently experience higher hemodynamic shear stress and stronger flow acceleration. Parameters such as, wall shear stress and its
spatial gradients, jet and impingement sizes, are commonly associated with cerebrovascular diseases.
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This work focus on the creation of a robust pipeline that reduces the uncertainty in geometry definition
and sensitivity of parameters changes in numerical simulations with respect to the computed flow
field.
2

METHODOLOGY

Image filtering, to reduce noise, is performed using three different methods: The popular PeronaMalik (PM), and two regularized versions of it, a non-linear complex diffusion filter (NCDF) [Bernardes et al. (2010)]
and a fourth order diffusion model for image denoising (RBAF) proposed by [Guidotti and Longo (2011)].
The filtered image is described by the image pixel value function I(x, y, t) solution, where t denotes a successive and incremental time step in the process. The general non-linear anisotropic (nonhomogeneous) diffusion process looks for the solution of:
8
<
:

@I
@t (x, y, t)

= r · [c(x, y, t)rI(x, y, t)]

(1)

I(x, y, t = 0) = I0 (x, y)

where r· and r represent the divergence and gradient operators respectively and c(x, y, t) is the
diffusion coefficient.
2.0.1

Anisotropic diffusion (PM)

The anisotropic diffusion method, also known as Perona-Malik method [Perona and Malik (1990)],
has as its main goal to emphasise the extrema of function rI(x, y, t), if they indeed represent features
of the image and are not result of noise. It simulates the process of creating a scale-space, where a
given image generates a parametrised family of successively blurred images based on a diffusion
process. Each of the resulting images is generated as a convolution between the image at the previous
iterations and a 2D isotropic Gaussian filter. The diffusion coefficients are chosen to be a decreasing
function of the signal gradient and is commonly based on two possibilities presented in equations 2
and 3. Both definitions are non-linear and space-invariant transformation of the initial image:
c1 (x, y, t) = exp

( ✓

|rI(x, y, t)|

◆2 )

(2)

or
c2 (x, y, t) =
1+

✓

1
|rI(x, y, t)|

(3)

◆2

In this study diffusion coefficient c2 is used with difference coefficient values , and

t = 1.

The main drawback observed with this filtering approach appears as a staircasing effect. The following two methods are regularisations of the anisotropic diffusion method and are possible solutions for
these drawbacks.
2.0.2

Improved adaptive complex diffusion despeckling filter (NCDF).

This filter is designed to improve speckle noise reduction while preserving the edge and image features, and has been applied to optical coherence tomography data [Bernardes et al. (2010)]. The
regularisation proposed in this scheme includes an adaptive time step ( t) and scaling coefficient
( ), so greater sensitivity is given to the image gradients, since the diffusion coefficient is a function
of their magnitude. T
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The diffusion coefficient used in this method is given by:
c(x, y, t) =

exp(i✓)
⇣
⌘2
1 + Im(I)
✓

(4)

p
where i =
1, ✓ is the phase angle close to zero and Im(I) stands for the imaginary part of
I. One of the main advantages of this formulation is that the diffusion coefficient does not involve
derivatives of the image. It has been demonstrated that for small ✓ the ratio Im(I)/✓ is proportional
to the laplacian of I, and hence the diffusion coefficient of equation 4 can be approximated by:
c(x, y, t) ⇡

1
1 + ( I/ )2

(5)

In this work ✓ = ⇡/30 is used [Bernardes et al. (2010)]. We note that the diffusion coefficient is
approximately a function of the image laplacian, while for the other methods it is a function of the
gradient.
The adaptive time step is given by:

t

@I (n)
@t
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2
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where I (n) is the fraction of change of the image at iteration n, and ↵, a and b are constants
and control the time step with (a + b  1). In this work ↵ = 4, a = 0.25 and b = 0.75
[Bernardes et al. (2010)].
2.0.3

Regularisation of backward and forward anisotropic diffusion (RBAF).

Several methods have been proposed for the well-posedness of the Perona-Malik non-linear (Eq.
1), through appropriate choice of the diffusion coefficients and different regularisation approaches.In
[Guidotti and Longo (2011)] the author takes as starting
R point the fact that0 solving (Eq. 1 and Eq. 2) is
equivalent to minimization the first order functional ⌦ f (rI)d⌦, with f = c2 . [Guidotti and Longo (2011)]
proposed two regularization models. By applying the gradientRdescent, method based on the [?]
proposition, b minimizing the second order functional instead of ⌦ f ( I)d⌦, a fourth order PDE is
obtained
@I
(x, y, t) =
(c( I(x, y, t)) I(x, y, t).
(7)
@t
Again, here, the | I| is used as edge detector instead of |rI| in (Eq. 3).[Guidotti and Longo (2011)]
proposed to couple the fourth order diffusion of (Eq. 7) with the edge detector of (Eq.3). Also a mild
regularization was introduced, which is characterized by the use of fractional derivatives in the edge
detector function c. This has been shown to be locally well-posed and allow for the use of characteristic function of smooth sets as stationary solutions. Computational results in [Guidotti (2010)] show a
significant reduction of the staircasing effect and the blurring effect seen by the previous two method
(PM and NCDF) when over filtering the image is not observed.
Image segmentation was performed using marker-based watershed transform, which is widely used
due to its robustness to noise and effectiveness in splitting touching objects. In the watershed transformation [?], gray level images are considered as topographic reliefs, with each relief being flooded
from its minima. When two lakes merge a dam is created. The combination of all dams created define
the watershed. The main advantage of watershed transformation is the fact that it implement closed
contours. Also, it requires low computation times in comparison with other segmentation methods.
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Using generated tetrahedron meshes, steady as well as unsteady heamodynamic simulations were
carried out for both patient-specific geometries. In all cases blood was considered isothermal, incompressible (rho = 1030Kg/m3 ) and Newtonian fluid (mu = 4.103 P a.s). Fully developed Womersley
profile were inplemented as velocity inflow boundary conditions. The flow rate was computed using
the approximation proposed in [Beak et al. (2009)]. The Navier-Stokes equations were solved using
OpenFoam, an open source code based on finite volume method. Convergence was obtained when
the residuals for both momentum and pressure decreased below 10 7 .

3

RESULTS AND CONCLUSIONS

Results on the image filtering, segmentation and surface extraction as seen bellow.

a)

b)

c)

Figure 1: Results of filtering data set 1 with optimal choice of parameter for PM, NCDF and RBAF and
respective gradient.

Qualitative results of quality metrics, such as peak-signal-to-noisse ratio, structural similarity index
and signal to mean squared error improvement have shown that RBAF produces a less sensitive image
for segmentation uncertainty. Numerical simulation results on both original geometry and geometry
obtained from images filtered with RBAF have shown that a robust image pre-processing procedure
has great impact on the computational hemodynamics.
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SUMMARY
The work addresses methods for generation of individualized computational domains on the basis of
medical imaging dataset. The computational domains will be used in 3D-1D coupled hemodynamic
models. We propose algorithms which extend the automated segmentation of vascular and tubular
structures, generation of centerlines, 1D network reconstruction, correction and local adaptation. Efficiency of the proposed algorithms is demonstrated on several examples of 3D mesh generation and
1D network reconstruction.
Key words: segmentation, skeletonization, centerline extraction, coronary arteries

1

INTRODUCTION

Personalized hemodynamic numerical modeling has received a great deal of attention over many
years. Some personalized techniques rely on evaluating patient specific model parameters, some
techniques rely on geometric model reconstruction based on patient’s medical imaging dataset. The
latter methods usually adopt image segmentation, volume reconstruction and numerical discretization
algorithms. In personalized hemodynamic modeling, two types of models are conventional: fluid
dynamics models in 3D domain and fluid flows in 1D network of collapsible tubes. Several 3D1D coupling techniques are proposed. In present work we will propose personalized 3D volume
segmentation, mesh generation, and 1D network reconstruction methods which are needed in 3D-1D
coupled hemodynamic simulations. The primary objectives of our research are coronary arteries and
ventricles.
Various medical image segmentation techniques have been developed. We compared several approaches for automatic ventricles segmentation, and proposed the pipeline for supervised segmentation. We developed fully automatic algorithm for coronary arteries segmentation, which starts from
fast variant of the isoperimetric algorithm [1] for aorta segmentation. Blood flow network is segmented using Frangi Vesselness Filter [2], which is based on Hessian 3D analysis and performs segmentation of all tubular structures in dataset. We use CGAL library (http://www.cgal.org/)
for multi-material unstructured adaptive tetrahedral mesh generation.
Centerlines and skeletons are commonly used to reconstruct 1D networks. In the present work we
rely on the fully automatic topological thinning method [3] for skeletonization. We propose to apply
the essential post-processing step which automatically removes short twigs occurring commonly near
bifurcations and flattened vessels. In our work two algorithms are used to reconstruct 1D network
either from skeleton or from a bunch of centerlines with common source point and a set of end points.
In the latter case a centerline should be constructed for each vessel segment separately. Several
examples of 1D network reconstruction based on centerline extraction using VMTK software (http:
//www.vmtk.org/) and manual endpoints placement are presented. Once the vascular graph
representation is obtained, it can be post-processed using graph matching algorithms [4]. Several
applications are presented including local adaptation of 1D network for hemodynamic simulations.
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(a)

(b)

(c)

Figure 1: Supervoxel segmentation: (a) initial MRI image, (b) SLIC supervoxels, (c) partially grouped
clusters using recursive normalized cut partitioning.

Figure 2: Power Watershed segmentation: 4 consecutive segmented slices.
2
2.1

ALGORITHMS
Volume segmentation

Several segmentation techniques were examined for automatic segmentation of ventricles. The preprocessing steps include optional noise reduction non-local means filtering and histogram equalization processing. The first used approach is based on SLIC supervoxel clustering [5] and recursive
region adjacency graph partitioning with normalized cut criterion [6]. The examples of initial MRI
scan, SLIC supervoxels and partially grouped clusters are presented in Fig. 1
The second approach is based on Power Watershed technique, the graph-based image segmentation
that includes the graph cuts, random walker, and shortest path optimization algorithms [7]. The segmentation is performed in 2D planes consecutively starting from provided seeds. In the next plane
seeds are recomputed as centers of segmented labels on the previous plane using isoperimetric distance trees (IDT) algorithm [1]. This approach is not quite robust for complex geometries, examples
of 2D segmentations in consecutive planes are presented in Fig. 2.
The third approach is based on user-guided active contour segmentation with supervised random forest classification from ITK-SNAP segmentation software (http://www.itksnap.org/). The
results of user-guided segmentation highly depend on user expertise.
Based on our experience we propose to combine first and third approaches: the supervised random
forest classification is used for supervoxel grouping. This method is not fully automatic, but still
requires minimum user interaction.
For vascular segmentation we exploit Frangi vesselness filter based on eigenvalues of the Hessian
of image [2]. The filter measures similarity to a tubular structure and assigns vesselness value to
each input voxel. Thresholding of the vesselness values provides a mask of vascular structures. We
developed fully automatic technology for coronary arteries segmentation, which consists of three
stages: aorta segmentation, ostia points detection and segmentation of coronary arteries. Our aorta
segmentation algorithm is based on IDT method [1]. Ostia points are detected as two local maxima of
Frangi vesselness inside the aorta mask distanced farther than aorta diameter. The coronary arteries
are defined as components of vascular trees rooting at ostia points (Fig. 3a).
In our hemodynamic models we use tetrahedral meshes constructed using Delaunay triangulation
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(a)

(b)

(c)

Figure 3: Segmentation, skeletonization, and volume mesh of cardiac CT images: (a) segmented
aorta (green) and coronary arteries (red), (b) volume mesh for one coronary artery with 63 453 tetrahedra and 17 153 vertices, (c) constructed skeletons.
algorithm from CGAL library. Upscaling of multi-labeled segmented image is used to improve resolution of input data (Fig. 3b).
2.2

Skeletonization and graph construction

The fully automatic skeletonization in our work is based on distance ordered homotopic thinning
(DOHT) method proposed by C. Pudney [3]. The post-processing step is used for automatic centerlines extraction and graph construction (Fig. 3c).
Another technique is used for merging several standalone centerlines in 1D graph representing tubular
network. The set of input centerlines is treated as a set of graphs consisting of one edge. In order to
merge those graphs in one network we need to construct all edge intersections in each graph. Physical
position of corresponding tubular structures defined by centerlines is used for intersection evaluation.
An algorithm for branching points detection is used to merge centerlines in one network.
Personalized 1D hemodynamic simulation often requires reconstruction of locally adopted computational domain. Generally, there is no possibility to construct the full patient specific vascular network
by reason of time-consuming of the diagnostic process. As well, only regions with pathologies could
have computational significance in simulation. It allows to use unified network structure to be adopted
by patient diagnostic data for local domain.
These problems require association technique between elements of the graph, but it is not appropriate
to use standard algorithms dealing with isomorphic graphs. We propose alternative approach based
on [4]. It considers inexact graph matching, taking into account the similarity between geometric and
topological features.
Detailed description of the proposed 1D network reconstruction algorithms is given in [8].
3

RESULTS AND CONCLUSIONS

The proposed segmentation, meshing, and skeletonization algorithms were evaluated using cardiac
contrast-enhanced CT DICOM images (Fig. 3).
Figure 4 represents evaluation of local adaptation algorithm. Reference graph to be adopted was
reconstructed from preliminary segmented main arteries for a patient (Fig. 4a). Locally detailed
graph was extracted from another patient and was considered as adaptation graph (Fig. 4b). Figure 4c
shows the result of the local adaptation algorithm.
The technology for personalized segmentation, meshing, skeletonization and graph extraction was
proposed. The following algorithms were presented: supervised segmentation of ventricles, fully
automatic coronary artery segmentation, automatic reconstruction of 1D network using skeleton extraction from segmented image, automatic 1D network extraction from a set of centerlines with common root, 1D network graphs post-processing for local adaptation. Patient-specific data were used to
demonstrate efficiency of proposed algorithms.
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(a)

(b)

(c)

Figure 4: Performance of local adaptation method: (a) reference graph, (b) adaptation graph reconstructed for local vascular domain, (c) reference graph locally adapted.
Acknowledgments. The work was supported by the Russian Science Foundation (RSCF) grant 1431-00024.
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SUMMARY
Tubular structure extraction from (bio)medical images is a prerequisite for many applications in bioengineering. The two main issues related to such extraction, namely denoising and segmentation, are
generally handled independently and sequentially, by dedicated methods. In this article, we model the
problem of tubular structure extraction in an optimization framework and we show how a Hessianbased vesselness measure can be embedded in the formulation, allowing in particular robust vessel
extraction. Preliminary experiments of this method, on synthetic and retinal images, emphasise the
potential usefulness of this approach.
Key words: tubular structures, Frangi vesselness, total variation, primal-dual algorithm

1

CONTEXT

Extraction of tubular structures (vessels, neurones, fibres, . . . ) is a mandatory but challenging task
for many biomedical applications, especially in angiographic image analysis [1]. The difficulty first
derives from the size of such thin objects, that are generally a few pixel thick. In addition to their
complex geometric properties (thin, long, curvilinear), the visualization of these objects is also often
corrupted by noise. In this article, we consider a model that can handle the two induced issues, namely
(i) denoising and (ii) enhancement / segmentation.
More precisely, our strategy relies on the variational approach, that was proved successful in general
problems of image denoising and segmentation. Mathematically speaking, denoising is an ill-posed
inverse problem; to convert it into a well-posed problem, we can impose some regularity on the
solution. To this end, Tikhonov used a quadratic regularization of the solution, which removes the
noise; however, this results in strong blurring effects. In 1992, Rudin, Osher and Fatemi (ROF)
replaced this quadratic regularization with a L1 norm, called total variation that preserves edges [2].
When the L2 data term in the ROF model is replaced with an L1 norm, we obtain the so-called TVL1 model but the difference between both models remains marginal [3]. We can solve the ROF and
TV-L1 problems efficiently, by using the primal-dual algorithm (Sec. 2.1).
The eigenvalue analysis of the Hessian matrix is currently considered as the gold-standard to capture
the a priori information about tubular structures location. More precisely, the eigenvalues characterize
the local geometry (tubular, plane, blob) and contrast (dark or bright). Different combinations of
these eigenvalues, called vesselness functions, were proposed to enhance points likely to belong to
the vessels [4, 5]. Among these measures, Frangi vesselness was experimentally assessed as the
most relevant to characterize vessels of different sizes via a scale-space approach [6]. We propose to
include, for the first time, this vesselness in the ROF and TV-L1 models (Sec. 2.2) and we present
preliminary results for 2D synthetic images and 2D retinal images (Sec. 3).
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This work is part of the project VIVABRAIN1 , whose final objective is to compute virtual cerebral
angiography images. In this context, our method constitutes one of the very first steps of a methodological pipeline that aims to reconstruct cerebral vascular networks from medical images, in order
to generate 3D anatomical models (computational meshes) and further simulate the flowing blood [7]
and subsequent virtual magnetic angiography acquisitions.
2

METHODOLOGY

First, let us recall that the ROF model corresponds to the following optimization problem:
Z
Z
min
|rx| +
(x f )2 dx
x
2 RN
RN

(1)

where x is the denoised image, f is the observed image and is a parameter used to handle the
trade-off between the regularization term (on the left) and the data fidelity term (on the right). This
data fidelity term ensures that the denoised image remains close to the observed image. When the L2
data term in the ROF model is modified by considering the L1 norm, we obtain the so-called TV-L1
model, that corresponds to the following optimization problem:
Z
Z
min
|rx| +
|x f |dx
(2)
x

RN

RN

In the following, we present the primal-dual algorithm, that allows us to solve the two convex problems (1) and (2).
2.1

Optimization approach

Let F 2 0 (RN ), G 2 0 (RM ) and K : RN ! RM be a continuous, linear operator, where 0 (RN )
is the class of proper, convex, lower-semicontinuous functions from RN to ] 1, +1]. The general
formulation of the considered problem is given by:
(3)

min F (Kx) + G(x)

x2RN

This minimization problem can be efficiently solved by using various convex optimizations tools,
such as proximal splitting algorithms (see [8] for a survey). These methods proceed by splitting the
objective function to minimize (which is not necessarily differentiable) into simpler functions that
are dealt with individually. The name proximal arises from the fact that each non-smooth function is
handled via its proximity operator. The use of such proximity operator is computationaly efficient,
since the explicit form of this operator exists.
Definition 1 Let F 2

0 (R

N ).

For every x 2 RN , the minimization problem:
1
min F (y) + kx
2
y2RN

yk2

(4)

admits a unique solution, which is denoted by proxF x. The so-defined operator proxF : RN ! RN
is the proximity operator of F .
We chose the primal-dual algorithm proposed in [9], which can be easily implemented. Consider
Eq. (3); using the Fenchel-Moreau theorem, it can be reformulated as the saddle-point problem:
min max hKx, yi + G(x)

x2RN y2RM

F ⇤ (y)

(5)

where F ⇤ (y) = supx2RN hp, xi F (x) is the Legendre-Fenchel conjuguate. The key-idea is then
to alternate gradient descent in x and gradient ascent in y. The induced algorithm is summarized in
Alg. 1; its convergence with rate O(1/N ) is proved in [9].
1
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Algorithm 1: Primal-dual algorithm for solving Eq. (3)
Choose ⇢, ⌧ > 0, ✓ 2 [0, 1], (x0 , y0 ) 2 RN ⇥ RM and set x0 = x0 .
for n = 0, 1, . . . do
yn+1 = prox⇢F ⇤ (yn + ⇢Kxn )
xn+1 = prox⌧ G (xn ⌧ K T yn+1 )
xn+1 = xn+1 + ✓(xn+1 xn )
end
2.2

Frangi vesselness

Frangi et al. proposed a vesselness function V0 (x) which uses the eigenvalues i of the Hessian matrix
to discriminate vessel structures [6]. Eigenvalue analysis can be performed on the Hessian matrix, in
order to extract one or more principal directions of the local structure of the image. Compared with
the image gradient, whose response is independent of the shape and local structures of boundaries, the
Hessian matrix can capture the shape characteristics of objects, such as tubes, planes, blob surfaces
or noise. For an ideal tubular structure in 3D, we have 3 ⇡ 2
1 ⇡ 0. The vesselness measure
is then defined via three heuristic, exponential functions of eigenvalues, to discriminate the various
kinds of structures. In order to provide a relevant result in a wide range of line sizes, the filter is
applied at different scales, (standard-deviations), by considering Gaussian scale-space analysis.
The maximal response is finally chosen within these multiple scales, providing information on the
vessel size.
Hence, we propose to combine the proposed data fidelity term in Eq. (1) and Eq. (2) with vesselness
prior. For that purpose, we replace the coefficient by:
=↵

reg

+ (1

↵)V0 (x)

(6)

where ↵ 2 [0, 1] is a free parameter which balances the regularization and the vesselness (if ↵ ⇡ 0,
we promote the vesselness whereas if ↵ ⇡ 1, we promote the regularization). The parameter – that
was previously a constant value over the whole image – now locally depends on the Hessian analysis
in each point, but the problem remains convex.
3

RESULTS AND OUTLOOK

In our first experiment, we tested the ROF model on a synthetic 2D image representing simple lines
(Fig. 1(a–b)). For the ROF model, we have F (Kx) = |rx| and the proximity operator for the dual
update F ⇤ reduces to pointwise Euclidean projection onto the unit ball. The proximity operator for
the primal update G(x) is given in [9]. The algorithm is parametered by ↵ = 0.5, reg = 16 and
2 [1, 3]. We compare the simple ROF model (Fig. 1(c)) with the hybrid ROF+vesselness model
(Fig. 1(d)). We can notice that when we include the vesselness, the noise is better suppressed while
lines are preserved.
For real data tests, we use images from the DRIVE2 database (green channel version). Only the results
for the TV-L1 +vesselness model are shown. The different parameters are ↵ = 0.3 or 0.7, reg = 2
and 2 [1, 5]. We can remark that our model enhances vessels; in addition the smaller ↵, the better
we denoise (Fig. 2(e)); while the higher ↵, the better details are preserved (Fig. 2(f)). Finally, we
observe that our model does not explicitly segment, but it mainly enhances the tubular structures. To
fix that issue, we are aiming to include the Chan-Vese model to the data term, as we already did in our
previous work [10]. By combining these two models, we expect to avoid disconnections observed,
for instance, in Fig. 2(c).
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(a) Original

(b) Original+noise

(c) ROF

(d) ROF+vesselness

Figure 1: Synthetic 2D image results.

(a) Original

(b) Ground truth

(c) [10]

(d) Vesselness

(e) Ours (↵ = 0.3)

(f) Ours (↵ = 0.7)

Figure 2: DRIVE database visual result.
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SUMMARY
In this paper, we present a machine learning approach based on random forest (RF) for automatic
segmentation of living cells in phase contrast images. The proposed method is performed by a multistage classification working on both low and high level of the image. Pixel-wise classification is first
performed to obtain a probability map of dark and bright cell regions. K-means clustering is then
used to group pixels into candidate cell regions. Finally, another RF is called to verify the candidate
cell regions. The experimental results show promising performance of the proposed method.
Key words: cell segmentation, random forest, phase contrast images

1

INTRODUCTION

Phase contrast microscopy is an optical based technique that converts difference in phase of object
light waves into change in intensity which can be displayed as variations in the image. Phase contrast
microscopy produces high contract images compared to the bright field microscopy of transparent
specimens such as living cells directly without need to be killed, fixed, and stained, so that it is used
to monitor cell proliferation in natural and examine the drug effect.
Cell segmentation is an important task in order to analyze cells behavior and track its movement across
time-lapse images. Manually segmenting of cells is a time-consuming, laborious process, that can
suffer from high inter- and intra-operator variability, specially in the presence of large volume of data
captured across time, where each image may contain hundreds of cells. Automatic cell segmentation
is still a challenge despite the existence of many methods, due to low contrast between cell and
background, inconsistency between the cell structure itself, and the image artifacts such as halo effect.
Many cell detection and segmentation methods in phase contrast images have been introduced based
on one or more approaches e.g. thresholding and morphologic operations [21, 4, 8, 22], deformable
model [9, 12, 2, 19, 1], watershed [10, 11, 7, 15], graph based model [18, 16, 13] and machine learning
[10, 17, 3, 22, 20, 14, 15, 23].
Machine learning methods can be categorized to supervised [10, 17, 3, 22], semi-supervised [20, 15],
and unsupervised or clustering methods [14, 23] depending on the mechanism of the learning system
used. Some of these methods [17, 3, 14] have been used in cell detection based on initially select a set
of candidate points or small regions refereing to the cell location then prune the less likely candidates
using leaning-based method. However, these methods are not able to delineate the cell region. He
et al. [10] proposed to use SVM classifier with wavelet features to highlight cell region and seeded
watershed method to separate the cell from the background. The seeds extracted by another AdaBoost
classifier. In [23], superpixel clustering is used to segment cells based on learning the cell boundary
probability by a random forest classifier. However, these methods may largely over or under estimate
the cell region.
Yin et al. [22] proposed an artifact-free phase contrast image restoration method by represent the
problem as a regularized quadratic cost function so that the cell can be segmented by simple thresholding. A SVM classifier used to identify cell from non-cell. However, this method is not able to
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segment bright cells e.g., mitotic cells. Su [20] extends the previous method to segment the bright
cell by proposed different restoration method based on the dictionary representation of diffraction
patterns. However user interaction is required to define some seeds for a semi-supervised method to
correctly classify cells.
In this work, we propose a multi-stage random forest (RF) classifier method to detect and segment
cells in microscopy phase contrast images. The first RF classifier is used as a low-level image segmentation to generate a probability map of cell regions. The second RF classifier differentiates the
cells from the background noise and returns delineated cells region.
2

PROPOSED METHOD AND RESULTS

Briefly, the proposed method consists of three steps. First, pixel-wise classification is performed using
RF to generate a probability map of dark and bright cell regions. Second, K-means clustering is used
to group pixels into candidate cell regions. Finally, another RF is proposed to verify the cell identity
from the background.
RF [5] is an ensemble classifier from a set of decision trees. RF injects the randomness not only by
training each tree on different training sets using a bootstrap sampling but also with a random set of
features that is drawn at each node to determine the best tree splitting. In the first stage, we classify
image pixels into four categories, i.e. dark cell, bright (mitotic) cell, halo effect, and background.
We train RF on two kinds of features, the largest eigenvalue of hessian matrix and the histogram of
the pre-conditional features [22], extracted from two sub-windows of size 4, and 8 respectively. The
output is treated as a probability of the dark and bright cell location.
A direct segmentation using the binary output of the first RF classifier is prune to mis-segmentation,
particularly when cells form clusters. Instead, we carry out a connected component analysis through
spatial clustering and morphological process. K-means is an unsupervised clustering in which each
pixel can only join one cluster. This achieved by defining a centroid at the initial center of each cluster
and assigning each sample in the data set to the nearest centroid by measuring the distance between
them, then update the centroid in an iterative manner. We use the k-means clustering to find the peak
center of the dark and bright cells. The number of classes is 3. We automatically select the output
class corresponds to the cells centers by observing the clustering set that maximizes the probability
map computed from the first stage.
Cell dilation process is then performed to extend the cell region beyond its center. This carried out
by converting the probability map into a binary mask and retrieving the region within certain pixel
distance. The dilatation process has an advantage that we can easily know if the candidate cells
centers are touching each other as they might be a broken cell center or different cells touching. Thus,
we create a set of all candidate cell regions, including combine the touching cells region into one set.
In the final stage, we validate the cell identity by using another RF classifier. We classify the initial
candidate cell regions into three categories, i.e. single cell, touched cells and background. Histograms
of oriented gradients (HOG) [6], and histogram of image intensity are extracted as features from each
candidate cell region.
We test the proposed method on phase contrast images of U2-OS human osteosarcoma cells in control
conditions. The time-lapse sequence contains 97 images. The training set includes 10 images (2
images to train the first classifier, and 8 images to train the second classifier). Figure 1 shows the
final segmentation results. The initial cell region classified as single cell by the second classifier is
highlighted by green color. The blue and red color refer to the touching cell and the combined initial
cell regions classified as single cell respectively by the second classifier.
3

CONCLUSION

We present a machine learning method to detect and segment the living cells in phase contrast images.
Multi-stage RF classifier is proposed to produce a bottom-up cell segmentation. The proposed method
shows a promising result despite the segmentation challenges of low contrast and weak edges.
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(a)

(b)

Figure 1: Cell segmentation results. (a) original image. (b) result image.
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SUMMARY
Scanned images of full histopathology slides of tumor tissue are usually highly heterogeneous, containing a wide variety of tissue compartments. Designing segmentation and image understanding
methods that work globally is, therefore, a real challenge. However, if the context in which these
methods are to be applied can be constrained, the quality of the results would be improved. In this
paper we present an approach to unsupervised generation of hierarchies of contexts that can be used
as a preprocessing step towards a semantic segmentation of the pathology slides.
Key words: whole slide imaging, hierarchical clustering, texture descriptors, digital pathology

1

INTRODUCTION

The interpretation of the pathology images is highly contextual, in the sense that an understanding
of the pathology present in the image cannot be derived solely from a limited region of the slide, but
is reached through considering both global and local aspects. When attempting to advance towards
image understanding in digital pathology, it is thus necessary to capture this contextual information.
The definition of what a context means here is inherently subjective. In our case, we define an image
context as a set of rectangular regions, tiles, that share a number of common visual characteristics
(with respect to a set of image descriptors) and that, hopefully, bear also an identifiable biological
meaning. This is not dissimilar to image segmentation, but we see the contexts as a preliminary,
coarser decomposition of the image in non-overlapping regions which can help in conditioning the
downstream segmentation. For example, the segmentation of the nuclei can be improved if the context
(e.g. fat, connective tissue, tumor, etc.) is known. The computational aspects of segmenting whole
slide images (WSI) must also be kept in mind: such images are usually very large and being able
to quickly discard extended regions of the image while focussing on the most promising ones is an
important aspect.
In order to define the contexts, one can rely on a set of hand-picked examples, selected by an expert
pathologist, which can be used for training a classifier. However, collecting such examples is a
tedious and time consuming task and is not guaranteed to produce the most representative set from
a computational modeling perspective. In contrast with commonly used approaches in segmentation
of WSI, we take a fully automatic and unsupervised approach, in which we build hierarchies of
contexts (a hierarchy per image resolution level) through hirarchical clustering and we try to attach
a semantic meaning at the end. There are several advantages of this approach: the examples are
obtained automatically and the contexts are defined in terms of a set of a priori selected features; the
most representative examples for each context can be obtained as the centers of the clusters and the
resulting hierarchy can be used to provide a more or less constrained context for subsequent analyses
of the image. On the other hand, it is also clear that the unsupervised approach can lead to the
identification of meaningless contexts, thus the feedback of an expert pathologist for the selection of
final contexts is required.
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2
2.1

METHODOLOGY
Image acquisition and preprocessing

In this study, 10 tumor sections (formalin-fixed paraffin embedded) of breast carcinoma with different
histologies, stained with haematoxylin and eosin dyes (H&E), were scanned at 40⇥ magnification
and compressed losslessly. The resolution of the images was of 4000 pixels/mm with a typical size
of about 100, 000 ⇥ 80, 000 pixels.

The tissue regions were obtained by thresholding in the green channel, followed by morphological
operation to remove small artifacts and fill the holes; the images were cropped down to the bounding
box of these regions. To quantify the H- and E-staining, we used the color deconvolution method
in [6]. From the two resulting intensity images (one per stain), we retained only the H-image, in
which the nuclei were most visible. For each of these images, a Gaussian pyramid with 4 levels was
generated and the resulting intesity images were used to generate the different context hierarchies.
2.2

Texture descriptors

Independent of the resolution, the images were divided into 512 ⇥ 512 non-overlaping tiles. For each
tile, a feature vector was generated based on grey-level texture descriptors. From the wide range of
texture descriptors that could be employed, in the work reported here we explored the utility of three
families of texture descriptors:
• A reduced set of Gabor filters (GF) [2], based solely on the real-value components, <G(x, y),
✓ 2
◆
x + y2
G(x, y; ⌫, ✓, ) = exp
exp (2⇡⌫j(x cos ✓ + y sin ✓))
2 2
p
where j =
1, ⌫ is the frequency, ✓ is the orientation and pis the bandwidth of the Gaussian
kernel. In the experiments reported below, we used 2 {1, 2 2}, ✓ 2 {k ⇡4 |k = 0, . . . , 3} and
⌫ 2 {3/4, 3/8, 3/16}. These values were chosen a priori and they were kept fixed throughout
the experiments. In total, there were 24 different Gabor filters, leading to a 48 value feature vector, with first 24 values representing the average filter response and the last 24 values
representing the variance of filter responses, over the considered tiles.
• Local binary patterns (LBP) [4] are more recent additions to the battery of methods for texture
description, but they already have numerous applications in image classification and medical
imaging [3]. The basic idea is to describe a local neighborhood by code that would capture the
relationships between the central pixel and its neighbors. These codes are computed over the
whole region of interest and their (normalized) histogram is taken to be the feature vector. In
our experiments we have set the radius of the neighborhood to 3 and we used a histogram with
24 bins.
• Multi-fractal spectrum (MFS) has been used quite extensively in analysis of medical images
(from radiology to CT scans)The version used in our experiments is based on a box counting
technique, as described in [5].
Preliminary tests were performed also using Haralick features derived from grey-level co-occurrence
matrix, but the results were less consistent than for the features listed above, hence the Haralick
features were not further investigated.
2.3

Hierarchical clustering

The extraction of image contexts was performed using unsupervised hierarchical clustering with average linkage. For GF and MFS feature vectors we used the Euclidean distance. However, since the
LBP feature vectors represent distributions (histograms), we used a distance based on Bhattacharyya
measure [1]: for two feature vectors p = [pi ] and q = [qi ] the distance between them was defined
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(a) Gabor features: 5 contexts

(b) Local binary patterns: 5 contexts

Figure 1: Contexts obtained from a whole slide at 40⇥ magnification. The panels show the 5 contexts
in a tumor region 9728 ⇥ 13312 pixels.
P p
P
P
as log i pi qi (which is always non-negative, since 0  pi , qi  1 and i pi = i qi = 1 for
normalized histograms). The number of contexts (clusters) to be extracted from each image was set
to C = 5 (independent of the magnification level). Context discovery was repeated in each image
and at each level in the Gaussian pyramid independently. To put in correspondence the contexts from
two different images, we simply used a k NN classifier (k = C + 1 = 6, ties resolved by random
assignment) trained on one image (arbitrarily chosen) and applied to the other image. The context
with most predictions from the second image was taken as corresponding to the context from the first
image used to train the classifier.
3

RESULTS AND DISCUSSION

The procedure was applied to a set of 10 images of slides of breast cancer sections, for which the
diagnostic was confirmed by expert pathologist. The images were decomposed into 512 ⇥ 512 nonoverlapping tiles and the local features (GF, LBP and MFS) were computed on these tiles, at each
magnification level (from the Gaussian pyramid). The goal was to assess the usefulness of the various
features to produce meaningful contexts and the potential of generalizing the contexts from one image
to another. The biological relevance was assessed by an expert pathologist.
A first observation was that MFS features led to highly hierarchies corresponding to deeply nested
contexts, with many singletons close to the root of the hierarchy. In contrast, the GF and LBP generated more balanced hierarchies, in which larger regions of the image are immediately identifiable
at higher levels of the hierarchy. A typical example of 5 contexts is given in Figure 1. Secondly, the
GF and LBP features both generated similar contexts in terms of regions grouped together. In general, five main contexts were extracted: background, regions with high fat content and few infiltrated
tumor cells, connective tissue, regions with low to intermediate tumor content and regions with high
tumor content. Of course, depending on the case, some contexts could be replaced by others (e.g.
necrotic tissue - Fig. 2b) among the top 5 contexts. Unexpected was the observation that the tumor
regions were split into two or three different clusters, as can be seen from the two first panels of each
row in Figure 1 and in Figure 2a, corresponding to different densities of tumoral cells. To test the
generalization capabilities of the contexts, we used a simple k NN classifier to predict the contexts
learned from one image in the other images. We measured the agreement between the predictions
and the contexts derived on the target image by Cohen’s  coefficient. The results indicated better
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(a) High and low/medium proliferation

(b) Necrosis vs tumor

Figure 2: (2a) A region of 3 consecutive tiles from the first panel in Fig. 1a showing two different
contexts: high (first and third tile) and medium proliferation. (2b) Separation between necrotic (with
some tumor regions - right tile) tissue and only tumor (left tile) at lower resolution.
generalization for GF (0.176    0.612) and LBP features (0.170    0.560) than for MFS
(0.01    0.17).
4

CONCLUSIONS

We proposed an unsupervised approach to generating hierarchical contexts for segmentation and understanding of whole slide images. From the textural descriptors assessed, the GF and LBP appear
to be the most promising since the contexts generated could be associated with meaningful biological interpretation. The contexts could also be generalized from an image to another, as the simple
classification experiments have shown.
The unsupervised approach taken here excluded any tuning of the parameters of the features (e.g.
number of scales and orientations for GF, or radius of LBP, etc.) since there was no objective score to
be optimized. Thus, even though MFS did not yield useful hierarchies of contexts, they may still be
interesting features in a supervised/classification problem. It is also clear that our proof-of-concept
experiments were too rigid in the choice of image features and that combining features, including
color information, would lead to a finer definition of the contexts.
As a final remark and a future direction is the observation that the number of contexts should be a dynamic parameter rather than a fixed one as it was in our experiments. Indeed, by applying techniques
such as dynamic tree cut a more realistic set of contexts could be obtained: the tumor regions should
be more detailed (hence several contexts) in comparison with background and fat regions.
Acknowledgements. This work is supported by Ministry of Health of the Czech Republic through
grant NT/14134. The results presented here reflect only the authors views.
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SUMMARY
When solving blood flow in certain districts Reynolds numbers may locally get moderately large
values that demand for specific numerical techniques. We present a Large Eddy Simulation (LES)
that enable using meshes by far coarser than the ones required by the Direct Numerical Simulation
(DNS) of the Navier-Stokes equations (NSE). Applications to the numerical solution of blood flow in
districts after the Left Ventricular Assisted Device or the Total Cavopulmonary Connection surgeries
are presented.
Key words: Blood Flow in Large Arteries, Moderate Reynolds Number, Left Ventricular Assisted
Device, Total Cavopulmonary Connection

1

INTRODUCTION

Blood flow in large vessels is most of the times laminar or mildly disturbed. For this reason, in
general special techniques for numerical modeling of turbulent dynamics are not needed. However,
in some cases (especially in the aortic flow or after surgery) Reynolds number - the adimensional
index measuring the weight of convective over diffusion effects - may increase up to a few thousands.
In this case, a Direct Numerical Simulation (DNS) may be unpractical. In fact, the mesh size required
to capture the small scale dynamics induced by the high convective fields is generally computationally
demanding or even not affordable at all.
In this case, and in view of clinical applications for which numerical simulations are expected to
be part of a routine involving many patients, appropriate methods for approximating small scale
unresolved dynamics on a practical mesh are required. In this talk, we will consider a method based
on the so called Large Eddy Simulation (LES) approach that relies on a space average formulation
of the Navier-Stokes Equations (NSE) [1]. We address a variant of the so called Leray model where
small scale effects are described by a set of equations to be added to the discrete NSE formulated
on the unresolved mesh. The extra-problem can be interpreted as a differential filter. Moving from
an original proposal in [2] we present the formulation of the method as a three-step algorithm called
evolve-filter-relax (EFR).
After a description of the method and of its basic properties, we describe some numerical results that
point out the computational advantages and the reliability of this technique. In particular, we illustrate
some applications to clinical problems of real interest such as the Left Ventricular Assisted Device
(LVAD) and the Total Cavopulmonary Connection (TCPC) operations.
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2

THE LES-EFR SCHEME

We consider the motion of an incompressible viscous fluid in a time-independent domain ⌦ over a
time interval of interest (t0 , T ). The flow is described by the incompressible NSE
⇢ @t u + ⇢ (u · r)u + r · pI

µ(ru + ruT ) = f in ⌦ ⇥ (t0 , T ),
r · u = 0 in ⌦ ⇥ (t0 , T ),

(1)
(2)

endowed with appropriate boundary and initial conditions Here ⇢ is the fluid density, u is the fluid
velocity, p is the pressure and µ is the constant (dynamic) viscosity, @t denotes the time derivative,
is the Cauchy stress tensor, f accounts for possible body forces. Herafter we set
1
rs u ⌘ (ru + ruT )
2

s

u ⌘ r · rs u.

(3)

To characterize the regime of flow we are analyzing, we define the Reynolds number as
Re =

UL
,
⌫

(4)

where ⌫ = µ/⇢ is the kinematic viscosity of the fluid, and U and L are characteristic macroscopic
velocity and length respectively. For an internal flow in a cylindrical pipe, U is the mean sectional
velocity and L is the diameter. For large Reynolds numbers, inertial forces are dominant over viscous
forces and vice versa. For moderately large Reynolds number the effects of flow disturbances cannot
be neglected. The space scale at which the viscous forces dissipate energy (Kolmogorov scale) is
expressed by
✓ 3 ◆1/4
⌫
⌘=
,
(5)
"
where " is the time-average of the rate at which the energy is dissipated. A common way to express "
in terms of the macro-scale variables is " ⇠ U 3 /L, leading to
⌘ = Re

3/4

(6)

L.

This scaling law pinpoints the difficulty of the numerical solution of the NSE at high Reynolds numbers. In order to correctly capture the dissipated energy, DNS needs a grid with spacing h ⇠ ⌘. As
the Reynolds number increases DNS leads to a huge number of unknowns and prohibitive computational costs. On the other hand, when the mesh size h fails to resolve the Kolmogorov scale, the
under-diffusion in the simulation leads to nonphysical computed velocities. A possible remedy to this
issue is to introduce a filter of the velocity to convey the energy lost to resolved scales. In particular,
the “Leray model” couples the NSE with a differential filter. The model can be written as
s

u + rp = f

in ⌦ ⇥ (t0 , T ),

(7)

2 2 r · (a(u)rs u) + u + r = u

in ⌦ ⇥ (t0 , T ),

(9)

⇢ @t u + ⇢ (u · r)u

2µ

r · u = 0 in ⌦ ⇥ (t0 , T ),

(8)

r · u = 0 in ⌦ ⇥ (t0 , T ).,

(10)

Here, u is the filtered velocity, can be interpreted as the filtering radius (that is, the radius of the
neighborhood were the filter extracts information from the unresolved scales), the variable is a
Lagrange multiplier to enforce the incompressibility constraint for u and a(·) is a scalar function
such that
a(u) ' 0 where the velocity u does not need regularization
a(u) ' 1 where the velocity u does need regularization.

This function, usually referred to as indicator function, is crucial for the success of the Leray model.
In particular the choice a(u) ⌘ 1 corresponds to the classic Leray-↵ model. In the talk, we will discuss other more effective choices that capture the presence of disturbances in the flow so to minimize
the effects of numerical overdiffusion.
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Figure 1: Left: Results of in a test case proposed by the US FDA - see [3]: (a) DNS with a mesh of 1.2M, (b)
LES with a mesh of 0.33M, (c) LES with a mesh of 0.14M elements. Right: PCI MR measures in a TCPC from Dr. Yoganathan Lab.

To discretize in time problem (7)-(10), let t 2 R, tn = t0 + n t, with n = 0, ..., NT and T =
t0 +NT t. Moreover, we denote by y n the approximation of a generic quantity y at the time tn . In the
following, we will denote by ⌦ the domain of the equations. For the sake of concreteness, we adopt a
Backward Euler method. A monolithic approach for solving the discretization of the Leray problem
would lead to high computational costs, making the advantage compared to DNS questionable. We
properly split the computation with a modified version of the EFR scheme proposed in [2]: evolve:
find intermediate velocity and pressure (v n+1 , q n+1 ) such that
⇢

1 n+1
v
+ ⇢ u⇤ · rv n+1
t

2µ

s n+1

v

+ rq n+1 = bn+1 ,

(11)

r · v n+1 = 0,

(12)

where u⇤ is a suitable approximation of the end-of-step velocity un+1 based on previous time-steps
solutions;
filter: find (v n+1 ,

n+1 )

such that
2 2 r · a(v n+1 )rs v n+1 + v n+1 + r

n+1

= v n+1

r · v n+1 = r · v n+1 = 0

relax: set un+1 = (1
relaxation parameter.

)v n+1 + v n+1 ,

pn+1 = (1

)q n+1 +

n+1 ,

where

2 [0, 1] is a

In the talk we will illustrate the properties of this scheme after a suitable operator-splitting reformulation. In addition, we will consider [3] (i) the actual selection of the relaxation parameter ; (ii) the
boundary conditions for the filter equation; (iii) the overall accuracy. Results of the method on a FDA
benchmark case are presented in Fig. 1 left.
3

APPLICATION TO LVAD AND TCPC

Left Ventricle Assist Devices (LVADS) aid the malfunctioning heart by suctioning blood from the leftventricle and pumping it into the systemic circulation through a graft entering the ascending aorta.
Destination Therapy (DT) LVAD use is ever increasing due to enhanced patient prognosis, making
LVADS a viable alternative to heart transplantation as the LVAD device is attached to the native heart.
Unfortunately LVAD use has been associated with different pathologies such as renal dysfunction
and Von Willebrand disease. This suggests the need of further understanding of the non-physiologic
hemodynamic environment promoted inside of the aorta. In particular, one important aspect of the
LVAD procedure is the location of the LVAD output graft anastomosis in the native aorta and its
relationship with the resulting hemodynamics. By combining the use of medical imaging data with
Computational Fluid Dynamics (CFD) we can objectively study LVAD blood flow dynamics by using
patient specific aortic geometries. However, numerical simulation is challenged by moderately high
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values of the Reynolds number, that may be higher than in the physiological case, since the flow
rate of 5 l/min needs to be guaranteed by a relatively small graft. This induces a local acceleration
of the flow that triggers numerical instabilities. The DNS in this case is not an option for the high
computational costs required. Our LES method allows to obtain reliable results with a significant
computational reduction. This is essential for the identification of an “optimal” location of the graft
anastomosis - our long-term goal. We will illustrate some preliminary results, showing that using
LES introduce a reduction of the computational costs of at least one third vs DNS.
Another application of interest is the TCPC, a palliative surgery for new born babies affected by Left
Ventricle Hypoplasia (see Fig. 1 right). The procedure is performed to separate the systemic and pulmonary circulations, thus eliminating venous blood mixing. This procedure has a high success rate
yet may be affected by several complications related to the complex post-operative fluid dynamics.
CFD in patient-specific geometries of these patients requires a careful assessment of the boundary
data and the movement of the vascular walls [4, 5, 6]. Numerical simulations of these cases are
becoming a significant part of surgical planning procedures to determine the optimal post-surgery
morphology [7]. However, blood flow in TCPC is intrinsically transitional and the accuracy of traditional Reynolds Average Navier-Stokes models for capturing flow disturbances has been recently
questioned [8]. LES seems to be a viable approach for accurately simulating hemodynamics in TCPC
within timelines compatible with surgical planning activities. We will present preliminary numerical
results corroborating this statement.
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SUMMARY

Endovascular aneurysm repair is a current alternative treatment for abdominal aortic aneurysms,
but is still compromised by complications as the device migration or endoleaks. The strong material
and geometrical nonlinearities and complex multiple contact behaviors in the stent analysis result
in a large and complicated finite element model [1]. A finite element analysis was applied in order
to establish a systematic methodology to simplify the computational simulation of the stent graft
(SG). The methodology takes into account the mechanical properties of the SG, a real SG contact
interaction, and the tortuosity conditions.
Key words: Stent Graft deployment, Simplified Model, FEM
1 INTRODUCTION
Abdominal aorta is a location of pathologic arterial wall dilatations, called aneurysms. Abdominal
aortic aneurysms (AAA) are a result of a weakened blood vessel wall. If the aneurysm increases in
size, the risk of rupture increases. A ruptured aneurysm generates bleeding and a subsequent
hypovolemic shock, leading to death. Actually, 50% to 70% of AAA are treated by endovascular
aneurysm repair (EVAR). EVAR is a minimally invasive technique and consists in the insertion and
deployment of a stent graft (SG) inside the aneurysm to prevent further enlargement or aneurysm
rupture. The SG is inserted via femoral artery access under fluoroscopic guidance [2]. There are
currently over 100 different types of stents in the market and laboratories in the world [1].
Treatment of AAA with EVAR is compromised by mechanical issues like an inadequate location of
the SG or the graft kinking. As the stent deployment inside an artery generates anomalous stresses
and deformations in arterial walls, it is easy to imagine that it might have some influence on the
later progression of in-stent restenosis [3]. The post-operative complications could be endoleaks
and/or device migration. Migration is related to insufficient fixation of the implant to the vessel
wall and affects 3–8% of patients [2]. Persistence of blood flow into the aneurysm after stent
grafting, or endoleak, affects 20% of patients [2]. Secondary interventions after 5 years are required
in up to 22% of abdominal aortic aneurysms because of endoleaks, stenosis or thrombosis of the
SG, and failure of the SG components [4].
Actually, although intravascular stents are nowadays routinely and successfully used, research and
developments are still necessary, in particular to improve the design and to reduce the long-term
failure [5]. These last years, computational structural analyses have emerged as an important tool to
investigate the mechanical response to angioplasty and stent placement inside arterial walls [3].
Numerous computational studies have been carried out to investigate the expansion and mechanical
behavior of different stent designs [6]. The finite element method (FEM) has been extensively used
in the numerical analysis of the stent deployment [1]. Finite element analyses (FEA) appear to be a
quick and cost-effective method to evaluate the effective yielding limit of the structure, the
expanded geometry, the stress and strain fields within the stent and interactions between balloon–
stent, and stent–plaque–blood vessel system under various loading conditions [1]. Indeed, the
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mechanical behavior of the stent includes geometric and material non-linearities and complex
multiple contact behaviors, which are difficult to be properly simulated [5].
The presence of the textile component onto which stents are sutured is a key aspect that drastically
influences the device behavior and requires specific modeling. In previous works, simplified
homogenous stent graft models have been used [4]. Moreover, these models did not take into
account the mechanical interactions between stents and graft. The feasibility of finite element
analysis to simulate deployment of marketed stent grafts in curved aneurysm models was
demonstrated in a previous study of our group [4]. The goal of the present study is to define a
systematic methodology that allows reducing and simplifying the computational simulations of the
SG’s. This methodology takes into account the mechanical properties of the SG, a real SG contact
interaction, and the tortuosity conditions.
2 METHODOLOGY
The principal objective of the present methodology is to determine the orthotropic elastic material
parameters of a shell model that represent the same mechanical behavior of the real tridimensional
SG (3D-SG). The equivalent shell is then used as a simplified but representative model for the
computational simulation of the SG, see figure 1.
Polyester Fabric (PET – Dacron®)
Orthotropic Material
E1 = 1125 MPa.
E2 = 5000 MPa.
v12 = 0.2
G = 18 10-4 Nmm.

+

Nitinol (NiTi)
Superelastic Behaviour - Elastic
Material
E Austenitic = 60000 MPa.
v Austenitic = 0.33

Strain Energy
Relation

Orthotropic Material
Parameters

Unit Cell Element
Mechanical Properties

Figure 1. Schematic of the applied methodology to simplify the SG computational simulation.
E1

E2

r

Stent
Beam Elements
(B31)

Graft
Shell Elements
(S4R)

G12

Radial
(a)

Tension
(b)

h = 1 mm
l = 10 mm
r = 6.5 mm

h

Torsion
(c)

Figure 2. (a) 3D-SG segment model. (b) Loading conditions for which the reduced model should be
equivalent to the actual model. (c) Geometry simplification of the reduced model.

From a 3D-SG segment model (one stent ring and its graft counterpart), three different loading
conditions are defined in order to ensure that the reduced model has a similar response as the actual
SG, see figure 2a - 2b. For that, equivalent material properties are sought for obtaining the same
strain energy in both models. A general expression for the internal strain energy of a linear elastic
structure is applied. If the stresses and strains are written as vectors {σ}T and {Ɛ}T, the expression
can be written compactly as:
(1)
U is the total strain energy and the entire volume is V. In the present study, V was defined from the
cylinder graft geometry (see figure 2c). The work done by the external forces must be equal to the
change of U of   the   body.   From   the   radial   displacement   condition   it’s   possible to obtain the
orthotropic modulus E1, the modulus E2 from the tension condition and the modulus G12 from the
torsion boundary condition (see figure 2b). The maximum displacement allowed is defined for each
boundary condition. The computational models of the 3D-SG segment were solved with an explicit
solver of Abaqus® (Simulia, Dassault Systems, Providence, RI, USA).
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To define U, it is important to consider the pre-stress state of the stent. A preliminary FEM was
performed to define the pre-contact between the stent and the graft. Simulation starts by an
oversized stent, to take into account the manufacturing process of the device (see figure 2b). The
maximum pre-stress reported was 4.38 103 MPa. In this context, U is the difference between the
strain energy after the pre-contact (u’) and the strain energy after the defined boundary
displacement (u’’).
U = Δu  =  u’  - u’’

(2)

Finally, the bending rigidity of the simplified geometry was defined according to the KirchhoffLove theory. The bending rigidity (D) of a shell element is defined by the following equation:
(3)
E is the elastic modulus, h the thickness of the shell element and ν the  Poisson’s  ratio (ν = 0.3). For
the simplified model of the SG, the mechanical material behavior was assumed as orthotropic, thus,
two bending rigidities in the longitudinal and the circumferential direction (DL and DC,
respectively) are defined. To define D, a bending test was performed using FEA. The maximum
prescribed displacement was 10 mm. The computational models of the real and simplified SG were
computed with explicit solver of Abaqus®, see figure 3.
Displacement
10 mm
Stent Diameter
0,33 mm

Graft Thickness
0,02 mm

SG h = Stent Diameter + Graft Thickness
SG h = 0.35 mm

(a)

(b)

(c)

Figure 3. (a) 3D real model. (b) Geometry simplification of the SG. (c) Bending test configuration.

2.1 Stent-graft modeling
3D digitized geometries of SG were provided by the manufacturer. Stents were meshed with around
550 linear beam elements (B31) per stent, with an approximate size of 0.15 mm. The constitutive
parameters of the superelastic behavior of Nitinol were provided by the manufacturer, see figure 1.
Grafts were meshed with around 10000 linear 4-node shell elements (S4R) per stent, with a size of
0.2 mm. Polyester fabric was modeled as an orthotropic elastic material [7], see figure 1. The
simplified model of the SG was meshed with the same mesh properties applied for the graft. To
establish the appropriate element size, a mesh independence study was conducted prior to the
complete study in order to guarantee that the results were grid independent.
3 RESULTS AND CONCLUSIONS
A FEA was applied in order to establish a methodology to simplify the computational simulation of
the SG. Different boundary conditions are defined in order to obtain the total strain energy (U) of
the SG. For the radial, tension and torsion boundary conditions, the U values are reported in table 1.
Additionally, the orthotropic elastic material parameters that represent the mechanical behavior of
the SG were defined as boundary conditions change, see table 1. The highest value of the strain
energy is established for the radial displacement. Its corresponding modulus (E1) is the highest
modulus of the structure. Finally, the longitudinal bending rigidity (DL) was 24.2 Nmm and for the
circumferential direction (DC) was 3.59 Nmm (ν = 0.3 and h = 0.35 mm).
The maximum stress concentration was reported on the graft with 78% and 97% of difference
respect to the stress found on the stent for the real and simplified model, respectively. For the graft,
the real model showed maximum stress values with a relative difference of 17% with respect to the
simplified model. About the maximum displacements, the highest values were found on the
simplified model compared with the real one, with relative differences of 8% and 9% for the graft
and stents, respectively (see figure 4). Finally, the condition of tortuosity was considered to
evaluate possible angulations of an iliac arteries [7]. To define an angulation of 93º the assigned
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displacement in the bending configuration was 20 mm (see figure 5). For the simplified model, the
behavior of the SG corresponded to previous results obtained in our group (Demanget et al., 2013)
[8]. In the present study, the computational time was reduced by 72% with the simplified model. To
evaluate the real reduction in computational cost, it is necessary define a complete simplified
model of the SG (main body, iliac limbs and extensions). Moreover, the following stages are still in
progress: considering the behavior of the contact between the SG deployed and real AAA clinical
cases, comparing the numerical results with the real computational model of the SG and validating
with post-operative scans.
Table 1. Total strain energy and the orthotropic elastic parameters for the SG simplified model.
Boundary
Conditions
Radial
Tension
Torsion

Maximum
Displacement
1 mm
0.04 mm
0.2 mm

Orthotropic
Modulus (MPa)
E1 = 2.645E+02
E2 = 3.916E+01
G12 = 3.552E-01

U = Δu
5.399E+02
3.180E-01
2.900E-02

(a) STRESS MAPS

Real 3D-SG Model

(b) DISPLACEMENT MAPS

Simplified Model

Real 3D-SG Model

Simplified Model

Stent Graft

Graft

Stent 3D
&
Simplified SG

Figure 4. Bending test results, comparison between the real and simplified model.

93º

(b)

(a)

Figure 5. Computational results for the bending condition in the simplified model. (a) Stress map. (b)
Displacement map.
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SUMMARY

In order to address the current lack of insight in the association between esophageal stent design,
size and clinical outcome, a virtual simulation framework has been developed providing the
clinician with the relevant information on deformation and transmural stress and strain distributions
during and after esophageal stent implantation. The stress and strain fields sensed by the
mechanosensitive receptors in the esophageal wall play a primary role in structural remodeling of
the esophagus after device insertion and thus form the essential quantitative information to study
clinical outcome of a specific stent design.
Key words: esophageal stenting, virtual bench testing, finite element modeling
1 INTRODUCTION
A wide variety of gastro-intestinal pathologies originate from problems with the esophagus. Any
malfunctioning of this organ can easily lead to considerable discomfort and complications. Over
the last two decades, continuous technological innovations (from rigid plastic or polyvinyl tubes to
self-expandable metallic, plastic and biodegradable stents, whether or not semi-or fully covered)
have established self-expanding stents as an effective treatment for both malignant and benign
esophageal strictures [1]. All these innovations led to a multifold of different esophageal stent
designs currently available on the market. However, mixed data of migration problems, severe
complication rates (perforations, bleeding, chest pain, nausea, fistula, mal-positioning, migration,
etc.) and morbidity during stent removal did not open up the list of indications for esophageal
stenting [2]. Moreover, except for some randomized controlled trials, no level A evidence is
available proving the superiority of one stent design compared to another [3]. A substantial need
has risen for more insight in the association between the mechanical behavior of the stent, its
design and its effect on the clinical outcome.
A first attempt towards a greater understanding of clinically relevant stent characteristics has been
taken by Hirdes et al [1]. They focused on device characteristics which could be measured in an invitro experimental set-up, such as radial force, chronic outward force and flexibility. As shown, it
remained a difficult task to relate these aforementioned factors to clinical outcome as more factors
(e.g. pathology, anatomical geometry, used material, wire diameter, cell size, braiding angle,
presence of anti-migrating stent endings) are involved in in-patient specific stent behavior.
In order to broaden our understanding on stent characteristics and clinical outcome, we developed a
virtual simulation framework in which a (biodegradable) polymeric braided wire stent gets virtually
implanted in an esophageal anatomy. This framework is to give us a detailed insight in the
biomechanical response of the tissue to the implantation of such a scaffold. By simulating the
interaction and contact between the stent and the esophageal wall, we can get access to in vivo
immeasurable information such as transmural stress and strain distributions. Identification of these
stresses are essential to assess the remodeling and adaptation of the esophageal tissue after device
implantation and potentially the final clinical outcome for the patient [4].
2 METHODOLOGY
In order to perform a virtual stent implantation, both a finite element model (FEM) of an
esophageal stent as well as of the esophagus itself had to be developed.
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2.1 Stent model
From all the available esophageal stent designs currently available on the market, we chose to focus
on the Ella-BD stent, the first bioresorbable esophageal stent introduced in Europe. Bioresorbable
stents occupy a separate niche in esophageal stent treatment due to some inherent advantages. A
removal procedure is not required and long-term complications are avoided as the stent generally
degrades after a specific period of time. Another advantage is the lower risk for migration as the
esophageal tissue is allowed to grow into  the  bioresorbabale  stent’s  meshed  structure.  The  studied
stent consists of bioresorbable polydioxanone wires braided into a flared stent structure. To help in
the design process of braided wire stents, analytical and numerical models have been developed
and validated for metallic braided wire stents [5, 6]. Intrinsic for these models is the fact that they
don’t  take  steric  interaction  and  friction  between  the  wires  into  account.  For  polymeric  braided  wire  
stents however, such as the Ella-BD stent, the steric interaction and friction between the wires
cannot be neglected due to the typical large fiber thickness [7]. Numerical modeling allows us to
incorporate these effects.
A geometrically correct finite element model of the examined stent was build up (see Figure 1). In
order to calibrate the steric interaction and friction between the wires, in-vitro stent compression
and tensile tests were performed to determine the radial strength of the stent and the elasticity of
the polydioxanone wires. By performing the same radial compression test virtually in Abaqus
(Simulia, Dassault Systèmes, Providence (USA)), we fitted the unknown and practically
immeasurable friction coefficient between the wires.

Figure 1. Geometrical stent model
The final stent FEM was validated performing an in-vitro degradation study, in which the stent
degraded in a phosphate buffer solution (pH=7.2, 37°C) over a period of 10 weeks. The virtually
predicted  evolution  of  the  stent’s  radial  strength  fitted  the    results  of  the  degradation  study’s  weekly  
radial compression tests well (see Figure 2).
Day 14

Day 35

Day 48

Figure 2. Validation of the stent FEM.
2.2 Esophagus model
As previously mentioned, knowledge of the transmural stress state of the esophageal wall after
stent implantation can be a useful indicator for clinicians to interpret the clinical outcome of a
specific stent design. Liao et. al proved that the esopheal wall has to be modeled as at least a twolayered system with each layer having its own specific material constants [8]. We developed a
simplified (straight) model of an esophageal anatomy with a stricture incorporated in it (see Figure
3).
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Figure 3. Simplified esophagus model
2.3 Virtual implantation procedure
To implant the stent model within the esophagus model, we virtually crimped a 100mm long
ø25/20/25mm polymeric braided wire stent onto a catheter. By maneuvering the catheter in the
correct position according to the position of an inserted guidewire and pulling back the crimping
sheet, we release the self-expanding stent similar to a real stent insertion procedure (see Figure 4).

Figure 4. Virtual implantation procedure
3 RESULTS AND CONCLUSIONS
The developed numerical framework gave us specific insights into the biomechanical behavior of
the stent during and after implantation in the esophagus. The in vivo mechanical behavior of the
studied polymeric braided wire stent design and size is reflected in the obtained deformation, stress
and strain fields (e.g. Figure 5). In this simplified esophagus model for example, the polymeric
braided wire stent proved strong enough to open up the constricted esophagus. The stent exerted a
maximum pressure of 34.038 mmHg on the esophageal wall, which is within the physiological
intraluminal pressure range of the esophagus. The stent deployment caused a peak stress and peak
strain in the esophageal wall of respectively 10.011 MPa and 0.676. Detailed knowledge of
transmural stress and strain distributions are a key interest for physiologists. The mechanosensitive
receptors in the wall play a primary role in structural remodeling of the esophagus after device
insertion [4, 8].

Figure 5. Pressure exerted on the esophageal wall (blue-red: 0-40mmHg)
This study is the first to study the mechanical behavior of an existing implanted esophageal stent
and the esophageal wall in an in silico setting. Previous research [1] focused on in vivo
measurements such as the radial and axial force of the stent to get more insight in the association
between stent design and clinical outcome. Radial and axial force alone are insufficient to study
this multifactorial association. The specific pathology, the patient-specific anatomical geometry, the
braiding angle, the cell size, the used material, the wire diameter, the implantation strategy, etc. all
play their part in the final clinical outcome for the patient.
As the whole association between stent design, size and clinical outcome is also very dependent on
the patient-specific anatomical geometry, we are now elaborating this framework with more
detailed patient-specific esophagus models. In Figure 6 for example, a finite element model can be
seen of the esophagus of a 69-year old man suffering from a malignant esophageal tumor (6cm
long circumferential esophageal carcinoma starting just above the aortic arch). The model is built
up based on the segmentation of a thoracic CT acquisition using the Mimics software (Materialise,
Belgium). The image resolution did not allow for separate segmentation of both the mucosasubmucosa layer and the muscle layer. For that reason, a generalized cross-section and layer
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thickness was chosen based on the images and literature. A luminal resting pressure of 7.5 mmHg is
presumed present as the patient was not swallowing during image acquisition [9]. The developed
FEM is passive and no active muscle contraction is implemented.
This framework is set up (and is being further developed) to improve our understanding on the
clinical outcome of a specific stent design and to provide the physician with relevant and precise
information on the biomechanics of the stent-esophagus environment. The occurrence of peculiar
complications following stent placement can be elucidated providing the clinician with the
framework’s  detailed  and  multi-factorial insight in the deformation and transmural stress and strain
distributions. Ideally, clinicians/gastroenterologists perform their next randomized controlled trial
on a specific stent design in combination with the developed framework to analyze the possible
adverse events seen in specific patient populations and cases. In collaboration with technical
engineers and stent manufacturers, we genuinely believe this could lead to less complications,
better stent designs and better guidelines on which stent design and size are most appropriate for
specific patient groups and pathologies.

Figure 6. Patient-specific esophagus model
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SUMMARY
This work presents an explicit FE method to compute the deformation of an aorto-iliac structure
induced by endovascular extra-stiff guidewires. The mechanical model takes into account the
nonlinear behavior of the arterial wall, the prestressing effect induced by blood pressure and the
mechanical support of the surrounding organs and structures. The simulation results are evaluated
against 3D imaging data acquired during the surgical procedure on 17 patients. Then the results can
be used to derive clinically relevant quantities, like arterial segment shrinkage, length of the stentgraft to be deployed, displacement of important anatomical points.
Key words: simulation, biomechanics, EVAR
1 INTRODUCTION
EndoVascular Aneurysm Repair (EVAR) is a commonly-used mini-invasive technique which has
gained increasing popularity over the last 10 years. It relies on the exclusion of the aneurysm sac by
means of the femoral introduction of one or more stent grafts and their deployment inside the
aneurysm. During the intervention, insertion of extra-stiff guidewires often leads to the
straightening of vascular structure. During this process, the vascular structure undergoes major
deformations [1], which can have major consequences. Straightening tortuous arteries may lead to
shrinkage of the arterial segments compared to the preoperative anatomy, thus calling into question
the initial sizing of the stent grafts. It can also induce major movements of anatomical markers such
as the ostia of the digestive arteries, leading, in the most critical cases, to a risk of covering a
secondary artery [2]. Conversely, in some cases, the tools are incapable of straightening excessively
calcified and tortuous arteries, thus precluding the delivery of the stent graft, which usually leads to
an amendment of the procedure or to its cancellation [3].
Arterial deformations caused by the endovascular equipment during surgery depend on multiple
factors, such as the morphology of the arteries, the state and degree of calcification of the arterial
wall,   and   also   the   types   of   devices   used.   Today,   their   prediction   relies   mainly   on   the   surgeon’s  
experience. Numerical simulation appears to be an appropriate tool to anticipate the complications
mentioned above[4][5]. Its use in the preoperative phase could give the practitioner more objective
and more useful indicators when planning the procedure in order to reduce the risks of
intraoperative and postoperative complications.
Here, we present the development of a method for the simulation of the deformation of the vascular
structure due to the insertion of extra-stiff guidewires during an EVAR procedure using an explicit
finite-element software. The simulation results are evaluated against 3D imaging data acquired
during the surgical procedure on 17 patients. Once the predictive capability of the simulation is
attested, we can derive clinically relevant quantities, like arterial segment shrinkage, length of the
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stent-graft to be deployed, guidewire curvature, and displacement of important anatomical points
like ostia of secondary arteries.
2 METHODOLOGY
2.1 Biomechanical model
The vascular geometry modeled in the simulations corresponds to an aorto-iliac structure including
the abdominal aorta and the common and external iliac arteries as far as the femoral bifurcations.
The models are meshed with triangular shell elements. The behavior of the arterial wall is modeled
using the polynomial, nonlinear and isotropic hyperelastic potential defined by Equation (1):
𝑊 = 𝐶 (𝐼 − 3) + 𝐶 (𝐼 − 3)

(1)

with 𝐶 = 0.005  𝑀𝑃𝑎 and 𝐶 = 0.2  𝑀𝑃𝑎. Elements corresponding to calcification plaques are
assigned linear   elastic   properties   (Young’s   modulus 𝐸 = 40  𝑀𝑃𝑎,   Poisson’s   ratio   𝜐 = 0.4  ).
Intraluminal thrombus was not represented in the models.
The effect of surrounding organs and structures is modeled by a visco-elastic support on the entire
surface of the vascular mesh. The resulting nodal load is defined by equation (2):
𝒇⃗ 𝒆𝒙𝒕 = 𝒕⃗𝒆𝒙𝒕 . 𝑑𝑆 = (−𝑘𝒖⃗ − 𝑐𝒗⃗ + 𝑝𝒏⃗). 𝑑𝑆  

(2)

where 𝒖⃗ is the displacement of the considered mesh node, 𝒗⃗ the velocity of the node, 𝒏⃗    the vector
normal to the surface at this node, 𝑘 the surfacic stiffness coefficient of the support, 𝑐 the surfacic
viscosity coefficient of the support, 𝑝 the external pressure, 𝒇⃗ 𝒆𝒙𝒕 the resultant external force vector
and 𝑑𝑆 the elementary surface. The elastic stiffness 𝑘 which represents the support from the
surrounding organs and tissues is a function of the vascular segments considered: healthy aorta
(𝑘 ), aneurysmal aorta (𝑘 ), common iliac arteries (𝑘 ) and external iliac arteries (𝑘 ). An elastic
stiffness 𝑘
is also added locally at the beginning of the internal iliac arteries in order to
represent the limited mobility of these points. The relatively stationary proximal and distal
extremities are modeled by a zero-displacement condition over the three outer borders of the mesh.
The prestressing effect of blood pressure is also taken into account. We use an iterative method
similar to the one described by Bols and al. [6] to determine a new geometry which corresponds to
a stress-free   state   often  called  “zero-pressure  geometry”. Then, at the start of the simulation, this
geometry is subjected to the internal pressure, which enables one to recover the reference geometry
as observed on the CT-scan images, except that it now incorporates the prestress due to blood
pressure. Then we process with the simulation of guidewire insertion
The   guidewires   represented   in   the   simulation   are   Lunderquist   “extra-stiff”   (Cook),   they are

modeled using 189 4mm-long two-noded beam elements with linear elastic properties
(Young’s   modulus   𝐸 =180   GPa   ,   Poisson’s   ratio   𝜐 = 0.3) The tools are pushed at the distal
end of the external iliac arteries by prescribing a velocity at their lower end until they are
fully inserted in the vascular structure.
2.2 Results validation and derivation of clinically relevant data
As no literature data are available concerning the support parameters k ,  k ,k , k , their values
were first calibrated through sensitivity analysis on one patient-specific case (P0), the results are
then blindly evaluated on 17 other patient-cases to assess the method robustness and predictive
capability. For each patient, either a 3D rotational acquisition or multi-incidence 2D acquisitions
are done under fluoroscopy imaging which allows reconstructing the 3D position of the real
intraoperative guidewire. After registration of the intraoperative data into the simulation coordinate
system, the positions of the simulated guidewire and the real guidewire can be compared. The
metric used to measure the error between the simulated and the real guidewire is the Modified
Hausdorff Distance (MHD)[7]. The simulation error is deemed acceptable for targeted clinical
applications when less than 3mm.
Then several clinically relevant quantities are derived from the simulation results. The change in
common iliac length is measured as the length difference between the preoperative centerline and
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the centerline of the artery deformed by the guidewire. The deployment length is defined by the
length of the guidewire portion comprised between the renal arteries ostia and the internal iliac
artery ostium and corresponds to the length on which the stent-grafts are going to be deployed. A
measure of the guidewire curvature once inserted into the vascular structure is estimated by the
computation of its flexural energy normalized by its length. Finally, the displacement of left and
right  renal  arteries’  ostia  is  measured  between  the  preoperative  and  the  deformed  configurations.
3 RESULTS AND CONCLUSIONS
Fig. 1 illustrates on 4 patients the comparison between the real and simulated final guidewire
position. Tab.1 displays the average MHD of 17 patients after calibration of the model on patient
P0. It shows that, while the model parameters have been optimized to minimize the MHD of a
single patient (P0), the simulation results are acceptable for clinical application (MHD < 3mm) for
6 cases and still reasonable (MHD < 5mm) for 6 other cases. The predictive capability of the model
is therefore rather good in spite of a rather small number of patient-specific parameters (mostly the
geometry so far).

Figure 1: Illustration of real and simulated guidewires position comparison on 4 patients
Patient id
1
2
3
4
5
6
7
8
9

MHD (mm)
4,13
5,68
7,93
1,61
2,79
9,83
5,14
6,85
2,98

Patient id
10
11
12
13
14
15
16
17
mean

MHD (mm)
4,69
2,31
3,24
3,78
2,27
2,47
4,95
3,85
4,38

Table 1: Modified Hausdorff Distance between real and simulated guidewire for the 17 patients
Tab. 2 displays the computed values for clinically relevant data: it shows that numerical simulation
can predict some rather large variations in the vascular geometry due to tools insertion. Along with
the final deformed configuration of the vascular structure that can be used to improve
intraoperative visualization and guidance, the preoperative computation of those quantities could
help surgeons in planning their interventions by providing more objective arguments for sizing and
choice of the stent-grafts and by anticipating possible intraoperative complications. To improve the
predictive capability of the model, future work will focus on calibrating the model parameters
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using a larger number of cases. A sensitivity analysis based on a large number of cases will
therefore help determining which parameters require a patient-specific determination.

Common iliac
Guidewire curvature
Patient
Deployment length
Length change
(flexural energy by
id
(mm)
(mm)
unit length in J/mm)
1
-21,6
173
9,1
2
-1,6
155
2,4
3
-4
154
1,9
4
-11,8
170
5,9
5
-1,4
142
4,3
6
-8,7
146
11,7
7
-8,2
144
5,5
8
-6,7
159
2,6
9
-8,6
181
6,1
10
-7,8
157
5
11
-6,6
184
2,3
12
-2,6
144
3,3
13
-9,7
148
12,3
14
-7,5
169
4
15
-4,7
137
5,9
16
-0,4
203
6,4
17
-10,3
177
7,5
mean
-7,19
161,35
5,66

Ostia displacement
(mm)
Left
/ Right
1,2
0,5
0,9
0,3
0,9
0,7
1,6
1,3
0,8
0,6
1,05
0,45
1,7
1,2
0,7
0,2
0,6
0,6
1,5
0,7
0,4
0,6
0,6
1
2,6
1,7
0,3
0,9
1,2
1,7
1,1
1,3
0,6
0,8
1,04
0,86

Table 2: Clinically relevant quantities derived from simulation results for the 17 patients
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SUMMARY
To facilitate the design and development of self-expandable valve stents for percutaneous
implantation, finite element analysis (FEA) is used to model the crimping process and evaluate the
crimpability. The main objective of this work is to study the effects of different geometrical
parameters on the crimpability of a self-expandable valve stent using FEA. A nitinol based stent
was chosen for this study and the effects of its geometric parameters which include strut thickness,
strut width and radius of curvature on the crimpability was evaluated. Nitinol was modeled as a
thermo-mechanical superelastic plastic model and the total crimping strain was used for the
comparative analysis. The total crimping strains were compared for the different values of each
geometrical parameter. Results showed that the crimping strain is inversely proportional to the
radius of curvature and directly proportional to the strut thickness and strut width. These findings
provide a guideline for optimization of valve stent designs.
Key words: stent, finite element analysis, nitinol, crimping strain, strut
1 INTRODUCTION
The earliest percutaneous crimped aortic stent valves were large, stiff devices (24 F to 26 F in
diameter, 1F = 0.33 mm), but subsequent designs have reduced the system profiles of these devices
to 18 F [1]. Similar profiles are required for mitral valves as well. Thus the need for stents that can
be crimped and mounted onto catheters of these sizes for valve replacement is getting imperative
[2, 3, 4]. There are several design parameters that could influence the crimpability of stents. The
primary aim of this investigation is to analyze the effects such design parameters (strut thickness,
strut width, radius of curvature) on stent crimpability. Optimizing stent designs based on these
parameters would help in bringing out ideal stent designs suitable for percutaneous valve
replacement.
2 METHODS
2.1 Stent Design
Several geometries of the stent models were generated using SOLIDWORKS 2012 (Dassault
Systemes, MA). All the stent designs had the same outer diameter of 30 mm and a height of 21 mm
but with different strut thickness, strut width and radius of curvature. Published work from the
same authors gives the definition and description of these parameters [5]. The strut width, strut
thickness and radius of curvature were varied from 0.3 mm to 0.5 mm. Fig 1 shows one of the stent
models used in the study which is a stent laser cut from a thin tube of 5 mm diameter and expanded
to an outer diameter of 30 mm.
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Fig.1. One of the stent models used in this study

2.2 Material Model
The Nitinol material used in this study was modeled in ABAQUS as a thermo mechanical coupled
superelastic plastic model [5, 6, 7]. This model is based on an additive strain decomposition, in
which the total strain is the sum of the elastic strain, transformation strain, and plastic strain. Plastic
strains tend to develop as soon as the material is loaded beyond full transformation. The
transformation strain is of the order of 6%, but the elastic strain is much smaller, and should be
limited to a maximum of 2% [8]. Since the transformation strains are large compared to typical
elastic strains in a metal, the material is said to be superelastic [9].
2.3 Boundary Conditions
The ABAQUS/Standard (v. 6.12-2) FEA package, in combination with user-defined material
subroutines for nitinol material properties was employed in this analysis [5, 7]. Since the stent is
cyclically symmetric, one sector was used for the analysis. The stent was modeled with the C3D8R
ABAQUS element. This is an eight node linear hexahedral element with reduced integration and
hourglass control [10]. A single node was fixed to prevent rigid body translation. Mesh sensitivity
and density independence studies were performed to ensure that all results were independent of
further mesh refinements. Large deformations were considered while defining the step in the
ABAQUS setup.
2.4 Crimping Loading
Stent compression into a catheter was done by compression of a rigid cylinder (which mimics the
crimper), by decreasing its diameter progressively. At this point, contact was imposed between the
outer surface of the stent and inner surface of the cylinder. Nodes on the rigid crimp cylinder were
constrained axially as well as circumferentially on a cylindrical coordinate system oriented along
the stent longitudinal axis. Boundary conditions were imposed to radially contract the cylinder,
thereby crimping the 30 mm diameter (OD) stents to 18 F. A penalty interaction property was used
to enforce impermeable boundaries [11].
3 RESULTS
As part of nitinol stent design, the major concern of crimping is the mechanical strain reaching up
to 12% that can be recovered through its super elasticity [12]. If the total crimping strain exceeds
this value, it will lead to failure of the stent. Fig 2 represents the crimping strain in one of the stent
models used in this study. It was found that the maximum strain was located at the strut’s internal
side, near the inter-diamond cell junction. This is the most critical location of these diamond
shaped stents. This location of the maximum strain did not change with an increase in the strut
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thickness, strut width or radius of curvature. Figure 3 shows the relationship between maximum
crimping strain and strut thickness, strut width and radius of curvature.

Fig. 2. Maximum crimping strain in a stent crimped to 18 F.

Fig.3. A comparison of the different design parameters against the crimping strain.
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4 CONCLUSIONS
In this paper the effects of the strut thickness, strut width and radius of curvature on the crimping
strain of self-expandable valve stents were studied. Finite element models of a self-expandable
valve stent were created and analyzed to characterize the effects of the various stent design
parameters mentioned above on the crimpability of the stent. It was found that the crimping strain
was directly proportional to the strut thickness and strut width and inversely proportional to the
radius of curvature. The analysis methodology used in this work can be effectively used for design
optimization by modifying the stent strut thickness, strut width and radius of curvature as required.
These modifications will eventually help arrive at ideal design features thereby acceptable
crimping strains are achieved which could then be developed.
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{auricchio,michele.conti}@unipv.it
2
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SUMMARY
Shape memory alloys (SMAs) are successfully exploited in biomedical applications as vascular stents,
experiencing up to millions of in-service cycles. The present work proposes a computational framework based on a shakedown analysis for the high cycle fatigue behavior of SMA components. The
key aspects of the approach are the use of a rigorous framework of standard generalized materials and
the multiscale analysis of the phase transformation between austenite and martensite. The derivation
is an extension of the multiaxial fatigue criterion by Dang Van to SMAs. The criterion is applied to
available experimental data referred to different scales of the medical applications.
Key words: shape memory alloys, cardiovascular stents, Dang Van fatigue criterion, high cycle
fatigue

1

INTRODUCTION

Shape memory alloys (SMAs) possess unique properties, known as shape memory effect and pseudoelasticity. These properties result from reversible diffusionless solid-solid transformations between
a relatively ordered parent phase, called austenite, and a less ordered product phase, called martensite. Their peculiar properties are successfully exploited in a wide segment of applications, such as
actuation devices, control of civil structures, and self-expandable vascular stents [1].
The complex micromechanical behavior of SMAs also induces unusual fracture and fatigue responses
when compared with standard polycrystalline metallic alloys [2]. Several papers showed that classical
fatigue criteria cannot be directly applied due to the uncertain role of the phase transformation under
cyclically varying deformations and the stress and/or thermally-induced microstructural evolution of
the different phases. Transformations between austenitic and martensitic phases, moving martensite
interfaces, accumulation of dislocations are believed to play an important role in the fatigue lifetime
of SMA components as biomedical devices. As an example, stents experience millions of in-vivo
cycles due to blood pressure and should survive at least for 10 years without exhibiting failure, which
translates into 4 · 108 in-service cycles.
Most of the computational fatigue methodologies available from the literature analyze the stabilized
hysteresis cycle to predict the low cycle failure of pseudoelastic SMAs [3]. To the authors’ knowledge,
no methodologies focus on the elastic cyclic response to predict the high cycle failure of pseudoelastic
SMAs, despite the importance of such a loading condition in various applications as stents (see Figure
1).
The present work proposes a computational framework for the high cycle fatigue response of SMAs,
regarded as elastic shakedown. The novelty of the predictive fatigue failure methodology is based
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Figure 1: Schematic loading path for a superelastic Nitinol stent, illustrating the initial crimping, deployment,
and subsequent in vivo cycles. Example of elastic shakedown cycles (red).

on the use of a rigorous framework of standard generalized materials and on a multiscale analysis of
the phase transformation between austenite and martensite. The results rely on recent mathematical
and theoretical advancements on shakedown theorems [4] and constitutive models for SMAs [5]. The
derivation is an extension of the multiaxial criterion by Dang Van [6] to SMAs, able to predict high
cycle fatigue crack initiation.
The criterion is applied to a series of recent experiments from literature referred to different scales
of the medical applications. Moreover, experimental tests performed by the authors permit to evaluate the micromechanical assumption of the multiscale model based on in-situ scanning electron
microscopy tests along with standard high cycle fatigue experiments. The criterion is then applied for
the lifetime assessment of stents.
2

METHODOLOGY

The proposed formulation is apply to SMA constitutive laws in the framework of generalized standard
materials. In this thermodynamic framework, the concept of shakedown is essential for systems
undergoing a given cyclic loading history. To this purpose, we exploit the shakedown theorems
reported in [4].
Then, a multiscale analysis is applied to relate the macroscopic with the mesoscopic variables, i.e.,
the scale of the structure and that of grains. The material point at the macroscopic scale is considered
as a representative elementary volume at the mesoscopic scale, containing a large number of grains of
austenite (A), martensite (M), or of both austenite and martensite (A+M). A representative situation
of this schematic view is suggested by SEM observations of a Nitinol sample (see Figure 2).
Finally, we propose to consider a fatigue criterion of the Dang Van type [6], affirming that, given a
structure subjected to cyclic loading and resulting in an elastic shakedown state at both macroscopic
and mesoscopic scale, if
k ⇤ + a (↵) max ˆh  b (↵)
t

(1)

for all points of the structure, then fatigue crack initiation will not occur. Here, k⇤ is the radius of
the smallest hypersphere encompassing the stress path; ˆh is the mesoscopic hydrostatic stress; parameters a and b are material constants assumed to depend on the internal variable ↵ representing the
inelastic strain and possibly including the description of several physical phenomena characterizing
SMA behaviour [4]. The criterion is computed as post-processing of the mechanical fields obtained
by numerical simulations.

519

A

M

Figure 2: SEM image of a Nitinol sample. Green boundaries highlight austenite grains (A), blue boundaries
martensite grains (M).

3

RESULTS AND CONCLUSIONS

The papers by Pelton and coworkers (see, e.g., [7]) report detailed experimental results from fatigue
data collected on NiTi microdogbone- and diamond-shaped specimens, as well as on stents. The
three-dimensional phenomenological Souza-Auricchio model [5] is adopted to simulate experimental
tests. The proposed criterion is first applied to some uniaxial experimental data in [7], that allow
to calibrate the Dang Van parameters depending on martensite fraction. Numerical results allow the
distinction between specimens which run out from those that fail, in accordance with experimental
observations.
Then, we exploit the calibrated Souza-Auricchio model to perform the finite element analysis of
pseudo-elastic Nitinol stent deployment in a simplified atherosclerotic artery model, described in [8].
The following steps are considered: (i) crimping of the stent and vessel inflation by a physiological
pressure, (ii) stent expansion in the vessel, and (iii) pulsatile loading. Figure 3 shows a cut view of
artery, plaque, catheter, and stent in the expanded configuration (left) as well as the distribution of
the norm of the transformation strain in the expanded stent (right). The application of the calibrated
Dang Van criterion to the Nitinol stent will be discussed.

Figure 3: Cut view of artery, plaque, catheter, and stent in the expanded configuration (left). Contour plot of
the norm of the transformation strain in the expanded stent (right).
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SUMMARY
Homeostasis describes the ability of organisms to maintain physiological conditions at a stable
state. Homeostasis of intracellular mechanical forces (“tensional homeostasis”) has been of
particular interest since these forces influence physiological and pathophysiological functions of
cells and tissues. In this study, we showed that tensional homeostasis could be achieved in
multicellular clusters and not in isolated cells, as purported previously. By combining experimental
and mathematical modeling approaches, we showed that the likelihood of tensional homeostasis in
multicellular clusters increases with an increasing number of cells in the clusters and with
mechanical interaction between cells.
Key words: tensional homeostasis, traction forces, mathematical modeling

1 INTRODUCTION
The ability of organisms to maintain their physiological functions at a homeostatic state is a
fundamental principle in physiology. Recent studies have been focused on homeostasis of
intracellular mechanical stress, termed “tensional homeostasis”. Given the pluripotent role of
mechanical stress in cell biology, tensional homeostasis has been viewed as a necessity for normal
function of cells and tissues and as a protection against disease progression, including
atherosclerosis [1] and cancer [2]. The idea that tensional homeostasis must exist across multiple
length scales, from the subcellular to the tissue level, has been often used as a theoretical
framework for explaining these events [3]. Recent experimental results challenged this view,
however. It has been shown that isolated cells cannot maintain intercellular stress at a preferred,
homeostatic level [4,5], suggesting that tensional homeostasis is not length-scale invariant.
In this study we considered the effect of multicellular interaction on tensional homeostasis. Our
reasoning was that since in vivo cells often form confluent layers (e.g., endothelium and
epithelium), then tensional homeostasis might require multicellular cooperation. We studied
tensional homeostasis of cultured endothelial cell clusters of different sizes by measuring dynamics
of cellular traction forces. Our results showed that dynamic fluctuations of tractions diminished
with increasing cluster size. We used a mathematical model to interpret our findings. The model
suggested that key determinants of tensional homeostasis include cluster size, traction force
distribution, and mechanical interdependence between cells.

2 METHODOLOGY
2.1 Experiments
Cellular traction forces arise in response to intracellular contractile stress. Thus, by measuring
homeostasis of traction forces, we may get insight into homeostasis of intracellular stress. We used
micropattern traction microscopy to measure traction forces in single bovine aortic endothelial
cells and in confluent clusters containing 2 to 30 cells. Cells were plated on soft polyacrylamide
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gel substrates micropatterned with a regular array of fibronectin dots. This approach only permits
the formation of focal adhesions (FAs) on the patterned dots, and thus it can be used to measure
traction forces of single FAs up through large cell clusters with time-lapse microscopy by observing
dot displacements [6].
We measured traction forces over 2 h, at 5 min intervals. At each time interval t, we computed the
traction moment matrix M(t) as the 2nd moment of the traction field. The trace of M(t), or the net
traction moment, is equivalent to the mean normal stress within the cluster times the cluster
volume. To the extent that volumetric changes of clusters were minor over the observation time,
the net traction moment could be regarded as indicative of intracellular tension.
For comparison between clusters of different sizes, at each time interval we normalized the net
traction moment with its initial value and obtained normalized traction moment. Temporal
fluctuations of the normalized moment were quantitated by computing the standard deviation of the
time-averaged normalized moment; we referred to it as the normalized standard deviation (NSD).
A decrease in NSD indicates that a cluster approaches tensional homeostasis.
2.2 Modeling
Cell clusters were modeled as one-dimensional arrays of interconnected elastic blocks (“cells”) of
uniform, constant height (h). At each block, cell-substrate tractions (dimensions force/length) were
applied such that tractions acting on the inner blocks were self-equilibrated, whereas tractions
acting on the end blocks were of the same magnitude and opposite sense (Fig. 1). Consequently,
the resultant traction force acting on the cluster was zero.

Figure 1. Model of cell cluster with free-body diagrams of the end
cells (left and right) and of the inner cell (center). Cell-substrate
tractions (T) and cell-cell tractions (F).
By allowing random temporal fluctuations of applied cell-substrate tractions using a Monte Carlo
approach, we studied how mechanical coupling between cells affected dynamics of the stress
within the cluster as the cluster size increased.
We obtained stress σ(x,t) (dimension force/length) at any point x within a block, at a given time t,
by solving the equilibrium equation
∂xσ(x,t) + Ti(x,t)/h = 0 , (i = 1,2,…N),

(1)

for assigned traction field T(x,t) and h; N denotes the number of cells in the cluster. For each block,
the origin of the coordinate system is placed in the center of the block. The traction distribution
was given as follows: in the end cells T1(x,t) = −T1(t) and TN(x,t) = TN(t); and in the interior cells
Ti(x,t) = sign(x)Ti(t) for −li(t)/2 ≤ x ≤ li(t)/2 (i = 2,… N − 1), where Ti(t) were assigned random
traction fluctuations and li(t) were the current lengths of the blocks (Fig. 1).
We used the following boundary conditions: σ1(−l1/2,t) = σN(lN/2,t) = 0 and σi(−li/2,t) = σi(li/2,t) =
F(t) (i = 2,…N − 1), where F(t) is the cell-cell traction (dimension force/length). From such

obtained stress distribution, we calculated the mean stress in individual blocks as
li ( t ) / 2

σ i (t ) =

1
σ i ( x, t )dx , (i = 1,…N)
l i (t ) − l i ( t ) / 2

∫

(2)
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We assumed that the cell clusters were linearly elastic of uniform, constant stiffness (k) such that
the mean stress in each block was given as
σ i (t ) = k [l i (t ) − l 0 ] (i = 1,…N),

(3)

with l0 being undeformed length of the cells.
Finally, the equilibrium of the entire cluster required that the traction forces at the end cells were
equal, i.e.,
T1(t)l1(t) = TN(t)lN(t) = F(t)h.

(4)

By solving Eqs. 2-4 for given Ti(t), h, l0, k , and N, we obtained the average stress in the cluster as a
weighted average of σi (t )
σ (t ) =

1
L (t )

N

∑

σ i (t )l i (t ) =

i =1

T1 (t )l1 (t )  l1 (t ) 
1
1 −
+
h
 L(t )  4hL(t )

N −1

∑ T (t )l (t )
1

1

2

,

(5)

i =2

N

where L(t ) =

∑ l (t ) is the length of the cluster.
i

i =1

Numerical simulations of σ (t ) (Eq. 5) were carried out as follows. Tractions in the outer cells
were varied either between 0.85 and 0.95 or 0.085 and 0.095, whereas tractions in the inner cells
were varied either between 0.1 and 0.7 or 0.01 and 0.07, respectively. The fixed model parameters
were assigned as follows l0 = 1, h = 0.1 or 0.2, k = 1, 2, 3 or 10, and N = 3, 5, 8, 10, 20, and 30
cells. Calculations were carried out at 5 min intervals over 2 h virtual times. We normalized
σ (t ) with its initial value; from the time-lapses of normalized σ (t ) , we calculated NSD. For each
N, we carried out 100 simulations and calculated the average NSD ± standard error.

3. RESULTS AND CONCLUSIONS
3.1 Results

Major experimental results are: a) traction forces near the edge of the cluster were greater, but less
dynamic than the interior traction forces, regardless of the cluster size; b) NSD decreased with
increasing cluster size (Fig. 2A), and with increasing time-averaged net traction moment,

regardless of the cluster size (Fig. 2B).

Figure 2 A) As the cluster size increases, NSD decreases. B) As the time-average of the net traction
moment 〈 M〉 increases, NSD decreases. Each color represents different cluster size.
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Together, the above data suggest that tensional homeostasis may be promoted by increasing
the cluster size and by increasing the magnitude of cytoskeletal tension.
Model simulations showed a remarkable consistency with the experimental data; NSD decreased
with increasing cluster size (Fig. 3A) and with increasing time-averaged stress (Fig. 3B).
The modeling results suggest that key factors for tensional homeostasis might include the cluster
size, the traction distribution, and the mechanical interdependence of adjacent cells.

Figure 3 A) As the cluster size increases, NSD decreases. B) As the time-average stress increases,
NSD decreases. Points are averages from 100 simulations ± standard error. Results are obtained
for tractions varying between 0.85 and 0.95 in the end cells and between 0.1 and 0.7 in the inner
cells, and fixed parameter values of k = 10, l0 = 1 and h = 0.1.
3.2 Conclusions

Two most significant findings of this study were i) that isolated endothelial cells did not maintain
tensional homeostasis, which was consistent with previous observations [4,5], and ii) that
multicellular clusters promoted homeostasis with increasing cluster size, which was a novel
finding. Using mathematical modeling, we showed that homeostasis in cellular clusters might
result from combined effects of statistical averaging, traction distribution and mechanical coupling
of cells. Results of this study suggested that homeostasis did not exist across multiple length
scales, but that it might require a higher level of organization than that of a single cell.
Acknowledgements: Supported by NSF Grants CEBET-115467 and CMMI-1362922.
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SUMMARY
It is well known that the dsDNA molecule undergoes a phase transition from B-DNA into an overstretched state at high forces. Here, we present a theoretical model to study the overstretching transition with the possibility that the overstretched state is mixture of two phases: a structure with portions
of inner strand separation (melted M-DNA) and an extended phase that retains the base-pair structure
(S-DNA). We model the dsDNA as a chain composed of n segments of length l, where the transition
is studied by means of a Landau quartic potential with statistical fluctuations. l is found to be about
25 basepairs.
Key words: DNA, phase transitions, statistical mechanics

1

INTRODUCTION

Under physiological conditions inside the cell, the prevalent dsDNA conformation is the B-DNA
form, a right-handed double helix with ∼ 10.5 base-pairs (bp) per helical turn and approximately
0.34nm per base-pair. When B-DNA is subjected to external stress conditions it is known that it can
undergo conformational changes into other DNA forms. A key experiment used for the study of DNA
response is one in which a tensile force is applied on the DNA, leading to an elastic regime of increasing extension and eventually to what has been denominated in the literature as an overstretching
transition from B-DNA to an elongated form [1].
The force-extension curve of DNA has been extensively studied in the literature by both, experimental
and theoretical methods, and we refer the reader to Bustamante et al. [1] for a more detailed review
regarding the advances in the study of DNA under tension. Parallel to the experimental discovery of
the overstretching transition, Cluzel et al. [2] presented a theoretical model analogous to the helix-coil
transition model. Since then, the majority of the theoretical efforts discussing the DNA overstretching
transition are based on models such as the Zimm-Bragg theory or Ising models, where the theory is
adapted to include entropic elasticity effects. Besides helix-coil type models, simulations of a dynamical Langevin model using a Landau-Ginzburg landscape and simulations of a dynamical model using
Peyrard-Bishop-Dauxois (PBD) mesoscopic model for the energy potential have also been proposed
to describe the DNA transition at high forces.
We present a theoretical model applicable to the B-to-S and B-to-M transitions, where we assume
that at high forces the bending effects can be neglected. In experiments the extension of the DNA
molecule varies sigmoidally as a function of the applied force, and we define a cooperative unit
by the length l of the number of basepairs of independent segments n that make up the total DNA
chain. The main objective of our work is to obtain the value of the cooperative unit l. To do so
we developed an analytical continuous two-state model for the DNA overstretching transition, in
which we account for the global statistical fluctuations of the system due to thermal effects. We
compare our model to overstretching experiments in order to obtain the values of l. Our results
are in excellent agreement with independent experimental measures of the cooperative unit l for
dsDNA overstretching transitions. Furthermore, in agreement with recent experimental evidence, our
predictions of l support the notion that the overstretched state is a mixed DNA form at the temperature
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range and ionic concentrations used in various experiments. We find that l varies depending on
whether the B-DNA undergoes a transition closer to a pure S form, or a transition closer to the M
form.
2

METHODOLOGY

The DNA in the overstreching experiments is modeled as a continuous and extensible rod, where s
is the arc length along the centerline of the rod. This rod (dsDNA filament) is subject to thermal
fluctuations and high tensions depicted in the inset of Fig 1. Our problem is to evaluate the partition
function and free energy of such a rod assuming that the energy can be expressed as a quartic function
of the order parameter u. The variable u(s) is the stretch of the rod that we map to the spatial
coordinate (arc-length s). The order parameter u(s) not only characterizes the rod configuration, but
is also the reaction coordinate describing the onset of a phase transition driven by the applied tension
F.
2.1

Energy of the system

In the present model the DNA is assumed to be torsionally unconstrained such that there is no twist
in the molecule. In the undeformed initial configuration the DNA is in the B state, in which its length
is given by L = N · bp, with N being the number of basepairs and bp ≈ 0.34nm, the length of each
base-pair. We constrained our model for a regime of moderate to high forces F >∼ 15pN . In this
regime, the shortening of DNA due to thermal bending fluctuations is negligible. Next, we proceed
with a mean field Hamiltonian for the energetics of the system:
H = [V (u) + Cu] L,

V (u) = A4 u4 − A2 u2 .

(1)

Here u(s) plays the role of the order parameter and it is a measure of the filament’s stretch. A4 , A2 and
C are phenomenological parameters to be evaluated by comparing to the overstretching experiments.
The value of A4 must be positive to satisfy the conditions of stability. The homogeneous equilibrium
stretch value u∗ simply corresponds to the value of u that minimizes the potential H(u), where C
plays the role of the external field:
!
dV !!
= g(u∗ ) = 4A4 (u∗ )3 − 2A2 (u∗ ) + C = 0.
(2)
du !u=u∗
For C = 0, expression (2) has one unstable solution ub = 0 and two stable minima ±uo :
"
A2
∗
u |C=0 = ±uo = ±
.
2A4

(3)

Next we describe the procedure to fit the values of the parameters A2 and A4 to the experimental
overstretching curves z(F ). The first equation is provided by the difference in value of z (between
the two states) at the midpoint of the transition (C = 0). The change in extension δz between the
compact and extended form is approximately
δz ≈ (L̄ − L)/N = |2uo |bp,

(4)

where uo is the equilibrium solution of the order parameter given by (3) and it is a function of A2
and A4 . The second equation is provided by an analysis of the low force regime (F << Fc ), where
the filament is in the B-form. Far away from the transition point, the slope of z(F ) is not affected by
the statistical fluctuations of u and it can be obtained from the parameters A2 and A4 using the zerotemperature model. Analogously to the stretch modulus in the WLC theory, at high forces (F > 15pN)
where bending effects are small, A2 and A4 quantify the change in extension z(F ). We found that
A4 ≈ 500pN consistently provided a good fit for the force-extension slope for all the experimental
curves used in this study. Therefore, in the following sections we will use A4 ∼ 500pN, and let A2
be the parameter that dictates the change in extension δz between the B-state and the overstretched
state. To illustrate this procedure, in Fig 1 we fit the values of A2 and A4 to one of the Zhang et al. [3]
experimental data sets.
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S/M

Figure 1: Procedure to fit values of A2 and A4 . Data points correspond to Zhang et al. [3] at I = 3.5mM and T = 12C,
where the critical force Fc ≈ 57.5pN. Dashed lines correspond to extension z assuming no thermal fluctuation. We fit
A2 = 93pN and A4 = 500pN to the slope (far from the transition point) and to the change in extension δz between
the compact and extended states. Inset: Schematic of double-well potential modeling the overstretching experiment. For
F < Fc system is in the B-DNA state. As the force increases, for F > Fc the right well of the potential H is deeper as
shown in the figure and the molecule transitions into the overstretched state. The right well represents the global minimum
u∗ in the overstretched form (S/M stands for S-DNA or M-DNA) and the left well corresponds to the local equilibrium of
u in the B-form.

We model our DNA filament as a chain made of n segments of length l, where each segment is
identical to others and each segment can be easily identified and labeled along the arc-length s. The
Hamiltonian of a single segment j is given as:
#
$
Hj = A4 u4j − A2 u2j + C(F, T, I)uj l.
(5)
Then the total energy E of the n non-interacting distinguishable segments is E =

n
%

Hj .

j=1

We assume that each segment is an independent subsystem with its own specific set of boundary
conditions that does not interact with other subsystems. We focus on a single subsystem where the
phase change occurs by the passage of a single phase boundary (maximum cooperativity within each
subsystem). Therefore, the length l is a measure of the cooperativity in our model.
If we further assume that the subsystems are identical, then the partition function of the chain of
identical but distinguishable non-interacting segments is given by [4]:

n
%
1
Zs = Z n = 
exp (−βHj ) , β =
.
(6)
kB T
j

where kB is the Boltzmann constant. The order parameter in expression (5) is a continuous variable,
therefore taking the sum over all possible configurations of uj (s) in the continuous limit yields the
partition function of a single segment to be:
* +∞
#
+
,$
Z=
exp −βl A4 u4 − A2 u2 + Cu du,
(7)
−∞

where, for convenience, we have dropped the j index. Next, to evaluate expression (7) we define the
variables:
a = A4 βl, b = −A2 βl and c = Cβl.
(8)
Then the partition function of the system can be rewritten by performing a Taylor expansion on the
linear term of the Hamiltonian:
*
∞
%
#
$
(−c)n +∞ n
Z=
u exp −au4 − bu2 du.
(9)
n!
−∞
n=0
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It is clear from (9) that when n is odd, Z = 0. When n = 2m is even the solution to each one of the
integrals in the summation of (9) can be found such that Z|n=2m = Zm :
Zm

- 2.
∞
%
(−c)2m Γ(m + 1/2)
q
=
exp
U (m, q),
(2m+1)/4
(2m)! (2a)
4

(10)

m=0

where U (m, q) = D−m−1/2 (q) is the parabolic cylinder function. Finally, the ensemble free energy
of each subsystem is
G = −β −1 ln Zm .
(11)
Once the free energy G is known, one can compute the average value of conjugate variable $u% to the
external field C:
1 ∂G
$u% = −
.
(12)
l ∂C
3

RESULTS AND CONCLUSIONS

We have applied the methodology above to interpret the data from a wide variety of experiments from
several labs around the world. We have found that the overstretched state is ∼ 1.7L, the cooperative
length is l ≈ 25bp. As the extension of the overstretched state decreases to ∼ 1.5L, for conditions at
which the M-form can compete with the S-form, we found l > 30bp is required to fit the lengthening
curves. There is, in fact, experimental evidence supporting the idea that for a range of temperatures
and low to moderate salt concentration there would be a mixed overstretched state (S+M) [3]. The
larger values l > 50bp approach the measurements corresponding to the B-to-M transition (l ∼
100bp) reported by Rouzina et al.[5]. This feature would further support the idea that the ∼ 1.5L
overstretched DNA is in fact M+S. Therefore, our model can be practical in using extension $z% and
l as parameters to quantify the fractions in the mixed overstretched state.
Although our analytical model proves to be a useful tool by capturing some key features of the transition, there are still several interactions that could influence the transition, which our current model
can not accommodate. For example, there is evidence that the percentage of GC vs AT tracts plays
an important role in the transition, and for this level of detail, base-pair or rigid-base models are required. The slower relaxation rates of a partially melted molecule which result in different hysteretic
behavior during the loading and unloading phase in overstretching experiments can not be captured
by our symmetric model, and a dynamic mesoscopic Peyrar-Bishop-Dauxois potential has been proposed to account for this asymmetric behavior. Similarly, we do not expect our model to capture the
transition to single stranded DNA (peeled DNA), because thermal fluctuation will play a larger role
in the extensibility of the peeled structure even at high forces, leading to markedly asymmetric force
extension curves (softer after the transition). However, our methods can be combined with asymmetric potentials, such as piece-wise quartic energies with a cubic term, which could help to account for
asymmetric behavior present in single molecule stretching experiments.
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SUMMARY
Based on a particle-based model used to describe initial, passive cell-spreading, a model for endothelial cell active spreading and migration has been developed. To describe the interaction of this
cell-model with a homogeneous viscoelastic solid substrate, the latter has been implemented using
the non-inertial smoothed-particle hydrodynamics method. The combination of these models is validated using traction force microscopy on individual cells in addition to geometrical measures such as
contact area and eccentricity. This mechanistic validated model allows for a detailed computational
investigation of cell-matrix interaction in both 2D and 3D environments.
Key words: active cell spreading, migration, deformable cell model, SPH, traction force microscopy

1

INTRODUCTION

Angiogenesis, the creation of new blood vessels from existing ones, is an important process in development, wound healing, and during solid tumor development. A crucial process in angiogenesis
is the coordinated migration of endothelial cells that form the sprout. To move, cells have to apply
(traction) forces on their surrounding extracellular matrix (ECM), which – at least in 3D – also has
to be degraded to create space for the growing blood vessel sprout [1]. Sprouting is controlled by a
multitude of factors such as VEGF gradients, the behaviour of neighbouring cells [2], as well as the
ECM in which the sprout is growing [3].
This work concentrates on the mechanical cell-ECM interactions needed for sprouting, and to that
end we investigate the tractions needed for active spreading and migration of human umbilical vein
endothelial cells (HUVECs) as a first step towards a validated model. This model, validated at the
single-cell scale, is a crucial step towards meaningful modelling of the larger sprouting structure, as
a lack of information on the individual cell scale might otherwise lead to many alternative models to
explain sprouting behaviour and structures [4].
In in vitro experiments, cells are usually seeded on various surrogate “ECM” substrates in order
to have control over the material properties such as elasticity, adhesiveness for a given cell type and
structure. Most commonly, such materials (e.g. polyacrylamide (PA) or polyethylene glycol gel) have
a nano-scale porosity and are homogeneous as well as linear-elastic for typical deformations caused
by cells. This has the advantage of not only allowing a high degree of experimental repeatability, but
even allows to solve an inverse problem with reasonably high fidelity for the material-displacements
to calculate tractions exerted by the cells of the material – a technique called traction force microscopy
(TFM) (see also subsection 2.1).
In order to model the relatively large deformations and eventually degradation of this type of matrix,
the non-inertial smoothed particle hydrodynamics (NSPH) method is used (see subsection 2.3).
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Finally, to mechanistically model cell behaviour during active spreading and migration, the deformable cell model presented in [5] is extended with a model of a lamellipodium that actively applies
tractions on the substrate (see subsection 2.2).
2

METHODOLOGY

2.1

Traction force microscopy and HUVEC experiments

In traction force microscopy, the displacement field a cell induces in an in vitro surrogate ECM is
used to calculate the cell tractions. In the experiments shown in Fig. 1(c), Green Fluorescent Protein
(GFP)-transduced HUVECs have been cultured on PA gels coated with fibronectin in EGM2 medium.
The single cell’s behaviour in the performed experiments is not migratory, but rather the cells undergo
continuous shape-changes by extending and retracting protrusions, thereby actively spreading out on
the substrate to a large extent.
2.2

Deformable cell model

The deformable cell model used here is based on the passive cell-mechanical model presented in [5].
Briefly, the cell boundary is discretised into triangles, which allows a mechanical description of the
(coarse grained) cortex as well as accurate calculation of both repulsive as adhesive and frictional
contact forces with the substrate. An overdamped equation of motion can be obtained by collecting
all (fluid)-frictional terms on one side and all conservative forces on the other, which allows to (iteratively) solve for the velocities, which are then integrated by a simple forward-Euler scheme, here
written for node i in the triangulated mesh:
i
i
X h
X h
ik
i
il
Filcontact + FilA,local + Fillamellipod +
Fik
+
F
cortex
bend + Fvolume + FA,global
triangles l

=

X

triangles l

il
i
substrate v

+

X

conn. k

(vi

vk ) +

i
i
liquid v ,

(1)

conn. k

where Filcontact and FilA,local are, respectively, the local (membrane-) area-conservation and contact
forces calculated for all triangles adjacent to i. Secondly, the forces representing the cortex-mechanics
ik
by stretch (Fik
cortex ) and local curvature/bending (Fbend ) are summed over all connections of node
i
i, and finally forces from a global volume- (Fvolume ) and surface area (FilA,global ) conservation are
apportioned to each node. The friction forces can be equivalently calculated from the frictions at the
adjacent triangles ilsubstrate vi , the relative motion in the cortex (vi vk ), and a fluid drag iliquid vi .
This model is extended by adding an active lamellipodium by defining a region in the cell periphery
which actively applies a uniform traction (subsequently calculated to a force Filamellipod on node i)
on the substrate. This region is selected by a (random) polarisation vector, a distance from the cell’s
centre (nucleus), and the fact that it has to be in contact with the substrate. If the cell’s polarisation
vector changes relatively rapidly and the region where the propulsive tractions are applied is chosen to
be narrow, several distinct protrusions can be obtained at the same time due to the frictional interaction
with the substrate. This allows to mimic “active cell spreading” as well as – if the re-polarisation is
less frequent – continuous locomotion.
2.3

Model of the substrate

Smoothed particle hydrodynamics (SPH) is a mesh-free Lagrangian method to describe fluid flows
or also solids with large deformations. Compared with finite-element methods, it allows a more
natural representation of large deformations, modelling of a cell migrating through a matrix without
the need for time consuming remeshing and phase transitions to capture matrix degradation (at a
typically higher computational cost for a given accuracy). The main idea is to use discrete “particles”
to represent the (assumed) homogeneous material, whose properties are “smoothed” out with a kernel
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function W with compact support of size h. Then any quantity A at point r can be calculated as:
A(r) =

X
j

mj

Aj
W (|r
⇢j

rj |, h),

(2)

where mj and ⇢j are the mass and density of particle j. In [6] the method is extended to explicitly
neglect inertia in flows (NSPH), yielding a large gain in stability and speed-up for calculations at low
Reynolds numbers. In turn, in this work NSPH has been extended with a standard formulation of a
viscoelastic solid to compute the response of a typical surrogate extracellular matrix.
3

RESULTS AND CONCLUSIONS

Using the dynamical production rate of protrusions, 3D cell size as well as the properties of the ECM
we construct realistic simulations of the actively spreading cell using the methods briefly detailed
above. This model can now be statistically compared to e.g. contact area Acontact as well as traction
magnitudes and directions to validate the single-cell mechanical model. The comparison of typical
tractions in both model and experiments is shown in Fig. 1.

(a) GFP-transduced HUVEC on a PA gel.

(b) Measured displacement field for cell shown in Fig. (a).
Cell contour is shown as well.

(c) Measured cellular tractions (by means of TFM) (d) Von Mises stress in substrate by simulated cell (shown as
for cell shown in Fig. (a). Cell contour is shown. wireframe)

Figure 1: Microscopic view of HUVEC on PA substrate (a), as well as the displacement field (b) and recovered
tractions on the substrate (c), where the direction is indicated by the arrows and the magnitude by the colour of
the arrows. For comparison, a typical simulation example with simulated (von Mises) stresses (d) is shown.
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The magnitudes of the experimentally obtained tractions correspond to the calculated von Mises
stresses in the substrate. It can be observed that in the simulations residual stresses from several
(former) protrusions are visible, which is comparable to the dominant areas of applied tractions in
the experimental results (compare Fig. 1, (c) and (d)). To achieve a fully validated model, further
statistical comparisons are needed.
The observed displacements and stresses within in the surrogate ECM allow also to on the one hand
cross-validate the elastic-NSPH model used. On the other hand, this modelling effort allows for
realistic tests of TFM accuracy given a complex set of tractions applied by the simulated cell (and
their corresponding displacements) to back-calculate tractions.
The presented methodology allows to validate a dynamic 3D cell-mechanical model and thereby conclusively describe the cell’s properties on an elastic adhesive substrate in typical culture conditions.
This model can now be used to explore cell behaviour and arrive at specific hypotheses which can be
experimentally tested.
4
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SUMMARY
Macroscopic deformations in embryonic soft tissues are due to the intra-cellular remodelling and cell
intercalation. We here present a computational approach that can handle the two types of deformations, and also take into account the active cell response. The model resorts to cell centred techniques,
where particles represent cell nuclei, and to vertex models, where the vertices represent cell boundaries. This hybrid approach allows to consider separately intra-cellular and inter-cellular forces, and
at the same time impose cell incompressibility. The model is applied to simulate the active stretching
of epithelium.
Key words: cell centred model, vertex model, remodelling, cell intercalation, epithelium, monolayer

1

INTRODUCTION

The observed deformations of embryonic multicellular tissues is governed by multiple proteins that
mediate the activity of the cytoskeleton [4] and at also by adhesive proteins that control inter-cellular
contact (cadherins, lime, catenins,...) [1]. The macroscopic shape changes are the result of the contributions of the two types of forces, which together strongly influence cell polarisation and intercalation
[9]. When simulating characteristic morphological processes such as germ band extension [4], it is
crucial to properly handle the connectivity changes that take place during cell reorganisation, and at
the same time capture the polymeric material of the cell.
From the computational standpoint, cell-centred models focus on the force balance between cell nuclei [5], while in vertex models mechanical equilibrium is applied at the cell-cell junctions [3, 8]. In
order to capture the two types of approaches, we here propose a hybrid model that combines mechanical equilibrium at cell centres, but also includes mechanical constraints at the associated vertex
points in order to simulate cell incompressibility.
2

METHODOLOGY

2.1

Tissue definition

We will consider cellular tissues with a constant number of cells N , and located on a sufficiently
regular manifold, not necessarily flat. The tissue kinematics is defined at each discrete time instants tn by the cell-cell connectivity, here denoted by T n , and the positions of the cell centres
i
X n = [x1n , . . . , xN
n ], with xn the position of cell i at time tn . We denote by C n = {X n , T n }
the configuration of the tissue at time tn which fully describes its kinematics.
At each time increment, the new configuration C n+1 is searched from the previous comfiguration C n
by solving the following two step process [6]:
S1. Find the mechanically equilibrated positions X n+1 maintaining the connectivity T n constant.
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Figure 1: Computational process for retrieving positions and connectivity X n+1 and C n+1 from the same
quantities at time tn .

S2 Find the new connectivity T n+1 maintaining the centre positions X n+1 .
The new set {X n+1 , T n+1 } defines the new configuration C n+1 . Step S1 is here resolved by solving equilibrium of all the forces at each cell-centre (particles). The new connectivities are instead
found resorting to Delaunay triangulation, which is here adapted to obtain connectivity patterns that
are convex and not necessarily flat. Figure 1 illustrates the two step process, where the process S2
comprises the Delaunay and the filtering stages. The next two sections detail the steps S1-S2.
2.2

Mechanical equilibrium

The cell-cell connectivity defined by T n includes information on the set of Ni particles Ii = {i1 , . . . , iNi }
connected to each particle i. Each pair of connected particles {i, j} are joined with a bar element that
represents the forces between the two cells. This force is derived here from an elastic potential,
V ij =
ij

L
k "ij
2

2

(1)

ij

where "ij = l LijL is the scalar elastic strain, and lij = ||xi xj || and L are the current and reference
i
lengths. We note that the latter is not necessarily equal to the initial length Lij
xj0 ||. The
0 = ||x0
traction force at particle i is then given by (no summation on i):
tij =

@V ij
@xi

Mechanical equilibrium is then computed by solving the following set of equations:
Ni
X

tij = 0, i = 1, . . . , N

j2Ii

P P Ni
ij
which is equivalent to minimising the total elastic energy of the system V = N
i
j2Ii V . The
methodology is equivalent to the one employed in standard particle systems [2]. The main particularity is the use of the potential in (1), which includes the reference length Lij . When this length is equal
to Lij
0 , the elements are equivalent to standard linear elastic bars (although the resulting equations are
non-linear due to the change of direction of tij ). If instead Lij is allowed to vary, this quantity is
understood as an additional internal variable. In this case, it is necessary to
(i) define its evolution law, and
(ii) set a strategy to update the reference length for newly connected particles.
2.2.1

Evolution law of active length L

We will assume that the cells adapt their resting length according to their strain state, so that they tend
to relax. Such behaviour can be described according to the following evolution law for [7],
L̇ij =
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where is the remodelling rate, a material parameter that measures the ability of the polymeric
cytoskeleton to adapt to the imposed strain. It has been shown that the resulting response is equivalent
to a Maxwell-like model.
2.2.2

Update of active length L

In order to define a resting length for any arbitrary direction, we define at each particle i the active
length tensor Li , which contains information on the distribution of the resting length around point xi ,
in a similar manner to the strain tensor in continuum mechanics. The active length along direction n
is computed as
Ln = n · L · n
The computation of tensor L is achieved by minimising the error of the previous expression with
respect the existing directions nij around a particle i (see [6] for further details):
X
Li = argminL
||Lij nij · L · nij ||2
j2Ii

2.3

Cell-cell connectivity: Delaunay triangulation and Voronoi tessellation

Once the set of new positions X n+1 has been obtained, the connectivity between the particles is
obtained resorting to a Delaunay algorithm on the whole set of particles. Due to the new positions,
the new connectivity T n+1 may differ from the previous connectivity T n . Furthermore, due to the
fact that standard Delaunay triangulations yield a convex polytope, and that the set of particles form
a curved manifold, the algorithm is modified by,
(a) excluding triangles (or tetrahedra in 3D) that have a very high aspect ratio, and
(b) mapping the set of particles on a flat surface, and using the resulting two-dimensional triangulation on the curved manifold.
The process in (b) is illustrated in Figure 2, where the mapping of the particles on a curved manifold
to the flat surface is represented by '(X).

Figure 2: Schematic of the mapping employed for applying Delaunay triangulation on curved monolayers.

In addition, since the particles represent cell centres (nuclei), we will use a Voronoi tessellation of the
Delaunay network in order to represent the cells. Due to the fact that standard Voronoi tessellations
give unbounded domains with vertices located at infinity, we have added some ”phantom” particles
at the boundary of the tissue. Furthermore, when cells are on a curved manifold (monolayer or
epithelium), we also added “phantom” offset particles above and below the manifold in order to
retrieve the bounded domain of the cells. Such Voronoi vertices can be interpolated on the domain of
the particles, and used to impose mechanical constraints or incompressibility of the individual cells.
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3

RESULTS AND CONCLUSIONS

We have applied the previous model to flat and curved stretched monolayers. Figure 3b shows the
deformed shape of a cylindrical tissue subjected to imposed displacements at one of its ends, and
undergoing connectivity changes with a variable resting length. We have quantified the non-linear
response due to the distinct contributions of the cell reorganisation and the resting length changes.
Both have very different origin, and can be modulated independently in our model. Although no cell
activity has been implemented, we expect to do so in order to better mimic the in-plane reorganisation
of embryonic tissues [9].

(a)

(b)

Figure 3: (a) Initial and (b) deformed shape for the curved monolayer test.
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SUMMARY
We present a problem concerning the optimal control of geometric evolution laws. This is a minimisation problem that aims to find a control ⌘ which minimises the objective functional J subject to some
imposed constraints. We apply this methodology to an application of whole cell tracking. Given two
sets of data of cell morphologies, we may solve the optimal control problem to dynamically reconstruct the cell movements between the time frame of these two sets of data. This problem is solved
in two and three space dimensions, using a state-of-the-art numerical method, namely multigrid, with
adaptivity and parallelism.
Key words: Optimal control, geometric evolution laws, phase-field, multigrid, parallel, mesh adaptivity, cell tracking

1

INTRODUCTION

Optimal control was initialised more than half a century ago, and since then it has been successfully
applied to solve different types of problems [1]. Recently, Blazakis et al. in [2] considered an optimal
control problem of geometric evolution laws with semi-linear partial differential equations (PDEs)
that is based upon the work of Haußer et al. [3].
To generally outline the model, given two sets of data, one is the initial data (denoted t=0 ), and the
second data is observed at a later time (denoted obs ), the optimal control problem aims to find a
space-time distributed forcing ⌘ : ⌦ ⇥ [0, T ] ! R which minimises an objective functional J:

min⌘ J( , ⌘), with J given by Equation (2),
(1)
Z
ZT Z
1
✓
( (t = T ) - obs )2 +
J( , ⌘) =
⌘2 ,
(2)
2 ⌦
2 0 ⌦
where ⌦ is a fixed spatial domain which is assumed to be large enough to contain both known sets of
data and linear trajectories of the evolution between the two, ✓ > 0 is a regularisation parameter, [0, T ]
is the temporal domain, T is the end time. Physically, ⌘ describes the evolution laws of the positions
of the computed data matching closely to the observed data at the final time T . The first term of the
right-hand side of Equation (2) is the so called fidelity term which measures the distance between the
approximated solution of the model and the target data obs ; the second term is the regularisation
which is necessary to ensure a well-posed problem [1].
The in Equations (1) and (2) are subject to the constraints imposed from the geometric evolution
laws, such as the Allen-Cahn equation which takes the following form,
✏

@
G 0( )
= ✏4 + cG ⌘ + ,
@t
✏

(3)

where (x, y, z, t) is the phase-field variable, ✏ is the thickness of the diffuse interface determined
R1
1
by , G( ) = 14 (1 - 2 )2 is a double well potential which has minima at ±1, cG = p12 -1 G(r) 2 dr
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is a scaling constant that depends on the double well potential and (t) is a time-dependent volume
constraint [4]. This (t) on the enclosed volume from our phase-field approach is given by a constraint on the mass and the linear interpolant of the mass of the initial and target diffuse interface data
is defined as
Z
t
t=0
M (t) =
+ ( obs - t=0 ).
(4)
T
⌦
This volume constraint (t) is determined along with Equation (3) such that
Z
(t) = M (t).

(5)

⌦

As the thickness of interface ✏ ! 0, conservation of mass yields volume conservation.

For effective computation of the derivative of the objective functional J, we include the adjoint state
p(x, y, z, t), which is defined as
@p
G 00 ( )
= -4p +
p.
(6)
@t
✏
We further assume the domain boundaries @⌦ are away from the specified data, and thus have no ef@p
fect on the evolution. The conditions on the boundaries for and p are @@⌫ = @⌫
= 0 on @⌦, where
⌫ denotes the outward-pointing normal to the boundary @⌦. Note the control ⌘ has no boundary
conditions as it is only valid within the interior of the domain ⌦.
2

METHODOLOGY

The control ⌘ is updated and obtained through an iterative approach, where the Allen-Cahn and
adjoint Equations (3) and (6) in the fixed time frame [0, T ] have to be solved repeatedly. The described
optimal control problem may require an enormous amount of computation. To obtain a numerical
approximation of the solution of this optimal problem is non-trivial, and additional challenges arise,
such as memory requirement (since solutions of , p and ⌘ from every time step are required to be
stored), when pursuing accuracy, i.e. ✏ tends to 0, as well as simulations in 3-D.
The software that we used here, Campfire v2.0, is dependent upon an open source software library,
namely PARAMESH [5]. This library generates structured, cell-centred, Cartesian meshes and provides hierarchical mesh adaptivity in parallel in two and three dimensions. Our software tool, Campfire (original version), has been successfully applied to a number of different applications, such as
binary alloy solidification [6].The core numerical method implemented in this tool is the multigrid
algorithm with the full approximation scheme and multi-level adaptive technique (MLAT) [7]. The
former extends the multigrid algorithm to deal with nonlinear problems, and the latter enables the
use of adaptive meshes. The parallelization is through domain decomposition, and a dynamic loadbalancing approach is taken which allows meshes to adapt dynamically based upon the solution.
In the optimal control problem, both Equations (3) and (6) are discretized fully-implicitly using a
second-order backward differential formula (BDF2). At each implicit time step, the ordinary differential equations (ODEs) are then discretized spatially using a second-order finite difference method
(FDM) with a five- or seven-point stencil in 2-D or 3-D, respectively. The resulting algebraic systems
arising at each implicit time step are then solved by the nonlinear multigrid with FAS.
Due to this nature of the problem, we implemented a robust in-house multigrid algorithm with two
different depths of the standard V-cycle strategy. That is, solving the Allen-Cahn equation in a grid hierarchy where its finest grid has sufficient grid points for the chosen ✏; the backward adjoint equation
is then solved using only part of the grid hierarchy to improve the efficiency.
The application chosen for this optimal control problem is whole cell tracking, which will in turn
help to understand cell migration. In this application, the given data includes cell morphologies. The
initial data describes the known position and morphologies of cells at t = 0 and the second set of data
illustrates the position and morphologies of these cells at the final time t = T .
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(b)

(a)

Figure 1: (a) The initial shapes; (b) the computed final shape.

3

RESULTS AND CONCLUSIONS

In this abstract, we include two sets of results. Firstly, we take an example from [2], which figures
two 2-D cells on a domain ⌦ = [-2, 8] ⇥ [-2, 8]. The initial shapes and the computed results are
shown in Figure 1 (a) and (b) respectively. The evolution of the objective function J is illustrated in
Figure 3, together with the one from 3-D simulation, where they are individually converged to small
but positive, non-zero values, as expected.
We also present a single-cell 3-D simulation. The initial and final shapes are presented in Figure 2.
This simulation is generated using high performance computing cluster provided by the University of
Sussex and within the adaptive meshes used, the finest mesh if refined everywhere has a resolution of
2563 .
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(a)

(b)

Figure 2: (a) The isosurface of = 0 of the initial shape; (b) the isosurface of the computed final shape, we
present the solution of ⌘ as colours on the isosurface.

Figure 3: The evolution of values of ⌘.
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SUMMARY
Drug delivery by various micro- and nano-carriers offers the possibility of controlled transport of
pharmaceuticals to targeted sites (e.g., cancerous tissue). The adhesion of micro- and nano-carriers in
blood flow is strongly affected by their distribution within the vessel cross-section. To investigate the
adhesion potential of carriers of different sizes, we employ mesoscopic hydrodynamic simulations
of blood flow in order to predict margination of carriers or their migration properties toward vessel
walls. The margination of carriers is studied for a wide range of hematocrit values, and flow rates,
using a two-dimensional blood-flow model. Various sizes, ranging from about hundred nanometers to
several micrometers, are considered. We find that the margination properties of particles worsen with
decreasing carrier size. As a conclusion, micron-size particles seem to be favorable for drug delivery
in comparison to sub-micron carriers.
Key words: red blood cell, drug carrier, flow migration, dissipative particle dynamics

1

INTRODUCTION

The use of micro- and nano-carriers for targeted drug delivery provides promising strategies for the
treatment of various diseases such as cancer [1, 2]. The first step in the delivery of small carriers is
their transport along blood vessels which determines their initial distribution. Efficient binding of carriers to specific targeted sites can be achieved only if they are present near vessel walls at sufficiently
high concentrations. The cross-sectional distribution of micro- and nano-particles depends on local
blood flow properties such as hematocrit (volume fraction of red blood cells) and flow rate as well as
on the particle characteristics such as their size and shape. The migration of various suspended particles toward walls in blood flow, which is also often referred to as margination, has been observed for
white blood cells [3, 4], platelets [5, 6], and rigid micro-particles [7, 8]. Particle margination in blood
flow is mediated by red blood cells (RBCs), which migrate to the vessel center [9] due to hydrodynamic interactions with the walls (called lift force) [10, 11], and lead to an increased concentration
of different particles within the RBC-free layer (RBCFL) near a wall (a layer void of RBCs). Thus,
micro- and nano-carriers have a potential to get marginated [12], and therefore to interact with vessel
walls.
The role of particle size in the efficient delivery is a multi-faceted problem. Large enough particles
with a characteristic size greater than approximately 4 µm may get trapped in the smallest capillaries
of the body [13]. On the other hand, particles with a size of only a few nanometers are rapidly
excreted through the kidneys [14]. Numerical simulations of blood flow on a single-cell level allow us
to explore the flow behavior and interaction of blood cells and other suspended components [15, 16].
In this work, we investigate the role of particle size on the margination efficiency, and therefore
adhesion, since particle margination is an essential pre-condition for particle adhesion [12]. Several
sizes ranging from several microns to about one hundred nanometers are considered. The margination
of micro- and nano-particles is studied for a wide range of hematocrit values and flow rates using twodimensional (2D) simulations. Our findings show that the larger particles possess a larger probability
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of being marginated. As the particle size becomes very small (less than 100 200 nm), the particle
distribution within vessel cross-section can be described well by the volume excess of flowing RBCs.
2
2.1

METHODOLOGY
Simulation method

Our simulations are based on the dissipative particle dynamics (DPD) method [17, 18], a mesoscopic
particle-based approach which captures full hydrodynamics. The simulated system is represented by
a collection of point particles which interact locally through three pairwise forces: a conservative,
dissipative, and random force. The time evolution of the velocity and position of the particles is
determined by the Newton’s second law of motion.
2.2

Modeling cells and particles

RBCs in 2D are modeled as closed bead-spring chains of Ns connected particles, which incorporate
bending rigidity and an area constraint [19]. Suspended micro- and nano-carriers are represented by
a collection of Nvp particles, which are constrained to maintain a rigid configuration.
2.3

Simulation setup

The simulated system corresponds to a 2D channel with a width of W = 20 µm. Figure 1 displays a
simulation snapshot for a hematocrit (the area fraction of RBCs) of Ht = 0.3. The flow is confined
by two walls. In flow direction, periodic boundary conditions are assumed and blood flow is driven
by a constant force applied to each solvent particle. In order to characterize the flow strength, we
define a non-dimensional shear rate as
⌘Dr3
˙ ⇤ = ¯˙ ⌧RBC = ¯˙
,
r

(1)

where ¯˙ = v̄/W is the average shear rate (or pseudo shear rate) and v̄ is the average flow velocity,
while ⌧RBC defines a characteristic RBC relaxation time. Here, ⌘ is the solvent’s dynamic viscosity,
Dr = L0 /⇡ is the corresponding RBC diameter with L0 being the cell contour length, and r is the
RBC membrane bending rigidity.

Figure 1: Snapshot of RBCs and particles in a 2D microchannel for Ht = 0.3 and ˙ ⇤ ⇡ 29.3. RBCs are
colored in red and suspended particles in blue.

3
3.1

RESULTS AND CONCLUSIONS
Carrier margination

Margination of micro- and nano-carriers in blood flow depends on hematocrit Ht and flow rate characterized by ˙ ⇤ [12]. Numerical simulations performed for different conditions allow us to measure
the distributions of particles across the flow, which reflect the probability of a particle to be at a certain radial position. Figure 2(a) shows several center-of-mass distributions of circular particles with
a diameter Dp = 0.3Dr (Dp = 1.83 µm) for several Ht values and ˙ ⇤ ⇡ 29.3. The distributions
have been averaged over the halves of the channel due to symmetry. The distributions indicate that
as Ht increases the carriers marginate better, since a strong peak in the distributions develops and its
position moves closer to the wall at y/W = 0.
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Figure 2: (a) Center-of-mass distribution of carriers for various Ht values at ˙ ⇤ ⇡ 29.3. 2D simulation
results for circular particles with Dp = 0.3Dr (Dp = 1.83 µm). The wall is at y/W = 0. The shaded
area indicates schematically a region with a thickness near the wall. (b,c,d) Probability diagrams of particle
margination with respect to ˙ ⇤ and Ht for particles with (b) Dp = 0.3Dr (Dp = 1.83 µm), (c) Dp = 0.15Dr
(Dp = 0.91 µm), and (d) Dp = 0.04Dr (Dp = 250 nm). The white squares indicate the values of Ht and
˙ ⇤ for which simulations have been performed. The margination probabilities are calculated from the particle
center-of-mass distributions using a distance of = 0.33Dr (2 µm) away from the wall.

To quantify particle margination we define the margination probability as a probability of a particle
center-of-mass to be within a certain distance away from the wall. This is sketched in Fig. 2(a) with
a selected distance of = 0.33Dr (about 2 µm), which is smaller than the RBCFL thickness in most
cases. Other choices for the distance are possible and discussed in Ref. [12].
3.2

Dependence of margination on particle size

Figure 2(b) presents margination probability diagram of particles with Dp = 0.3Dr (Dp = 1.83 µm)
for a wide range of Ht values and non-dimensional shear rates. The margination probability diagram
in Fig. 2(b) shows that the strongest particle margination is found for the range of Ht = 0.25 0.6.
This region has a considerable overlap with the characteristic hematocrits in the body’s microvascular
networks in the range Ht = 0.2 0.4. Particle margination also shows a strong dependence on ˙ ⇤ ,
which is most pronounced at low shear rates. Simulated values of ˙ ⇤ cover the range of flow rates
characteristic for the venular part of microcirculation, where it is estimated that ˙ ⇤ . 77 in 2D, while
in arteriolar part the flow rates are higher with ˙ ⇤ & 100 [20, 21].
The discussion above considered the margination effect of micron-size particles, however there exists
a strong interest in nano-carriers with sizes starting from several nanometers. Figures 2(c),(d) show
the probability diagrams which characterize margination properties of particles with Dp = 0.15Dr
(Dp = 0.91 µm) and Dp = 0.04Dr (Dp = 250 nm), respectively. Visual examination of Figs. 2(b),(c)
and (d) indicates that the region of high margination probability becomes smaller as the particle size
is decreased. Thus, we can conclude that the margination of particles worsens as the carrier size
becomes smaller, which is similar to the results found in Ref. [12]. An interesting observation is
that the distribution of the smallest simulated particles with Dp = 0.04Dr (Dp = 250 nm) closely
approaches the distribution computed as the excess volume of flowing RBCs. This indicates that the
distribution of particles smaller in size than approximately 250 nm can be well approximated by the
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blood plasma volume.
In summary, particle margination in blood flow strongly depends on particle size, hematocrit, and
flow rate. The presented diagrams show that larger particles have a higher margination probability
in comparison to the smaller ones. Moreover, the distribution of very small particles with a diameter
smaller than approximately 250 nm is well represented by the excess volume of RBCs (blood plasma
volume). In conclusion, our results suggest that micron-size carriers rather than sub-micron size is
likely to be favorable for drug delivery.
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SUMMARY
We present a simple approach that enables us to analyse the interrelationships between Ca2+ handling processes at the cellular level and the role of intercellular communication in the emergence of
multicellular synchronization. Individual cells are represented by a mathematical model of intracellular Ca2+ dynamics, and coupled via Ca2+ currents and membrane potential. Theoretical predictions successfully reproduce experimental findings and provide novel insights on the action of several
pharmacological agents that modulate Ca2+ signalling pathways and intercellular communication via
distinct mechanisms.
Key words: Intra cellular oscillator, synchronisation, complex dynamical system, emergence

1

INTRODUCTION

Despite advances in cellular imaging, we cannot yet fully appreciate how complex cellular processes
are integrated to coordinate synchronised biological responses at the tissue and organ level. In particular, it is difficult to dissociate the role of intercellular communication from that of the intracellular
generative components, and the resulting emergent phenomena arising from these interactions. A
combined approach employing mathematical representation of a broad range of experimental observations is therefore required. When considering cardiac tissue, such an approach may provide new
insights into the phenomena of tissue synchronisation and the onset of arrhythmogenesis that results
from desynchronisation within single cells and across cell populations. In the current formulation,
we illustrate how changes in the extent of intercellular communication is involved in modulating
cell recruitment and synchronization, providing a relatively simple system in which to evaluate the
modulation of intercellular propagation with respect to regenerative intracellular mechanisms.
2

METHODS AND MATHEMATICAL FORMULATION

The mathematical description of the ion transport is represented by a non linear system of ordinary
differential equations, governing the intracellular calcium concentration [Ca2+ ]i , the concentration
of Ca2+ in the internal stores and the membrane potential. The intracellular oscillator is modelled
as a cyclic Ca2+ -induced Ca2+ release (CICR) from ryanodine-sensitive stores within the cell. In
addition to voltage-operated channels (VOCCs), a number of fundamental ionic transport mechanisms
are included in the quantification of the membrane potential, such as the Cl channel, the NCX
(N a+ -Ca2+ exchanger), and the K + channels. Cells are coupled via Ca2+ currents and membrane
potential. The resulting system is parallelized and solved using a Runge-Kutta-Merson algorithm,
with adaptive time step.
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For the experimental observations, we use immortalized atrial-derived cells (HL-1 cells) that maintain cardiac cell phenotype, including physical contraction, electrical connectivity and Ca2+ coupling, through serial passage. For a detailed description of the mathematical model and experimental
methods, see [1].
3

RESULTS

We study the effects of three pharmacological agents: (i) the Ca2+ ionophore ionomycin, that leads
to rises in intracellular Ca2+ levels by allowing direct Ca2+ influx across the surface membrane and,
to a lesser extent, by activating endogenous Ca2+ entry pathways; (ii) verapamil, a L-type voltageoperated channel antagonist that attenuates the Ca2+ influx driven by surface membrane depolarisation, and thus modulates homeostatic Ca2+ influx-efflux balance; and finally (iii) carbenoxolone, a
drug that has been variously reported to reduce gap-junctional coupling in both human and animal
hearts. Carbenoxolone has been shown to decrease conductivity without altering the action potential characteristics, and it does not affect the primary sodium, potassium or calcium membrane currents [2]. This is not always the case with other known cellular uncoupling agents (lipophilic agents
such as heptanol for instance).
The effects of each of these drugs can be associated with a specific parameter of the model. Briefly,
we define parameters A, ECa , gCa and gz (notation taken from [1, 3]). Parameter A governs Ca2+ influx via non-specific Ca2+ channels (NSCCs), parameter ECa governs Ca2+ entry via VOCCs, and
parameters gCa and gz are coupling parameters, that allow a control over the variability in the conductance states and gap-junctional permeabilities. These parameters can be further randomised across
the cell population, producing population level dynamics that are dependent, not only on the strength
of the coupling, but most importantly on its variability across the array. We use a Box-Muller transform to generate a pseudo-random Gaussian distribution of each parameter, with a given mean and
coefficient of variation.

Figure 1: Effect of simultaneously varying A (reproducing increasing concentrations of ionomycin) and ECa
(reproducing increasing concentrations of verapamil). Coefficient of variations and coupling conditions are
identical for all figures. Red colour represent [Ca2+ ]i , green the stored concentration [Ca2+ ]SR , and blue the
membrane potential. A purple/magenta colour is seen where red and blue strengths are equal, and therefore
indicative of membrane depolarisation and high Ca2+ influx.

Ionomycin and verapamil Under higher values of A, representing increased concentrations of
ionomycin (Fig. 1; top to bottom), well defined wave fronts are converted into localised low amplitude
fluctuations. This transition is partly due to the fact that high intracellular concentration of Ca2+ will
suppress oscillatory activity in segments of the cellular population, resulting in an effect analogous to
cellular uncoupling. This can be observed despite the fact the coupling conditions are identical.
The onset of this transition from global to local wave activity is dependent on the operating point
within the parametric space. A different value of ECa shifts the point of transition into fibrillation
patterns, illustrating the underlying synergy between the two Ca2+ uptake mechanisms. The action
of verapamil (reduction of ECa ) will induce both the emergence (lower panels in Fig. 1 from left
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to right) or the suppression (middle/upper panels in Fig. 1 from left to right) of oscillatory activity, in agreement with experimental observations (not shown). The key to this bi-stable response is
the underlying availability of Ca2+ (simulated here as different Ca2+ uptake rates on the cellular
level). This overview explains the undesirable contractile side-effect of verapamil as a consequence
of reduced Ca2+ influx, and thus impaired CICR.
Carbenoxolone Although intercellular diffusion of Ca2+ alone may be too slow to sustain calcium waves across multiple cells, or account for the long-range coupling across the computational
domain, its diffusion through local increases in concentration, or CICR via functional coupling of Ltype Ca2+ channels to sarcoplasmic reticulum (SR) Ca2+ release channels (RyR) during excitation
contraction coupling, or the recruitment of neighbouring RyR across the SR membrane are important
mechanisms for the propagation of intracellular waves. The extent of this may be limited by high intracellular Ca2+ buffering, giving rise to the appearance of a ‘Ca2+ -coupled system’. Numerically,
these conditions may depend on the underlying randomisation of parameters such as A or ECa . In
scenarios in which intracellular Ca2+ buffering power is reduced (e.g. arrhythmogenic diseases such
as CPVT2, characterised by a loss of calsequestrin, a key Ca2+ buffer in the SR) [4], Ca2+ diffusion
may also play a greater role. Numerically, these conditions depend on the distribution of the coupling
parameter gCa .
Experimentally, carbenoxolone increases the variability of individual responses, a feature that is also
reproduced by the model. Depending on the underlying randomisation, reduction in coupling unmask
complex dynamical features such as period doubling and mixed mode oscillations. These observations conform with long existing theories that arrhythmogenesis can be regarded as a dynamical
process [5, 6].
4

CONCLUSION

Using a simple model of Ca2+ dynamics, we show how coupling in an extended array of cells can
introduce dynamical interactions that are significantly different than those conjectured by singlecell models. Our observations support the hypothesis that Ca2+ movements at the sub-cellular and
cellular level may coordinate Ca2+ events at a larger scale to produce global responses. These are
dependent on both the properties of the cellular matrix, and the gap-junctional coupling parameters.
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SUMMARY
Highly anisotropic microtubules (MTs) immersed in cytosol are a central part of the cytoskeleton in
eukaryotic cells. The dynamic behaviors of an MT-cytosol system are of major interest in
biomechanics community. Such a solid-fluid system is characterized by a Reynolds number of the
order of and a slip ionic layer formed at the MT-cytosol interface. In view of these unique features,
an orthotropic shell-Stokes flow model with a slip boundary condition has been developed to
explore the distinctive dynamic behaviors of MTs in cytosol. Three types of motions have been
identified, i.e., (a) undamped and damped torsional vibration, (b) damped longitudinal vibration,
and (c) overdamped bending and radial motions. The exponentially decaying bending motion given
by the present model is found to be in qualitative agreement with the existing experimental
observation.
Key words: microbutules, cytosol, Stokes flow, vibration
1 INTRODUCTION

Fig. 1

A schematic picture of an MT immerged in cytosol with a slip ionic layer at the MT-cytosol
interface.  and  are tubulin dimers that form MTs.

Microtubules (MTs) (Fig.1) are principle components of the cytoskeleton in eukaryotic cells, which
play an essential role in providing mechanical rigidity, maintaining the shape of cells and
facilitating many important physiological processes [1]. The mechanics of MTs is a topic of
numerous researches [2], where MT vibration is of major interest [3]. In particular, since MTs are
immersed in cytosol the vibration of MTs in a fluid has attracted attention in the last decade [4]
revealed that an ionic charge layer on the surfaces of MTs minimizes the viscous effect of the
cytosol and allows slide between MTs and cytosol. The more comprehensive investigation has been
carried out by Sirenko et.al [5], where three axisymmetric acoustic modes and an infinite set of
non-axisymmetric modes have been obtained. In this study, an isotropic membrane shell model is
used for MTs and the fluid around MTs is tacitly assumed to be an ideal fluid with an infinitely
large Reynolds number. However, such a model is oversimplified for anisotropic MTs with bending
resistance. Furthermore, as will be shown later, the nanoscale radius of MTs gives a Reynolds
number of the surrounding fluid three orders of magnitude smaller than unity. The ideal fluid model
is thus not valid for an MT-fluid system. It follows that a more realistic model for an MT-cytosol
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system is needed to give a reliable description of the dynamic behaviors of MTs immerged in
cytosol.
Recently, an orthotropic shell model [3] has been developed to study the mechanical behaviors of
MTs. A good agreement has been achieved between this shell model, available discrete models and
experiments. Motivated by its valid applications, the present paper will further extend the model to
the vibration analysis of an MT-cytosol system. The motion of the cytosol will be modeled as
Stokes flow characterized by a small Reynolds number and the free slip boundary condition will be
specified on the MT surface.
2 The ORTHOTROPIC SHELL-STOKES FLOW MODEL
The dynamic equations of MTs in cytosol can then be written as follows [Wang and Zhang, 2008]:
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where x and  are axial and circumferential angular coordinates (Fig.1); u , v and w are axial,
circumferential and radial displacements; t is time;  is the mass density, h is the thickness, and

R is the average radius of MTs. In addition,  x and   are Poisson ratios in longitudinal and
circumferential directions. ( K x , K ) and ( Dx , D ) represent the in-plane and bending stiffnesses
in longitudinal and circumferential directions, and ( K x , Dx ) are stiffnesses in shear.
The radius R of MTs is around 10 nm and their free vibration frequency f with k  0.1
( k  R  k x ) is of the order of 0.1 GHz. If the displacement amplitude Amp of MT vibration is 10
times smaller than MT radius, the velocity of the cytosol flow can be roughly estimated as

v  4 Amp  f  0.4m / s . Since water is a major part (70%) of cytosol, its kinematic viscosity

  1.004 106 m2 / s (at 20°C) should be close to that of cytosol. Thus, the Reynolds number of
cytosol Re  vR  is of the order of 4.0 103 . It follows that the motion of cytosol can be
modeled as Stokes flow, i.e., an impressible fluid with small Reynolds number (<1), whose
governing equations are as follows

 v f  0 and p f   f 2 v f
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where v f denotes the velocity, p f the pressure and  f the dynamical viscosity of cytosol.
The continuity condition requires that cytosol moves radially with the same velocity as that of MTs
at r = R. However, due to the existence of the very thin slip ionic layer on the MT surfaces, the MT
and cytosol move independently along longitudinal and circumferential directions. As there is no
friction force between the MT and the slip ionic layer whose momentum and angular momentum of
inertial are negligible, the viscous force between the cytosol and the slip ionic layer must also be
zero and it follows that tangential velocities of cytosol should vanish at r = R. Thus, the boundary
conditions of cytosol at r = R are

(v f ) x  0 , (v f )  0 and (v f )r  

w
t

3 RESULTS
We first focus on the axisymmetric vibration of MTs where the circumferential wave
number n  0 . In this case the displacements of MTs are uniformly distributed along the
circumference independent of  . The phonon-dispersion curves have been calculated in Fig.2 for
MTs in cytosol (solid lines) and compared with those of free MTs (dotted lines). In Fig.2, free MTs
show longitudinal (L) and torsional (T) modes characterized by a linear dispersion law and a radial
(R) mode whose frequency approaches an asymptotic value when k goes to zero. When cytosol is
introduced it is seen from Fig.2 that an MT-cytosol system only supports L and T modes, whose
phonon-dispersion curves coincide with their counterparts of free MTs. In contrast, the R mode
observed for free MTs vanishes. Our numerical results show that such a solution can be obtained
for the R mode throughout the full length of k considered here. Thus, the axisymmetric radial
motion of MTs in cytosol is an exponentially decreasing function of time t, which corresponds to
an overadmped vibration where only non-oscillatory radial motion is allowed.

Fig.2 The phonon-dispersion curves for axisymmetric
modes of free MTs (dotted lines) and MTs in cytosol
(solid lines). L : longitudinal mode, T : torsional mode,
R : radial mode. Here, the dotted lines for L and T
modes of free MTs coincide with their solid
counterparts obtained for MTs in cytosol.

Fig. 3 The phonon dispersion curves for nonaxisymmetric modes of free MTs (dotted lines) and
MTs immersed in cytosol (solid lines) with (a ) , (b)
and (c) . L: longitudinal mode, T: torsional mode, R:
radial mode, and : circumferential modes, B :
bending mode. Here, the dotted lines for L mode of
free MTs coincide with their solid counterparts
obtained for MTs in cytosol.

Then, we examine the non-axisymmetric vibration of MTs in cytosol, which is characterized
by n  1 . In this case, coupling always occurs among the displacements of MTs in longitudinal,
circumferential and radial directions. Naturally, the energy dissipation will take place as a result of
the MT-cytosol interaction in radial direction and the strong viscous force in cytosol. The phonondispersion relations have been derived for the non-axisymmetric vibrations of MTs in cytosol (solid
lines) and compared with those of free MTs (dotted lines) in Fig.3.
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As shown in Fig. 3, for each (n, k) there exist three non-axisymmetrical vibration modes for free
MTs. For n = 1 and k < 1 the lowest frequency (Fig. 3a) corresponds to the bending (B) mode
where MTs bend in tranverse direction with rigid body motion of their circular cross-sections. For
n  2 and k < 1 the lowest frequency (Fig. 3b and 3c) is associated with the circumferential (C)
modes where the bending of MTs occurs in circumferential direction with distorted (non-circular)
cross-sections. In addition, the intermediate frequency gives the C or R mode and the highest
frequency corresponds to the L mode of MTs. For MTs in cytosol, Fig. 3 shows that the available
non-axisymmetric vibration is limited to the L and T modes where longitudinal and circumferential
displacements are much greater than the radial one. Similar to the axisymmetric L mode, the
solution of Eq. (7) for the non-axisymmetric L and T modes is      i (B > 0) showing that
they are the damped vibrations defined by the type of function shown in Eq.(11). As far as the T
mode at k > 2 and L mode are concerned, no visible discrepancy can be found in Fig. 3 between
free MTs and those immersed in cytosol. This phenomenon has also been observed in Fig. 2 for
axisymmetric L and T mode. It is thus concluded that the major influence of cytosol is to demolish
the amplitudes of the vibrations that survive in an MT-cytosol system, instead of altering their
frequencies.
4 CONCLUSIONS
An orthotropic shell-Stokes flow model has been developed to study the dynamic behaviors of MTs
in cytosol. It is found that:
 Nanoscale MTs give a small Reynolds number (~10-3) for the surrounding cytosol flow
suggesting the predominant effect of its viscous force. The energy dissipation due to this
viscous force is identified as an origin of damping and the strength of damping is largely
determined by the motion-induced net radial pressure on MTs.
 The axisymmetric torsional vibration decoupled with radial motion leads to zero net
pressure on MTs and thus, is free from the damping effect of cytosol. The longitudinal and
non-axisymmetric torsional vibrations induce a significant net pressure on MTs via their
small radial components and results in the damped vibrations decaying exponentially with
time.
 The strongest damping occurs for the transverse or circumferential bending and radial
motions of MTs which result in a high net pressure on the MTs. These motions of MTs turn
out to be non-oscillatory motions in cytosol.
The present orthotropic shell-Stokes flow model removes the substantial defects of the previous
study [5] where a fluid surrounding MTs is modeled as an ideal fluid. Specifically, the qualitative
agreement between the present model and the experiment [2] in studying the bending motion of
MTs shows a clear evidence for the relevance of the present model to the dynamic behavior of
nanoscale tubes immersed in a fluid.
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SUMMARY
Recent research has highlighted the presence of flow instabilities and possible turbulence in the
major arteries of the cerebrovasculature. Questions have also been raised about the nature of blood
rheology in turbulence. The collaborative experimental and computational studies described here
reveal modest delays in the transition to turbulence for blood vs. a Newtonian fluid in a canonical
stenosis model. Ongoing investigations using shear-thinning blood mimics and morephysiologically-realistic artery models are aimed at determining if conventional shear-thinning
rheology models can be considered adequate for modelling turbulence in blood.
Key words: stenosis, turbulence, blood
1 INTRODUCTION
Recent high-resolution CFD studies from the Steinman group have revealed the possibility of
turbulent or turbulent-like flow in the cerebrovasculature [1,2], with potential ramifications for the
understanding of intracranial aneurysm initiation and rupture [3]. Recent experimental studies from
the Loth group using a novel blood flow circuit have shown that transition to turbulence in a
straight pipe occurs at Re=2500-2700 for blood vs. the usual Re=2100-2300 for a Newtonian fluid
[4], suggesting that the non-Newtonian properties of blood may delay the onset of turbulence. It
has also been suggested that the continuum approximation for blood may break down at the smaller
spatial and temporal scales of turbulent flows [5], raising questions about the applicability of
simple shear-thinning rheology models or even tools like Direct Numerical Simulation (DNS).
Collaboration between the Steinman and Loth groups is aimed at using a combination of
experimental and computational models to elucidate the impact of rheology on turbulence in blood
flow. Towards this end, the aim of the present work was to see if the observation of delayed
transition to turbulence for blood flow in a straight pipe holds for a more physiologically relevant
geometry, and also to see if this can be predicted by CFD using a standard shear-thinning rheology
model.
2 METHODOLOGY
The model chosen was the offset idealized stenosis
proposed and studied with Direct Numerical
Simulation (DNS) by Varghese et al. [6]. Shown to
the right, it consists of a cosine-shaped 50% diameter
reduction, offset slightly by 0.05 diameters to
minimize numerical complexities associated with axisymmetric models.
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For Varghese et al.’s DNS studies, it was sufficient for
those authors merely to specify a Reynolds number on
a domain that was normalized to inlet diameter. For
studies of non-Newtonian fluids, however, it is crucial
to define the model in physical units since viscosity
depends on the (dimensional) shear rate. A model
diameter of 0.635 cm (i.e., ¼ inch) was chosen for
experimental convenience, and corresponds roughly to
the dimensions of a carotid or femoral artery. The
viscosity of whole porcine blood was previously
measured by Biswas [4] for shear rates up to 500 s-1. For the purposes of CFD these were fitted to a
modified Cross shear-thinning viscosity model, shown above, having a high shear viscosity
averaging 3.372 cPoise. Measured blood density averaged 1.085 g/cm3.
The offset cosine-stenosis flow-through model was

fabricated and inserted into a novel, temperaturecontrolled blood flow loop, shown schematically to the
right and detailed in [4]. Porcine blood or a glycerolwater Newtonian blood mimic was pumped at a range
of steady flow Reynolds numbers. Velocity-time traces
were measured at a position 9D downstream from the
stenosis throat, using a Doppler probe on a linear stage
to traverse the velocity profile.
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Transient CFD simulations with steady inflow were performed for Re=500-1000 in increments of
100. Fully developed (parabolic) inlet velocity boundary conditions were determined from the
prescribed diameter and Re, and the experimentally-measured viscosity and density. For nonNewtonian simulations we followed the convention of defining Re based on the high shear
viscosity, and this was used also for the Newtonian simulations. The computational domain
extended from three diameters (3D) upstream of stenosis throat to 24D downstream, in order to
minimize boundary effects.
Simulations were carried using a high-performance, minimally dissipative Navier-Stokes solver
[7]. No turbulence closure model was included. Meshes comprised roughly 2.5 million linear
tetrahedral elements, incorporating thin boundary layer elements. Following Varghese et al.,
elements were concentrated in the region of jet breakdown between 6D and 14D, with an average
node spacing of 0.32 mm. Time-step size was set to ensure a CFL number less than 1 for all cases
(e.g., 0.1 ms at Re=1000). Simulations were performed for at least 7.5 seconds of physical time to
ensure washout of any initial transients. Simulations took on average about 48 hours each on 16
cores of an HPC cluster to generate 3 seconds of flow data. Results were verified against Varghese
et al.’s Newtonian DNS simulations at Re=500 and Re=1000.
3 RESULTS AND CONCLUSIONS
Measured velocity traces for porcine blood vs. a
Newtonian blood mimic are shown to the right for Re
ranging from 250 to 1200. Evident from these traces is
that transition occurs at a higher Reynolds number for
blood, roughly 400-450, vs. 300-350 for the Newtonian
blood mimic. Results were consistent for repeated blood
and blood mimic samples.
Comprehensive CFD results are shown on the last page.
Instantaneous vorticity patterns shown in Figure 1 reveal
transition to turbulence at Re=700-800 for the nonNewtonian case vs. Re=600-700 for the Newtonian
case. Notably, non-Newtonian simulations for Re=700
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showed vortex-shedding, while the Newtonian simulation at this Re showed jet breakdown and
apparent turbulence.
Mean velocity profiles shown in Figure 2A reveal a negligible effect of viscosity model except for
Re-700, where the nominally laminar jet appears to persist to at least 16D for the non-Newtonian
case, whereas for the Newtonian case a blunted velocity profile, characteristic of turbulence, is
already evident by 12D. RMS velocity profiles shown in Figure 2B reveal strong velocity
fluctuations for both Newtonian and non-Newtonian cases at and above Re=800. At Re=700, the
non-Newtonian case shows stronger RMS fluctuations than the Newtonian case, consistent with
strong vortex shedding and incipient transition to turbulence as inferred from the vorticity plots.
Weak RMS fluctuations at Re=600 for both cases also suggest some laminar jet instability.
Both experimental and computational findings thus indicate that transition to turbulence is delayed
moderately by the non-Newtonian rheology. The difference in critical Re appears to be ~20%,
which is broadly consistent with that seen for Newtonian vs. blood flow in a straight tube [4]. This
would seem to suggest that the shear-thinning properties of blood, as opposed to viscoelastic or
other properties, might be sufficient to account for the delayed transition. On the other hand,
transition to turbulence occurred at substantially lower absolute Reynolds numbers for the
experimental measurements compared to CFD, which could be attributed to slight imperfections in
the small, life-sized stenosis insert.
As shown in Figures 1 and 2 excellent agreement was seen between our simulations and reference
DNS solutions of Varghese et al. for Re=500 (laminar) and Re=1000 (turbulent) Newtonian cases,
despite the fact that ours were carried out with ‘only’ 2.5 million linear tetrahedra. Not shown are
frequency spectra from our Re=1000 Newtonian simulations, which were broadly consistent with
those shown by Varghese et al. [6]. We are therefore confident about the transitions to turbulence
predicted by our CFD despite it not achieving DNS resolutions.
The physiological or clinical relevance of these findings remains in question, as the stenosis
geometry is highly idealized and only steady flow was considered. Further studies are planned to
incorporate pulsatility, and more clinically relevant geometries. Moreover, it is possible that the
delayed transition to turbulence for blood or a shear-thinning fluid is more a matter of semantics,
resulting from the (commonplace) use of an infinite-shear viscosity to define Re. Use of a
characteristic viscosity for defining a generalized Re has been proposed for simple pipe flows [8];
however, it is not clear how or if this can be applied to a more complex flow like that through a
stenosis, where there is no obvious characteristic shear rate.
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Figure 1: Instantaneous vorticity for Re=500-1000 for Newtonian (top) and Non-Newtonian
(bottom) cases, showing the full extent of the CFD model domains. Shown also are Varghese et
al.’s (Newtonian) DNS results for Re=500 and Re=1000, reproduced from [6] and [9], respectively.

A

B

Figure 2: (A) Mean and (B) RMS velocity profiles spaced 1 diameter apart, based on 3 seconds of
CFD data and normalized to the respective inlet average velocity. Shown also are Varghese et al.’s
(Newtonian) DNS results for Re=500 and Re=1000, reproduced from [6].
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SUMMARY
High fidelity Lattice Boltzmann method based direct numerical simulations were conducted on 12 intracranial aneurysms previously studied in order to explore the critical Reynolds number at which the
flow regime transitions from laminar to the one that exhibit high frequency fluctuations in aneurysms.
The outcomes of an in-depth space-time refinement study were taken as a basis for the employment
of appropriate resolutions. The characteristics of the transitional flow are quantified at resolutions
below Kolmogorov micro-scales, and the critical Re is explored for both time-dependent and timeindependent inflow. The results within the studied cohort characterize the aneurysm morphology as
an initiator of transitional flow, and suggest that the peak systolic conditions of the middle cerebral
artery (MCA) are at the border of transition threshold.
Key words: intracranial aneurysm, lattice boltzmann method, transitional flow

1

INTRODUCTION

An intracranial aneurysm is a pathological dilatation of a cerebral blood vessel. Rupture of intracranial aneurysms results in stroke which is a major cause of morbidity and mortality in the modern
world. Computational Fluid Dynamics (CFD) has evolved as an important tool for the modeling of
hemodynamics in intracranial aneurysms, and provide improved rupture risk estimators to the clinicians. The complex aneurysmal flow was recently shown to exhibit high frequency fluctuations in
recent Finite Element method (FEM) based simulations of reasonable resolutions [1, 2]. The occurrence of transition in physiological flows has been inadequately addressed, probably because the CFD
techniques need to be appropriately tailored in order to capture transition, and high resolutions are
needed to describe the nature of transitional flow as was recently recommended e.g. for blood flow
in heart [3]. The present work revisits the issue of transition in aneurysms by performing highly resolved Lattice Boltzmann method (LBM) based direct numerical simulations (DNS) on 12 aneurysms
previously studied in [1].
The focus of the study is to explore the critical Re at which the flow transitions from a laminar
regime to the one that exhibits high frequency flow fluctuations, and to characterize if the aneurysm
morphology itself is the initiator of fluctuations, and whether the critical Re changes when a time
independent inflow is replaced by an idealized waveform. The aforesaid goals are assisted by a
simultaneous space-time refinement study that establishes the suitable resolutions required to capture
the desired characteristics of transitional flow and increase the confidence on the accuracy of the
explored critical Re.
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2

METHODOLOGY

12 aneurysms previously studied in [1] were re-simulated with LBM, using the open-source framework Musubi [4, 5]. The space and time resolutions were kept to 32µm and 1.8µs respectively. An
in-depth space-time refinement study was carried out on two aneurysms - one with laminar and transitional flow each. Spatial and temporal resolutions ranged from 128 8µm and 29 0.1µs respectively
yielding up to ⇠ 109 compute cells and ⇠ 9 ⇥ 106 time steps per second; those results are reported
elsewhere [8]. The quality of the spatial and temporal resolutions was assessed by calculating l+
and t+ , which are quantified in terms of viscous length scales, and are proportional to the respective
Kolmogorov micro-scales ⌘ and ⌧⌘ .
The blood was modeled as a Newtonian fluid with ⇢ = 1.025g/cm3 and ⌫ = 0.035 Poise. A uniform
velocity profile with a mean of 0.5m/s was prescribed at the inlet for most part of the study whereas
a zero pressure was maintained at the outlet. Initial conditions were set to zero velocity and pressure,
and all vascular walls were assumed to be rigid. Average parent artery Re based on the velocity and
diameter at inflow was 292 (range: 201-398).
The critical Re was explored by performing two sets of simulations– Firstly Re based on time independent inflow waveform was varied in steps of Re = 10 for all 12 cases. Secondly a pulsatile
waveform, generalized from the MCA segment was prescribed at the inflow with peak systolic Re at
inlet varying in steps of Re = 10.
The flow was spatially averaged over ⇠ 200 evenly spread point probes inside the aneurysm to account for the spatial variations in flow properties expected in transitional flow in complex geometries.
Phase averages were gathered for 12 seconds after the damping out of the effects of initial conditions
to statistically describe the flow characteristics namely velocity and turbulent kinetic energy (TKE).
3

RESULTS

The results of LBM simulations on 12 aneurysms complied with [1] i.e. the same aneurysms (5&7)
had transitional and laminar flow regime. The space-time refinement study revealed errors up to 20%
at x = 128µm, which reduced to ⇠ 1% at resolutions of x = 32µm. The l+ reached ⇠ 1.0 at this
resolution whereas t+ was always < 1.0, which instituted the use of this resolution for further analysis
of critical Re [8]. The simulations to explore the critical Re required ⇠ 4 hours of execution time each
on 4096 cores of the SuperMUC. Figure 1 shows the velocity colored Q-isosurfaces(Q=0.6) and the

Figure 1:

Velocity colored Q-isosurfaces (Q=0.6) at peak systole for Re = 200, 250, 300 and 351 (L-R top row). Volume rendering of
vorticity magnitude (L-R) bottom row.

volume rendering of vorticity magnitude at peak systole of the 12th cardiac cycle for 4 different Re.
The plots in figure 2 depict the velocity profile inside aneurysm dome, averaged over 200 probes and
phase-averaged for 12 cardiac cycles whereas the red line represents the peak systole. Plots of power
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Figure 2:

Spatio-temporal averaged velocity variations for Re=200, 250, 300 and 351 (L-R top row) where red line indicates peak
systole. Power spectrum of the TKE computed by discrete Fourier transform (bottom row); the red line displays Kolmogorov 35 decay
for reference.

spectral density (PSD) of TKE are shown in the bottom row of figure 2 for each Re where red line
represents the Kolmogorov 5/3 decay.
The velocity magnitude and the frequency of fluctuation exhibits an increasing trend with Re where
peak systolic velocities range from 120 to over 600 mm/s. The fluctuations at Re=200&250 are limited to the peak systolic conditions and the flow relaminarizes during deceleration. For Re=300&351
fluctuations are observable even during deceleration. Frequency components above 103 Hz have a
PSD below 10 15 for Re=200&250. The PSD is revamped with each successive Re, and it resembles
the Kolmogorov 5/3 energy decay only at Re=351. Table 1 lists the Kolmogorov microscales.
Re
200
250
300
351

l+
0.76
0.88
1.10
1.23

t+
0.0655
0.1488
0.18
0.215

⌘(µm)
0.046
0.031
0.025
0.02

⌧⌘ (µs)
6.23
2.74
1.84
1.72

u⌘ (mm/s)
74.01
111.55
136.23
154.20

Table 1: The ratio of spatio-temporal scales (l+ , t+ ) in the simulation and the Kolmogorov microscales for
different Re

The flow characteristics varied from one cycle to another for all the Re. The variations were most intense during peak systole as the magnitude of velocity differed by up to ⇠ 10% with each subsequent
cardiac cycle. These variations persisted for 8 cardiac cycles for Re up to 300 and for 12 cycles at
Re=351.
The critical Re for each of the 5 aneurysms with transition was close to the Re at which the simulations
were conducted in [1] i.e. corresponding to peak systole of MCA. No transition occurred in the
7 sidewall aneurysms for Re up to 550. The transition threshold remained conservative upon the
prescription of time independent inflow, though the influence of pulsatile flow can not be neglected
as discussed in the following.
4

DISCUSSION

The flow became transitional in the aneurysm (fig. 1) after the inflow jet collided with the upper
aneurysmal wall. This, and the presence of sudden expansion at the bifurcation gave rise to coherent
vortices in the bulk flow, and minuscule vortices near the walls. The fluctuations were isolated to
bifurcation aneurysms and did not occur in the sidewall cases even at considerably higher Re, a
discovery that characterizes the occurrence of aneurysms at bifurcation as a promoter of transition.
The eduction of miniature vortices near the walls, and particularly their temporal evolution over the
cardiac cycle holds potential role in the understanding of wall degradation resulted by transitional
flow, and consequently aneurysm rupture.
The present study has revealed that the flow remains laminar in the parent artery harboring aneurysms.
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At Re=351 however, some vortices were reflected back towards the aneurysm neck; a phenomenon
which was seen only with pulsatile flow, just after the systole. The Re based on the peak systolic
velocities of MCA segment is at the threshold of critical Re - both for time-dependent and timeindependent inflow conditions, yet the nature and temporal evolution of fluctuations is considerably
different in the case of pulsatile flow. At the higher Re, the fluctuations were spread along the whole
cardiac cycle in spite of the very low velocity magnitude during deceleration, which suggests a cascade of fluctuations from systole to diastole; this phenomenon was neglected with time independent
inflow. A causal relationship between the arterial and aneurysmal flow cannot be unequivocally established, and our present findings predict that there might be a two-way correspondence between
arterial and aneurysmal flow.
Another major finding of this work is the cycle-to-cycle variations persistent over a long time in the
simulation. These variations were present in both space and time i.e. at some locations the variations
were as high as 10% whereas at others they were as low as 0.2% in all the 5 cases with transitional
flow. The role of variations could be overlooked if sufficient statistics are not gathered and it can
be contended that their clinical role is of significance when the heart rate variations are taken into
account like in [7] as the varying heart rates are likely to give rise to intriguing vortical structures.
The validity of continuum hypothesis becomes questionable at the scales at which the present simulations are conducted and the blood should be treated as a suspension of particles rather than as a
continuum [6]. It is remarked that these resolutions improve numerical accuracy, thereby providing
better assessment of the aneurysmal flow. Moreover, moving walls and fluid structure interaction
might have stabilizing or de-stabilizing effect on the flow which makes it hard to extrapolate these
findings in vivo. Nonetheless, a major implication of this study would be that the role of transitional flow in aneurysms cannot be avoided, and accounting for the complexity of hemodynamics in
aneurysms would require a prudent calibration of the CFD technique.
ACKNOWLEDGEMENTS
Computer resources employed in this research were provided by the Leibniz Supercomputing Center,
Munich under grant pr85mu. This work has been supported by the Research Council of Norway
through grant no. 209951 and a Center of Excellence grant awarded to the Center for Biomedical
Computing at Simula Research Laboratory.
REFERENCES
[1] K. Valen-Sendstad, K. Mardal, D. Steinman. High-resolution CFD detects high-frequency velocity fluctuations in bifurcation, but not sidewall, aneurysms. Journal of Biomechanics 18:402–
407, 2013.
[2] K. Valen-Sendstad, K. Mardal, M. Mortensen, B. Reif, H. Langtangen. Direct Numerical Simulation of Transitional Flow in a Patient-Specific Intracranial Aneurysm. Journal of Biomechanics
44:2862–2832, 2011.
[3] C. Chnafa, S. Mendez, F. Nicoud. Image-based large-eddy simulation in a realistic left heart.
Computers & Fluids 94:173–187, 2014.
[4] M. Hasert, K. Masilamani, S. Zimny, H. Klimach, J. Qi, J. Bernsdorf, S. Roller. Complex fluid
simulations with the parallel tree-based Lattice Boltzmann solver Musubi. Journal of Computational Science 5:784–794, 2013.
[5] H. Klimach, K. Jain, S. Roller. End-to-end parallel simulation with APES. PARCO 25:703–711,
2014.
[6] L. Antiga, D. Steinman. Rethinking turbulence in blood. Biorheology 46:77–81, 2009.
[7] J. Jiang, C. Strother. Computational fluid dynamics simulations of intracranial aneurysms at
varying heart rates: a ”patient-specific” study. Journal of biomechanical engineering 131, 2009.
[8] K. Jain, K. Valen-Sendstad, S. Roller, K.A. Mardal. Transitional flow in intracranial aneurysms
– A space-time refinement study below the Kolmogorov scales using the Lattice Boltzmann
Method. Submitted to Computers & Fluids

563

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

LARGE EDDY SIMULATIONS IN STENOTIC CAROTID
BIFURCATIONS
R.M. Lancellotti1 , M. Domanin2,3 , A. Quarteroni4 , L. Valdettaro1 , and C. Vergara1
1

MOX, Dipartimento di Matematica, Politecnico di Milano, Piazza L. da Vinci 32, 20133, Milan, Italy,
{roccomichele.lancellotti,lorenzo.valdettaro,christian.vergara}@polimi.it
2
Operative Unit of Vascular Surgery, Fondazione I.R.C.C.S. Ca’ Granda Ospedale Maggiore, Policlinico di
Milano
3
Department of Clinical Sciences and Community, Universit di Milano, Via Sforza 32, 20131, Milan, Italy,
maurizio.domanin@unimi.it
4
MATHICSE Chair of Modelling and Scientific Computing (CMCS), EPFL, Station 8, CH 105 Lausanne,
Switzerland, alfio.quarteroni@epfl.ch

SUMMARY
The blood fluid dynamics in patient-specific stenosed carotid artery geometries is investigated using
the open-source finite element library LifeV [1]. Turbulence/transitional phenomena are modelled by
means of Large Eddy Simulation techniques and their influence on clinically relevant hemodynamic
indices is assessed.
Key words: Large eddy simulation, blood turbulence, stenosis, stabilization

1

INTRODUCTION

In this work we consider Large Eddy Simulations (LES) for haemodynamic applications, in particular
in the context of stenotic human carotids, since transitional/turbulent phenomena occur in this situation. We compare static subgrid-scale models with their dynamic versions [2,3]. We consider three
different subgrid-scale models: the Smagorinsky [4], the Sigma [5] and the mixed model [6,7]. The
relation between LES and the SUPG stabilization for convection dominated flows is also investigated
[8,9].
2

METHODOLOGY

The Smagorinsky and the Sigma model are characterized by the addition of an eddy viscosity, ⌫sgs (t),
to model the subgrid-scale term in the filtered Navier-Stokes equations
⌫sgs (t) = (Cm )2 Dm (u)
where:
• u is the velocity field;
• Cm is the model constant (dynamically calculated using the dynamic procedure [2,3]);
•

is the subgrid characteristic length scale (e.g. element volume);

• Dm is an operator characterising the chosen subgrid model. In particular:
– for the Smagorinsky model:
Dm = |S|

where S = 12 (ru + ruT ) is the strain-rate tensor;
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– for the Sigma model:
Dm =
where

1,

2,

3

3( 1

2 )( 2

3)

1

are the singular values of the velocity gradient tensor ru.

In the above formulas the overline · symbol indicates the filtering operation. The deviatoric part of
the subgrid-scale stress tensor, ⌧ dsgs , is then modeled in the following way:
⌧ dsgs =

2⌫sgs S.

The mixed model used in this work is based on the Smagorinsky or the Sigma model plus a scale
similarity term:
⌧ dsgs = 2⌫sgs S + KLd ,
where:
• K is the scale similarity term constant;
c
• Ld = uu

bu
b is the modified Leonard stress tensor [10].
u

The hat b· symbol indicates a second filtering operation such that b >

.

We consider both P2-P1 and P2-P2 finite elements for space discretization. In the latter case a SUPG
stabilization able to circumvent the LBB condition is adopted. A second order BDF scheme is used
for time discretization with a semi-implicit treatment of the convective and subgrid non-linear terms.
Patient-specific boundary data obtained by Echo-Color Doppler measurements are used to prescribe
boundary conditions. In particular, we impose a parabolic velocity profile at the inlet, the flux is
imposed by Lagrangian multipliers at the internal carotid artery outlet, and the external carotid artery
outlet is stress-free.
3

RESULTS AND CONCLUSIONS

We present several numerical results with the aim of investigating the way turbulence affect hemodynamic indices such as wall shear stress, oscillator shear index, helicity. Vorticity and energy spectra
are computed to better assess the turbulence activity.
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Figure 1: Velocity magnitude after systole: dynamic Sigma model with SUPG stabilization.

Figure 2: Bifurcation particular: dynamic Sigma model with SUPG stabilization.
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SUMMARY
Numerical methods are increasingly used to predict the blood flow in intracranial aneurysms.
However, laminar flow in the cerebral vasculature is normally considered. Recent studies proposed
that also transitional effects could be present in intracranial aneurysms.
To further investigate this question, a high order direct numerical simulation solver carried out
within a giant patient-specific aneurysm. The considered case already served as basis for an
international CFD challenge and hence several simulation results exist.
Initial evaluations revealed no signs of unstable flow or increased frequencies within the aneurysm.
Further refined simulations and quantitative analysis will follow to identify possible fluctuations.
Key words: Intracranial aneurysm, Computational Fluid Dynamics, Direct Numerical Simulation
1 INTRODUCTION
A dangerous type of vascular diseases in the human brain is the existence of a permanent local
dilatation that is called intracranial aneurysm. Approximately 2-6% of the western population
harbor such a balloon-like shape usually located at different areas of the circle of Willis [1]. Due to
the existence of complex flow structured within the aneurysmal sack as well as the weakening of
the corresponding vessel wall, aneurysms can be prone to rupture. Such an event may have severe
consequences leading to death or irreversible disabilities [2].
In order to support the attending physicians during therapy planning several attempts have been
made in the last two decades to apply well-established methods of Computational Fluid Dynamics
(CFD) to the field of vascular blood flow. However, due to the complexity of the human regulatory
system, numerous assumptions were necessary to achieve numerical results in a reasonable
temporal and computational expenditure. Beside small regions of interest, rigid walls, idealized
flow conditions and the assumption of a Newtonian flow behavior, blood flow was usually
considered to be laminar.
Recently, different studies claimed that non-laminar flow in combination with relaminarization
could be present in aneurysms although the Reynolds number of cerebral vessels is usually below
1000 for physiologically meaningful blood flow [3-6]. Especially velocity fluctuations as well as
increased frequencies were detected within different aneurysms during the cardiac cycle. To
respond to increasing concerns regarding the benefit of CFD in the human vasculature [7] and test
the variability of different simulation groups, Steinman and Loth announced a CFD challenge that
compared the computational results under controlled simulation settings [8]. They also reported
evidence of flow instabilities for 6 out of 27 submitted solutions and demonstrated that further
clarification is needed.
The recent study follows the lines of the ASME CFD challenge and further investigates the blood
flow in the provided giant aneurysm. Two computational approaches are applied to characterize the
intra-aneurysmal hemodynamics and identify possible transitional flow. Firstly, a standard secondorder finite volume simulation with settings commonly used for this type of investigation is
considered. Secondly, a direct numerical simulation using an in-house high order finite difference
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solver with immersed boundary method approach is carried out to investigate possible fluctuations
within the flow field. The comparison of both simulation results enables a further step towards the
knowledge regarding a necessary modeling complexity for intracranial aneurysms.
2 METHODOLOGY
2.1 Case description
Since the central question of this study is related to possible transition in cerebral blood flow, a
complex patient-specific geometry was selected for this investigation. Figure 1 contains a giant
aneurysm that was located at the internal carotid artery. In addition to the complex shape of the
dilation, a stenosis is present proximal to the ostium. This leads to a high pressure drop before the
blood enters the aneurysm.

Fig. 1: Illustration of the investigated giant aneurysm model with a proximal stenosis from four
different perspectives [8].
2.2 Finite volume simulation
To carry out the “standard” finite volume simulation, the giant aneurysm was spatially discretized
using ANSYS ICEM CFD® 13.0 (Ansys Inc., Canonsburg, PA, USA). Grid-independency tests
were performed using six unstructured meshes consisting of 0.25 to 8 million elements. The
evaluation of the changes in total pressure drop, maximum velocity and residence time in the
aneurysm sac identified a sufficient mesh consisting of 2.25 million elements. Three boundary
layers consisting of prism elements ensured a better resolution of the high velocity gradient near
the vessel wall.
The patient-specific flow rate for one cardiac cycle (provided by the challenge organizers) was
defined at the inlet cross section and extruded in advance to guarantee a fully-developed velocity
profile. All walls are assumed to be rigid and a traction free boundary condition was imposed at the
single outlet. To decrease the effect of the outlet condition on the area of high pressure drop, the
outlet has been placed further downstream by five times the mean vessel diameter. Blood was
assumed to incompressible (ρ=1055 kg/m³), Newtonian (η=4 mPa·s) and laminar. The finite
volume solver computations applied a second order time and a second-order upwind space
discretization.
ANSYS Fluent® 13.0 (Ansys Inc., Canonsburg, PA, USA) was used to solve the Navier-Stokes
equations. Convergence was obtained when the scaled residuals of pressure and momentum
decreased below a value of 10-5. The constant time step size was chosen as 10-3 s according to the
stability condition (Courant number < 1), which was estimated in advance. To guarantee
periodicity the third cardiac cycle was analyzed, discarding the first two.
2.3 Direct Numerical Simulation based on Immersed Boundary Method
The same configuration has also been investigated by direct numerical simulation (DNS). The
finite difference in-house flow solver “DINOSOARS” relies on 6th order spatial discretization and
4th order temporal Runge-Kutta approach. DINOSOARS has a regular grid arrangement, whereas
the complex geometry is handled by the Direct Boundary-Immersed Boundary Method (DB-IBM)
[9]. The Poisson equation in DINOSOARS is computed by a spectral solver (in-house Poisson
equation solver) based on a parallel FFT standard library providing a high order solution. Since
DINOSOARS contains different solvers, the current case was simulated with the incompressible
solver that is described by Equation (1) and (2) for the mass and momentum conservation:
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∂u i
= 0,
∂x i

(1)

∂ 2u
∂ui
∂u
1 ∂p
+ υ 2i ,
+uj i = −
ρ ∂xi
∂t
∂x j
∂x j

(2)

whereas ui, ρ and υ are the components of flow velocity, density and kinematic viscosity,
respectively. In DINOSOARS, the pressure is projected to the Navier-Stokes equation using the
pressure-free projection method [10-12]. The advantage of using DINOSOARS with IBM is that
the Navier-Stokes and the Poisson equation are solved with high order schemes, which should be
able to capture any transition in the flow. Furthermore using DB-IBM eliminates the efforts and
time that is required to construct body-fitted mesh. The computational grid consists of
129x129x144 grid-points leading to 0.25 mm spatial resolutions in all directions. In the current
simulation three cardiac cycles of the provided flow rate are considered and a constant time step
size of 2.5·10-4 s was defined leading to 4000 time steps per cycle. Finally, post-processing was
accomplished with CEI EnSight ® V. 9.2 (CEI Inc., Apex, NC, USA).
3 RESULTS AND CONCLUSIONS
Within the scope of this abstract only preliminary results of the direct numerical simulation are
presented. A quantitative and more detailed comparison (e.g., including turbulent kinetic energy)
will follow at the conference.
As illustrated in Figure 2, the velocity results of the ASME CFD challenge show a good agreement
between the participants. One of the solutions represents the described finite volume simulation.
Comparing the cycle-averaged velocity solution of the high-order in-house DNS solver, a good
qualitative agreement can be noticed as well. The isosurface plot of the velocity magnitude appears
smoothly indicating no signs of disturbed or interrupted flow. Also the observation of the timedependent velocities reveals no clear hints regarding a non-laminar flow structure. However,
further analyses are required to quantify the computed flow field. Additionally, a profound
comparison to the finite volume approach is needed. Hence, conclusions can be drawn, if the recent
assumption concerning laminar cerebral blood flow simulations in the investigated case is justified.

Fig. 2: Time-averaged isosurface plots of all groups participating in the ASME CFD challenge
2012 [8] (top left). The velocity results obtained by the high order in-house DNS solver are in good
agreement with the majority of the challenge solutions (top right), Streamlines and cut-plane
visualization enable the characterization of the average flow structure (bottom).
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Beside the question, whether transition needs to be considered to characterize the hemodynamics in
intracranial aneurysm, one has to ask, which accuracy is sufficient enough. In particular, it needs to
be found out, which hemodynamic parameters posses any relevance regarding aneurysm growth or
rupture. Until then, physicians will not adopt any numerical method in order to assist during
therapy planning. Furthermore, high-resolution experimental measurements are required to validate
possible fluctuations and evaluate their impact on the sensitive luminal surface of the endangered
aneurysm wall.
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SUMMARY
Modeling and computational analysis play an increasingly-important role in the design of implantable
ventricular assist devices, other blood-handling devices such as oxygenators and heart valves, as well
as surgery planning. Numerical simulation of blood flow and associated physiological phenomena has
the potential to give the engineers and clinicians important insights into causes of blood damage and
suboptimal performance. The microstructure of the blood as the flowing medium affects the outcome
of the analyses to a varying degree, depending on the task at hand.
A set of modeling techniques is presented which are based on stabilized space-time finite element
formulation of the Navier-Stokes equations. Since in many situations, the behavior of blood at the
macroscale needs to account for viscoelastic behavior, special attention is being paid to efficient and
robust discretization methods for differential constitutive equations.
Of equal importance is the quantification of biocompatibility of the evolving device designs. As an
example, hemolysis can be quantified using either device-specific correlations or more fundamental
models, taking into account the flow field, exposure time, or even cell membrane properties. Recent
developments in this area will be outlined.
Key words: red blood cells, hemolysis model, constitutive model, blood pumps

1 INTRODUCTION
The computational analysis of blood flow in medical devices holds the promise of new highly biocompatible designs that extend the lives of patients suffering from cardiovascular diseases without
compromising their quality of life. Just as fluid flow simulation has been slowly supplanting the need
for costly experiments in the aerospace and marine industries, to name a few, it is hoped that wider
adoption of computational models in the biomedical industry will greatly reduce the need for in vivo
animal trials and further reduce the risk of testing in humans.
There are multiple scientific obstacles that have slowed down the development and application of simulation technology to the cardiovascular system and blood-handling devices. The behavior of blood,
both as a flowing medium and as a living organism, is extremely complex, and thus not comparable
with the simple air or water flows that need to be considered in other engineering fields. The variability of blood behavior between humans and animals, between different patients, or even for the same
patient at various disease stages, reduces the predictive power of simulation, and makes stochastic
approaches and uncertainty quantification particularly important.
Simulation efforts are underway concerning most aspects of cardiovascular system:
• heart-assist devices,
• arterial vessels for patient-specific surgery planning and risk assessment,
• artificial heart valves, both mechanical and bioengineered,
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• heart muscle function,
• arterial stents including drug elution to prevent restenosis, and,
• hollow fiber oxygenators for lung support.
In any one of these application areas, a myriad physicochemical processes need to be considered,
including the following:
• blood cell transport and damage,
• coagulation and smooth muscle cell migration,
• gas and drug transport,
• electrical signal propagation,
• fluid-structure interaction.
In this abstract, we will focus on the heart-assist devices, used short-term as surgery support, mediumterm as bridge-to-transplant or bridge-to-recovery, and even long-term as a destination therapy. The
phenomena that need to be considered in their design are often limited to blood cell transport and damage, and fluid-structure interaction in case of membrane-driven devices. As such, the field involves
only a fraction of the possible models and phenomena that play a role in cardiovascular engineering,
but remains extremely complex nevertheless.
2 BLOOD MICROSTRUCTURE EFFECTS
Blood is a complex microstructured fluid, quite distinct from fluids typically encountered in the engineering practice. It is a suspension of erythrocytes, also called red blood cells, leukocytes or white
blood cells, and platelets, in a simple fluid referred to as the plasma. It is the red blood cells that
have the major impact on the flow behavior, as they occupy ca. 45% of the flow volume in a healthy
sample. This volume ratio is referred to as hematocrit. Each red blood cell is composed of an elastic
membrane which holds hemoglobin; the latter is responsible for the gas exchange processes in the
lungs and the tissues. It is as the carrier of hemoglobin that blood fulfills its primary function, enabling metabolism throughout the organism. As can be expected, the blood constituents affect in a
major way the behavior of blood as a fluid on a macroscale. Only in the first approximation can blood
be considered a standard Newtonian fluid, i.e., a fluid with a linear relationship between the shear
rate, quantifying roughly how quickly the adjacent layers of fluid move with respect to one another,
and shear stress, which represents the viscous forces between those layers. Such linear relationship
can be described as a fluid having a constant viscosity, which serves as the proportionality constant.
Since increasing shear rates cause red blood cells to disperse from the stack-like structures called
rouleaux which are formed in a quiescent fluid, a drop in viscosity is seen on a macroscale in experiments. This behavior can be represented in flow simulations by employing a so-called shear-thinning
model, where the viscosity is no longer a constant, but a (decreasing) function of the shear rate. Most
shear thinning models, such as Carreau-Yasuda or Modified Cross models, assume a certain viscosity
in the zero shear limit and another, lower viscosity in an infinite shear limit, and match those two
values with a smooth transition curve.
Shear-thinning models cannot account for additional effects seen on a macroscale which are related
to the elasticity of the red blood cell membranes; unlike most fluids, blood can store the elastic energy
through stretching of those membranes and release it when the shear forces are removed. In effect,
the blood behaves as a viscoelastic fluid; such behavior is also characteristic of polymers. Models
that account for viscoelasticity at the macroscale have been developed in the chemical engineering
field over the years, and they can be calibrated and applied to blood flow as well. Most often used
are models of rate type, such as Maxwell, Oldroyd or Giesekus, which represent the fluid stress as an
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additional unknown governed by its own evolution equation. Compared to the Newtonian or shearthinning fluids, the simulation of viscoelastic fluids is computationally more costly, since the number
of degrees of freedom is typically more than doubled. Moreover, new numerical challenges have to
be faced, including the so-called high-Weissenberg number problem.
Even more valid representation of the blood microstructure can be clearly expected of true multiscale simulations, where representative volume elements resolving the red blood cell membrane and
its interaction with the hemoglobin and the plasma are used to provide the strain-stress relationship
at the macroscale depending on the local flow field. Needless to say, such multi-scale simulations are
unfortunately beyond the reach of the current supercomputers.
3 BLOOD DAMAGE MODELS
The standard flow simulation of a heart-assist device, even considering all the challenges outlined
above, does not immediately provide an indication of hemolysis levels. To predict NIH on the basis
of flow simulations, computational models of hemolysis need to be developed and employed.
A most basic model that can be applied is based on a set of NIH experimental measurements at various
flow parameters, which are then inter- or extrapolated at new flow conditions, e.g., using flow rates
obtained from a flow simulations. This kind of model, sometimes referred to as response surface,
is very specific to a particular kind of a flow device, and its suitability to drive design modifications
such as changing blood pump shape is questionable. In the following, we will be focusing on phenomenological models that assume certain relationship between local flow properties and red blood
cell response, and are thus universally applicable to a wide range of blood-handling devices.
It has been universally accepted that the hemolysis in VADs is a bulk process, which is not greatly
affected by the surface effects such as collision of red blood cells with moving pump components.
Indeed, the primary factors in hemolysis appear to be the levels of shear stress in the bulk of the
fluid, i.e., in the interior of the flow domain, and the exposure time, i.e., the period during which the
red blood cell is exposed to a particular shear stress levels. A set of groundbreaking experiments [1]
resulted in a correlation [2] which relates, for red blood cells experiencing a steady level of shear
stress in a Couette device, the rate of release of hemoglobin to the exposure time. This correlation
has been used ever since to quantify the hemolysis in blood pumps, by tracing a representative set of
particle paths through the flow volume, and integrating along each path the incremental rate of release
of hemoglobin depending on local value of shear stress. Further versions of the model developed [3]
mollified the most problematic aspects of the original model, such as the lack of convergence with
respect to particle tracing interval, dependence on the choice of particles, and the incorrect asymptotic
behavior.
The common aspect of the models that rely on the instantaneous value of the shear stress has been
their tendency to over-predict hemolysis, since the lag between the certain shear stress level and
the cell deformation is not accounted for. In other words, these models, also referred to as stressbased models, assume immediate response of the red blood cell to the surrounding fluid stress. In
contrast, strain-based models [4] take the delay introduced by the cell membrane into account. They
do so by representing the deformation of the blood cells by a morphology tensor, which is able to
represent ellipsoidal shapes at various stages of deformation or strain, as shown in Figure 4. The cell
shape evolves, analogous to previously developed and validated droplet models [5], in response to
surrounding fluid stress. Although the low-shear behavior is not accurately represented, this is judged
to be not very relevant to hemolysis which occurs at high shear. By tracking the delayed history of
strain experienced by the cell membrane, a more precise estimate of rate of release of hemoglobin
can be obtained. This is done by computing the level of steady shear stress necessary for a particular
cell deformation (effective shear rate), and using the Wurzinger-Giersiepen correlation to find the
corresponding hemoglobin release rate.
4 METHODOLOGY
This work focuses on recent developments in a) simulation of viscoelastic liquids and b) blood damage modeling. In the first category, a range of methods has been developed that robustly discretize
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the numerically challenging viscoelastic constitutive equation, using the Galerkin/Least-Squares discretization [6] and so-called log-conformation approach [7, 8]. In the second category, the strainbased hemolysis model mentioned above has been continually improved and applied to a range of
medical devices, including benchmark cases [9, 10, 11, 12]. The long-term goal for these simulation
techniques is clearly the prospect of the automatic optimization of medical devices [13].
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SUMMARY
A reliable macroscopic model for assessing the hemolysis rate in realistic blood flows is still lacking.
One major difficulty when developing such models is that their outcome is usually assessed in a very
global way by comparison with measurements of free hemoglobin concentration. A methodology
based on fully resolved simulations and more prone to give useful information for the development
of improved models is proposed in this study. The prediction from a typical macroscopic model is
compared to the results from a fluid-structure interaction simulation performed at the cell scale, to
illustrate how macroscopic models can be evaluated.
Key words: hemolysis model, red blood cell, fluid-structure interaction

1

INTRODUCTION

Computational Fluid Dynamics (CFD) is now a key ingredient in the design chain of many industrial
systems. However, its use for optimizing blood wetted devices is not mature due to challenges specific
to blood flows. First, blood is a living fluid with a complex rheological behavior [1] which is difficult
to simulate. Then, the design process must account for the hematologic compatibility of the device.
To this respect, CFD is still at its early age because of the lack of reliable and affordable macroscopic
models of thrombosis (clot formation) and hemolysis (damaging of the red blood cells membrane).
Regarding the latter, a classical macroscopic model relates the fraction of plasma free hemoglobin in
Hb
blood to the shear stress ⌧ and exposure time t: Hb
= C ⇥ ⌧ ↵ ⇥ t . The model parameters
are tuned to match experimental measurements in simple shear flows [2, 3]. Although very crude,
this modeling approach is most often used to assess the blood damage in practical biomedical devices
[4]. Improvements of this approach have been recently proposed in the literature, predicting the
deformation and orientation of the red blood cells in the flow as an intermediate step to calculate the
stress level [5, 6]. An example of such a strain-based model is the one proposed by Maffettone and
Minale [7] and later adapted by Arora et al. [8], based on a transport equation for the shape tensor S
of ellipsoidal droplets of constant volume. The transport equation of S can be written under the form:
dS
= f1 [S g(S)I] + f2 [ES + SE] + f3 [WS SW],
(1)
dt
where I, E and W are the identity, the rate of strain and the vorticity tensors, respectively. g is a function of S ensuring volume conservation and f1 (in s 1 ), f2 and f3 are model constants. Equation (1)
describes how S changes due to the flow (last two terms) and the surface tension (the f1 term). Arora
et al. [8] determine the values of the constants using experimental data from red blood cells.
An issue when developing blood damage models is the lack of detailed validation. The common
practice is to compare the computed hemolysis to measurements of the plasma-free hemoglobin. This
is of course a relevant global quantity but it gives neither local information about the quality of the
blood damage model nor keys to improve it. In this study, we propose to compare macroscopic models
with detailed (cell based) numerical data obtained by solving the interaction between the inner-outer
fluids and the cell membrane. Of course, such simulations cannot be used for whole blood, with its
millions of cells per mm3 . Still, they may give useful information to assess and improve macroscopic
models. This view is illustrated in this paper in a microfluidic configuration.
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Stretching force (pN)

Figure 1: Red blood cell diameters as a function of the force applied in the optical tweezers experiment of Mills
et al. [14]. The shear modulus is 3.75 µN.m 1 and the area-to-shear moduli coefficient is 100 [12].

2

METHODOLOGY

The in-house software YALES2BIO (http://www.math.univ-montp2.fr/ yales2bio/) is used in order
to compute the dynamics of a single red blood cell (RBC) under flow. The RBC is modeled as a
membrane enclosing an internal fluid (the cytoplasm rich in hemoglobin) surrounded by an external fluid (the plasma). Both fluids are considered incompressible and Newtonian, the cytoplasm to
plasma viscosity ratio being fixed to = 6.0. The membrane of the RBC is supposed to be an infinitely thin hyperelastic surface. The classical strain energy function proposed by Skalak et al. [9]
is used to represent the resistance of the membrane to shear and area changes. It is complemented
by the Helfrich bending energy to properly account for out-of-plane deformations. A front-tracking
immersed-boundary method is used to solve the fluid-structure interaction problem which describes
the motion and deformation of the RBC. The membrane is represented by a set of Lagrangian markers
convected by the fluid. As a reaction against its deformation, the membrane exerts a force on the surrounding fluid which can be computed from the strain and bending energies. This force is regularized
onto the Eulerian (fixed) mesh used to solve the forced Navier-Stokes equations by a fourth-order
finite volume method [10]. The method and its implementation in the YALES2BIO solver are fully
described and intensively validated in [11, 12, 13]. As an illustration, the results from the computation of the optical tweezers experiment are displayed in Fig. 1. The computed transverse and axial
diameters of the stretched cell are within the experimental uncertainties [14].
3

RESULTS AND CONCLUSIONS

In order to evaluate the strain-based model described by Eq. (1), the microfluidic configuration depicted in Fig. 2 is considered. It is a configuration typical of hematology analyzer, where red blood
cells pass one by one through a small aperture. The diluted blood sample is injected at the center of
an axisymmetric device and surrounded by a sheath flow of water, with a flow rate ten times larger in
the sheath flow than in the sample. The geometry abruptly contracts, with a surface ratio of approximately 400 (only a zoom on the aperture is shown here). This results in a strong acceleration of the
fluid. The diameter of the aperture is 50 µm and the Reynolds number in the aperture is of the order
of 300. From a simulation without RBC, we obtain an axial gradient of axial velocity of the order of
105 s 1 in the region of interest. On the centerline of the system, the vorticity tensor of the carrying
flow is zero and the rate of strain tensor has only diagonal components, varying in space. This enables
to test only specific terms of the shape tensor equation. Figure 2 (right) shows a typical sequence of
shapes for a RBC passing through the device. The cell is deposited undeformed (discocyte shape)
one radius upstream of the contraction. It is symmetrical with respect to the displayed cutting plane.
Even if the rotation tensor is zero on the centerline, the cell realigns with the flow due to the strong
axial gradient of axial velocity. In addition, the cell lengthens before stabilizing at the aperture exit,
where velocity gradients are small. The time for a RBC to go through the aperture is short (⇠25 µs).
The macroscopic model describing the shape tensor evolution in the flow is used in the same configu-
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Figure 2: Left: Axisymmetric domain used for the fully resolved simulations. It is a reduced configuration
from a larger flow contraction case. White streamlines separate the sample from the sheath flow. The cross
(⇥) marks the location of the deposition of initially undeformed RBCs, one radius R upstream of the aperture
(R =25 µm). Right: Sequence of shapes of one red blood cell passing through the aperture, initially deposited
undeformed, with an orientation of 45 with the centerline [13]. The flow field in the absence of cells is also
shown. Only the intersections of the 3D membrane with the displayed cutting plane are drawn.
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Figure 3: Distortion (left) and orientation (right) of cell along its trajectory, as a function of the non-dimensional
axial position of the cell (z/R, with R the aperture radius : z = 0 is the aperture entrance). The ellipsoidal
drop model is run with f1 = 5 s 1 and three different values of f2 .

ration. The carrying flow in the absence of the cell is supposed to be unperturbed by the passage of a
cell, modeled as a massless ellipsoidal droplet of variable size and orientation, but prescribed volume.
Such a fictive particle is deposited at the same location as the cell in the micro-scale computation,
with an initial orientation of 45 with the centerline. Initially, the ellipsoid is considered to be the one
having the same moments of inertia tensor as the RBC used in the fully resolved simulations.
The ellipsoidal drop model is advanced for three different values of f2 . In hemolysis calculations, the
value of f2 = 4.2298⇥10 4 is generally considered, as it matches the steady state rate of deformation
of a RBC at large shear rates [5, 8]. For drops, Maffettone and Minale [7] propose an estimate of f2
based on the internal-to-external viscosity ratio . When = 6.0 as in the present case, f2 = 1/3.
Finally, the value f2 = 1.0 is used as a comparison. In all the cases, the value of f1 = 5 s 1 ,
determined from the relaxation time of a RBC in the absence of flow [8] is conserved. Given the
characteristic time of the case of interest, this term modeling the shape recovery of the droplet due to
the surface tension does not have time to act. The orientation and elongation of the long axis are thus
only produced by the f2 term in Eq. (1); their evolutions are displayed in Fig. 3.
The constant f2 has a direct impact on the deformation and reorientation of the ellipsoidal drop model.
This is explained by estimating ⌧2 the characteristic time associated with the f2 term of Eq. (1). With
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E the characteristic rate of strain, ⌧2 = 1/(f2 E): using a small value of f2 = 4.2298 ⇥ 10 4 thus
increases the characteristic time of that term compared to the flow characteristic time. The ellipsoidal
drop passes through the aperture without deforming and reorienting. Note that even when using the
estimate of Maffettone and Minale (f2 = 1/3), the reorientation is under-estimated. In this example,
as in all other operating points considered (not shown), values close to one (typically between 0.8 and
1.0) yield the better comparisons with the fully resolved simulations.
This first study suggests that the ellipsoidal drop model, the fundamental brick of some strain-based
models, may fail to reproduce the complex dynamics of cells. In particular, the terms relating the
shape tensor to the flow velocity gradients involve only one coefficient, which determines both the
characteristic time with which a cell reacts to a flow change and the steady state elongation. Strainbased models clearly improve the estimate of hemolysis rate by adding a delay between the flow stress
history and the cell stress history. However, this delay may be substantially over-estimated in some
configurations. Of course, the present test case is extreme, as it involves a large extensional velocity
gradient and small characteristic times. However, it enables to point out some limitations of one of
the most advanced available models to predict hemolysis.
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SUMMARY
Thrombus formation is initiated by first adherence of platelets under the influence of surface properties, platelet state and blood flow. A deposition model was developed on the basis of experimental
data of a stagnation point flow at shear rates of up to 500 s 1 . The model may suggest that the normal
velocity component may be an important parameter for identification of thrombus prone sites.
Key words: thrombus, platelets, deposition, model, numerical, CFD

1

INTRODUCTION

The deposition of platelets and the following thrombus development is an important protection mechanism of the human body. In medical devices that come into contact with the blood this protection
mechanism may form thrombi that may disturb the device function or cause strokes. The key players
for thrombus formation, familiarly known as Virchow triad, are the properties of the blood contact
interface, the blood itself and the blood flow. Several models were proposed focusing on different
aspects of the formation process: chemical interaction of coagulation factors [1], blood flow on the
spatial development of the thrombus [2, 3], and multiscale models [4].
In this study we focused on the flow impact on the thrombus formation. Even for this topic the
key flow parameter is not clear. Several models are focused on the wall shear stress (WSS) that
represents the strength of tangential force onto the wall and is a component of the force onto an
emerging thrombus. High WSS will wash off deposited platelets, so that low wall shear stress regions
are considered critical for thrombus formation. The strength against sweep of platelets depends on
the surface material used and the strength of the platelet-interface binding. Other authors found
correlations between thrombus site and velocity component towards the wall. [6] The limitation of
numerical deposition models is that they are based on few experimental studies with their respective
limitations e.g. a limited range of flow rates.
In this study we obtained new experimental data and developed a deposition model for activated
platelets on the basic principle of the conservation of platelets near the wall.
2
2.1

METHODOLOGY
In-vitro Experiments

For fitting of model parameters we obtain deposition data from a stagnation point flow as described
in detail in an earlier publication [5]. In short, fresh human blood is drawn from donors and prepared
for fluorescence microscopy, in which the platelets are labeled with Calcein Red Orange. From each
blood sample the platelet concentration cbulk is measured and used in the deposition model. The
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Figure 1: In-vitro experiments: Left - schematic depiction of the experimental setup; Right - Characteristic
image of the deposition after 5 min (white bar - 250 µm)

Figure 2: Flow simulation: Left - view on the surface mesh of the simulated domain for CFD; Middle - wall
shear rate distribution; Right - wall shear rate gradient distribution

prepared blood is drawn into a stagnation point chamber by a suction pump. Just before entering the
chamber Adenosine diphosphate is added continuously into the blood stream to activate the platelets
(Fig. 1 left). Inside the chamber the blood impinges onto a von-Willebrand-Factor-coated cover
glass. The development of the deposition is observed through the cover glass with a field of view
of 1795 µm ⇥ 1346 µm and a spatial resolution of about 0.72 µm per pixel for a period of about
5 minutes with 0.24 frames per second. A typical deposition pattern is shown in figure 1 right. From
such deposition images - 75 seconds after an onset of depositions - the numbers of adhered platelets
are calculated, assuming that a single platelet covers an area of 3 µm2 . Experiments at five flow rates
(20, 30, 40, 60 and 80 ml/h) are performed. For 20, 40 and 80 ml/h blood from 13 donors are used.
Five runs with flow rates of 30 and 60 ml/h are done later with other blood samples.
2.2

Hemodynamic Simulations

For fitting of the deposition model, we assess the wall shear rate distribution from computational
fluid dynamics (CFD), as described in details in Kragh et al. [5]. For a quarter of the rotational
symmetric flow domain a mesh is generated (Fig. 2 left) with 2.8 million cells using Gambit (Ansys
Inc., USA). At the stagnation point the spatial resolution at the deposition wall is 0.6 µm and growths
at higher distances up to an edge length of 25 µm, to obtain a highly resolved WSS distribution
and the respective wall shear rates (WSR). At the inlet a full-developed parabolic velocity profile is
set with the respective flow rates. The blood is modeled with a density of 1050 kg/m3 and a nonNewtonian viscosity model [7]. At the stagnation point the WSR is zero and typically increases to
a maximum (e.g. 480 s 1 for 80 ml/h) at a distance of about 300 µm. From this distance the WSR
drops monotonously (Fig. 2 middle). The wall shear rate spatial gradient - a quantity for the normal
velocity - is also computed and used for modeling (Fig. 2 right).
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Figure 3: Deposition model. Left - Principle. Blood enters with platelets from the top into the layer of control
volumes (CVi ) with a platelet rate Ji . These platelets can deposit on the wall JDepoi or can be transported to
downstream. The right plot shows the impact of the model parameters on the density of deposited platelets.
Black solid line is the reference curve with a parameter set. The other curves show changes of the parameter:
deposition probability parameter P (red), height of the control volume layer H (green), platelet concentration C
(blue)

2.3

Deposition model

The model considers the platelet transport in a layer near the wall. Platelets that come into this volume
can deposit (Fig. 3); platelets outside this volume were not considered for deposition.
This layer is subdivided radially into annulus-shaped control volumes (CV) with height H and equal
width L. Into the i-th CV (CVi ) platelets enter from the upstream CVi 1 with a platelet rate Ji 1,i
and platelets leave the CVi downstream into CVi+1 with a rate Ji,i+1 . At the top platelets enter or
leave with a rate of Ji , depending on the flow rate through the CV boundary (incoming or outward)
and a platelet concentration: cbulk for incoming platelet flux or the CV-concentration ci for outward
platelet flux. For the model a constant ratio - a model parameter - between the platelet-deposition rate
JDepoi and the incoming platelet rate Ji,i+1 + Ji is assumed. To avoid a dependence of the ratio on
the CV-width this ratio is replaced with an exponential decay function with a constant P (eq.1).
JDepoi
=e
Ji,i+1 + Ji

P ·L

(1)

Since the central ring has just a platelet influx from the top side, deposition curves can be calculated
beginning from the central CV by varying both undetermined model parameters – the decay constant
P and the layer height H – considering the bulk platelet concentration cBulk . From these deposition
curves the curve with the smallest coefficient of determination R2 is chosen as the best match, so that
for each run a combination of height H and constant P is determined.
3

RESULTS AND CONCLUSIONS

In figure 4 the results of the parameter fittings are shown. One major finding is that the model matches
well (R2 ⇠ 0.70) with the experimental data (Fig. 4 left). Furthermore, the model approach results
in reasonable values for the layer height H in a range from 1 to 4 µm (Fig. 4 top right) since the
platelets are of a size of about 2 µm. The major finding is that the model parameters height H and
decay constant P are similar for the different investigated flow rates. Comparing the values for same
blood samples (Fig. 4 bottom right) but different flow rates, a common trend is seen: the decay
constant P increase for higher flow rates and the layer height H decrease for higher flow rates. This
may indicate a non-modeled effect, which may be a result of the binding stability of platelets against
the flow forces or a changed diffusivity of platelets. The resulted ranges of parameter variances is
acceptable, when comparing these variances with the impact on the calculated deposition. In Fig. 3
these ranges where used. Interestingly the range in model parameter P result in a maximum shift of
±30 µm. The Fig. 3 shows another important dependency between the model parameters. To obtain
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Figure 4: Matching of the deposition results. Left - Example of a fitting on the deposited platelets of R2 = .62.
Right upper row - Boxplots with median, maximum, minimum and quartiles are shown for the R2 , the decay
constant P and height H. Right lower rows: Each line in the plots connects the determined values for a blood
sample at a flow rate of 20, 40 and 80 ml/h.

a shift of the maximum without changing its magnitude, the second parameter H must be adjusted.
This may also be a cause for the spreading of the model parameters. This needs further clarification.
Nevertheless, this model may indicate that the magnitude of transport of blood towards a surface has
a major impact on thrombus formation. In other publications, e.g. [2], an increased deposition were
reported for shear rates of about 100/s, but here these effects seems to be negligible, since just one
maximum was observed for all flow rates. This may also explain thrombus formation in recirculation
regions, since in such flow situations platelets are carried from the bulk flow towards the wall.
It seems feasible to transfer the model in a finite-volume simulation software. The main issue is to
resolve the thin boundary layer adjacent to the wall, that increased the computational costs.
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SUMMARY

A single-scale thrombosis model is taken from literature and modified to predict device-induced
thrombosis. The modifications include additional terms to predict platelet activation in regions of
high shear stress and platelet adhesion in regions of low wall shear rate. A modified Brinkman
term is added to the Navier-Stokes equations to model a growing thrombus as a porous material.
The model was tested in a 2D asymmetric sudden expansion, and the model predicted thrombosis
in the region of separated flow downstream of the expansion.
Key words: computational fluid dynamics, thrombosis, platelet adhesion, fluid mechanics
1 INTRODUCTION
Blood-contacting devices are regularly used to treat a variety of cardiovascular conditions;
unfortunately, thrombosis remains an issue with many devices. One of the primary contributors to
device-induced thrombosis is disrupted blood flow through the device [1]. Specifically, regions of
high shear stress activate platelets, and regions of low wall shear rate (WSR) provide locations for
platelet adhesion. In addition, regions of low WSR are often associated with flow separation and
recirculation, which have been shown to trap activated platelets and deliver them to a wall [2].
Many computational models have been developed to help predict and understand thrombosis, but
they all have varying degrees of limitations when it comes to simulating device-induced
thrombosis. A large portion of the existing models consider thrombosis on a cellular scale, which
makes them too computationally expensive for use in the 3D geometries and complex flow patterns
associated with cardiac devices [3,4]. Others are designed to predict vascular thrombosis and rely
on “injury zones” to initiate thrombosis [3,5]. These models are not useful to device developers, as
locations of thrombosis are often unknown in prototype cardiac devices. A thrombosis model has
been developed with device-induced thrombosis in mind, but, as it was designed for low shear
flows, it does not include a term for mechanical platelet activation in the bulk flow [6]. The
presented thrombosis model will help cardiac device designers by simulating the entire thrombotic
process; encompassing platelet activation, platelet adhesion, and thrombus growth; on a
macroscopic scale, while relying on the fluid mechanics of the system to dictate locations of
thrombosis.
2 METHODOLOGY
A computational model designed to predict thrombosis on a macroscopic scale was taken from
literature [5], and terms were added to simulate platelet activation in regions of high shear stress
and platelet deposition in regions of low WSR. In addition, the modeling of a growing thrombus
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was improved. As the size scale of the model is orders of magnitude larger than the individual
cells and molecules that participate in thrombosis, only bulk concentrations of considered species
are calculated: non-activated platelets ( ), activated platelets ( , Eqn 1), and a chemical
activator (ADP). In addition, the concentration of platelet-platelet links is tracked (lpp, Eqn 2). The
incompressible continuity and Navier-Stokes (Eqn 3) equations are used to calculate the velocity
and pressure fields. An additional term, a modified Brinkman term, was added to Equation (3).
This term treats a growing thrombus as a porous material and acts as a momentum sink in regions
with a high concentration of platelet-platelet links [3]. Additionally, this allows for the entire
domain to remain a “fluid” throughout the simulation, eliminating the need to re-mesh the domain
to track a growing thrombus.
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In the preceding equations, u is the velocity vector, p is the pressure, is the fluid density, is the
is a coefficient that defines the rate of platelet aggregation, and is a
fluid dynamic viscosity,
coefficient that represents the rate of breakage of platelet-platelet links due to high shear stress. C,
, and are coefficients for a power law model of platelet activation and are estimated from
literature [7].
is the computational time step, and is the scalar shear stress. Da is a diffusion
coefficient for activated platelets and is defined as two orders of magnitudes larger than the value
for Brownian motion to account for enhanced diffusion due to red blood cells [5]. Finally, R(ADP)
is a function taken from [4] that quantifies chemical platelet activation (Eqn 4), ( ) is a function
of shear rate that quantifies platelet aggregation in regions of low shear rate (Eqn 5), and ( ) is
part of the modified Brinkman term that depends on the thrombus permeability, k (estimated from
[8]), and increases with increasing lpp (Eqn 6). A similar Brinkman term is used by Leiderman and
Fogelson [3], and it allows a growing thrombus to be treated as a porous material without the need
to re-mesh the computational domain. Constants are used to establish threshold levels for ADP
concentration necessary for platelet activation in Equation (4),
, and the platelet-platelet
link concentration necessary for that part of the domain to be considered a thrombus in Equation
(6),
, . Equation (5) is based on a term developed to assess potential thrombosis in pulsatile
blood pumps [9] that preserves the non-linear relationship between shear rate and thrombus
deposition. In the presented model, it is adapted to give a measure of instantaneous platelet
adhesion using a characteristic time for platelet adhesion (
), the computational time step
and
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The governing equations were incorporated into a solver using the open-source computational fluid
dynamics (CFD) toolbox OpenFOAM. A 2D asymmetric sudden expansion geometry, which
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creates a region of flow separation and recirculation that is relevant to medical devices, was
selected to test the model. A Newtonian fluid was assumed, and the kinematic viscosity was
defined as 3.5 cSt to match the asymptotic value of whole bovine blood. Using this value of
viscosity and the average upstream velocity, the Reynolds number (Re) was 490, placing flow in
the laminar regime. This Re was chosen to match an in vitro data set of thrombus size versus time
collected by Taylor et al. [10] in a 3D asymmetric sudden expansion with dimensions matching the
CFD geometry used in the presented study.
3 RESULTS AND CONCLUSIONS
The asymmetric sudden expansion produced a region of flow separation (Figure 1), which mimics
the flow conditions that have proved troublesome in cardiac devices. Mechanical platelet
activation occurred in the regions of highest shear stress, as illustrated in Figure 2. These regions
were found near the inlet walls and in the shear layer that developed in the area of flow separation.

Figure 1: Plot of the initial axial velocity field in the 2D asymmetric sudden expansion geometry. Velocity contour
lines have been added, and the color legend has been made non-linear (reversed flow is dark blue), to help
illustrate the region of flow separation downstream of the expansion.

Figure 2: Plot of initial mechanical platelet activation, normalized by the maximum value. Regions of high shear
stress produce the highest rates of platelet activation.

Thrombosis was predicted in the region of low WSR caused by flow separation downstream of the
expansion and was characterized by an increase in the concentration of platelet-platelet links (lpp).
Platelet adhesion was first predicted in the corner of the expansion and at the reattachment point,
but the thrombus grew from these locations to eventually occupy the entire initial recirculation
region. The thrombus reached an asymptotic size after filling the recirculation region, which was
also observed in the in vitro study [10]. Another similarity between the presented computational
results and the in vitro study was in the shape of the formed thrombi. In both cases, thrombi were
thickest near the expansion, and their cross-sectional area decreased in the downstream direction.
Figure 3 shows the velocity field after a simulated thrombus reached its asymptotic size, and the
greatly reduced velocity within the thrombus due to the Brinkman term is apparent. The velocity
has been reduced by five or six orders of magnitude in the corner near the expansion compared to
the initial velocity.

Figure 3: Plot of the axial velocity field with a simulated thrombus present (outlined with a white contour line
based on a threshold value of platelet-platelet link concentration). The primary thrombus is located downstream
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of the expansion, in the low WSR region caused by the flow separation. The color legend is non-linear to
accentuate the low velocities (shown in dark blue) that are calculated within the thrombus due to the modified
Brinkman term in Equation (6).

All blood properties, such as asymptotic viscosity and platelet count, where matched to bovine
blood. This was done to reproduce the conditions of the in vitro study, even though there are
differences between bovine and human blood. However, many blood-contacting devices are
initially tested using animal models, which makes it important for any device-induced thrombosis
model to be validated under similar conditions. In addition, the only material-dependent
parameters in the model are the WSR threshold values that influence platelet adhesion. With
simple modifications to these values, the presented model should be able to provide predictions of
platelet adhesion for numerous biomaterials.
In this paper, a computational model capable of simulating thrombosis under the flow conditions
that proved troublesome in blood-contacting devices is presented. While the model has only been
tested in a 2D sudden expansion under steady conditions to date, it should be extendable to any 3D
geometry that contains regions of disturbed flow. If used as a design tool for device developers,
the presented model has the potential to greatly reduce the time and cost of bringing new medical
devices to market.
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SUMMARY
We propose a coupled chemo-fluidic computational model to investigate flow-mediated
thrombogenesis in infarcted left ventricles. Intraventricular blood flow is simulated by solving the
incompressible Navier-Stokes equations using the immersed boundary method and this is coupled
to biochemical modeling of the coagulation cascade, and fibrin polymerization and platelet
activation. The method is applied to an infarcted left ventricle model with an apical aneurysm. The
computational results suggest that the blood residence time is a key factor for the thrombus
formation in the ventricle.
Key words:
1

left ventricle thrombus, hemodynamics, computational fluid dynamics

INTRODUCTION

Patients with heart failure (HF) and left ventricular (LV) systolic dysfunction have higher rates of
thromboembolic events including embolic stroke and peripheral arterial thrombi. A common cause
of arterial emboli in HF patients is myocardial infarction (MI) and subsequent left ventricular
thrombus (LVT) formation[1]. It is generally known that thrombus formation results from the
combination of blood flow patterns, endothelial injury, and hypercoagulability of the blood. For
LVT, there have been several studies emphasizing the importance of LV blood flow pattern on the
thrombus formation[2,3] and it has been suggested that the direct assessment of LV flow for the
identification of abnormal flow pattern[2] or the metric(s) closely related to LV flow [3] could be
better indicators for LVT formation. In fact, most risk factors in LVT formation such as apical
akinesia/dyskinesia, LV aneurysm, change in ejection fraction (EF) combine in a complex way to
affect the LV flow pattern. Due to the high nonlinearity of the flow dynamics, however, the
correlation between the LV flow patterns and LVT formation reported in earlier studies is rather
descriptive or qualitative. A quantitative correlation between LV flow and LVT risk is yet to be
proposed because the detailed process by which flow mediates thrombogenesis in infarcted LVs is
not yet understood.
In the present study, we propose a coupled chemo-fluidic computational model for flow with
complex moving boundaries to investigate flow mediated thrombogenesis in LVs. Intraventricular
blood flow is simulated by solving the incompressible Navier-Stokes equations using the immersed
boundary method[4] and this is coupled to biochemical modeling of the coagulation cascade[5],
fibrin polymerization[6] and platelet[7] activation. The key feature of the present computational
modeling is that the details of the flow pattern and the accumulation of coagulation factors, fibrin,
and platelets can be tracked simultaneously, so that the effect of complex flow patterns on
thrombogenesis can clearly be identified. Using the computational results, we investigate the
quantitative correlation between intraventricular flow and thrombus formation to gain insights into
flow-mediated thrombogenesis in infarcted LVs.
2 METHODOLOGY
2.1 Hemodynamic Modeling
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For the hemodynamic flow simulation, the surface body model of a 4D kinematic LV constructed
from the medical imaging data is immersed into the non-body conformal Cartesian volume grid;
the flow simulation is conducted by solving the incompressible Navier-Stokes equation using a
sharp-interface immersed boundary method(IBM)[4]. For cardiac hemodynamics, blood can be
assumed to be Newtonian fluid and thus, its dynamics is governed by the incompressible NavierStokes equations that are written as
∂U
1
+ (U ⋅ ∇ )U +
∇ P = ν 0 ∇ 2U
ρ0
∂t
,

∇ ⋅ U = 0,

(1)

where U is a velocity vector, P is a pressure,ρ0 andν0 are the density and kinematic viscosity of the
blood.
Equation (1) is solved by a projection-method based approach and all the spatial derivatives are
discretized by a second-order central differencing. The discretized equations are solved on the nonbody conformal Cartesian grid and the complex, moving boundaries are treated by a sharp-interface
immersed boundary method as described in Mittal et al.[4]. The LV and mitral valve motions are
prescribed by using the methods described in Refs.[8,9], and a total of 4 million Cartesian grid
points is used. The present flow solver has been successfully applied to cardiac flows in previous
studies[8,9], and a recent validation study for a simple canonical ventricle[10] confirmed that our
computational modeling procedure could accurately produce all the key features of the velocity and
vorticity fields observed in the intraventricular flow.
2.2 Biochemical Model of Coagulation
For the modeling of blood coagulation and thrombus formation in infarcted LVs, bio-chemical
reaction models proposed for the vascular thrombus in the previous studies are applied. In the
present study, it is assumed that the blood coagulation in the LVs with acute MI is initiated by the
exposure of tissue factor (TF)[11] at the damaged ventricle wall. Once TF is exposed to the blood
stream, it combines with the active form of coagulation factor VII, and this TF:VIIa complex
initiates the coagulation cascade (CC)[11]. This TF-pathway CC is common in damaged vessels
and the bio-chemical reactions in this procedure are schematically shown in Fig. 1.
TF

PTa

PT

IX
Xa

Active TF
IXa

IIa

VIIa
V

X

Xa

IIa
Thrombus

Va
Prothrombin

IXa:VIIIa

II

VIIIa
Xa:Va
Xa

IIa
VIII

IIa
IIa
Thrombin

Fibrinogen

Fibrin

Figure 1. Schematic of the biochemical reaction model for the coagulation cascade and thrombus
formation. TF: tissue factor, PT: platelets, PTa: activated platelets.
In order to model the reactions between coagulation factors in Fig. 1, we employed the reaction
model proposed by Biasetti et al.[5]. This reaction model contains total 16 reactions between 18
bio-chemical species. All the reaction rate coefficients are found from the previous literatures and
summarized in the Ref. [5]. Since those bio-chemical species are transported by the blood flow, we
solve the convection-diffusion-reaction (CDR) equations to predict the evolution of their
concentration;
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∂Ci
+ (U ⋅ ∇ )Ci = D∇ 2 Ci + Ri
∂t
,

(2)

where Ci is the concentration of i-th species, D is the diffusion coefficient, and Ri is the reaction
source term which is determined by the reaction equation.
As a result of CC shown in Fig. 1, thrombin (IIa) is produced. Thrombin plays an important role in
the thrombus formation: first, thrombin activates key coagulation factors in CC (as shown in Fig. 1)
and accelerates the production of more thrombin. Secondly, thrombin polymerizes fibrinogen in the
blood plasma into fibrin which is a fibrous enzyme and a key component of blood clots. For the
modeling of the fibrinogen conversion into fibrin by thrombin, we employed the CDR equation
model proposed by Neeves et al.[6]. Finally, thrombin activates platelets, which is another key
component of blood clots. Activated platelets bind to the damaged wall as well as other activated
platelets to form blood clots. In the present study, these procedures are modeled by using the
evolution equations of the platelet number density proposed by Leiderman and Fogelson[7]. The
original equations of Ledierman and Fogelson are slightly modified and we separate the platelets
into three groups based on their status: i) inactivated, mobile platelets, ii) activated, mobile platelets,
and iii) platelets bound to the wall or the other bound platelets. The time scale for this chemical
reaction model is limited by the fastest reaction rate and a time step size of 1e-4 sec is used in the
present study to resolve both flow and reaction time scales.
3 RESULTS AND CONCLUSIONS
The coupled hemodynamic and biochemical modeling of thrombosis described above is applied to
a canonical model of infarcted LV with apical aneurysm shown in Fig. 2A. For this particular case,
stoke volume (SV) is 27 mL, EF is 28%, heart rate is 60 BPM, and the E/A ratio is 1.2. The bottom
half of the LV wall inside the aneurysm is assumed to be damaged due to an acute infarction as
indicated in Fig. 2A, and the apical motion is suppressed there. The hemodynamic simulation
results are presented in Fig. 2B&C. Figure 2C shows the averaged blood flow velocity magnitude
and one can clearly see that the flow velocity inside the aneurysm is very low, especially in the
proximity of the septal wall. The thrombin(IIa) concentration obtained from the biochemical
simulation is averaged for a cardiac cycle and plotted in Fig. 2D; thrombin is found to be highly
concentrated inside the septal-apical region of the aneurysm. Interestingly, the region where
thrombin is concentrated coincides with the stagnant region inside the aneurysm.

Figure 2. A: Canonical model of an infarcted LV with apical aneurysm (AN). B: Instantaneous
three-dimensional vortical flow structure at the end of early diastole. C: Blood flow velocity
magnitude averaged over a cardiac cycle. D: Three-dimensional distribution of cycle averaged
thrombin(IIa) concentration.
In order to investigate the quantitative correlation between the hemodynamics and thrombus
formation, we calculated additional flow metrics such as wall shear rate (WSR) and near wall
residence time (NWRT). The WSR is defined by the magnitude of wall normal velocity gradient
and NWRT is the time for blood volume residence in the region of interest. In Fig. 3, these
hemodynamic metrics are plotted along with the thrombin concentration and bound platelet number
density on the damaged wall inside the aneurysm. The results show that the hemodynamic metrics,
WSR and NWRT are quite well correlated with thrombin concentration and bound platelet number
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density. The best correlation is found between NWRT and bound platelet distribution with a
correlation coefficient of 0.75. This indicates that the residence time of blood flow near the
damaged wall is the key factor for the thrombus formation.
WSR (sec)

NWRT(sec)

Thrombin(µmol/m3)

PTb/PTmax

Figure 3. Distributions of hemodynamic (WSR and NWRT) and coagulation (thrombin and bound
platelet) quantities on the damaged wall inside the aneurysm. PTb: number density of bound
platelet, PTmax: maximum platelet number density allowed in the specific volume.
In the future study, we are going to apply the chemo-fluidic computational model to patientspecific ventricles to verify the methodology and to investigate flow-mediated thrombosis in
realistic ventricles.
Acknowledgement
This work was made possible by support from the Johns Hopkins Medicine Discovery Fund. The
computational methodology described here benefited from support by NSF through grants IOS1124804 and IIS-1344772. This work used the Extreme Science and Engineering Discovery
Environment (XSEDE), which is supported by NSF grant number TG-CTS100002.
REFERENCES
[1] R. Delewi, F. Zijlstra, and J.J. Piek, Left ventricular thrombus formation after acute myocardial
infarction. Heart. 98:1743-1749, 2012.
[2] J.M. Van Dantzig, B.J. Delemarre, H. Bot, R.W. Koster, and C.A. Visser, Doppler left
ventricular flow pattern versus conventional predictors of left ventricular thrombus after acute
myocardial infarction. J Am Coll Cardiol. 25:1341-1346, 1995.
[3] J. Son, W. Park, J. Choi, H. Houle, M.A. Vannan, G. Hong, and N. Chung, Abnormal left
ventricular vortex flow patterns in association with left ventricular apical thrombus formation in
patients with anterior myocardial infarction: A quantitative analysis by contrast echocardiography.
Circulation journal, 76:2640-2646, 2011.
[4] R. Mittal, H. Dong, M. Bozkurttas, F. Najjar, A. Vargas, and A. Von Loebbecke, A versatile
sharp interface immersed boundary method for incompressible flows with complex boundaries.
Journal of Computational Physics. 227:4825-4852, 2008.
[5] J. Biasetti, P.G. Spazzini, J. Swedenborg, and T.C. Gasser. An integrated fluid-chemical model
toward modeling the formation of intra-luminal thrombus in abdominal aortic aneurysms. Front
Physiol. 3:266, 2012.
[6] K. Neeves, D. Illing, and S. Diamond. Thrombin flux and wall shear rate regulate fibrin fiber
deposition state during polymerization under flow. Biophys J. 98:1344-1352, 2010.
[7] K. Leiderman and A.L. Fogelson. Grow with the flow: A spatial-temporal model of platelet
deposition and blood coagulation under flow. Math Med Biol. 28: 47-84, 2011.
[8] J.H. Seo and R. Mittal. Effect of diastolic flow patterns on the function of the left ventricle.
Physics of Fluids, 25:110801, 2013.
[9] J.H. Seo, V. Vedula, T. Abraham, A. Lardo, F. Dawoud, H. Luo, and R. Mittal. Effect of Mitral
Valve on the Diastolic Flow Pattern, Physics of Fluids, 26:121901, 2014.
[10] V. Vedula, S. Fortini, J.H. Seo, G. Querzoli, and R. Mittal, Computational modeling and
validation of intraventricular flow in a simple model of the left ventricle, Theoretical &
Computational Fluid Dynamics, 28: 589-604, 2014.
[11] B. Furie and B.C. Furie. Mechanisms of thrombus formation. N Engl J Med. 359:938-949,
2008.	 

590

Modelling of Retinal
Hemodynamics

591

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

SIMPLIFIED FLUID-STRUCTURE MODEL FOR RETINAL
AUTOREGULATION
Matteo Aletti1,2 , Jean-Frédéric Gerbeau1,2 , and Damiano Lombardi1,2
1

Inria Paris-Rocquencourt, BP 105, 78153 Le Chesnay Cedex, France,
{matteo.aletti,damiano.lombardi,jean-frederic.gerbeau}@inria.fr
2
Sorbonne Universités, UPMC Univ Paris 06, 4 Place Jussieu, 75252 Paris cedex 05, France

SUMMARY
Blood flow rate autoregulation plays an important role in microcirculation. This phenomenon is characterized by fluid-structure interaction, since the vessel wall contracts in reaction to an increase in
systemic pressure to maintain an approximately constant flow rate. A simplified FSI model where
only a fluid problem is solved on a fixed computational mesh is proposed. The vessels wall is described by a non-linear Koiter model and by a non-isotropic layer of fibers. Autoregulated flows on
3D networks of vessels, based on retinal fundus images, are reproduced.
Key words: autoregulation, microcirculation, fluid-structure interaction, smooth muscle cells

1

INTRODUCTION

In the modeling of retinal haemodynamics, autoregulation is a key phenomenon. It is responsible for
the amount of blood and therefore of nutrients that reaches the tissue. Blood flow rate autoregulation
is present in the microcirculation of several tissues, mainly in arterioles and in capillaries [1]. The
regulation happens when the smooth muscle cells (SMCs) laying on the vessel wall react, by contraction or by relaxation, to acute changes in the systemic pressure with the goal of maintaining the flow
rate approximately constant. However, the different mechanisms underlying the matabolic pathways
that trigger the SMCs contration are still to be completely understood [2]. Impaired autoregulation
has been associated with several diseases such as diabetic retinopathy and glaucoma [3, 4].
The goal of the present work is to provide models for the simulation of 3D retinal haemodynamics.
We focused on the description of autoregulation by using a fluid-structure interaction (FSI) model
able to take into account the presence of active forces in the vessel wall exerted by SMCs. A special
attention is in devising a FSI model simple and fast enough to be used for flow simulations on large
realistic vessels networks based on medical imaging.
The vessel wall is modeled as a double layer structure consisting of an endothelium and a SMCs layer.
The coupling of the structure with the fluid model is done through a non-standard boundary condition.
Several synthetic testcases have been done to validate the technique as well as more realistic cases
where autoregulated flows have been reproduced on retinal arterioles.
2

MODELING OF AUTOREGULATION

The structure of the microvessels wall is made of different layers, the innnermost being the endothelium layer and the tunica media. In the retina it has been reported that the tunica media is made
mainly of up to six layers of smooth muscle cells (SMCs) and it is thicker with respect to vessels of
the same size in other organs (see, e.g, [1]).
The mechanics of smooth muscle cells has been studied with a particular focus on autoregulatory
mechanisms in, for instance, [5, 6]. The work by Yang et al. focuses also on the connection of the
mechanical properties with the electrochemical system which translates the external stimulus into a
chemical signal that triggers SMCs contraction.
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Figure 1: A detail from a retinal arteriole bifurcation, reconstructed from fundus image. The arrows describes
one of the principal direction of curvature, while the color is associated with the mean curvature of the surface.

The mechanisms of autoregulation has been modeled in the retina in [7] where the vessel wall tone
is written as the sum of a passive and an active contribution. The active contribution is given by a
maximum active tone times a sigmoidal function, taking values in (0, 1), that depends on a stimulus
function which is a linear combination of the different regulatory mechanisms.
In the present work we model the SMCs as a fibers layer of the vessel wall. Its mechanical properties
are given by the constitutive relations of a linear pre-stressed spring
= k0 (⇣) + k1 (⇣)",

(1)

where " and are the SMCs deformation and stress, respectively. The coefficient k0 represents the
fibers pre-stress, while k1 models their elastic properties. These two coefficients depend on a variable
(or on a vector of variables) ⇣ which represents the level of activation of the cells.
Since it is not always possible to have access to the chemical state of the cells or to the biological
signals that govern the SMCs reaction, we suppose that ⇣ is a function of the feeding pressure and
that
ki (⇣) = ki,p + ki,max S(⇣), i = 0, 1
where k0,p is the passive contribution to the pre-stress and k0,max is the maximum extra-tension that
fibers can exert in contration and it is weighted by a sigmoidal function S(⇣) that takes values in
( 1, 1). Analogously, the coefficient k1 (⇣) is divided into the passive k1,p and the active k1,max S(⇣)
contributions. This choice allows the possibility of including more detailed mechanical and biological
models, such as the ones aboved mentioned, in the following fluid-structure interaction framework.
3

FLUID STRUCTURE INTERACTION

The regulation of blood flow rate is made possible by the change of the overall network resistance.
This is due to the local changes in the lumen diameter, i.e., to the displacement of the fluid-structure
interface. However, full FSI simulations with ALE are too computationally intensive to be applied
on large scale systems such as vessels networks. Several coupling strategy have been proposed in
the literature to lighten the computational efforts, see for instance [8, 9, 10]. The main idea of the
model proposed in the present study is to embed the effects of the structure into an ad hoc boundary
condition assigned on the fluid-structure interface and to mimic the movements of the interface using
a first order transpiration, rather than a more standard zeroth order, to avoid the use of the ALE
formulation. Using a first order transpiration is particularly important for the application at hand
since the model has to account for flow rate variations in response to lumen diameter changes.
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Figure 2: Flow/Pressure relation for different values of maximum fibers extra tension. Each dot on the curves
represents the mean value over the fourth cardiac cycle of a simulation with a given mean incoming pressure.
The blue line is the case with no autoregulation while the dark green and the red are associated with different
levels of the autoregulation parameter k0,max .

The equations are written under the simplifying assumption that the bending terms are negligible and
the structure’s displacement is aligned with the normal unit vector to the reference configuration. We
model the vessel wall as made of two layers. We employ a non-linear Koiter membrane model for the
endothelium and a non-isotropic field of fibers for the smooth muscle cells layer whose internal stress
is given by Eq.1. Fibers are supposed to be aligned with two linearly independent directions. If fibers
orientation is not known a priori, for example trough medical imaging, it is possible to link them to
the principal directions of curvature, see an example of principal direction computed on a realistic
geometry in Fig.1.
We enforce the continuity of the normal stresses and of the velocity on the fluid-structure interface
by mean of non-standard boundary condition: in the tangential plane we have a Dirichlet boundary
condition and, on the normal direction, a generalized Robin boundary condition. This is close to what
was proposed in [9], but our model does not suffer from instabilities observed on real geometries
[11]. The resulting model consists of a fluid problem to be solved on a fixed mesh, but still capable
of reproducing flow rate changes.
4

RESULTS

This fluid-structure interaction model is able to reproduce typical phenomena like pressures waves,
but also to reproduce flow rate changes due to lumen diameter reduction. However, its computational
costs remain low since only a fluid problem on a fixed mesh is solved at each time step. This aspect
makes the model very attractive for its application to large networks of vessels. From the geometrical
point of view this approach is general and can be applied to realistic geometries. On the biological
side, several activation models can be plugged into this framework provided that they are able to give
the coefficients k0 (⇣) and k1 (⇣) in Eq.(1). Several synthetic test cases have been done to validate the
FSI model as well as more realistic cases, see Fig.2, where regulated blood flow is reproduced on
geometries obtained through the 3D reconstruction of segmented retinal fundus images.
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SUMMARY
The eye is a dynamic organ that has the highest metabolism of any tissue per unit volume in the
human body. Additionally, the retina layer of the ocular tissue is the only place where structural
and functional vascular features can be observed and measured non-invasively down to the
capillary level. Within the eye, the complex relationship between biomechanics, circulation and
oxygenation in the retina require dynamic mathematical models to accurately describe the
physiological interactions of the biological properties in both health and disease states.
Key words: Retina, blood flow, mathematical modeling
1 INTRODUCTION
The retina is the only place in the human body where structural and functional vascular features can
be observed and measured easily and non-invasively down to the capillary level [1, 2]. Fundus
camera gives images of the retinal vasculature, Color Doppler Imaging measures velocity profiles
in the main arteries supplying the eye, Heidelberg Retinal Flowmeter analyzes the hemodynamics
in the retinal microcirculation, Retinal Oximetry gives oxygen levels in the arterioles and venules
of the retina and Fourier-Domain Optical Coherence Tomography (FD-OCT) captures highresolution three-dimensional information of the ocular structure combined with Doppler
measurements in the retinal vessels [2, 3], see Fig. 1.

(a)$

(b)$

(c)$

(d)$

Figure 1: Techniques for non-invasive ocular measurements [3]. (a) Fundus camera; (b) Color Doppler
Imaging; (c) Fourier-Domain Optical Coherence Tomography (FD-OCT); (d) Retinal Oximetry.

Structural and functional properties of the ocular blood vessels can be measured easily and noninvasively in a clinical setting, thereby offering a unique window on the body from which to
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monitor vascular complications associated with many diseases, including diabetes and
neurodegenerative disorders (NDD).
2 RETINA AND DIABETES
Recent studies have shown that thinning of the retinal nerve fiber layer positively correlates with
duration of type 1 diabetes (T1D) [4], that changes in retinal vessel diameter [5-8] and tortuosity
[9] are associated with renal dysfunction and retinopathy, and that retinal hemodynamics [10-13],
vascular reactivity [10, 11, 14] and oxygenation [14] are altered in T1D patients. Our laboratories
were the first to describe how changes in retinal capillary blood flow correlated more strongly with
changes in optic nerve structure morphology in patients with glaucoma and diabetes than in those
glaucoma patients without diabetes [15]. These data suggest that changes in retinal blood flow may
play a larger role in retinal and optic nerve pathology in glaucoma patients with diabetes. One of
the main limiting factors in further identifying the interplay of diabetes and retinal pathology is the
dynamic nature of the disease process and the complex physiology of the retinal vasculature.
3 RETINA AND NEURODEGENERATIVE DISORDERS
Many studies have shown that alterations in cerebral blood flow often precede cognitive damage in
neurodegenerative disorders (NDD) [16, 17]. For example, impaired blood supply to the brain and
consequent hypoperfusion are involved in the pathogenesis of vascular dementia and the early
stages of Alzheimer’s disease [18, 20]. Vascular changes in the brain have also been associated
with vascular changes in the eye [21]. This is not surprising since, in many aspects, the eye is a
protrusion of the brain. The blood supply to the eye is secured by the ophthalmic artery, which is a
branch of the internal carotid artery, see Fig. 2(a); the blood drains from the eye into the cavernous
sinus, which also receives blood from superficial cortical veins, see Fig. 2(b); the CSF fills the
subarachnoid space which surrounds the brain and extends all around the optic nerve, see Fig. 2(c).
In addition, the retina shares anatomic, embryologic, and physiologic characteristics with the
cerebral microvasculature and the neurons of the central nervous system [22].

(a)$

(b)$

(c)$

Figure 2: Fluid dynamic connections between the eye and the brain. (a) The blood supply to the eye is
secured by the ophthalmic artery branching from the internal carotid artery (http://biology.
stackexchange.com/questions/9637/); (b) The blood drains from the eye into the cavernous sinus, which also
receives blood from superficial cortical veins (http://en.wikipedia.org/wiki/Cavernous_sinus); (c) The
cerebrospinal fluid (CSF) fills the subarachnoid space which surrounds the brain and the optic nerve
(https://www.webmedcentral.com/article_view/3382).

Patients suffering from NDD often display noticeable vascular alterations in the eye. Clinical
evidence showed that Alzheimer’s disease is associated with reduced cerebral and ocular blood
flow, retinal vascular attenuation, increased standard deviation of retinal vessel widths, reduced
complexity of the retinal vascular branching pattern and reduced tortuosity of retinal venules [23].
Parkinson’s disease is associated with retinal thinning [24] which, in turn, is associated with
reduced retinal blood flow [25].
4 NEED FOR MATHEMATICAL MODELING
Ocular blood flow and hemodynamics result from the combined effects of the arterial blood
pressure, which drives the blood flow inside the vessels by exerting an intravascular pressure,
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intraocular pressure (IOP), which passively alters vascular resistance by exerting an extravascular
pressure, autoregulation, which actively alters vascular resistance by varying vascular tone, and
vascular structure, which affects passive and active vascular responses [1]. Understanding the
complex interrelated effects between ocular blood flow and arterial blood pressure, IOP,
autoregulation and vascular structure represents one of the major obstacles currently hindering the
interpretation of many clinical studies in ophthalmology [26].
Currently, these issues are addressed by applying methods of multivariate statistical analysis to data
collected within clinical and experimental studies. It is well known, though, that statistical analysis
can only identify correlations among factors and not cause-effect relationships among correlated
factors. On the other hand, dynamic mathematical modeling based on the physical principles of
fluid-dynamics, elasto-mechanics and mass transport can help identifying cause-effect
relationships, thereby providing dynamic functional relationships among factors that can be
incorporated into the statistical analysis leading to more effective data analysis.
Our team pioneered the development of dynamic mathematical models describing the complex
relationship between biomechanics, circulation and oxygenation in the retina [3, 27-30]. Using
these models, we have already identified patient-specific functional relationships among
measurable quantities (blood velocity, flow and diameter in the retinal and retrobulbar vessels,
oxygen (O2) saturation) and some known risk factors (IOP, systolic/diastolic blood pressures
(SBP/DBP)). Using these relationships we showed, for example, that a peak systolic velocity in the
central retinal artery of 10cm/s and a retinal artero-venous difference in O2 saturation of 30% are
within normal range for a patient with IOP=15mmHg and SBP/DBP=120/80mmHg, but way too
low for a patient with IOP=15mmHg and SBP/DBP =140/90mmHg [28, 29]. Thus, mathematical
models can help quantify the different clinical implications that the same measured data may have
in different patients.
As we move beyond static listing of risk factors in the assessment of ocular and neurodegenerative
disorders the ability to dynamically model the complex relationships of biomarkers and disease
susceptibility will lead to leaps in disease prevention, detection, and management. Perhaps the
largest impediment to understanding why certain individuals are affected by diseases while others
in higher traditional risk profiles remain healthy is the understanding of biological risk factor
synergies and interplay. Mathematical modeling holds the potential to reveal relationships yet to
be observed or described and may elucidate the hidden susceptibilities and corresponding
individual risk.
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SUMMARY
Retinal circulation is a complex system, characterized by a blood flow tailored to meet the metabolic
demands of the tissue, and -at the same time- able to supply a constant blood flow over a wide range
of ocular perfusion pressures. Biophysical models of the response of large microvessel networks to
competing stimuli may help to increase the understanding of these processes. In this contribution,
we discuss a mathematical and numerical description of active and passive regulatory mechanisms of
the microvessel radii. The model considers a network with a graph structure, allowing to trace local
relationships between geometry and system behavior.
Key words: ocular circulation, microcirculatory networks, vessel autoregulation, vessel compliance

1

INTRODUCTION

The knowledge of the mechanisms underlying the pathophysiology of eye retina microcirculation
is of fundamental clinical importance, since dysfunctional retinal circulation results in blood flow
alterations affecting the delivery of oxygen and metabolic substrates necessary for the maintenance
of retinal structure and function [1]. The blood flow in the intraocular tissues depends on the pressure gradient from the arterial input to the venous output and on the vessel resistances. The network
resistance is set by the physical properties of blood and by the net length, branching pattern and
cross-sectional area of the vessels. In the eye, as elsewhere in the body, the pressure drop from the
large supply arteries to the capillaries indicates that the primary site of resistance resides in small
arteries and arterioles. The diameter of such vessels is modulated by multiple systemic and local
factors - blood pressure, oxygen, carbon dioxide and tissue metabolic demand - acting on the tone of
smooth muscle cells of arteriolar walls. This mechanism represents an important instance of circulatory autoregulation. Furthermore, the intraocular veins experience a significant extravascular force,
represented by the compressive action of the intraocular pressure (IOP). Since the IOP is comparable
to the venous intravascular pressure, veins act like Starling resistors, i.e. they can buckle or collapse
when the net transmural pressure is negative.
Very few mathematical and computational models deal with large distensible networks of microvessels including both arteries and veins, see, e.g., the work of Dawson et al [2] applied to the pulmonary
circulation. In [3], we proposed a domain decomposition–like approach to separately handle vessel
subtrees (arterioles vs venules), where different regulatory mechanisms take place, ending up with a
coherent network. As for the study of the vessel autoregulatory behavior, several literature mathematical models address the case of a single vessel, see e.g., [4, 5, 6]. However, very few examples exist of
complete autoregulatory networks, almost exclusively in the context of cerebral vasculature [7, 8]. As
for the simulation of the retinal microcirculatory system, at the best of our knowledge, only lumped
models of distensible/autoregulatory networks exist. In [9], empirical correlations are used to address
retinal autoregulation assessing the importance of different contributions (myogenic, shear-related,
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metabolic) on a simplified compartmental model including a two–generation (large/small) hierarchy
of arteries and veins; in [10], the relationship between IOP, blood pressure and retinal blood flow autoregulation is investigated via an electric-analogue model where the flow is regulated by capacitances
and varying resistances.
2

METHODOLOGY

In the following, we briefly describe the model for blood flow, arterial and venous passive/active
distensibility and metabolic autoregulation response on a single vessel. We refer to [11] for a comprehensive description of the inclusion of such fundamental mechanisms in the case of a full microcirculatory network model.
2.1

Blood flow model

Each vessel in the vascular network is assumed to be a rectilinear cylinder with time-dependent radius r and fixed length L. The Hagen-Poiseuille’s law is assumed to hold between flow and pressure
drop in the vessel with resistance R given by
R=

8µL
,
⇡r4

(1)

where µ is blood viscosity, possibly depending on the radius itself. The blood volume in each segment
is given by V = ⇡r2 L; the time derivative dV /dt = 2L⇡rdr/dt is needed in order to enforce blood
volume conservation. To use such a principle in the general model of network dynamics, dependence
of radius must be specified in relation to the network transmural pressure field and to the main physical
parameters.
2.2

Biomechanics of arteriolar and venous vessels

Arteriolar vessels. Intravascular pressure and extravascular IOP are balanced by circumferential
stresses within the arteriolar wall. These latter exhibit an active component due to the vascular smooth
muscle fraction and a passive component due to the connective tissue fraction. Let h be the thickness
of the vessel wall, which, upon assuming an incompressible material can be easily obtained from the
reference radius and thickness r0 = r(0), h(0) = h0 and the current vessel radius. The tangential
equilibrium equation in the vessel wall gives:
pr

pe (r + h) = T,

(2)

where p is intravascular blood pressure, pe is the external pressure (assumed equal to the IOP), a zero
reference pressure (corresponding to radius r0 ) and T is wall tension (force per unit length). Wall
tension is modeled as the sum of three terms [12]: a passive elastic term Te , a viscous term Tv and an
active term Tm , given by the functional dependences
Te = ke f (✏),

Tv = kr

dr
,
dt

(3)

where ✏ is the radial strain and ke , kr given constants depending on physical parameters and by [12]
Tm = (1 + Mxaut ) (r),
where

is a campanular function of the radius and M is a sigmoidal relationship of the type
Mxaut =

Mmin + Mmax exaut /Km
,
1 + exaut /Km

where Mmin , Mmax , Km are given empirical parameters and where xaut is an autoregulatory state
vector variable which accounts for the concentration c of vasoactive metabolites (such as oxygen,
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lactate, carbon dyoxide and pH) and myogenic mechanisms. The time evolution of each component
of the vector xaut is governed by the low–pass first order dynamics
⌧aut

dxaut
=
dt

aut xaut

+

(4)

(r, p, c; Gaut ),

where ⌧aut and aut are characteristic time delay and decay constants, respectively, and where
is a measure of the distance among the actual configuration and a normal one, Gaut being a gain
parameter. An example of such relation will be given below for a specific metabolite.
Venular vessels. Venous resistance, which is small when the veins are open, can be significant when
the transmural pressure becomes negative, so that the lumen is narrowed, leading to bucked configurations and possible collapse. We assume a pressure–volume relation of the type
p

pe = k v

(5)

(r; r0 ) ,

where kv is a constant depending of physical parameters and the function
thin-shell theory, or is derived from approximate polynomial laws [13].
2.3

can be computed using

Metabolic autoregulation: oxygen reactivity

Metabolic autoregulation tends to maintain a target (normal state) oxygen pressure pt,n in the tissue.
The following regulatory action is considered
⌧O 2

dxO2
=
dt

O 2 x O2

+ GO2 (pt

pt,n ),

(6)

where pt is the actual surrounding tissue oxygen pressure computed as described in [11].
2.4

Network model of ocular microcirculation

A mathematical model of blood regulation in the retinal microvessel network is obtained by specifying
a suitable network topology and assigning reference diameter and length of each vessel. A confluence
model is needed to couple the equations valid in each segment on the network. Enforcement at each
network confluence of the volume conservation condition reads
nb

X
dVC
=
Qi ,
dt

(7)

i=1

where Vc is the confluence volume (see [11]) and Qi are the blood fluxes of the nb vessels converging into the bifurcation. Using Eqs. 1, 2 and 5 into 7 along with Eqs.4, upon enforcing appropriate
initial and boundary conditions, yields a nonlinear ODE system in the network radii, pressures and
autoregulatory state variables xaut , to be tackled by an appropriate numerical solver.
3

CONCLUSIONS

The present contribution, along with the companion [11], is an attempt to obtain an advanced model
of the ocular microcirculation using a complete network instead of lumped compartmental representations. The model resolution provides the spatial distribution of field variables needed to obtain a
consistent coupling with the surrounding tissue. Moreover, considering a network with a full distribution of vessel diameters, allows to trace a detailed relationship between network geometry and
system behavior. This is, in perspective, an important tool for better understanding the long term consequences on ocular vasculature of hemodynamical impairments, and for the study of pathological
conditions due to local remodeling phenomena.
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SUMMARY
Using a model of the myogenic response gradient in the central part of the retinal vasculature we
address how diabetic and hypertensive changes of the arteriolar wall may affect flow and pressure
at the capillary level. Based on a reduced stress sensitivity of the vascular wall in diabetes, the
model predicts an increase in flow and pressure at the capillary level and a growth response
resulting in an increase in wall thickness. In this regard, the combination of diabetic changes and
hypertension may be particularly deleterious.
Key words: retinal, arteriole, myogenic, diabetes, hypertension, capillary, pressure
1 INTRODUCTION
The myogenic response is the intrinsic reaction of the vascular wall to a change in the intravascular
pressure. The vessel contracts when pressure is increased and vice versa. In the retina [1] as in
many other tissues, the arteriolar resistance network shows a myogenic response gradient; larger
vessels as compared to smaller ones appear to be less myogenically reactive. Often however, larger
vessels display their reactivity over a broader pressure range as compared to smaller vessels [2].
Since there is a steady decline in pressure along the arteriolar tree, this gradient ensures that the
reaction of the individual vessel is tuned to the physiological pressure level of that vessel. Hereby,
the network as a whole ensures an effective dampening of pressure fluctuations and a stable
capillary pressure. In the case of hypertension each vessel typically display a reduction in lumen
size and a thickening of the wall, a process known as inward eutrophic remodeling. If there is no
change in myogenic properties this mode of remodeling protects the capillary bed against increased
pressure and pressure fluctuations and is, as also noted previously [3], likely to be associated with a
preserved vascular flow reserve. Characteristically, in diabetes vessels of the central parts of the
retina loses myogenic responsiveness and we address the consequences of this loss using a simple
network model. This situation is shown for two isolated vessels in Fig. 1. We also address the
combined effect of diabetes and hypertension.
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Fig. 1. The myogenic response in two
vessels of different size. Full blue curves
show the relative reduction in radius to
an increase in pressure with the response
being largest in the smallest vessel. This
“response  gradient”  is  adjusted  so  as  to  
fit the reaction observed in the human
retina [1]. The dashed curves mimics a
reduction in myogenic reactivity as
found in diabetes.

2 METHODOLOGY
A model of the myogenic response of the retinal arteriolar wall was developed [4]. A central
feature of the model is that the myogenic response is represented as a function of the
circumferential stress of the wall. Since wall stress is a function of radius and pressure, a myogenic
response tends to reduce wall stress as compared to the situation where the vessel wall is passive.
In addition, the vessel wall may exhibit remodeling and/or a growth response to long-term changes
in circumferential wall stress. A number of individual vessels were coupled into a bifurcating
network and the vessels at each level in the network were given myogenic properties comparable to
those found in the normal retina. The network was made asymmetric by introduction of a small
random variation in the length of vessels situated at the same level in the network.
3 RESULTS AND CONCLUSIONS
Using the network model the consequences at the capillary level of variable degrees of loss of
myogenic responsiveness were addressed. The overall predicted pattern is one of transmission of a
higher pressure along the resistance network and down to the capillary level, capillary hyperperfusion. The model also predicts that loss of myogenic responsiveness may result in a growth
response apparent as an increase in the relative thickness of the vascular wall. It emphasizes the
contrast between diabetic changes and hypertensive remodeling of the network and indicates that as
regards the conditions at the capillary level, the combination of diabetes and hypertension may be
particular deleterious.
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Fig. 2. Top: illustration of how vessels are assigned the number shown along the x-axis in the two
lower panels. Blood flows into the network through vessel 0. Lower panel, left. Red columns:
vessel radii of a network adapted to an inlet pressure of 6 kPa where all vessels display a normal
myogenic response. Black dots: radii in the same network but with a reduced myogenic
responsiveness. Lower panel, right: Flow in each vessel for the two situations illustrated in the left
panel. Note the pronounced hyper-perfusion associated with reduced myogenic responsiveness.
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Fig. 3. A: The pressures found at different levels in the network at two different perfusion pressure
levels (lower two curves 6 kPa, upper two curves 8 kPa). Red curves show simulations with
normal myogenic responsiveness; black curves show simulations with reduced responsiveness.
Transmission of an increased perfusion pressure to the smallest vessels become more pronounced
with increased pressure and reduced myogenic responsiveness. B: Relative wall thickness (outer
radius/inner radius) in case normal myogenic reactivity (red), reduced reactivity with normal
pressure (diamonds) and reduced reactivity with increased perfusion pressure (dots). To
compensate for the loss of active tone in the diabetic case, more material is added to the wall in
order to normalize wall stress.
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SUMMARY
We propose two increasingly complex models (M1 and M2) to couple aqueous humor (AH) production and drainage with ocular blood circulation. A sensitivity analysis on M1 indicates that AH
pressure is strongly influenced by membrane permeability and outflow resistance while pressure in
ciliary capillaries and retinal blood flow are strongly influenced by blood pressure and systemic vascular resistance. A sensitivity analysis on M2 shows that pressures in stroma and anterior chamber are
strongly influenced by AH production while intraocular pressure is not, and that increasing outflow
humor drainage over a certain threshold does not improve pressure decay in the eye.
Key words: Ocular blood flow, aqueous humor dynamics, coupled models, mathematical modeling.

1

INTRODUCTION

The aqueous humor is a transparent, gelatinous fluid similar to plasma located in the anterior and
posterior chambers of the eye. The aqueous humor originates from the ciliary epithelium and drains
into the Schlemm’s canal. The balance between production and drainage of aqueous humor regulates
the fluid pressure inside the eye, also known as intraocular pressure (or IOP). In healthy individuals,
IOP ranges between 10 and 22 mmHg, with an average value of 15 mmHg. Elevated IOP is clinically
referred to as ocular hypertension and it represents a major risk factor for irreversible vision loss.
IOP can be reduced via medications acting either on the production or on the drainage of aqueous humor. It is also possible to combine production/drainage treatments in order to improve the
IOP-lowering efficacy. Few mathematical models have been proposed to theoretically investigate the
mechanisms governing aqueous humor production and drainage, e.g. [2, 3]. In this paper we couple
these models with a mathematical description of the blood flow in the ciliary, choroidal and retinal
circulations [1, 2] with the goal of investigating the relationship between the flows of blood and
aqueous humor.
2

METHODOLOGY

The mathematical description of aqueous humor production and drainage is a highly complex task
because of its intrinsic multi-physical nature accounting for active and passive processes that include:
a) blood flow throughout the ocular vasculature; b) delivery of oxygen and nutrients to the posterior
and anterior ocular chambers; c) removal of metabolic waste by the ciliary circulation. A simple
mathematical model (shortly, M1) to describe these processes was proposed by Lyubimov et al in [3].
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In this model, under stationary conditions, the aqueous humor pressure paq is computed via the simple
formula
R Lp (Pccil
p ⇡p
s ⇡s ) + pe
paq =
(1)
R Lp + 1
where Pccil and pe are the blood pressures in the ciliary body capillaries and in the episcleral veins,
Lp is the permeability of the equivalent membrane controlling aqueous humor production, R is the
hydraulic resistance controlling aqueous humor drainage, ⇡p and ⇡s are the osmotic pressure
differences across the membrane produced separately by the proteins and low-molecular components,
and p and s are the reflection coefficients for proteins and low-molecular components.
A more complex description of the aqueous humor dynamics (shortly, M2) has been proposed by Kiel
et al in [2], where plasma filtration and biochemical reactions are modeled in the multi-layered region
of the eye comprising the stroma and the epithelial ciliary layer, leading to the posterior chamber. The
model in the steady case is schematized in Fig. 1 using the analogy between transport of mass and
flow of an electric current. Enforcing the Kirchhoff Current Law at each node of the circuit, except
where given data are assumed and where connection to ground is applied, one obtains a nonlinear
system of algebraic equations in the unknown vector
h
iT
O2
O2
P = Cst , Caq , Pccil , Pst , Pant , Ppost , mbl , PcO2 , PvO2 , Pce
, Paq
,

(2)

where Cst and Caq are the protein concentrations in the stroma and in the aqueous humor, Pccil is the
blood pressure in the ciliary body capillaries, Pst , Pant and Ppost are the aqueous humor pressures
in the stroma and in the anterior and posterior ocular chambers, mbl basolateral ionic concentration,
O2 , P O2 are the partial pressures of oxygen in the ciliary body capillaries, veins,
and PcO2 , PvO2 , Pce
aq
epithelium and aqueous humor.
The main goal of our contribution is to couple the models for aqueous humor production and drainage
proposed in [3] and [2] with the models for the blood flow in the ciliary, choroidal and retinal
circulations proposed in [2] and [1]. Thus, the overall model consists in two main blocks, one for the
aqueous humor flow and one for blood flow, which are strongly coupled, since: (i) the blood pressure
in capillaries and veins contributes to regulate production and drainage of aqueous humor, and (ii) the
aqueous humor pressure acts as an external pressure on the blood vessels thereby altering blood flow.
For the solution of the overall problem a block fixed point iteration is adopted until convergence.
3

RESULTS AND CONCLUSIONS

We have performed a sensitivity analysis on model M1, coupling the simple aqueous humor flow
description summarized in equation (1) with the model for blood flow. In particular, we computed
the Sobol first order indexes [4] to quantify the influence of blood pressure BP , systemic vascular
resistance sV R, membrane permeability Lp and outflow resistance R on the model computed aqueous humor pressure paq , blood pressure in the ciliary body capillaries Pccil and total retinal blood flow
Qret . Let us denote by Sx (y) the Sobol first order index relating the outcome in x when y is varied. The analysis shows that paq is strongly influenced by Lp and R and only minimally by BP and
sV R. More precisely, we computed Spaq (Lp ) = 0.83, Spaq (R) = 0.17, Spaq (BP ) = 4.56e 5
and Spaq (sV R) = 2.21e 5 . Note that changing AH inflow seems more effective than changing AH outflow. On the other hand Pccil and Qret are strongly influenced by BP and sV R and
only minimally by Lp and R. Interestingly, we found that SPccil (BP ) = SQret (BP ) = 0.67,
SPccil (sV R) = SQret (sV R) = 0.33.
We have also performed a sensitivity analysis on model M2. Because of the increased complexity
of the formulation, a self-consistent coupling with the blood flow model was not addressed in a
preliminary validation, and computations were performed by assuming the dependent variables Pccil ,
PcO2 and PvO2 in (2) to be given quantities. In particular, we focused our attention in the computation
of Pst and Pant (Ppost is assumed to be equal to Pant ), and of the pressure Pvitreous in the vitreous
chamber, which is assumed to define IOP. Simulations were run to evaluate the dependence of these
three variables on the variation of (i) the production of aqueous humor PAH and (ii) the total aqueous
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Figure 1: Equivalent electrical circuit for aqueous humor production and drainage. Each node of the
circuit (black bullet) is connected to another node either through a conductance (denoted by the symbol G) or
through a current source (denoted by a rhombus or by a circle). The nodal quantities indicated by P (capital
letter) represent a pressure (in mmHg). The nodal quantities indicated by C (capital letter) represent a concentration (in g ml 1 ) while those indicated by m (small letter) represent a molar concentration (in µmol ml 1 ).
The quantities surrounded by a box are assumed to be given values defined by the user. The current sources
I1 and I2 are fixed values while the other current sources are controlled by the drop of the two nodal values
across which they are located or by the drop of the two nodal values to which they are connected by the dashed
arrows. The vertical shaded triangle symbol represents connection of the considered network branch to ground.
(0)

(0)

humor drainage DAH . The initial guess for the fixed point map was Pst = Pvitreous = 15 mmHg,
(0)
Pant = 13 mmHg, whereas the corresponding approximate fixed points were Pst⇤ = 11.4 mmHg,
⇤ = 10.28 mmHg and P ⇤
Pant
vitreous = 14.4 mmHg. Results are summarized in Fig. 2 and Fig. 3. In
the left panel of each figure we show the computed values of Pst , Pant and Pvitreous whereas in the
⇤ mmHg
right panel of each figure we show the values of the three pressures normalized to Pst⇤ , Pant
⇤
and Pvitreous
, respectively. In the case where PAH is varied, results indicate that a change of this
parameter has to be limited to a maximum of 4% because a larger amount (negative) would lead to
compute negative values of Pst (cf. left panel of Fig. 2). We also see from the right panel of Fig. 2
that the trend of variation of each pressure is approximately linear. Simulations (not reported here)
show that increasing PAH by 18% produces a value of IOP of about 22 mmHg.
In the case where DAH is varied, results indicate that decreasing DAH has the effect of increasing
max = 10.7 mmHg and
the pressure in each compartment of the eye up to Pstmax = 12 mmHg, Pant
max
Pvitreous
= 14.5 mmHg (cf. left panel of Fig. 3). Again, results show that the IOP is less sensitive
to parameter variation, unlike stromal and anterior chamber pressures. In particular, we see that, as
physically expected, these latter pressures decrease appreciably as DAH becomes larger. However,
results clearly reveal that a further increase of drainage has no positive effect on pressure decay. This

610

is reflected into a saturation of all the pressure curves to a limit value, as visible in the right panel
of Fig. 3. Theoretical investigations of the fully coupled model describing the blood flow and the
aqueous humor in the eye under steady and unsteady conditions are currently under way.
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Figure 2: Sensitivity analysis as a function of percentage change in PAH . Stromal and anterior chamber
pressures are influenced by variations in the production of aqueous humor whereas IOP is influenced in a milder
manner. A red square indicates the baseline value for each pressure.
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SUMMARY
In humans and other species, the retinal microcirculation supplies oxygen to the inner layers of the
retina. This function is dependent on the distribution of red blood cell flux in the microvessels, which
determines convective oxygen transport, and on the spatial arrangement of the vessels, which determines diffusive oxygen transport to tissue. Computational methods have been developed for simulating blood flow and oxygen transport in microvascular networks with realistic geometries. These
methods are suited for analyzing the functioning of the retinal circulation, based on information on
three-dimensional microvascular network structure.
Key words: blood flow, microvessels, oxygen delivery, theoretical models

1

INTRODUCTION

The circulation of the retina has a specialized and complex structure, with two distinct vascular systems. The choroidal vasculature forms a dense network on the outer surface of the retina. The retinal
vasculature is a relatively sparse network embedded in the retina of many species, including humans.
A critical function of the circulation is to meet the retina’s oxygen needs. Transport of oxygen occurs
by convection within flowing blood, primarily in red blood cells, and by passive diffusion from blood
to oxygen-consuming tissue. Therefore, the distribution of red blood cell flux in the blood vessels
and the spatial arrangement of vessels in relation to the varying oxygen requirements of the tissue are
key factors determining tissue oxygen levels.
The retinal microcirculation has attracted increasing interest in recent years, for several reasons. Because of its relative ease of observation, the retina provides a unique ”window” to observe the microvessels under normal and disease conditions, and may be used to make inferences about the state
of the circulatory system as a whole [6]. The neonatal mouse retina shows a characteristic pattern of
vascular growth that makes it a prominent model for studying angiogenesis and vascular remodeling
[7]. Finally, the retinal microcirculation is studied for its relevance to the normal and pathological
functioning of the retina itself [15, 8].
Technical advances in confocal and two-photon microscopy have allowed the reconstruction of threedimensional microvascular network structures from various tissues, including brain [5], heart [4],
tumor [14] and retina [8, 7]. The availability of such network data provides a basis for simulating
blood flow and oxygen transport, taking into account the spatial characteristics of the microvasculature. The objective of this abstract is to review computational methods for simulating hemodynamics
and oxygen transport at the level of the microvascular networks, and to discuss their application to
the retinal microcirculation.
2

NETWORK HEMODYNAMICS

The rate of blood flow Q in an individual microvessel segment of diameter D can be described in
terms of Poiseuille’s law:
π ∆pD4
Q=
(1)
128 Lµ
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where L is the tube length and ∆p is the driving pressure. Whereas in large vessels the viscosity µ can
be assumed to equal the viscosity as measured in bulk, in microvessels the viscosity is an apparent
value that varies with both diameter and hematocrit. The behavior results from the fact that blood
is a suspension of deformable cells, and also from the characteristics of the vessel walls. In narrow
glass tubes, the apparent viscosity of blood decreases strongly with decreasing tube diameter over the
range from about 300 µm to about 10 µm, a phenomenon known as the Fåhraeus-Lindqvist effect.
Significantly different behavior is observed in vivo, where the vessel walls are lined with a layer
of bound and adsorbed macromolecules, known as the glycocalyx or endothelial surface layer [12].
Empirical equations describing the dependence of apparent viscosity on diameter and hematocrit were
derived by Pries et al. [11, 10], based on observations in microvascular networks of the rat mesentery.
These equations are now generally used in simulations of microvessel hemodynamics.
A further consequence of the non-continuum behavior of blood in the microcirculation is the unequal
partition of hematcorit in diverging microvessel bifurcations, leading to significant heterogeneity in
microvessel hematocrit. Again based on experiments in the rat mesentery, Pries et al. [9, 10] developed empirical equations (the ”bifurcation law”) to describe the red cell flux fraction entering each
branch of a bifurcation in terms of the diameters and flow rates of each branch and the hematocrit
in the parent branch. These equations are often used in simulations of microvessel hemodynamics,
although a number of other formulations have been proposed.
For a network with given topology and geometrical properties, including the lengths, diameters and
nodal connections of all segments, and given sufficient boundary conditions, the relationships referred
to above allow the computation of the flow rate and hematocrit in each segment of the network.
In this case, a sufficient set of boundary conditions includes the pressure or flow in all boundary
segments of the network and the hematocrit in all inflowing segments. The computational method
is then as follows: (i) assign initial hematocrits in all segments; (ii) compute the conductance of
each segment (defined as flow/pressure drop) from Poiseuille’s law; (iii) express the flows in terms of
node pressures, and apply the condition that flows at each node sum to zero; (iv) solve the resulting
system of linear equations for the node pressures (for example using the method of successive overrelaxation); (v) update the flows; (vi) update hematocrits using the bifurcation law; (vii) repeat the
procedure until convergence is achieved.
In many cases of interest, a sufficient set of boundary conditions as outlined above is not available.
To allow hemodynamic simulations for such cases, Fry et al. [2] developed a method for estimating
flows using a priori information about typical levels of pressure and wall shear stress in microvessels,
while satisfying the hemodynamic equations governing flow in networks as already described.
3

OXYGEN TRANSPORT

The choroidal vasculature provides the main oxygen supply to the outer layer of the retina. We consider first the situation in which the retinal vasculature is non-functional, either because the species
lacks a retinal vasculature, or because the retinal artery is occluded. In that situation, the choroidal
vessels provide the only oxygen supply for the retina, and the diffusion of oxygen can be analyzed
using a one-dimensional steady-state model. If the oxygen demand is approximated as a constant
throughout the retina, then the maximum retinal thickness that can be supplied diffusively with oxygen is given by [1]:
L = (2DαP0 /M )1/2
(2)
where D and α are the diffusivity and solubility of oxygen in tissue, P0 is the partial pressure of
oxygen in the choroid and M is the oxygen demand. Studies of the retina generally assume Dα =
4.73 × 10−10 cm3 O2 /cm/s/mmHg. For the rat retina, the consumption rate under well-oxygenated
conditions (i.e., the demand), averaged over the 300-µm retinal thickness, can be estimated as M =
1.8 cm3 O2 /100g/min [16]. Under normoxic conditions, P0 = 60 mmHg and the maximum diffusion
distance is estimated as 138 µm. It is evident that diffusion from the choroid alone would not be able
to supply the entire thickness of the rat retina.
The model just described assumes a uniform oxygen demand throughout the retina. In reality, the oxygen demand of the retina is highly non-uniform, varying according to the layered structure, with the
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highest demand in the outer plexiform layer. While this variation affects the oxygen profile through
the retina, it does not lead to a substantially higher diffusion distance. Indeed, the inner retina is hypoxic in rats under normoxic conditions, when flow is stopped in the retinal circulation [16]. Therefore, the retinal vasculature must play a significant role in supplying oxygen to the inner retina in the
rat, and presumably also in other species that possess a retinal circulation.
Because the retinal circulation consists of a relatively sparse network embedded in retinal tissue, its
oxygen delivery cannot be modeled realistically using the one-dimensional approach described above.
Diffusion can occur in three dimensions, and is governed by:
Dα

!

∂2P
∂2P
∂2P
+
+
2
2
∂x
∂y
∂z 2

"

= M (z, P )

(3)

where M (z, P ) represents the dependence of oxygen consumption rate on distance z through the
retinal layer and on local oxygen partial pressure P . The partial pressure within each vessel declines
as oxygen is delivered, according to:
Q

dCv
Pn
= −q where Cv = Cs HD n v n + αv Pv
ds
Pv + P50

(4)

and where Q is the volume flow rate of blood, Cv (s) is the oxygen concentration in blood, s is
distance along the vessel, q(s) is the rate of oxygen efflux from vessel, Cs = 0.5 cm3 O2 /cm3 is the
oxygen carrying capacity of red blood cells, HD is the (discharge) hematocrit, Pv (s) is the partial
pressure of oxygen in blood, and P50 and n are parameters giving the dependence of hemoglobin
oxygen saturation on partial pressure according to the Hill equation.
We have developed a computational method for solving problems of this type based on a Green’s
function approach [3, 13]. The basic steps in this method are as follows. (i) Compute the flow rate
and hematocrit in each segment using the methods described in the previous section. (ii) Subdivide
the vessel network into many short pieces. For each piece, compute the oxygen field resulting from a
unit source distributed on its surface. (iii) Define a rectangular array of nodal points in the tissue. For
each point, compute the oxygen field resulting from a unit sink distributed around it. (iv) Express the
complete oxygen field in terms of source strengths of vessel pieces and nodal points. (v) Compute
the source strength for each vessel piece and each nodal point so that vessel oxygen level matches
the adjacent tissue level at the blood-tissue boundary of each piece. This method requires an iterative
procedure because of the nonlinear oxygen binding characteristics of blood according to equation (4),
and the nonlinear dependence M (z, P ) of oxygen consumption on oxygen level, which is represented
by a Michaelis-Menten equation. The approach has been applied to simulate oxygen transport in
several tissues including skeletal muscle, mesentery, tumors and brain. Networks consisting of more
than 1000 segments can be simulated with high spatial resolution, at modest computational cost. As
yet, this approach has not been applied to the modeling of retinal oxygen transport, for which it
appears well suited.
Supported by NSBRI grant RE03701 and NIH grant HL070657.
REFERENCES
[1] C.T. Dollery, C.J. Bulpitt, E.M. Kohner. Oxygen supply to the retina from the retinal and
choroidal circulations at normal and increased arterial oxygen tensions. Invest Ophthalmol.,
8:588–594, 1969.
[2] B.C. Fry, J. Lee, N.P. Smith, T.W. Secomb. Estimation of blood flow rates in large microvascular
networks. Microcirculation., 19:530–538, 2012.
[3] R. Hsu, T.W. Secomb. A Green’s function method for analysis of oxygen delivery to tissue by
microvascular networks. Math. Biosci., 96:61–78, 1989.
[4] J. Lee, S. Niederer, D. Nordsletten, I. Le Grice, B. Smaill, D. Kay, N. Smith. Coupling contraction, excitation, ventricular and coronary blood flow across scale and physics in the heart. Phil.
Trans. R. Soc. A, 367:2311–2331, 2009.

614

[5] J. Lee, H. Radhakrishnan, W. Wu, A. Daneshmand, M. Climov, C. Ayata, D.A. Boas. Quantitative imaging of cerebral blood flow velocity and intracellular motility using dynamic light
scattering-optical coherence tomography. J. Cereb. Blood Flow Metab, 33:819–825, 2013.
[6] G. Liew, J.J. Wang, P. Mitchell, T.Y. Wong. Retinal vascular imaging: a new tool in microvascular disease research. Circ. Cardiovasc. Imaging, 1:156–161, 2008.
[7] F. Milde, S. Lauw, P. Koumoutsakos, M.L. Iruela-Arispe. The mouse retina in 3D: quantification
of vascular growth and remodeling. Integr. Biol. (Camb. ), 5:1426–1438, 2013.
[8] M. Paques, R. Tadayoni, R. Sercombe, P. Laurent, O. Genevois, A. Gaudric, E. Vicaut. Structural
and hemodynamic analysis of the mouse retinal microcirculation. Invest Ophthalmol. Vis. Sci.,
44:4960–4967, 2003.
[9] A.R. Pries, K. Ley, M. Claassen, P. Gaehtgens. Red cell distribution at microvascular bifurcations. Microvasc. Res., 38:81–101, 1989.
[10] A.R. Pries, T.W. Secomb. Microvascular blood viscosity in vivo and the endothelial surface
layer. Am. J. Physiol Heart Circ. Physiol, 289:H2657–H2664, 2005.
[11] A.R. Pries, T.W. Secomb, T. Gessner, M.B. Sperandio, J.F. Gross, P. Gaehtgens. Resistance to
blood flow in microvessels in vivo. Circ. Res., 75:904–915, 1994.
[12] A.R. Pries, T.W. Secomb, P. Gaehtgens. The endothelial surface layer. Pflugers Arch., 440:653–
666, 2000.
[13] T.W. Secomb, R. Hsu, E.Y. Park, M.W. Dewhirst. Green’s function methods for analysis of
oxygen delivery to tissue by microvascular networks. Ann. Biomed. Eng, 32:1519–1529, 2004.
[14] S.K. Stamatelos, E. Kim, A.P. Pathak, A.S. Popel. A bioimage informatics based reconstruction
of breast tumor microvasculature with computational blood flow predictions. Microvasc. Res.,
91:8–21, 2014.
[15] D.Y. Yu, S.J. Cringle. Oxygen distribution and consumption within the retina in vascularised
and avascular retinas and in animal models of retinal disease. Prog. Retin. Eye Res., 20:175–
208, 2001.
[16] D.Y. Yu, S.J. Cringle, P.K. Yu, E.N. Su. Intraretinal oxygen distribution and consumption during
retinal artery occlusion and graded hyperoxic ventilation in the rat. Invest Ophthalmol. Vis. Sci.,
48:2290–2296, 2007.

615

4th International Conference on Computational and Mathematical Biomedical Engineering – CMBE2015
29 June - 1 July 2015, France
P. Nithiarasu and E.Budyn (Eds.)

MORPHOMETRIC RETINAL MEASUREMENTS WITH
ULTRA-WIDE-FIELD-OF-VIEW IMAGING
E Pellegrini1, G Robertson2, L Ballerini1, T Pearson2, T J MacGillivray2 and E Trucco1
1
VAMPIRE group, School of Computing, University of Dundee, DD1 4HN Dundee, UK
{e.z.pellegrini, l.ballerini, e.trucco}@dundee.ac.uk
2
VAMPIRE group, Clinical Research Imaging Centre, University of Edinburgh, 47 Little France
Crescent, Edinburgh, EH16 4TJ, UK {gavin.robertson, t.pearson, t.j.macgillivray}@ed.ac.uk
SUMMARY
Morphometric measurements of the retinal vasculature provide useful information for modelling.
Much work exists on the location and quantitation of retinal vessels observed in fundus images,
which capture a typical field of view within 50o centered on the fovea or the optic disc. Much larger
fields of view (beyond 200o) can be captured with ultra-wide-field-of-view scanning laser
ophthalmoscopes (UWFV SLO), enabling measurement of peripheral vessels without the need of
mosaicking. We report here algorithms for vessel detection and analysis in UWFV SLO, developed
in the framework of two studies on retinal biomarkers for cardiovascular disease and genetics.
Key words: retinal image analysis, scanning laser ophthalmoscope, vessel detection, vessel
measurement
1 INTRODUCTION
Morphometric measurements of the retinal vasculature [1] provide useful information for
modelling the retinal vasculature. Automatic techniques have been developed for locating blood
vessels [7,8] and assessing their morphology, e.g., caliber, tortuosity and fractal dimension. Much
of the existing work has concentrated on vessels observed in fundus images, which capture a
typical field of view within 50o centered on the fovea or the optic disc (henceforth OD). These
remain the standard instruments encountered in clinics and opticians, but other instruments (e.g.,
OCT and its developments) are acquiring increasing importance for screening, diagnosis and
quantitative assessment. One such instrument is ultra-wide-field-of-view scanning laser
ophthalmoscope (UWFV SLO) [4], which allows non-mydriatic imaging of fields of view beyond
200o horizontally. Large fields of view can achieved by mosaicking multiple fundus camera
images, but this requires flashing light into the eye multiple times (done only once in UWFV SLO)
and is therefore dependent on patient compliance in addition to mosaic quality.
UWFV SLO is a still under-researched modality in retinal image analysis [9,10]. We report here
algorithms for vessel detection and assessment with UWFV SLO, developed in the framework of
two studies on retinal biomarkers for cardiovascular disease and genetics. To our best knowledge,
we are not aware of comparable algorithms for UWFV SLO.
In the first study, CARMEN (Cardiovascular Biomarkers from Wide-Field-of-View Retinal Scans)
we have collected two prospective data sets of 500 patients each. The two groups were volunteers
in two clinical trials, TASCFORCE [2] and SCOT-HEART [3]. TASCFORCE investigates the
ability of a new screening program involving blood tests and MRI to identify people at increased
risk of cardiovascular disease. SCOT-HEART is an outcome-focused prospective multicenter
trial looking at the implementation of CT in the patient care pathway.
The
second
study
relies
on
two
cross-linked
bioresources,
ORCADES
(www.orcades.ed.ac.uk/orcades) and GoDARTS (medicine.dundee.ac.uk/godarts) , which include
fundus retinal images and genetic data (among others) available for biomarkers investigation. Here
we studied the portability of algorithms developed for fundus images to UWFV SLO images.
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2 METHODOLOGY
2.1. Modality comparison
We investigated the portability of vessel detection algorithms developed for fundus images to SLO
images. We acquired a comparative data set of both eyes of 20 consented volunteers at the
Ophthalmology Department of Ninewells NHS and University hospital, Dundee, first with a
Topcon retinal camera (2336×3504 pixels), then with an OPTOS P200C SLO (3900×3072 pixels).
We found significant differences in the accuracy of the location of the same vessels in the two
modalities, mainly due to (a) different contrast, (b) different characteristics of central reflections in
large vessels, and (c) the much larger field of view of UWFV SLO images, implying that the width
of the same vessel in pixels can be half or less than in a fundus image. Leveraging these results, we
developed the solution described in Section 2.2.

Figure 1. Left: example of UWFV SLO images with windows selected for tracing vasculature (ground truth
generation). Right: binary map generated by the method sketched in Section 2.2.

2.2. Vessel detection
The vessel detection algorithm resulting from the comparative analysis of fundus and SLO images
is based on neural networks. The key steps are as follows. An illumination correction step is
performed, followed by image morphology with a structuring elements in 12 orientations, resulting
in 12 maps. The pixelwise max-min difference is calculated to enhance the vessels. The difference
image is convolved with 4 Laplacian of Gaussian filters to capture multiple spatial scales, each in
12 orientations as above. The maximum response is selected at each pixel over the orientations.
The four LoG-filtered maps, the width map, and the standard deviations of direction maps form a
feature vector which is input to a two-layer feed-forward network with sigmoid output neurons.
The output of the network is a probability map of vessel pixel locations, finally processed by
hysteresis thresholding.
Validation required ground truth annotations of the vasculature. As tracing the full vasculature in
large OPTOS images is an extremely time-consuming task (~18 hours/image), we selected a
representative sample (contrast, location, type of vessel, etc.) of 120 windows within which the
vasculature was traced by 2 experts (Figure 1). Details have been reported elsewhere [5].
2.3. Vessel analysis
To estimate width, we first regularized the raw contours in the binary map with a parallelconstrained double spline [6], Figure 2 (c). We then estimated widths as the length of segments
perpendicular to the double-spline centerline and contained within the vessel, Figure 2 (d).
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Figure 2. (a) Example of binary vessel map generated by the algorithm from an UWFV SLO image. (b)
Vessel classification (not described) into veins (blue) and arteries (red), and unclassified (yellow). The red
circles represent OD diameters from the OD centre. (c) Detail: parallel-constrained spline pair fitted to the
vessel contours in the binary map to regularize the contours. (d) Detail: segments used for width estimation.

It has been observed that width estimation accuracy varies with width range, e.g. [8]. We divided
vessels in 3 width range (small, medium, large), and achieved excellent accuracy against ground
truth annotations of 144 widths on the set introduced in Section 2.2. Comparison against results
obtained with adapted state-of-the-art algorithms (Soares, Bankhead, [8]) showed that our method
achieved the best agreement with annotations. Full figures in final paper if accepted.

Figure 3. Width estimation for one of the main vessels in an UWFV SLO image, reaching out to 17 OD from
the OD contour.

The availability of vasculature measurements over a much larger region than afforded by fundus
cameras makes it possible to quantify larger portions of the vasculature, but also to explore
biomarkers using novel retinal coefficients in addition to conventional calculations based on Zone
B and C, i.e., up to 3 OD diameters from the OD contour; compare with Figure 2 (b). For instance,
we can now compute the width of the main vessels with distance from the OD over 15 OD
diameters from the OD contour, Figure 3.
2.5. GUI
All software packages enabling collection of retinal measurements used in clinical and screening
centers are currently semi-automatic (e.g., SIVA, IVAN, CAIAR). Within VAMPIRE we have
developed a GUI allowing efficient interaction, checking and correction of automatic results from
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various modules (OD and fovea location, retinal co-ordinates, vasculature location, artery-vein
classification, estimation of tortuosity, bifurcation angles, CRVE/CRAE, AVR, fractal dimension).
This interface was adapted for the studies sketched here on UWFW images.
3 CONCLUSIONS
Our main findings can be summarized as follows. A comparative study looking at the same vessels
imaged in different modalities suggests that vessel detection algorithms developed for fundus
images cannot be ported directly to UWFV SLO images, given the different appearance of blood
vessels in the two modalities mainly in terms of contrast and central reflection. Using images from
the OPTOS P200C SLO, our validated vessel detection software solution achieved an accuracy of
0.965 and 0.967 AUC. Width can be calculated accurately even if vessels appear smaller than in
fundus images (at a parity of resolution); we achieved excellent agreement with ground truth for
small, medium and large vessels.
All studies mentioned, and the data access and acquisition they involved, were conducted in
accordance to the standard ethical, safety and sponsorship rules in force in Scotland.
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SUMMARY
A resistive network analogy (RNA) model that provides a platform for linking the computational
fluid dynamics study of aqueous humor (AH) flow to the anatomical/physiological changes
associated with glaucoma is proposed. The RNA model is based on an electrical resistor circuit
analogy and is formulated around the hydrodynamic funneling model. Results show that the pore
density of normal and glaucomatous eyes produced intraocular pressure (IOP) that correspond to
healthy and pathologic conditions. IOP also increases exponentially with decreasing pore density,
suggesting that the degree of optic nerve damage in glaucoma may increase rapidly during the
latter stages of development.
Key words: aqueous humor, computational fluid dynamics, outflow resistance, glaucoma
1 INTRODUCTION
Glaucoma is an eye disease that is commonly associated with an increase in the intraocular
pressure (IOP). The increase in IOP is the result of an elevated flow resistance within the aqueous
humor (AH) drainage system. Because of the close coupling between the AH drainage system and
the AH flow inside anterior chamber, computational fluid dynamics (CFD) study of AH flow offers
a unique approach to understand – from a hydrodynamic point of view – the fundamentals of
glaucoma development.
Existing studies, such as those by Villamarin et al. [1] and Ferreira et al. [2], have successfully
employed CFD simulations to predict the permeability values of the drainage system that
correspond to IOP values in normal and glaucomatous eyes. However, the absence of parameter(s)
in their models that describe the anatomical/physiological changes found in glaucomatous eyes
meant that their results could not be linked directly to the advancement of the disease. This
information is vital for the understanding of glaucoma development and the progression of
glaucomatous optic nerve damage.
In order to relate the hydrodynamic model to the conditions of glaucoma, a resistive network
analogy (RNA) model is proposed. The development of the RNA model is motivated by the need to
represent the AH drainage system with a single homogeneous domain in the CFD studies. This is
necessitated by the AH drainage system being orders of magnitude smaller than the anterior
chamber. The proposed RNA model is capable of estimating the flow resistance inside the AH
drainage system under normal and glaucomatous eyes conditions, such as the fewer number of
pores lining the inner wall endothelium and the elevated resistance within the juxtacanalicular
tissue (JCT). Once the flow resistance is found, the effective permeability of the domain
representing the AH drainage system can be calculated, which is then supplied into the CFD model
for IOP predictions. The RNA model provides a platform that links the anatomical/physiological
changes in glaucoma with the hydrodynamics of AH.
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2 METHODOLOGY
The general concept of the RNA model is that the hydraulic resistance within the AH drainage
system can be represented by a network of resistors, similar to that of an electrical resistor circuit,
where each resistor represents a source of outflow resistance within the AH drainage system. The
model is formulated based on the hydrodynamic funneling theory [3, 4]. Accordingly, outflow
resistance is generated when AH flows through the porous structure of the JCT and is
hydrodynamically funneled through the pores of the inner wall endothelium. For a single pore
configuration, the network can be represented by two resistors that are connected in series; the first
resistor represents the resistance inside the JCT, while the second resistor represents the resistance
due to hydrodynamic funneling. This is shown in Figure 1a.

Figure 1: a. The single pore RNA model; b. the N-pore RNA model; c. the 3D model of the anterior
and posterior chambers used in the CFD study.
If there are N number of pores, then the resistor network will comprise of a resistor that is
connected in series to an array of N resistors that are arranged in parallel, see Figure 1b. In this
case, the first resistor is due to the resistance inside the JCT, while the array of resistors represent
the resistance due to hydrodynamic funneling through all the N pores. By defining RJCT as the flow
resistance inside the JCT and Rp1, Rp2,  …,  RpN as the flow resistance due to hydrodynamic funneling
at each pore, then by using the analogy of an electrical resistor circuit, the total flow resistance Rt
can be expressed as:
1
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Assuming that Rp1 = Rp2 =  …  =  RpN = Rp, and adapting the funneling model of Overby et al. [4], one
obtains from Eq (1), the expression of the total AH outflow resistance:
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where  is the dynamic viscosity of AH, L is thickness, K is the permeability, A is the crosssectional area, n is the pore density and rgv is the radius of the giant vacuole. The first and second
terms on the right hand side of Eq (2) represent the resistance due to the JCT and the sum of the
resistance due to hydrodynamic funneling.
Darcy law states that the resistance of flow through a porous medium can be expressed as R =
L/KA. If the resistor network shown in Figure 1 is substituted by a single resistor that represents
the overall resistance of the AH drainage system, then the resulting effective permeability of the
AH drainage system can be calculated by using:
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where the subscript ‘eff’ refers to the effective property. Eqs (2) and (3) indicate that the effective
permeability is dependent on the pore density (n) and the permeability of the JCT (Kjct) if all other
parameters are assumed to be constant. Normal and glaucomatous eyes are known to have different
values of Kjct and n. Consequently, by varying these parameters accordingly, a range of effective
permeability values of the AH drainage system corresponding to healthy and glaucomatous eyes
can be estimated.
A 3D model of the anterior and posterior chambers is developed for calculating the IOP. A domain
representing the AH drainage system was included and was modelled as a porous region, where the
values of Keff are prescribed, see Figure 1c. A CFD study is carried out on the AH flow, where
contributions due to buoyancy and the production and drainage of AH are considered. Flow inside
the anterior and posterior chambers is modelled using the Navier-Stokes equations, while flow
inside the porous region is modelled using the Brinkmann equation.
3 RESULTS AND CONCLUSIONS
A range of Keff values were obtained for different values of Kjct and n that relate to normal eyes.
Two cases were considered. In the first case, the value of Kjct was fixed at 0.2×10-14, 0.6×10-14 and
1×10-14m2 and the values of Keff were calculated for values of n in the range of 835 –
1500pores/mm2. In the second case, n was fixed at 835, 1000 and 1500pores/mm2 and the Keff
values were calculated for values of Kjct in the range of 0.2×10-14 – 1.0×10-14)m2.
Figures 2a and 2b plot the range of values of Keff obtained for the first and second cases,
respectively. Similar plots for the IOP are shown in Figures 2c and 2d. From the results in Figures
2a and 2c, it was found that a value of Kjct = 0.2×10-14m2 will produce IOP within the physiological
range (15 – 19.6mmHg) for all the values of n considered. Increasing the value of Kjct causes the
IOP to drop to values that are physiologically unrealistic. When n is fixed and Kjct is varied over the
selected range, significant overlap in the values of Keff was observed. The IOP values when n =
1500pores/mm2 were below the physiological threshold of 15mmHg.

Figure 2: Boxplots depicting the range of Keff (a,b) and the IOP (c,d).
The results in Figure 2 concur with the existing clinical studies reported in the literature. The
finding that Kjct must be less than 0.2×10-14m2 agrees with the current state of understanding, where
the importance of JCT in generating significant flow resistance is questionable. Similarly, clinical
studies have found that the pore density in normal eyes is likely to be between 835 and 1000
pores/mm2 [6]. Our results show that if n = 1500 pores/mm2 (which is physiologically unlikely)
then the range of IOP values become smaller than the physiological threshold of 15.5mmHg.
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Glaucomatous eyes have fewer pores, with a reported pore density of 160pores/mm2 [6]. Taking the
range  of  160  ≤  n ≤  835pores/mm2 to represent the different stages of glaucoma development, the
range of Keff calculated using the RNA model was found to be 0.68×10-16 ≤   Keff ≤   3.47×10-16m2.
This is approximately 0.1 to 0.2 times the Keff of normal eyes. The values of IOP estimated using
the CFD model are plotted in Figure 3. The IOP decreases exponentially with increasing pore
density. If the IOP is assumed to be linearly correlated to the degree of optic nerve damage, then the
plot in Figure 3 suggests that there is a rapid progression of glaucomatous optic nerve damage
towards the latter stage of the disease.

Figure 3: Plot of IOP against n values corresponding to glaucomatous eye condition.
This study presents for the first time, the linkage between the anatomical/physiological changes in
glaucoma, i.e. changes in the pore density, and the hydrodynamics of AH flow. This was achieved
by using the RNA model, which is based on an electrical resistor circuit and assumes the resistance
in the JCT and those generated when AH funnels through the pores of the inner wall endothelium
as the primary sources of outflow resistance. The results show that the pore density corresponding
to normal eyes led to IOP values that were within the physiological range, while pore density
corresponding to glaucomatous eyes yielded IOP values that were significantly higher.
Current efforts are focused on establishing a correlation between the IOP elevation and the
stress/strain distribution across the optic nerve. This will involve the coupling of the RNA model,
the CFD model as well as a structural mechanics model that examines the stress/strain distribution
across the whole ocular structure. The results from such a study may be useful to ophthalmologists,
diagnosticians and biomedical engineers in understanding the development of glaucoma and the
progression of optic nerve damage.
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SUMMARY
Persistent homology has emerged as a popular technique for the topological simplification of big data,
including biomolecular data. Multidimensional persistence bears considerable promise to bridge the
gap between geometry and topology. However, its practical and robust construction has been a challenge. We introduce two families of multidimensional persistence, namely pseudo-multidimensional
persistence and multiscale multidimensional persistence. These methods are applied to the topological transition between partial folded and unfolded proteins and the multiscale analysis of bio data in
biomolecules.
Key words: Computational topology, Multiscale persistence, Multidimensional persistence, Protein
folding

1

INTRODUCTION

Fundamental laws of physics
described in quantum mechanics (QM), molecular mechanism
(MM), continuum mechanics,
statistical mechanics, thermodynamics, etc.
underpin most
physical models of biomolecular systems. Physical based
models depend on geometric information, namely, atomic coordinates, angles, distances, areas and sometimes curvatures
as well as physical information, such as charges and their
Figure 1: An illustration of the conformations of protein 1UBQ generlocations or distributions, for ated by the SMD (Right charts), the corresponding topological barcodes
the mathematical modeling of (Left charts). In each Right chart, the top panel is for Betti-0 (β0 ) and the
biomolecular systems. How- bottom panel is for Betti-1 β1 .
ever, geometry based models are
typically computationally expensive and become intractable for complex biomolecular processes.
Such a failure is often associated with massive data acquisition, curation, storage, search, sharing,
transfer, analysis and visualization. The challenge originated from geometric modeling calls for
game-changing strategies, revolutionary theories and innovative methodologies.
Topological simplification offers an entirely different strategy for big data analysis. Topology deals
with the connectivity of different components in a space and is able to classify independent entities,
rings and higher dimensional holes within the space [1, 4]. Topology captures geometric properties
that are independent of metrics or coordinates. Indeed, for many biological problems, including the
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opening or closing of ion channels, the association or disassociation of ligands, and the assembly
or disassembly of proteins, it is the qualitative topology, rather than the quantitative geometry that
determines physical and biological functions. Therefore, there is a topology-function relationship in
many biological processes [3, 2] such that topology is of major concern.
In contrast to geometric tools which are frequently inundated with too much structural information to be computationally practical, Topological approaches often incur
too much reduction of the geometric information. Persistent homology is a new branch of topology that is able to
bridge the gap between traditional geometry and topology
and provide a potentially revolutionary approach to complex biomolecular systems. Unlike computational homology which gives rise to truly metric free or coordinate free
representations, persistent homology is able to embed additionally geometric information into topological invari- Figure 2: Correlation between protein conants via a filtration process so that “birth” and “death” of formational energies and accumulated bar
isolated components, circles, rings, loops, voids or cav- lengths for conformations generated from
ities at all geometric scales can be measured. However, protein 1I2T by using the SMD.
one dimensional (1D) persistent homology has its inherent limitations. It is suitable for relatively simple systems described by one or a few parameters. The
emergence of complexity in self-organizing biological systems frequently requires more comprehensive topological descriptions. Therefore, multidimensional persistent homology, or multidimensional
persistence, becomes valuable for biological systems as well as many other complex systems. In
principle, multidimensional persistence should be able to seamlessly bridge geometry and topology.
Although multidimensional persistence bears great promise, its construction is non-trivial and elusive
to the scientific community.

Time

The objective of this work
Betti-2
Betti-0
Betti-1
is to introduce two classes
of multidimensional persistence
for biomolecular data. One class
of multidimensional persistence
is generated by repeated applications of 1D persistent homolRadius
ogy to high-dimensional data,
such as those from protein fold- Figure 3: An illustration of 2D persistence in the unfolding of protein
ing, molecular dynamics, geo- 1I2T generated by the SMD. Left: β0 persistence; Middle: β1 persismetric partial differential equa- tence; Right: β2 persistence. In all charts, horizontal axises label the filtration radius (Å). Vertical axises are the configuration index. The color
tions (PDEs), varied signal to bars denote the natural logarithms of PBNs.
noise ratios (SNRs), etc. The resulting high-dimensional persistent homology is a pseudo-multidimensional persistence. Another class of multidimensional persistence is created from a family of new simplicial complexes associated an isotropic scale or anisotropic
scales. In general, scales behave in the same manner as wavelet scales do. They can focus on the
certain features of the interest and/or defocus on undesirable characteristics. As a consequence, the
proposed scale based isotropic and anisotropic filtrations give rise to new multiscale multidimensional
persistence. We demonstrate the application of the proposed multidimensional persistence to a number of biomolecular and/or molecular systems, protein folding characterization, analysis of fullerene
molecules and multscale topological analysis of protein complexes. Our multidimensional filtrations
are carried out on two types of data formats, namely, point cloud data and volumetric (density) data.
Therefore, the proposed methods can be easily applied to problems in other disciplines that involve
similar data formats.
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2

METHODOLOGY

Our algorithm for multidimensional persistence is robust and straightforward. In a two-dimensional
(2D) filtration, we fix one of the filtration parameters and perform the filtration on the second parameter to obtain PBNs. Then we systematically change the fixed parameter to sweep over its whole
range, and stack all the PBNs together. This idea can be directly applied to three dimensional (3D)
and higher dimensional filtrations. Essentially, we just repeat the 1D filtration over and over until the
full ranges of other parameters are sampled. The PBNs are then glued together. This multidimensional persistent homology method can be applied to any other high dimensional data. In this work,
point cloud data and matrix data are analyzed by using the JavaPlex. Volumetric data are processed
with the Perseus.
3

RESULTS AND CONCLUSIONS

scale

Anisotropic scale (3D):
Dynamics and transport are
some of the most important as( x x j )2 ( y y j )2 ( z z j )2
(r , x , y , z )
exp
2
2
2
pects of macromolecules. Most
j
x
y
z
biological processes, such as
signal transduction, transcription and translation, involve
macromolecular dynamics and
0.5 , z 0.2
0.2 , z 0.5
x
y
transport. Although geometric
x
y
description of macromolecular
dynamics and transport is indispensable in many situations, it
y
is cumbersome and often too exx
z Betti-2
pensive to be practice. Figure 1
Betti-1
Betti-0
density
illustrates the persistent homology characterization of a protein
unfolding process generated by Figure 4: An illustration of 3D persistence in C60 molecule. The denusing steered molecular dynam- sity ρ(r, ηx , ηy , ηz ) is constructed via the expression shown in the top.
ics (SMD). Clearly, the Betti-1 Surfaces in the middle are generated with appropriate scales. 3D persistences are demonstrated in the bottom. Left: β0 persistence; Middle: β1
(β1 ) reduces dramatically during
persistence; Right: β2 persistence. In all charts, the x-axises label the
the protein process. Obviously, filtration density. The y- and z- axises are scales. The blue and red dots
1D persistent homology is not denote respectively β0 = 4 and 50, β1 = 3 and 20, and β2 = 1 and 2.
efficient in such a characterization. In contrast, multidimensional persistent homology provides a new strategy for the characterization, identification and analysis (CIA) of biomolecular dynamics and transport. It unveils topological
transitions during the biomolecular dynamics and transport. Such new information can be further
utilized for various biophysical modeling.

Molecular topological fingerprints generated from protein unfolding process can be used to predict
protein topology-function relationship. Figure 2 illustrates the quantitative modeling of protein conformational energies by using accumulated bar length of β1 bars
!
E∝
Lj (β1 ),
(1)
j

where Lj (β1 ) is the length of the jth β1 bar. Obviously, there is good correlation between protein
conformational energies and the accumulated bar length of β1 bars.
Figure 3 illustrates the 2D persistence in the unfolding of protein 1UBQ generated by the SMD
described. The β0 chart indicates the conservation of bond lengths during the SMD simulation. Here
β1 and β2 charts show the topological evolution during the unfolding process. The conservation of
pentagonal and hexagonal ring structures is reflected in these charts. Finally, the β1 and β2 charts
of Fig. 3 display a clear topological transition from a partially folded state to a completely unfolded
state at 750th configuration.
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Topological transition occurs at the 750th conformation, where the protein is completely unfolded.
Such a transition can be clearly seen from 2D Betti-1 and Betti-2 plots. Additionally, as illustrated
in the 2D Betti-1 and Betti-2 plots, protein pentagonal and hexagonal rings in residues are preserved
during the unfolding process.
The above unfolding analysis demonstrates for the power of multidimensional persistence. Similarly,
one can establish systematic and robust multidimensional persistence methods for biomolecular dynamics and transport, such as protein-ligand docking, protein-drug binding, protein-DNA specificity,
molecular self-assembly, etc. New topological approach will lead to new insights on biomolecular
dynamics and transport.

log10(N)

Scale

Figure 4 demonstrates multiscale 3D persistence in C60
molecule. In this case, the
change in scale parameters
creates new simplexes and
leads to intrinsic multidimensional persistence. However,
the illustration of 3D persistence can be a problem. We
have selected two particular
Betti numbers to be shown in
our figure.

Betti-0

Betti-1

Betti-2

Finally, we present a 2D multiscale topological analysis
Density
of a protein complex, 2YDG.
Our intention is to demonstrate that at small scale, the Figure 5: An illustration of 2D persistence in a protein complex, 2YGD.
PBNs are very high in all of Top left: secondary structure; Top middle: molecular structure is embedded
the three invariants, due to in protein complex; Top left: surface of the protein complex. Bottom left:
the fact that at atomic scale, 2D beta0 persistence; Bottom middle: 2D β1 persistence; Bottom right: 2D
β2 persistence. In all charts, horizontal axises label the filtration density.
there are many independent Vertical axises are the scale. The color bars denote the natural logarithms of
components, rings and cav- PBNs.
ities. At very large scale,
the most important topological features are from the protein complex, which leads to a rapid reduction in β0 , β1 and β2 .
In summary, this work introduces novel multiscale persistent homology and multidimensional persistent homology. We demonstrate their utility and efficiency in describing protein unfolding and the
multiscale analysis of a C60 molecule and a multiprotein complex. The proposed topological methods
have potential applications in a variety of other fields and disciplines.
This work was supported in part by NSF grants IIS-1302285, and DMS-1160352, and NIH Grant
R01GM-090208.
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SUMMARY
We analyze biological nanostructures with essential coupling components in the form of nanorings.
Such nanostructures are important in a wide range of current and potential bio-nanotechnological
and medical applications. Our main attention is devoted to a class of RNA-based nanostructures, in
particular RNA nanotubes which consist of a series of around 20 nm in diameter nanorings. Multiscale
properties of these RNA nanostructures are studied with the molecular dynamics (MD) method using
CHARM force field implemented in the NAMD package. Structural and thermal behaviours of these
important objects are discussed in the context of physiological solutions typical for their practical
applications.
Key words: Multiscale biological systems, RNA nanotubes, Molecular Dynamics Simulation

1

INTRODUCTION

Among many complex biological macromolecular systems, RNA-based molecular systems stand out
due to their flexibility and other unique properties. RNA bio-nanotechnological and medical applications are among most important applications of such systems [1, 2].
The key to such applications lies with our ability to built self assembling RNA building blocks. Our
study here focuses on RNA nanoclusters which have been created by using the RNAI/II building
blocks [3, 4]. More specifically, firstly the six helical segments have been constructed from RNAI and
RNAII building blocks to model a typical RNA nanoring. Then, the nanorings have been connected
via the links built from the RNA strands (usually of 22 nucleotides). Finally, we embed the resulting
RNA nanotubes into physiological solutions to better reflect the situation in applications [5]. The
interest to studies of such RNA nanostructures has been growing dramatically over the recent years
[6, 7]. However, studies of such structure properties and the development of efficient numerical
procedures are at the beginning of their advancement.
2

MATHEMATICAL MODEL AND COMPUTATIONAL METHODOLOGY

The CHARM force field that we use in molecular dynamics simulations is expressed as follows:
Vtotal =

∑ Kb (r − r0 )2 + ∑ Kθ (θ − θ0 )2 + ∑

bond

angle

+

∑

Hbond

(

dihedral

Kφ (1 + cos(nφ − γ))

Ci j Di j
Ai j Bi j
qi q j
− 10 ) +
∑ ( r12 − r10 ) + ∑ εri j ,
ri12j
ri j
ij
Vanderwaals i j

(1)

where the first term corresponds to bonds, second corresponding to angle parameters, the third term
corresponds to the potential energy and interactions raised from the dihedral angles in the molecular
system, the fourth term defines the interaction coming from the hydrogen bonds which includes the
base pairing as well as the hydrogen bonding between the RNA and the water molecules. Finally, the
last term in the potential expression represents the long distance interactions known as the van der
Waals’ interactions. The other notations in the Equation 1 have the following meanings:
Kb is the intra chain force constant corresponding to bonds,
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r0 is the inter atomic bond distance at equilibrium,
Kθ is the intra chain force constant corresponding to angles,
θ0 is the bond angle at equilibrium,
Kφ is the intra chain force constant corresponding to dihedral angles,
Ci j and Di j are two empirical constants for hydrogen bonding,
Ai j and Bi j are two coefficients corresponding to the repulsive and the attractive interactions between
i-th and j-th atom that are determined experimentally,
qi and q j are the charges of the i-th and j-th atoms,
ε is the electrostatic permeability, and
ri j is the distance between the i-th and j-th atoms.
From the expression (1) for the total potential energy of the biological system at hand, it is clear that
the energy is a function of the positions of particles. The next step is standard, that is if the position
of the particle at a time t is known, its value after the time step δt i.e t + δt can be calculated by using
the Taylor series expansion as follows:
x(t) = x0 + v0t + a0

t2
+ ...,
2

(2)

where the x0 , v0 and a0 are the initial positions, velocities and acceleration of the atom at the initial
time t0 , and
F(t) δt 2
x(t + δt) = x(t) + v(t)δt +
+ ...
(3)
m 2
The velocity of an atom at times t and t + δt can also be calculated using the acceleration of the atom,
similar to the way how the position is calculated from the velocity based on Equations 2 and 3. From
the potential energy of the system the acceleration of the k-th particle can also be calculated from the
Newton’s equation of motion as
1 dVtotal
ak (t) = −
,
(4)
mk drk (t)
where mk is mass of kth atom. Alternatively, the force of an atom during MD simulations can be
expressed as
d 2 rk (t) dV
Fk (t) = mk
=
,
(5)
dt 2
dr
where the rk (t) is characterised by the coordinates (xk (t), yk (t), zk (t)) in three dimensions. For the
pair potential the force can be calculated as:
δV (rk j )
=
δ xk
j"=k

Fk = − ∑

δV

∑ (− δ r
j"=k

with the unit vector
xˆk j =

xk j
rk j

|r=rk j )xˆk j =

and

1 δV

∑ (− r δ r
j"=k

xk j = xk − x j .

|r=rk j )xk j

(6)

(7)

The force Fk in the above equation is the net force on the k-th particle. Force on the k-th particle due
to j-th particle is given by
1 δV
Fk j = (−
|r=rk j )xk j .
(8)
r δr
We note that several studies on the development of coarse graining (CG) methodologies that may
be useful in the current context have been recently presented [8, 9] . Here, for the coarse-graining
modeling we use the Boltzmann Inversion Method (BIM) in a way similar we initiated in our earlier
work [10].
The BIM has been used to fit the CG parameters for the RNA nanotubes. This method was originally
developed for simple liquid systems, but it was shown that it can be efficiently applied to organic
polymers and biological systems such as RNA nanostructures. In this technique the coarse graining
potential is calculated from the pairwise potential:
UCG (R) = ∑ uCG (Ri j ),

(9)

i< j
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Figure 1: RNA nanotube modeled from 10 nanorings

where UCG is the effective energy function and uCG (Ri j ) pair wise potential between two atoms.
This idea is based on the famous Henderson uniqueness theorem which states that for a given pair
of radial distribution function there exists a pairwise potential. The Boltzmann inversion method to
calculate the coarse graining potential in the context of our biological structures has been implemented
with the following algorithm [3]:
• Carry out all atom MD simulation;
• Convert all atom simulation trajectory into the corresponding coarse-graining model and then
calculate the radial distribution function for this CG pseudoatom;
• Using these pseudoatomic radial distribution functions, calculate pairwise potential for each
pair of the CG pseudoatoms by the following formalism:
uCG (R) = −kB T ln gA (R),

(10)

where g(R) is the radial distribution function, kB is the Bolzman coefficient, and T is the temperature;
• Then, carry out the NVT MD simulation for the resulting CG system by using the computed
pairwise potentials, and measure the radial distribution function for the pseudoatoms in CG
ensemble;
• Now, update the potential using the relation:
uCG (R) = uCG (R) − kB T ln(gR /gCG )

(11)

• Repeat the CG simulation according to the above step with the NVT MD simulation until the
value of uCG converges.
3

RESULTS AND CONCLUDING REMARKS

The molecular dynamics simulations of a class of the RNA nanotubes have been performed in the
simulation box for the time period 1ns at a constant temperature 310K. The energy and temperatures
have been saved at every 1ps. Among other investigations, variations of energy and the temperature
during molecular dynamics simulations of the RNA nanotube with 10 RNA nanorings in the magnesium chloride solution have been studied in details. The significant change in the energy has been
observed in the minimization region of the molecular dynamics simulation. The latter part of the
simulation is known as the production region around which the calculation of the properties of the
RNA nanocluster in the MgCl2 (as well as NaCl solutions) is done.
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Figure 2: 10 ring RNA nanotube in physiological solution

By using the developed molecular dynamics multiscale strategy we have been able to model a large
class of the RNA nanotubes described here. As an example, the optimized geometry of the 10 ring
RNA nanotube and the tube in the physiological solution are shown in Figures 1 and 2, respectively.
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1

SUMMARY
Cell-cell communication is important to cell functionality. Successful cell communication requires
coordination of intricate intracellular and extracellular pathways. In this work, we build a
computational framework that accounts for the molecular dynamics inside and outside the cell, as
well as cell morphogenesis. Through computer simulations, we found strategies that budding yeast
cells use for efficient and successful mating. The results will be compared with experiments.
Key words: cell-cell communication, budding yeast, cell signaling, cell polarization
1 INTRODUCTION
Cell-to-cell communication is fundamental to biological processes which require cells to coordinate
their functions. A simple strategy adopted by many biological systems to achieve this
communication is through cell signaling, in which extracellular signaling molecules released by
one cell are detected by other cells via specific mechanisms. These signal molecules activate
intracellular pathways to induce cellular responses such as cell motility or cell morphological
changes. Proper communication thus relies on precise control and coordination of all these actions.
The budding yeast Saccharomyces cerevisiae, a unicellular fungi, has been a model system for
studying cell-to-cell communication during mating because of its genetic tractability. In this work,
we performed for the first time computer simulations of the yeast mating process. Our
computational framework encompassed a moving boundary method for modeling cell shape
changes, the extracellular diffusion of mating pheromones, a generic reaction-diffusion model of
yeast cell polarization, and both external and internal noise. Computer simulations revealed
important robustness strategies for mating in the presence of noise. These strategies included the
polarized secretion of pheromone, the presence of the alpha-factor protease Bar1, and the
regulation of sensing sensitivity; all were consistent with data in the literature. In summary, we
constructed a framework for simulating yeast mating and cell-cell interactions more generally, and
we used this framework to reproduce yeast mating behaviors qualitatively and to identify strategies
for robust mating.
2 METHODOLOGY
2.1. Mathematical Models of Yeast Mating
As described in the Introduction, mating occurs when an a-cell and a-cell are in close proximity.
They sense the pheromone gradient generated by the partner and project toward the source. Cells
are labeled with a marker for active Cdc42 (u2 in our simulations), and a marker for the polarisome.
From a simulation standpoint, this process can be broken down into a series of steps from the
secretion and diffusion of pheromones to the resulting growth in the mating projection.
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The models are based on previous work simulating polarization of a single cell with either a static
[1] or moving [2] boundary, in which a linear gradient served as the input, and a Lagrangian
framework was applied to capture the deformation of the cell membrane. Describing the mating
process between two cells required solving diffusion equations for the ligands in the extracellular
space, which evolved according to the shifting positions of the pheromone sources. These sources
in turn depended on the sensing of the ligand input and the resulting morphological response of the
cells. Thus, to capture the shape changes, a level set function was evolved together with the
molecule dynamics along the membrane for each cell.
2.1.1. Application of level set method
The previous model with single cell consists of surface diffusion-reaction equations, which is
solved in Lagrangian coordinate. However, this approach is hard to apply to the model with more
than one cell as well as their interaction involved. Therefore we apply the level set method [3],
which can track the moving curve front implicitly by solving a HJ equation. It is also
straightforward to extend to the case with multiple cells by introducing the level set functions for
different cells respectively. The surface diffusion can be extended equivalently to an operator
defined on the entire computational domain. With the level set method, it is also convenient to
define the intracellular and extracellular space. Coupling with the pheromone diffusion in the
extracellular space becomes straightforward.
2.1.2. Deterministic model
Each cell is represented by the following generic mathematical model. The mating pheromone is
denoted by f, which is the external cue of cell polarization. Our model contains two membraneassociated species u1 and u2 which are initially uniformly distributed and undergo polarization upon
sensing the pheromone signal. The system forms a two-stage cascade in which the output of the
first stage (u1) is the input to the second stage. The variables v1 and v2 provide negative feedback
(integral feedback control) to regulate u1 and u2. The cell grows in the direction determined by u2.
This generic model is patterned after the two-stage yeast pheromone-induced cell polarity system
[4]. Roughly speaking, the variable u1 represents the protein Gβγ, which is the output of the
heterotrimeric G-protein system and the input to the Cdc42 system, and u2 represents active Cdc42,
which is the master regulator of yeast cell polarization. Finally, the center of the u2 distribution
represents the polarisome which directs new secretion driving mating projection growth.
Initially, we described the cell as a unit circle. Let φ (x,t) be the corresponding level set function

{ ( ) }

which satisfies S = x : φ x,t = 0 and represents the cell membrane for t ≥ 0 . Consequently,
the level set function separates the whole computational domain D into two parts: the intracellular
space Ω , consisting of all points such that φ ( x, t ) < 0 , and the extracellular region,

Ωc = {x : φ ( x, t ) > 0}. The dynamics of the diffusing pheromone ligand (f which represents either

a-factor or a-factor) and the two membrane-associated species (u1, u2) are described in Eqs. (1) (5):

∂f
= Dα Δf + Sα ( x, t ) − kα f , x ∈ Ωc
∂t
∂f
= Da Δf + Sa ( x, t ) − ka f , x ∈ Ωc
∂t
∂u1
k10
k11
= Ds Δ su1 +
+
− q1
∂t
1+ γ u p
1+ β f!

( )
1

(

1 1 1

(1a)
(1a)

)

− h1

− ( k12 + k13v1 ) u1

∂v1
= k14 ( u!1 − k1ss ) v1
∂t
k20
k21
∂u2
= Ds Δ s u2 +
+
− ( k22 + k23v2 ) u2
− q2
−h
∂t
1 + ( β 2u1 )
1 + (γ 2u2 p2 ) 2

(2)

(3)
(4)
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∂v2
= k24 ( u!2 − k2ss ) v2
∂t

(5)

{

}

Eqs. (2) - (5) are restricted on the domain S = x : φ ( x, t ) = 0 . In Eq. (2), instead of f, we use the
normalized distribution f! ; in this definition, the constant 0.1 is added to make the parameter
consistent with [2].
The level set function is updated by solving a Hamilton-Jacobi function where the velocity field
V is a function of u2, and formulated as

! !
V ( x,t ) = Vamp ⋅u2 ⋅ 〈 n, dmax 〉.
(7)
!
Vamp is a constant specified with respect to the time scale, n is the unit normal vector equal to
!
∇φ / ∇φ , and dmax is the growth direction which is defined as the unit normal vector at the center

( )

of the polarisome. Note that in Eq. (1) we denote the source of α pheromone by Sα x,t or

Sa ( x,t ) , which is a localized Gaussian distribution with support on the membrane. Given the

above definitions for one cell, it is straightforward to simulate a mating process involving multiple
cells of different mating types. In the two-cell simulations, cells initially are a circle of radius 1
centered 4 mm from one another.

3 RESULTS AND CONCLUSIONS
3.1. Robustness Strategies for Optimizing Mating Efficiency
In its natural environment, yeast mating is efficient and robust to a variety of perturbations. In this
section, we explored how features of the mating process could promote more robust and efficient
mating. Using our simplified simulation framework, we compared different mating scenarios by
modifying the model parameters.
3.1.1. Polarized pheromone source distribution
One important variable is the spatial distribution of the pheromone source. There are two main
possibilities with respect to the pheromone source: isotropic or non-isotropic (polarized) secretion.
In the isotropic scenario, pheromone is secreted uniformly from all points on the membrane. In the
non-isotropic scenario, the source would be polarized to the front. Intuitively, one may imagine that
the polarized source distribution would contribute to accurate mating by helping the projections
find each other, and in the simulations described above we used the polarized source as the default.
We compared these two alternatives below.
Figure 1 shows two simulations
with different source functions.
It is obvious that non-isotropic
source can improve the mating
efficiency by leading cells to
grow in the right direction.
Even when cells sense the
!
Fig. 1. Isotropic versus Polarized sources. (A) Schematic plots. (B)
gradient with some error due to
Four simulations for each case.
the noises and orient to
unaligned
directions,
the
dynamic source can modify its pheromone distribution gradually and clarify the direction, which is
necessary to a successful mating in a noisy environment.
3.1.2. The presence of the α-factor protease Bar1 improves mating efficiency.
The a-cell can secrete a protease, Bar1, to degrade α-factor around it during the mating.
Experimentally, cells without Bar1 can indeed mate efficiently when the number of α -cells is not
too high; mating efficiency decreases with more α-cells. The idea is that at denser populations of αcells the background level of α-factor increases without the presence of Bar1. This background
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level can saturate the sensing apparatus in a similar fashion to the supersensitive mutants
preventing gradient detection.
We simulated the increase in background α-factor with a new uniform source function. This
increased the global α-factor levels while the cells generated the local α-factor dynamics. The
simulated bar1D cells did not mate as efficiently. Thus Bar1 helps at all concentrations but its
beneficial effects increase at higher background concentrations of a-factor.
3.2. Distinguishing between two cells: Three-cell simulations of mating competition.
A natural extension of two-cell mating
simulations are three-cell mating simulations. In
three-cell simulations, we can either have two αcells and one a-cell, or two a-cells and one αcell. In the former case, if the two α-cells are
equidistant from the a-cell, we found that in the
absence of noise, the a-cell projected toward the
middle in between the two a cells. Interestingly,
if the two a-cells are slightly offset (i.e. the a-cell
is located 0.1 microns below the middle line of
two α-cells so that one is closer), then the a-cell
still projected toward the middle (Fig. 2A). If
Bar1 is added, then the a-cell is able to gradually
reorient to the closer mating partner. With noise
and Bar1, the a-cell projected toward one or the
other α-cell in a random fashion whether or not
Fig. 2. (A) Bar1 helps a-cell distinguish closer
the cells were offset. Although the no-noise case
a-cell. (B) Mating competition simulations. Two
a-cells compete for a single a-cell. One a-cell is
is somewhat artificial, it indicates how Bar1 can
Bar1+ the other is bar1D.
improve the sensitivity to the gradient direction
in this idealized scenario.
Alternatively, the simulation can be between one α-cell and two a-cells. If the two a-cells have
different genotypes, then there is a competition between the two. This corresponds to mating
competition experiments, a second important type of mating assay, in which one mixes two a-cell
genotypes with a limiting quantity of α-cells. We tested the importance of Bar1 using mating
competition. In mating competition simulations between Bar1+ and bar1D cells we found that the
Bar1+ cells mated with the single α-cell partner 10/10 times (Fig. 2B). This represents qualitative
agreement with experiments in which Bar1+ cells mate with greater efficiency than bar1D cells.
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SUMMARY

Continuum molecular modeling has been significantly developed in recent years, but most
technical difficulties prevent the wide application of these new models and new computational
methods. In this talk, a web-based graphical user interface is presented for simulations of the
Poisson-Boltzmann electrostatics and Poisson-Nernst-Planck electrodiffusion of ion transport in
channel proteins or nanopores. The webserver is designed to help users avoid most of the technical
difficulties encountered in setting up and simulating complex systems. Web-based 3D finite
element/boundary element simulation platforms are built for these simulations. The procedures
such as meshing and pre-processing can be optionally screened. Demonstrations are given for
calculations of molecular solvation energy, ionic current, and so on.
Key words: Continuum model, Web server, molecular modeling
1 INTRODUCTION
All-atomic model often has limitations on spatio-temporal scales for simulating biomolecular
processes, such as molecular solvation, and ion permeation in ion channel. Continuum models are
commonly used to combine with molecular model in order to bridge different scales and to take
into account the average influence of solvent environment on the processes. Continuum molecular
modeling has been significantly developed in recent years, but most technical difficulties prevent
the wide application of these new models and new computational methods. The difficulties may lie
in the treatments of complex geometry and singular charge distribution of the biomolecular system,
the numerical solution of the coupled nonlinear PDE systems. A web-based graphical user interface
is presented in this work for simulations of the Poisson-Boltzmann electrostatics and PoissonNernst-Planck electrodiffusion of ion transport in channel proteins or nanopores. The webserver is
designed to help users avoid most of the technical difficulties encountered in setting up and
simulating complex systems. Web-based 3D finite element/boundary element simulation platforms
are built for these simulations. The procedures such as meshing and pre-processing can be
optionally screened. Demonstrations are given for calculations of molecular solvation energy, ionic
current, and so on.
2

METHODOLOGY

We use two examples for case studies. One is a nanopore (similar to an ion channel) for ion
transport study, and one is a protein for electrostatic solvation study.
2.1
Mesh Generation.
To get a mesh like Fig.1 (a), users only need to input some parameters on our website to determin
the solution region and the size of nanopore like Fig.1 (b). Our server will create a geometric model
by using OpenCasCade, and will generate a surface triangular mesh. The boundary condition marks
are added into the mesh automatically. Our server has integrated TetGen to generate tetrahedral
mesh by using surface mesh. A protein surface mesh as shown in Fig.1 (c) can be generated using
TMSmesh [4] when a protein pqr file is provided prom the website.

638

(c)
Figure 1. Geometry structure of the conical nanopore
2.2 Modeling.
For the conical nanopore with surface charges, concentration and potential profiles in the solution
region are what we need for ionic current calculation. In contrast with our former work about ion
channel carrying permanent charges [5], the Poisson equation of the PNP system describing the
electrostatics for the surface charged nanopore only needs to be defined in the solution region. The
Nernst-Planck (NP) equation describing the electrodiffusion of ions through the nanopore is the
same as our former work. The concrete form of PNP equations is

ci r
t

J i r , in

r

r

ion

s
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0, in

r

s

, N,

,
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represent ionic concentration and potential to be solved, Di r

is the

1 k BT ,

diffusion coefficient of the ith ion species,

where k B is the Boltzmann constant and T is the absolute temperature, qi is the ionic charge of

r

the ith ion species in the solvent, and
s

is the relative permittivity for solution and

s 0

represents the dielectric permittivity in which

0

is the vacuum permittivity, N is the number of

ion species and qi is the charge of the ith ion species. In this current work, the relative
permittivity is 80 in the solvent region. The temperature is 298 K.
Here we only study the steady state ci r
t 0 . The electrical current across a certain cut
plane of the nanopore can be calculated as:
N

Iz

qi Di
i 1

S

ci
z

qi
ci
dxdy,
k BT
z

(5)

where S is a cut plane at any cross section inside the pore. The explicit setting of other parameters,
boundary conditions and the FEM algorithms can refer to our former paper [5].
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In addition, molecular solvation can also be studied by solving the following PoissonBoltzmann equation which can be considered as an equilibrium solution of the PNP system.

( )
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qk (r rk )
k

3

K

q i ci e

qi ( r )

(6)

i

RESULTS AND CONCLUSIONS

In this section, we first present an example to show how to use our procedure. A conical nanopore
with height of 50Å, upper radius 6Å and lower radius of 4Å, is placed in the middle of a cubic box of
100Å×100Å×100Å. In this situation, the parameters mentioned in Fig.1 of the mesh generation
subsection should be defined as follows: H=50, R=6, r=4, h1=25, h2=25, L=50. Clicking the apply
button after setting the parameters above, we can obtain the final outcome of the volume mesh
written in a mesh file.
The bulk concentrations are set to be the same value as 0.1mM on the upper and lower boundary
of the cubic box. The surface charge is -0.0012e/ Å^2 (about 19.2 mC/m^2). The potential on the
lower boundary of the cubic box is fixed to be zero, while the upper boundary values change from 200mV to 200mV with a step length of 50mV. The current voltage characteristics are illustrated in
Fig. 2. It’s notable that the current of negative applied voltage is higher than that of positive ones
with the same absolute value, which is the well known phenomenon ion current rectification (ICR).
Siwy and Jiang's group have done a series of research work to have a better understanding [1,2,3].
A bias of negative current of about -0.5pA is recorded at zero applied voltage, probably due to the
strong negative surface charge distributed uniformly on the nanopore.

Figure 2. Current voltages characteristics at bulk concentration 0.1mM.
The second example is to calculate the electrostatic potential (see Fig. 3) by solving the linear
PB equation using our parallel adaptive fast multipole PB solver AFMPB [6] which is also a plugin on the web-server.
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Figure 3. Surface electric potential (in kcal/mol.e) resulted from the PB solver AFMPB on a gA
channel protein.
Summary
We have developed an online procedure to simulate molecular geometry, electrostatic
interaction and electro-diffusion processes. These automatic techniques facilitate the design and
simulations of molecular modeling.
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SUMMARY
Large timescales involved in tissue fusion allow to model it as an incompressible, viscous, Newtonian liquid. Interface of tissues is approximated by a smooth function following the phase field
approach. A Model H discretized with isogeometric analysis will be employed to reproduce tissue
fusion experiments. Preliminary results with the Cahn-Hilliard equation show qualitative agreement.
Key words: Model H, Tissue fusion, Isogeometric Analysis

1

INTRODUCTION

During embryogenesis, there are many occasions when two opposing tissues make contact and fuse
to shape new tissue units. This type of tissue fusion occurs during the formation of many organs,
including the optic cup, palate, heart, neural tube, eyelids and body wall [1]. It is in the course of this
fusion of cells and tissues in early development that the organism and its parts eventually acquire their
final shape in a process known as morphogenesis. Even though developmental patterning through
fusion is under strict genetic control it is clear that physical mechanisms drive morphogenesis [2].
The detailed biophysical and biochemical mechanism of tissue fusion is not fully understood so far
given the complexity of cell motility. However, the study of embryonic development led Steinberg
to formulate the differential adhesion hypothesis (DAH) [3], which attributes morphogenetic events
to differences in the cell adhesion of different cell types. DAH implies that morphogenesis is a selfassembly process [4] where embryonic tissues mimic the behaviour of highly viscous, incompressible
liquids.
Such an analogy has allowed scientists to control liquid-like properties in tissues, such as viscosity
and surface tension, in order to engineer tissues with smaller tissues as building blocks [5]. Modern mathematical modelling and computer simulations can provide insight into the physical nature
of tissue fusion process by predicting plausible outcomes that are essential for designing optimal
constructs.
2

METHODOLOGY

In the aforementioned engineering process, tissue consists of thousands of cells embedded in a biocompatible hydrogel. Together, they form a binary complex fluid system, in which one fluid is the
cellular aggregates and the other is the hydrogel at the coarse-grain level. The dynamics of the binary
fluid system can then be modeled in the coarse-grain length scale by models suitable for multiphase
complex fluids separated by an interface. Given the large time scale in tissue fusion, elasticity of
the tissue spheroids and the bioconstructs made up of the tissue spheroids can be effectively ignored
unless an imposed external field is introduced.
Traditionally, the evolution of transition interfaces has been modeled using sharp-interface models.
These formulations model interfaces explicitly as dynamic geometrical entities. The interface motion
is determined through boundary conditions which may correspond, for example, to force balances or
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Figure 1: Time evolution of the tissue-hydrogel interface using a Cahn-Hilliard equation.
kinematic conditions. The partial differential equations that hold on the individual phases are coupled
through these interface conditions. Even though this interface treatment poses major difficulties from
the numerical point of view, there are numerical methods available in the literature following this
approach such as the level set (LS) method [6] or front-tracking methods [7].
Phase field models provide an alternative description. The key idea in phase-field models is to replace sharp interfaces by thin transition regions where the interfacial forces are smoothly distributed.
Fluid flows involving large interface deformations and/or topological changes (breakup or coalescence events) can be simulated successfully [8]. An example of the phase-field methodology is the
Cahn-Hilliard equation [9], which is often used to model phase segregation of a binary allow system,
but has many other applications, such as image processing, planet formation and cancer growth.
The Cahn Hilliard equation, opposed to other phase field equations such as the Allen-Cahn equation [10], naturally implies mass conservation. But it does it at the cost of a fourth order differential
operator. In the context of finite element methods, fourth-order operators require basis functions that
are piecewise smooth and globally C 1 -continuous. Such requirements are difficult to meet with traditional finite element methods, but the use of Isogeometric Analysis, which allows for arbitrarily
high continuity, has recently allowed one of the authors to present an isogeometric finite element
formulation for Cahn-Hilliard systems [11].
The classical phase-field model, in the case of two incompressible, viscous Newtonian fluids, is the
so-called Model H [12], which couples fluid flow with the Cahn Hilliard equation. Model H has
been successfully used to simulate complicated mixing flows involving incompressible components
with matched densities [13]. Recent advances also extend Model H to incompressible components of
different densities [14].
3

RESULTS AND CONCLUSIONS

Preliminary results with the Cahn Hilliard equation using isogeometric analysis (Fig. 1) show qualitative agreement with the tissue fusion experiments performed in [2]. Simulations will be performed
with Model H to obtain quantitative results. Different versions of the model will be discussed, which
account for different expressions of the coupling between the equations, the possibility to use different
densities for each of the components and the lack or need of stabilization terms. A few works exist in
the literature [15, 16] that simulate tissue fusion experiments with quantitative agreement but, to the
best of the author’s knowledge, they are all based on particle-based methods, such as Kinetic Monte
Carlo or Cellular Particle Dynamics, which use non-physical parameters that need to be calibrated
and also have a high computational cost that makes them unsuitable for large systems.
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SUMMARY
We extend the modeling of a cardiac tissue composite by proper homogenization of all the different
mechanical contributions to the constitutive tensor as well as the contributions to the diffusion tensor and the electrical source current in the parabolic system. The model is applied to support the
interpretation of experimental findings in drug testing being able to explain the results at the cellular
level. Moreover the model can be used for the prediction of drug effects on cardiac tissue and for
computational studies of cardiomyocyte and cardiac tissue electromechanics.
Key words: cardiac tissue modeling, electromechanical coupling, homogenization

1

INTRODUCTION

Cardiac tissue constructs or engineered heart tissues are a valuable tool for in vitro drug testing, for
the analysis of gene expression or the investigation of diseases on both, the mechanical and electrophysiological level. Different experimental setups all over the world are created in order to assess the
mechanical or electrophysiological behavior of those tissues and their parameters, e.g. [1] and [2]. As
these setups provide only macroscopic results (tissue level), computational models and simulations
are employed in order to resolve and elucidate experimental findings at the microscale (cellular level).
We recently reported about a computational model of a cardiac tissue construct [3] that is illustrated
in fig. 1. It consists of a cardiac monolayer composed of an extracellular matrix (ECM), atrial,
ventricular and nodal cardiomyocytes (CM) and fibroblasts. The tissue is cultivated on top of a
circular silicone membrane. The whole composite tissue can be placed into an inflation setup (cf. fig.
2) in order to measure for instance beating force, beating frequency and cardiac throughput.

Figure 1: Schematical drawing of the investigated
tissue consisting of a silicone membrane and engineered heart tissue that in turn consists of an
ECM and potentially multiple cell types

Figure 2: Bulge test in a CellDrumT M [3]

Herein we extend the modeling of this composite presented in [3] by proposing a framework that
properly homogenizes all the different mechanical contributions to the constitutive tensor as well as
the contributions to the diffusion tensor and the electrical source current in the parabolic system.
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2

HOMOGENIZATION OF MECHANICAL STRESS

The first step is to represent the Cauchy stress in the two incompressible layers in parallel by
s
t

@ s
@B
t
@
= 2J 1 B
@B
= 2J

1

B

pI

(1)

pI ,

(2)

with Cauchy stress ⇤ and strain energy ⇤ in the respective silicone (s) or tissue (t) layer, the determinant of the deformation gradient J, the left Cauchy-Green tensor B and the hydrostatic pressure
p. In Voigt’s parallel model the total composite stress in the structure can be written as
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with volume fractions ✓s and ✓t , at which ✓s + ✓t = 1. Following the isostrain model, we assume
equal kinematics for both layers, i.e. "s = "t = ".
We model the silicone layer using an incompressible neo-Hookean strain energy function
that
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The modeling of the cardiac tissue though is more complicated due to its complex structure. Besides
the neglect of viscoelastic effects and the microscopically verified assumption of global isotropy, the
modeling approach is based on the one presented in [5]. Following the active stress formulation, the
Cauchy stress is the sum of cellular and extracellular matrix contributions
t

=

c

+

m
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,

wherein the latter one is again modeled by a neo-Hookean material law similarly to eq. (4).
The cellular model is depicted in fig. 3 and following the derivations presented in [5] one ends up
with
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with !0 = N l0 A0 a dimensionless constant transforming cell stress to global stress and T0 =
N l0 F0 ( , t) the contractile part of the stress. N, l0 , A0 and are the number of cells per unit volume, the initial cell length, its initial cross-section and the current cellular stretch, respectively. F0 ,
the actively generated force is determined from models of cellular electrophysiology and excitationcontraction coupling.
The investigated tissue consists of four different cell types, namely ventricular, atrial and nodal CM
and fibroblasts. In the short-term experiments we are focusing at, it is realistic to assume that " =
"m = "c , independent of the cell type thus the arithmetic average
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for the cellular Cauchy stress can be employed with volume fractions ✓⇤ that in sum give 1. The
mechanical model can then be summarized as
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Figure 3: Modified Hill’s model for a contractile
cell having a series passive element (SE), a conFigure 4: Flowchart of the incremental algorithm,
tractile element (CE) and a parallel passive elethe nonlinear mechanical and electrical model
ment (PE) related to the intrinsic passive properties of the filaments
3

HOMOGENIZATION OF ACTION POTENTIAL AND IONIC CURRENTS

Concerning the homogenization of the action potential and the whole electrophysiology of the cells
we follow the framework of Keip et al. [6]. The overall parabolic system reads as
Cm

@Vm
= r (G(B)rVm )
@t

Im ,

(10)

with action potential Vm , cell membrane capacitance Cm , conductance G and ionic membrane current
Im . Each cell type is described by an own ordinary differential equation system
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that governs the cellular electrophysiology. In eq. (12), gx are ion channel gates and ↵x+ and ↵x
are respective activation and inactivation constants. Analogously to the averaging processes of the
mechanical stress, in [6] it is proposed to approximate V̇m by Reuss or Voigt bounds.
In order to stay time-consistent, the chosen model of excitation-contraction coupling [7] is implemented at the level of the ordinary differential equations as well.
4

SUMMARY

The proposed modeling approach is capable of simulating separate cellular action potentials that
are homogenized in order to give a global action potential that is propagated through the tissue. In
the subsequent nonlinear mechanical computation the active stress contribution is computed based
on the activation variable determined in the electrophysiological computation. In the next iteration
the mechanical strains serve as an input to the electrophysiological problem in order to allow for a
mechano-electrical feedback. The whole algorithm is depicted in fig. 4, not showing the excitationcontraction coupling that is part of the electrophysiology.
From the bulge test drawn in fig. 2 we are able to measure most of the required mechanical material
parameters. Concerning the electrophysiological part of the model we rely on published literature
data for the parameterization although it is already planned to measure individual currents in other
experimental setups to better model specific human-induced pluripotent stem cell-derived CMs.
By using this homogenization framework we expect to be able to more accurately capture the shape
of the experimentally determined deflection curve as shown in fig. 5. The asymmetry, the size,
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the durance and the integral below this curve characterize the contraction behavior in many aspects.
Incorporating homogenized action potential propagation and electrophysiological and mechanical
inhomogeneities will lead to a more accurately simulated curve shape.
Further, fig. 5 shows that the shape of the deflection curve strongly depends on the model parameterization, e.g. here on the beating frequency
that affects the deflection through the so-called
force-frequency relationship. Thus it is also essential to adjust the cellular models.
In the near future the model is intended to be
used for drug prediction, for analyzing the influence of fibroblast concentration on the beating
force as initiated in [8] and for the investigation
of mechano-electrical and electro-mechanical
feedback which currently is implemented rather
phenomenologically. Another very important
analysis will cover the computational costs be- Figure 5: Comparison of deflection curves in excause it is expected that the numerous and elab- periment (dashed), simulation paced at 0.75Hz
orate ordinary differential equation systems con- (triangular markers) and simulation paced at 1Hz
sume much computation time. Depending on the (rectangular markers)
results this might limit the applicability of the
model to small tissue samples or needs a higher degree of parallelization than currently used.
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[6] M.-A. Keip, P. Steinmann, and J. Schröder. Two-scale computational homogenization of electroelasticity at finite strains. Computer Methods in Applied Mechanics and Engineering, 278:62–
79, 2014.
[7] S.A. Niederer, and N.P. Smith. An improved numerical method for strong coupling of excitation
and contraction models in the heart. Progress in Biophysics and Molecular Biology, 96(1–3):90–
111, 2008.
[8] T. Abney. Interactions of cardiomyocytes and myofibroblasts : An experimental and theoretical
model study. PhD thesis. Washington Univerity in St. Louis, Missouri, 2012.

648

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

TUMOR INDUCED ANGIOGENESIS
Manuel Carretero1 , Mariano Alvaro1 , Vincenzo Capasso2 , Filippo Terragni1 , and Luis L.
Bonilla1
1

Universidad Carlos III de Madrid, G. Millán Institute, Fluid Dynamics, Nanoscience and Industrial
Mathematics, 28911 Leganés, Spain,
{manuel.carretero,mariano.alvaro,filippo.terragni,luis.bonilla}@uc3m.es
2
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SUMMARY
We present a stochastic model of tumor-driven angiogenesis that includes vessel extension, chemotaxis, branching and anastomosis coupled to a continuum description of a tumor angiogenic factor
(TAF). We derive a deterministic integropartial differential equation for the density of vessel tips coupled to a reaction-diffusion equation for the TAF. We pose appropriate injection boundary conditions
for the tip density at the primary capillary-emitting vessel and collecting boundary conditions at the
tumor. We report the results of direct simulations of the stochastic model and of the deterministic
equations and point out the advantages of a hybrid model that combines both descriptions.
Key words: angiogenesis, stochastic, integro-partial-differential system

1 INTRODUCTION
Angiogenesis, namely the growth of blood vessels, is essential for organ growth and repair. An
imbalance in this process contributes to numerous malignant, inflammatory, ischaemic, infectious
and immune disorders [1]. In particular, avascular tumors produce vessel endothelial growth factors
(VEGF) that stimulate nearby primary blood vessels to issue capillary blood vessels. The latter advance by chemotaxis and haptotaxis toward the tumor, issue other vessels by branching and may end
by fusion with another vessel (anastomosis), which results in a loop that increases blood circulation
in the vessel. Thus angiogenesis promotes tumor survival, progression and metastasis [2, 3, 4].
Angiogenesis is a multi scale process comprising cellular growth and specialization, collective cellular motion of tip and stalk cells, underlying continuum fields responsible for vessel chemotactic
and haptotactic vessel tip motion and blood circulation [5, 6, 7]. We present a simplified stochastic
model of tumor induced angiogenesis based on [8], according to which vessel tips are described on
a mesoscopic length scale (much larger than cell size but small compared to macroscopic lengths)
by particles undergoing Brownian motion and subject to chemotactic and friction forces. Stalk cells
build vessels following the paths opened by the tip cells in the extra cellular matrix. Tip branching is a marked point process and so is anastomosis that happens when a tip finds the trajectory of
another tip and stops there. We ignore haptotaxis [8], blood circulation in the vessels and consider
only chemotaxis due to the gradient of the continuum TAF (VGEF) field that undergoes diffusion and
is consumed by the vessel tips at a rate proportional to the absolute value of the vessel tip flux [9].
As the number of vessel tips becomes large, we can derive a deterministic integro-partial-differential
equation for their density and pose injecting boundary conditions at the primary vessel that issues
capillary vessels and collecting boundary conditions at the tumor (boundary conditions follow directly from the stochastic model). The equation for the tip density is coupled to a reaction-diffusion
equation for the TAF. See [9] for the deterministic description. Thus we have a stochastic description
and a deterministic description of tumor induced angiogenesis.
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Figure 1: Tumor induced angiogenesis on a slab geometry. The primary vessel is at x = 0 and it issues 20
vessels initially. Different snapshots show the evolution of the vessel network as it moves toward a small tumor
at x = 1. Parameter values are as in [9].

2 METHODOLOGY
We have solved numerically the angiogenesis stochastic model in two space dimensions and for a
slab geometry with standard techniques (Euler-Maruyama solvers [10]). The deterministic model
equations were solved by finite difference methods for the same geometry in two space dimensions
[9].
3 RESULTS AND CONCLUSIONS
Figure 1 shows that 20 vessel tips are created at x = 0 and move towards the tumor at x = 1 (L is
2 mm in dimensional units). The total tip number N (t) increases with time as new tips branch out
from existing ones. When a tip encounters an existing vessel, it joins it by anastomosis and it no
longer contributes to N (t). Tips number over 100 after 24 hours and the deterministic description
may already apply according to the law of large numbers. Figure 2 has been obtained by numerically
solving the deterministic integro-partial-differential system with the same parameters employed in the
stochastic simulation. The four left panels show the evolution of the vessel network towards the tumor,
whereas the four right panels show the consumption of TAF as the vessels advance, respectively. The
vessel network advances as a growing pulse wave [9]. In fact, at each fixed x > 0 the tip density
is very small before new tips arrive from the left. Then TAF is consumed, new tips are created,
and this density increases. No new tips are created after TAF disappears but anastomosis continues
tip destruction: tip density decreases and the pulse has then passed the vertical line at x. Since the
number of tips increases as they move toward the tumor, the pulse height grows as x does.
Stochastic and deterministic descriptions are consistently describing the same behavior of the vessel
network, although the solution of the deterministic equations show the vessel network advancing
faster than it does according to the stochastic description. The reason for this discrepancy is that the
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Figure 2: Four left panels: Density plot of the vessel network left by the tips for different times. Four right
panels: Density plot of the TAF concentration for different times showing how tips consume TAF in their march
towards the tumor. Taken from [9].

law of large numbers used in the derivation of deterministic equations does not apply until enough
vessel tips have been created. For small times the tip flux calculated according to the stochastic
description is smaller than that calculated according to the deterministic description. Then diffusion
smooths out TAF gradients faster in the stochastic description, resulting in a smaller chemotaxis
force and, therefore, in a slower advance toward the tumor. We can use a hybrid model that solves
the stochastic model until there are sufficiently many vessel tips for the deterministic description of
the tip vessel density to hold. At that time, the configuration provided by the stochastic description
yields an appropriate initial condition for solving the deterministic model from there on.
While the presented model is quite simple, it is useful to ascertain the effects of different terms on the
vessel network. Antiangiogenic therapies may target increasing friction or decreasing the chemotactic
force. Proangiogenic therapies may have the opposite targets. In experiments, different drugs have
the effect of arresting the vessel network before it arrives at the target area and thinning it. These
effects might be achieved by tuning the parameters controlling vessel tip production [9]. Ultimately,
therapies may be understood as an optimal control problem for our model or more complete ones that
may include haptotaxis, blood circulation, etc.
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SUMMARY
A two dimensional coupled non-Fickian model for the drug delivery from biodegradable drug eluting
stent has been studied in this work. A special focus is devoted on the release of the dissolved drug
from the polymeric stent into the arterial wall. The simulation of the process is also included.
Key words: Dissolved drug, drug eluting stent, coupled model, numerical simulation

1

INTRODUCTION

Drug eluting stent (DES), a device to release anti-proliferative drug with programmed pharmacokinetics into the arterial wall, consists of a metallic stent strut coated with a polymeric layer that encapsulates a therapeutic drug to reduce smooth muscle cell growth and to prevent inflammatory response
which are the predominant causes of neointimal proliferation and in-stent restenosis [2, 3].
At low strains (physiological pressures), the media, the thickest tissue layer constituting the arterial
wall, mainly determines the mechanical properties of the arterial wall. Moreover, due to the high
content of smooth muscle cells compared to other layers, it is the media that is responsible for the
viscoelastic behavior of the arterial wall. For this reason media is the most effective vascular layer
for viscoelasticity. So we simplifies the complex multi-layered structure of the arterial wall considering only the interaction of the stent with media. The mechanical effects of other layers could be
neglected. Consequently, the non-Fickian reaction-diffusion-convection model is represented by a
system of multidimensional partial differential equations set into the arterial wall (media tissue) and
the coating of the stent.
We consider the drug in two states: the solid state and the dissolved state. In the solid state we consider that the drug is bounded and can not release from the polymer stent into the arterial wall while
in the dissolved state the drug is already released from the polymeric part of the stent.
Domain decomposition method (DDM) as a great technique to solve multi-domain problems has
been used in our bi-domain (polymer-wall) problem. DDM solves an initial boundary value problem
(IBVP) by splitting it into smaller IBVP on sub-domains and iterating to coordinate the solution between adjacent sub-domains [5].
To reduce the computational time, we perform the analysis of reaction-diffusion-convection of drug
from stent coating into the arterial wall on a portion of the coronary artery. The influence of the
geometry of the stent strut on drug release is considered negligible.
2

DESCRIPTION OF THE MODEL

Let us consider a two dimensional domain obtained as a section of a three dimensional vessel geometry. Assuming the symmetry of the geometry we obtain a reduction of computational cost, by
considering only a part of the section. The observation of OCT (Optical Coherence Tomography)
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images of diseased vessels of cardiovascular patients shows that the cross section of the lumen is not,
in many cases, a perfect circle. In this sense the symmetry of the geometry is an academic assumption that will be improved in future studies. We introduce the two dimensional domain S ⇢ IR2
which stands for the polymeric coating of the stent and V ⇢ IR2 that represents the arterial wall. A
schematic representation of the two dimensional domain used in this paper is shown in Figure 1.
After implantation of DES in the region of interests of the coronary artery, the coated stent will be
covered by neointima. This is a simplification with respect to the complex dynamics of tissue healing
and regrowth that takes place after the implantation. However, since we are interested in a comparative study between different configurations of the physical parameters characterizing the stent, the
evolution of the wall around the stent can be initially neglected [6].

Figure 1: Drug eluting stent inside of the arterial wall.
A mass transport and a series of chemical reactions which are responsible for the degradation of the
polymer and the release of the drug are involved in the drug release process . In the stent coating two
reactions are responsible for the degradation of PLA into lactic acid and oligomers. In the first reaction, the hydrolysis of PLA occurs resulting in molecules with smaller molecular weights: oligomers
(with molecular weight MW such that 2 ⇥ 104 g/mol  MW  1.2 ⇥ 105 g/mol), lactic acid (with
molecular weight satisfying MW  2 ⇥ 104 g/mol). It is assumed that all these oligomers have similar diffusivities. The second reaction is the hydrolysis of the oligomers resulting in lactic acid. The
lactic acid generated by this reaction
of the PLA [4].
✓ has a◆catalytic effect on further
✓ degradation
◆
Considering the notations CS =

Cm,S

m=1,...,6

and CV =

Cm,V

m=1,...,5,
m6=2

, the coupled non-

Fickian nonlinear reaction-diffusion-convection model reads:
8 @C
m,S
>
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(1)

where the mass fluxes in the stent and in the arterial wall are defined respectively by
J(Cm,S ) =
J(Cm,V ) =
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✓
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(2)
m = 1, . . . , 5, m 6= 2.

where uS and uV are the velocity fields in the stent and the arterial wall respectively and will be
k
recovered by Darcy’s law, uj = µjj rpj , j = V, S.
In (2) ⌧i,V =

⌘i,V
i,V

, i = 1, . . . , n,

Dm,V = D̄m,V + ↵m,V (r,V +

n
X
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Dm,
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= km,V D̄

V

,

i,V )D̄

V

,

(3)

where D̄m,V is the diffusion coefficient in the arterial wall.
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In (1),
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are nonlinear reaction terms where
8
F1,S (CS ) = 1,S C1,S C2,S 1 + ↵C4,S ,
>
>
<
F2,S (CS ) = 2,S C1,S C3,S 1 + C4,S ,
F (C ) = b,S C5,S (CS⇤ C6,S ) u,S C6,S ,
>
>
: 3,S S
F1,V (CV ) = 1,V C1,V C3,V 1 + C4,V .

(6)

The diffusivities of the species oligomers, lactic acid and the drug will vary for the duration of the
degradation process. This variation occurs due to the progressive degradation of the polymer as
well as due to swelling of the polymer. So, the diffusivity coefficients in the coated stent follow the
following formula
D̄m,S =

0 e
Dm,S

✓m,S

0
C2,S

C2,S

C0
2,S

in S̄ ⇥ IR+ , m = 1, . . . , 5,

(7)

0 , m = 1, . . . , 5, is the diffusivity of the respective species in the unhydrolyzed PLA,
where Dm,S
0 is the unhydrolyzed polymer at the beginning [4].
C2,S
The initial conditions in the coating and in the arterial wall are as follows
⇢
0 , m = 2, 5,
Cm,S (0) = 0, m = 1, 3, 4, 6, Cm,S (0) = Cm
S
(8)
0
Cm,V (0) = CmV , m = 1, Cm,V (0) = 0, m = 3, 4, 5.

The summarized boundary and coupling conditions are as follows
8
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>
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2 Cm,V
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on coat ⇥ IR+ ,
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on coat ⇥ IR+ , m = 1, . . . , 5, m 6= 2,
on lumen ⇥ IR+ ,
on lumen ⇥ IR+ , m = 3, 4, 5,
on ( wall [ adv ) ⇥ IR+ , m = 1, . . . , 5, m 6= 2.

stands for a Robin-Robin interface boundary condition.

NUMERICAL RESULT

All experiments have been carried out with the open source PDE solver freeFEM++ considering the triangulation with 14741 elements (7623 vertices) for the vessel wall and 393 elements (264 vertices) for each
stent.
The time integration has been performed using an implicit-explicit backward formula in the time grid
⇢
tn ; n = 0, 1, . . . , N , t0 = 0, tN = T and with time step size

t = 10

3

.

The implicit-explicit (IMEX) method is defined by integrating with an implicit Euler method where the diffusion and the convective terms are considered implicitly with explicit diffusion coefficients. In the discretization
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Figure 2: Dissolved, solid and total drug in the stent, The effect of Young’s modulus r , P = 1⇥10

6.

of the reaction terms, we adopt an IMEX approach which convert each nonlinear reaction into a linear one in
each time level. As for example, concerning to equation of fluid in the coating at time level t + 1, we use
the value of C1,S,h (the discrete version of C1,S ) in time level t + 1 while using values of other molecules
Cm,S,h , m = 1, . . . , 5, m 6= 1, in time level t which converts nonlinear terms (diffusion and reactions) to
linear ones in time level t + 1 (1).
Figure 2 shows the amount of the dissolved and solid drug in the polymeric stent during the time. It is seen that
the amount of the dissolved drug in the stent increased at first but because of its release from polymer into the
artery, the amount is then decreased. The maximum amount of the dissolved drug is 7 days in this specific case.
Simulations show that changing in the permeability of the coating (P ) will change the drug release profile.
The effect of viscoelasticity of the arterial wall will slightly influences on the release of the drug from the stent
into the arterial wall. It is seen that when Young’s modulus of the arterial wall r is higher the drug accommodate more in the stent. The more Young’s modulus of the arterial wall, the more delay in the drug release from
stent into the arterial wall.

4

CONCLUSIONS

In recent years mathematical modeling has become an effective tool to simulate drug delivery processes. In the
case of drug eluting stents it leads to a deeper understanding of the drug release mechanisms in the biodegradable coating and in the vessel wall. Although the cardiovascular drug delivery depends on very complex
biochemical and physiological phenomena, we believe that a simplified release model can help to provide understanding of the role of some of the key factors such as the stiffness of the arterial wall.
In this paper we present a coupled model to simulate drug delivery from a stent to a vessel wall. The coating
of the stent is biodegradable and the viscoelastic properties of the vessel wall are included in the model. The
release of dissolved drug from polymeric stent into the arterial wall has been analyzed in this work. The result
show that if the arterial wall is stiffer, the drug delays entering into the wall.
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SUMMARY
In this paper we consider a mechanistic 1D dissolution-diffusion model for drug release from a drugeluting stent coupled with absorption in the arterial wall. Within the drug coating layer of the stent,
we propose a general model of diffusion-dissolution, which encompasses several existing approaches
in the literature. Importantly, the drug dynamics depend on the coupling of drug release with tissue
absorption, and so we additionally model the saturable drug binding within the tissue layer, supported
by appropriate coupling conditions. We demonstrate that the coupled 1D model is capable of predicting important characteristics such as the correct duration of drug release reported in existing in-vivo
studies.
Key words: Drug-eluting stents, drug dissolution, drug diffusion, saturable binding, mathematical
models

1 INTRODUCTION
Stents are medical devices which can be used to widen arteries that have narrowed as a result of
coronary artery disease. A drug is now typically coated on these devices to prevent the inflammatory
response as a result of the insertion process. Many models of varying levels of complexity have been
proposed in the literature to describe drug release from drug-eluting stents and the subsequent tissue
drug distribution (see [1] for a review of these). These range from simple 1D analytical approaches to
fully 3D models in idealised geometries. However, there are currently no mechanistic models which
demonstrate good agreement with in-vivo experimental studies. Several models have been presented
which focus specifically on drug release in-vitro, and these have been shown to agree well with the
experiments. In addition, empirically derived formulae have been compared with in-vivo data and
showed a good fit to the drug release profile ([2]). In recent work [3] we studied the dissolution
process in the coating together with a reversible linear binding reaction in the wall, and found that
the phase change of drug on its journey from the polymer through the tissue plays an important role.
The purpose of this paper is two-fold. Firstly, we aim to demonstrate that a fully coupled mechanistic
model of drug release and saturable nonlinear binding is capable of predicting a duration of drug
release that agrees well with existing experimental data. Secondly, we aim to show that a 1D model
(rather than a more complicated higher dimensional model) is sufficient for this purpose.
2 METHODOLOGY
2.1 Model of drug release
Consider a stent coated with a thin layer of polymer containing a drug and impinged against the
arterial wall, where the drug is directed. The polymer coating is shaped as a thin planar slab, enclosed
on one side with an impermeable backing (the metallic strut) and having the other side in contact
with the wall. We suppose that this two-layer system is one-dimensional, and denote by x the spatial
variable. One-dimensional treatment of drug release from drug-eluting stents has featured heavily in
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the literature and whilst this represents a mathematical idealisation of the underlying geometry, it is
justified mathematically since the drug release predominantly takes place in the direction normal to
the stent surface, owing to the relatively small thickness of the drug layer in comparison to the lateral
dimensions.
Initially, the drug typically exists wholly in a solid phase encapsulated within the polymer matrix of
thickness l0 at uniform concentration B. In such a state, it is unable to be delivered to the tissue. When
exposed to biological fluid, as in the in-vivo case, the polymer becomes wetted, initiating a dissolution
process, providing a means for the drug to elute from the device. It is common for the drugs coated
on drug-eluting stents to be poorly soluble and also highly hydrophobic. Several different approaches
to modelling the dissolution process have been proposed. These can be roughly separated into two
distinct approaches. In the first approach, a moving boundary problem is considered where drug
dissolution occurs on a moving front as fluid penetrates into the polymer coating [4]. This gives
rise to a discontinuity of drug concentration: ahead of the moving front the drug is in solid form at
concentration equal to it’s initial value, while behind the moving front the concentration is lower than
the solubility concentration. In the second approach, which we focus on in this paper, the encapsulated
drug is treated as a continuously varying concentration b0 (x, t), and it is assumed that the porous
polymer matrix is initially fully wetted. The drug dissolution and diffusion through the coating is
then described by a system of coupled PDE’s of the following form:
∂b0
= −β0 bα0 (S − c0 )
∂t
∂c0
∂ 2 c0
= D0 2 + β0 bα0 (S − c0 )
∂t
∂x

in (−l0 , 0)

(1)

in (−l0 , 0)

(2)

where α = 0, 2/3 or 1 ([5],[6]), c0 (x, t) is the concentration of dissolved drug, β0 ((mol cm−3 )−α s−1 )
is the dissolution rate constant, D0 (cm2 /s) is the diffusivity coefficient. The various values of α
above result from different formulations of the classical Noyes-Whitney approach [7], where the rate
of dissolution is considered to be proportional to the difference between the drug solubility concentration, S, and the concentration of dissolved drug. The value of α is likely to be influenced by the
chemical properties of the drug in question, the drug coating process and the stent design properties.
The case of α = 2/3 has been considered by Formaggia et al in a drug-eluting stents application, albeit in the setting of a more complicated 2D model which includes the effects of polymer degradation.
[6].
2.2 Model of drug transport in the wall
Following the dissolution process, the now biologically available drug diffuses through the polymer
layer and crosses the interface into the arterial wall, which we consider here to be a homogeneous
single-layered medium of thickness l1 . Within the tissue, the drug undergoes diffusion (with diffusion
coefficient D1 ), convection (of magnitude v) due to the transmural pressure gradient, and a reversible
saturable binding reaction [2]. Denoting the free drug and bound drug concentrations by c1 and b1 ,
respectively, we have
∂c1
∂ 2 c1
∂c1
= D1 2 − v1
− k1f c1 (bmax − b1 ) + k1r b1
∂t
∂x
∂x
∂b1
= k1f c1 (bmax − b1 ) − k1r b1 .
∂t

in (0, l1 )

(3)

in(0, l1 ),

(4)

where k1f (mol−1 cm3 s−1 ) and k1r (s−1 ) are the association and dissociation rates, respectively, and
bmax (mol cm−3 ) is the binding site density.
2.3 Boundary, interface and initial conditions
In order to couple the general model for drug dissolution and diffusion in the coating (1)-(2), with the
model of convection-diffusion and nonlinear binding in the wall (3)-(4), we need to assign appropriate
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interface conditions. A flux continuity condition is assigned at the interface between the polymer
coating and the tissue:
∂c0
∂c1
−D0
= −D1
+ vc1
at x = 0.
∂x
∂x
Additionally, a concentration jump may occur:
−D1

∂c1
= P (c0 − c1 )
∂x

at x = 0,

with P (cm · s−1 ) the overall mass transfer coefficient. No mass flux passes to the outer surrounding
due to the impermeable backing and we impose a no-flux condition :
D0

∂c0
=0
∂x

at x = −l0 .

Finally, a boundary condition has to be imposed at the outer boundary l1 . We assume that the concentration vanishes at this point:
c1 = 0

at x = l1 .

The initial conditions are:
b0 (x, 0) = B,

c0 (x, 0) = 0,

c1 (x, 0) = 0,

b1 (x, 0) = 0.

2.4 Model solution
The resulting system of nonlinear partial differential equations are solved numerically. Specifically, a
finite-difference scheme is used to spatially discretize the problem, resulting in a system of nonlinear
ODE’s which are then solved by way of a Runge-Kutta type method with backward differentiation
formulas and adaptive time step.
3 RESULTS
Our initial focus was to use this model to try to reproduce the correct duration of drug release as is
observed in the in-vivo situation. We refer the reader to the in-vivo study of Tzafriri et al. [2], where it
was found that approximately 80% of drug was released over a 30 day period. By varying the system
parameters within a sensible and realistic range, we have been able to demonstrate that the correct
duration of release can indeed be obtained with this proposed model (see Table 1).
Parameter
D0
l0
β0
B
S
P
v
D1
l1
k1f
k1r
bmax
α

Value
1.2 · 10−12 cm2 s−1
10−3 cm
1s−1
−4
10 mol cm−3
B/10
10−6 cm s−1
5 · 10−6 cm s−1
10−7 cm2 s−1
5 · 10−2 cm
6
2 · 10 (mol cm−3 s)−1
5.2 · 10−3 s−1
3.66 · 10−7 mol cm−3
2/3

Table 1: Set of parameters giving rise to 80% drug release over 30 days

However, we are fully aware that being able to predict the correct shape of drug release is also important. In Figure 1 we see the comparison between the release profile predicted by the model with
the parameter values in Table 1 and the experimental results of Tzafriri et al. Whilst the duration of
release is correctly predicted, there are differences in the shape of the release profile.
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Comparison between model and in−vivo experimental results
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Figure 1: Comparison between drug release profile predicted by the model and the in-vivo experimental results

4 CONCLUSIONS
In-vitro drug release from drug-eluting stents is typically well characterised by mechanistic models.
However, in-vivo drug release profiles have thus far only been shown to agree with empirical models.
With a fully coupled 1D mechanistic model of drug release and absorption, we have been able to
predict a duration of in-vivo drug release that agrees well with existing experimental data. We are
currently engaged in trying to establish the parameter values which correctly reproduce the experimentally observed shape of the drug release profile. In addition, we are seeking to demonstrate that
this 1D modelling approach can reproduce the experimentally observed arterial wall drug profile.
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SUMMARY
We investigate the impact of hemodynamics on the temporal activation and nuclear translocation of
NF-κB in vascular endothelial cells (ECs). We have established a novel intracellular signaling
model of NF-κB triggered by mechanical forces. With Monte Carlo methods we predict the NF-κB
dynamics of a cell population exposed to steady and disturbed flows and compare it to in-vitro
experiments with Human Umbilical Endothelial Cells (HUVECs) seeded in flow chambers. Our
findings confirm that low and high shear stress result in different temporal dynamics of NF-κB in
vascular ECs. Additionally, we predict that ECs at stagnation and reattachment zones in disturbed
flows experience after 30 minutes of flow onset a constant high nuclear NF-κB concentration.
Key words: NF-κB, Hemodynamics, Inflammation
1 INTRODUCTION
NF-κB is a key promoter of inflammatory responses in vascular ECs and plays a pivotal role in cell
growth, survival and apoptosis. Mis-regulation of NF-κB is related with inflammation, autoimmune
and metabolic diseases and cancer [1]. It has been shown that shear stress has a large effect on
temporal and spatial concentration of NF-κB [2-11] in ECs. However, the exact dynamics of the
nuclear translocation of NF-κB in response to shear stress remain unknown. A better understanding
of how hemodynamics influence the activation and nuclear translocation of NF-κB, which is
mainly responsible for inflammatory responses in ECs, would shed more light in the development
of vascular diseases (atherosclerosis or aneurysms). We aim to explore the real time nuclear
translocation of NF-κB in ECs exposed to shear stress, create a numerical model by coupling
hemodynamics and NF-κB dynamics, and also predict the nuclear NF-κB concentration in
disturbed flow regions and image-derived vessel geometries.
2 METHODOLOGIES
Mathematical methods: We have developed an intracellular signalling model that predicts the
temporal concentration of NF-κB in ECs exposed to shear stress. We first model single cell
dynamics that include a temporal control of IKK [12], which cause the unbinding of NF-κB from
IκBα [13, 14]. The intracellular signalling model of the shear stress induced NF-κB pathway is
depicted in Figure 1A. Secondly, with Monte Carlo methods, we simulate the intracellular
dynamics of a cell population to account for random distribution of cells and different excitation
levels of the cell receptors. Each cell that is exposed to flow, experiences a random number of
activated mechanosensor receptors (receptor tyranine kinase (RTK), integrins and PECAM-1) that
activate IKK in different intensities. We therefore predict the NF-κB dynamics in a cell population
that is exposed to shear stress in a physiological range of 1 -20 dyne/cm2, as shown in Figure 1B.
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Activation of mechanosensor receptors by shear stress:
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Figure 1: A) Schematic diagram of the shear stress induced NF-κB pathway. Shear stress triggered through
mechanosensor (Integrins, RTK and PECAM-1) activation of IKK. Active IKK is deactivated by shear stress,
A20 and auto-phosphorylation of its C-terminals. Active IKK phosphorylates IκBα, which unbounds NF-κB.
Unbound NF-κB travels into the nucleus where it promotes the transcription of IκBα and A20. Newly
synthesized IκBα proteins bind again to NF-κB and inhibit its function and mobility. B) A section of the flow
chamber seeded with endothelial cells. The endothelial cells are exposed to a shear stress in the physiological
range of 1-20 dyne/cm2. Each pixel represents a single cell. When flow is applied, each cell experience a random
number (0 to 5000) of activated mechanosensor receptors due to cell orientation and sensitivity.

Experimental methods: We transfect Human Umbilical Endothelial Cells (HUVECs) with
plasmids sequenced with NF-κB, IKK and IκBα containing a protein tag of enhanced green
fluorescent protein (eGFP). The transfected HUVECs are seeded in a parallel flow and a backward
facing step channel. Laminar flow of a physiological range is excited within the channels. The
activation and nuclear translocation of NF-κB, IKK and IκBα is measured with live-cell imaging by
the emission of the fluorescent protein tag.
3 RESULTS AND CONCLUSION

A

B

Figure 2: The nuclear NF-κB concentration of an endothelial cell population of 250 cells exposed to low shear
stress of 2 dyne/cm2 (A) and high shear stress of 10 dyne/cm2 (B). The black lines are the single cell dynamics and
the red line represents the average concentration of 250 cells.

NF-κB dynamics in ECs exposed to steady laminar flow: We have observed a clear difference in
the temporal activation and nuclear translocation of NF-κB between low and high shear stress. Low
shear stress (1-3 dyne/cm2) causes slow activation of NF-κB and peaks after 2 hours and remains
high. In comparison, when exposed to high shear stress (10-15 dyne/cm2) the nuclear concentration
of NF-κB concentration peaks at around 30-50 minutes and then steadily declines until it settles
down at a low concentration after 100-150 minutes. Our model predictions of the activation and
nuclear translocation of NF-κB of an endothelial cell population are in agreement with the
experimental observations. In Figure 2 the nuclear NF-κB concentration of an endothelial cell
population of 250 cells exposed to shear stress of 2 and 10 dyne/cm2 are shown with their single
and the average dynamics.
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NF-κB dynamics in ECs exposed to disturbed flow: The shear induced NF-κB pathway was
exemplified with a backward facing step channel, as shown in Figure 3A. A step channel is a good
example of disturbed flow – a flow condition often found in vascular diseases (stenosis). In Figure
3B the nuclear NF-κB concentration of an endothelial cell population at the bottom wall after the
step is shown for 480 minutes. It can be observed that the nuclear NF-κB concentration is very high
at the stagnation and reattachment zone, while the recirculation zone and developed flow region
shows a low nuclear NF-κB concentration. Initially (after 30 minutes) all regions experience a high
nuclear NF-κB concentration, however only the stagnation and reattachment zones never recovered
and kept a high nuclear NF-κB concentration constant over time. This might indicate that
stagnation and flow reattachment zones are prone to inflammatory reactions and might be crucial
positions for disease progression and development.
Nuclear\,NF\kappa
B, =Re
= 250
Nuclear NF-κB, Re
250.
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A

Y

0.1cm

B

0.5
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Figure 3: A) The numerical domain of the backward facing step channel. The shear induced NF-κB model is
exemplified at the bottom wall (color red). The different flow regions are indicated (Stagnation, recirculation,
reattachment and developed flow zones). B) The nuclear NF-κB concentration in the ECs at the bottom wall after the
sudden step. The concentration is displayed as the average of 250 cells per 20µm.

Conclusions: We demonstrate that low and high shear stress causes different temporal activation
and nuclear translocation of NF-κB in vascular ECs. Using a novel intracellular signaling model of
NF-κB that incorporates dynamic activation of IKK, we are able to predict the nuclear
concentration of NF-κB in a cell population of ECs exposed to shear stress. We have applied the
model to a backward facing step channel and showed that stagnation and reattachment zones in
disturbed flows might experience a constantly high nuclear NF-κB concentration. This model will
be applied to image-derived vessel geometries to predict the nuclear NF-κB concentration and
consequently point out areas that are high in risk of inflammatory responses.

REFERENCES:
[1]
[2]

[3]
[4]
[5]

664

Oeckinghaus A, Hayden M, Ghosh S. Crosstalk in NF-kappa B signaling pathways.
Nature Immunology. 2011;12:695-708.
Ganguli A, Persson L, Palmer I, Evans I, Yang L, Smallwood R, et al. Distinct NFkappa B regulation by shear stress through ras-dependent I kappa B alpha
oscillations - Real-time analysis of flow-mediated activation in live cells.
Circulation Research. 2005;96:626-34.
Bhullar I, Li Y, Miao H, Zandi E, Kim M, Shyy J, et al. Fluid shear stress activation
of I kappa B kinase is integrin-dependent. Journal of Biological Chemistry.
1998;273:30544-9.
Wang Y, Chang J, Li YC, Li YS, Shyy JY, Chien S. Shear stress and VEGF a
ctivate IKK via the Flk-1/Cbl/Akt signaling pathway. Am J Physiol Heart Circ
Physiol. 2004;286:H685-92.
Wang Y, Flores L, Lu S, Miao H, Li Y, Chien S. Shear Stress Regulates the Flk1/Cbl/PI3K/NF-kappa B Pathway Via Actin and Tyrosine Kinases. Cellular and
Molecular Bioengineering. 2009;2:341-50.

[6]
[7]

[8]
[9]

[10]
[11]
[12]
[13]
[14]

Hay D, Beers C, Cameron V, Thomson L, Flitney F, Hay R. Activation of NFkappa B nuclear transcription factor by flow in human endothelial cells. Biochimica
Et Biophysica Acta-Molecular Cell Research. 2003;1642:33-44.
Mohan S, Koyoma K, Thangasamy A, Nakano H, Glickman R, Mohan N. Low
shear stress preferentially enhances IKK activity through selective sources of ROS
for persistent activation of NF-kappa B in endothelial cells. American Journal of
Physiology-Cell Physiology. 2007;292:C362-C71.
Mohan S, Mohan N, Sprague E. Differential activation of NF-kappa B in human
aortic endothelial cells conditioned to specific flow environments. American
Journal of Physiology-Cell Physiology. 1997;273:C572-C8.
Khachigian L, Resnick N, Gimbrone M, Collins T. Nuclear factor-kappa-B i
nteracts functionally with the platelet-derived growth-factor B-chain shear-stress
response element in vascular endothelial cells exposed to fluid shear stress. Journal
of Clinical Investigation. 1995;96:1169-75.
Lan Q, Mercurius K, Davies P. Stimulation of transcription factors NF-kappa-B and
AP1 in endothelial cells subjected to shear stress. Biochemical and Biophysical
Research Communications. 1994;201:950-6.
Feaver R, Gelfand B, Blackman B. Human haemodynamic frequency harmonics
regulate the inflammatory phenotype of vascular endothelial cells. Nature
Communications. 2013;4.
Häcker H, Karin M. Regulation and Function of IKK and IKK-Related Kinases.
Science Stke2006.
Hoffmann A, Levchenko A, Scott M, Baltimore D. The I kappa B-NF-kappa B
signaling module: Temporal control and selective gene activation. Science.
2002;298:1241-5.
Lipniacki T, Paszek P, Brasier A, Luxon B, Kimmel M. Mathematical model of
NF-kappa B regulatory module. Journal of Theoretical Biology. 2004;228:195-215.

665

4th International Conference on Computational and Mathematical Biomedical Engineering - CMBE2015
29 June-1 July 2015, France
P. Nithiarasu and E. Budyn (Eds.)

A WINDKESSEL MODEL FOR THE CEREBROSPINAL FLUID
SYSTEM
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SUMMARY
The intracranial pressure (ICP) is an important factor in the proper functioning of the brain. As
it is quite difficult to measure the ICP in a non-invasive way, we want to develop some numerical
tools to better understand the regulation of this pressure. We propose to compute the dynamics of
the cerebrospinal fluid (CSF) taking into account the confined environment and the arterio-venous
flows. We develop a computational fluid dynamics model in two dimensions for the cerebrospinal
fluid system, with a Windkessel type boundary conditions.
Key words: finite element method, 0D/1D models, cerebrospinal fluid, intracranial pressure

1
1.1

INTRODUCTION
Cerebrospinal fluid system

The intracranial pressure (ICP) is an important clinical parameter for the proper functioning of the brain. The ICP is the pressure in the water-like fluid that is in and around the brain: the
cerebrospinal fluid (CSF). This intracranial pressure is difficult to
measure in a non-invasive way. In this work, we want to determine
some numerical tools to be able to evaluate this pressure. We first
build a simplified model in order to understand the dynamics of
the CSF, the impact on the ICP and also the impact on the cerebral
blood flow, that we investigate in a project called VIVABRAIN [1].
Figure 1: Morphological MRI of The CSF system is composed of the cerebral ventricles, the cerebral subarachnoid spaces (SAS) and the spinal SAS, all of these
the CSF system.
compartments contain CSF and are connected, see Fig. 1. Ventricles and SAS are connected by a tiny
tube called the aqueduct of Sylvius. The CSF oscillates in the system at a frequency related to the
cardiac pulse and thus to the blood flow entering and exiting the brain.
As the real geometry is quite complex and in order to understand
the dynamics between the different compartments, we model the
CSF system by a 2D bifurcation that takes into account the three
main compartments of the CSF system: cerebral ventricles, cerebral SAS and spinal SAS in the confined environment of the skull,
see Fig. 2. Arterial pulse, that brings blood to the brain at each
cardiac cycle increases the total volume contained in the rigid
skull, forcing CSF to exit the brain and though lower the pressure.
Thanks to this first simple model, we want to better understand the
CSF distribution in the different compartments and its impact on
the ICP.
Figure 2: Modelling of the CSF
system.
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1.2

Windkessel model

The CSF fluid, mainly composed of water is modeled by an incompressible fluid following the unsteady Navier-Stokes equations (1). Indeed, fluid parameters of the CSF (at 37 C) are used and the
system is in coated position, see Tab. 1.
Parameter Value
Unity
In blood flow simulations, as only a part of the network
is considered, we need to impose artificial boundary con3
Density
10
g.mm 3
ditions to model the remaining network. These artificial
Viscosity 10 3
Pa.s
boundary conditions are classically used by considering an
Table 1: CSF parameters
analogy with an electrical model [2], called the Windkessel
model [3]. In this article, we will consider such a Windkessel model to take into account interactions
between cerebral ventricles and cerebral SAS in the confined environment of the skull.
2
2.1

METHODOLOGY
Numerical model

The fluid simulation is performed by solving the unsteady incompressible Navier-Stokes equations (1)
using the finite element method.
8 @u
⇢ @t + ⇢(u.r)u + rp µ u = f
>
>
>
>
div(u) = 0
<
u|t=0 = u0
(1)
>
>
u
=
u
>
|
D
D
>
:
µ @u
p.n
= g
@n
N

Variable u is the velocity vector and p the pressure, ⇢ is the density, µ the dynamic viscosity of the
fluid and f an external force taken here equal to zero (gravity is neglected in a first approach). The
two-dimensional domain ⌦, modeling the geometry of the bifurcation, has a boundary @⌦ splitted in
D and N where we impose respectively Dirichlet and Neumann boundary condition. The initial
condition on the velocity is called u0 and u D and g are the boundary conditions respectively imposed
at the inlet (spinal SAS) and the outlets (cerebral ventricles and cerebral SAS).
We solve the Navier-Stokes equations using the finite element method with the open-source software
FreeFem++ [4]. The difficulties for solving the Navier-Stokes equations are the zero divergence
condition and the non-linearity of the momentum equation (1). We consider here a quite classical
algorithm [5]: the zero divergence condition involves a mixed weak form that can be managed by
choosing compatible spaces for the velocity and pressure. The characteristics method [6] is used to
handle with the non-linearity. To speed-up the resolution, this method is coupled with an iterative
Uzawa Conjuguate Gradient algorithm [7] with a Cahouet-Chabart preconditionner.
2.2

Boundary conditions

The different interactions considered in the CSF system are shown on Fig. 3. Spinal SAS is considered
as an input, cerebral SAS and ventricles are considered as outputs. On spinal SAS, we impose a
velocity with the Dirichlet boundary condition u D . On cerebral SAS and ventricles, we impose
a Neumann boundary condition with a Windkessel model i.e. a pressure (PSAS and PV ent ). The
cerebral SAS and ventricles are represented by capacities (or compliances) and the pressure is a
function of capacity and flow during time in the following way:
Z
Z
1
1
PSAS =
QSAS (t)dt, PV ent =
QV ent (t)dt
(2)
C
(t)
C
SAS
V ent (t)
N
N
where QSAS (t) and QV ent (t) are respectively cerebral SAS and ventricles flows. To take into account
the confined environment and the arterio-venous volume, we consider the brain pressure PBrain (t) as
a function of the volumes in the expression of compliances :
CV ent (t) =

0
CV0 ent
CSAS
0
, CSAS (t) =
with CV0 ent , CSAS
2 R.
PBrain (t)
PBrain (t)
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In a first approach, we consider the brain pressure PBrain (t) = P0 ekV (t) ,
with P0 , k 2 R and V (t) = VV ent (t) + VSAS (t) + VBlood (t), as in the
Marmarou’s static study of the CSF system [8]. The volumes VV ent and
VSAS are respectively ventricles and cerebral SAS volumes, and VBlood
is the arterio-venous volume computed from phase contrast MRI data we
have obtained in the BioFlowImage laboratory.
3

RESULTS AND DISCUSSION

3.1

Validation of the model

First the algorithm chosen to solve the Navier-Stokes equations has

Figure 3: CSF Windkessel been tested on the Taylor-Green Vortex [9] and Ethier-Steinman benchModel.
mark [10] where analytical solutions are known. With our choice of finite

element spaces (P2 for the velocity, P1 for the pressure), the theoretical convergence rates are 3 for
the velocity, 2 for the pressure in space and 1 for the velocity and the pressure in time. Results for the
Taylor-Green Vortex for mixed Dirichlet-Neumann boundary conditions are in accordance with the
theoretical values (convergence rate in space 2.95 for the velocity, 2.16 for the pressure and in time
0.97 for the velocity, 0.74 for the pressure).
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Then, we want to confirm the choice of the Windkessel model. In a first test, without any output
boundary conditions (with free outputs), the flow distribution remains the same independently of
the input values, with approximately 1% of the flow for the cerebral ventricles, and 99% for the
cerebral SAS. This confirms the necessity of using such boundary conditions. Then, a constant flow
is imposed at the Spinal SAS with parameters taken from Tab. 2. The ventricles compliance value vary
in [0.1, 5] and the flow curves of cerebral SAS and ventricles are plotted in function of the ventricles
compliance value, see Fig. 4. We can see that the value of the compliance have a real impact on
the flow distribution. Higher the ventricles compliance is, higher is the ventricles flow, and lower is
the cerebral SAS flow (according to mass conservation), which is the expected behavior. A second
validation of the model is carried out by imposing a pulsatile flow at the spinal SAS with parameters
of Tab. 2 and CV0 ent = 2 (all units are in the (s, g, mm, Pa) system). The input flow frequency vary
in [0.1, 10] and the normalized maximum flow curves of cerebral SAS and ventricles are plotted in
function of the frequency, see Fig. 5. We can see that the frequency has also an impact on the flow
distribution: low heart rate favors ventricles while high heart rate favors cerebral SAS.
3.2

Physiological results

In this section, all the parameters are designed from MRI
acquisition [11]. From morphological MRI, we compute
the ratio of volume contained in the ventricles to the volume contained in the cerebral SAS. The CSF flow curve
imposed at the input and the arterio-venous volume needed
in the Windkessel boundary conditions are obtained from
phase contrast MRI. Compliances values are chosen to obtain a global compliance at rest at 0.4, which is also a phys0
iological value: CSAS
= 0.33P0 , CV0 ent = 0.07P0 , P0 =
10
4
12.10 , k = C 0 +C 0 .
SAS
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V ent

Parameter

Value

QSpinalSAS

1 mm3 .s

!SpinalSAS

0.1

0
CSAS
CV0 ent

1
0.1

1

10 Hz

mm3 .Pa 1
5 mm3 .Pa

P0

1 Pa

k

0.1

Table 2: Simulation parameters.
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Compliance, flow and pressure are respectively shown in Fig. 6, 7 and 8. Flow distribution is near
to physiological flow. Ventricles flow represents 10% of the spinal SAS flow, cerebral SAS 90%.
Pressure curve equally looks like a physiological intracranial pressure curve, with an heart rate synchronized pulse, a 3 mmHg pulse amplitude and a shape with peaks and valleys at the spinal SAS.
3.3

Conclusion

A computational model for the CSF system is presented. It takes into account the confined environment by self interaction of compliances, and the arterio-venous volume. The validation of the model
is carried out for constant and pulsatile flows. Results of this simplified model with physiological
data are in accordance with the physiological behavior of the CSF system, which is not the case for
a simulation without the Windkessel model. In a further study, numerical results will be compared to
some experiments conducted on a physical 3D-printed model to evaluate the model accuracy.
3.4
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SUMMARY
The water-protein channel, aquaporin-4 (AQP4) is thought to play a role in brain oedema, and it is
commonly found in astrocyte endfeet. The model developed here is used to study the function of
AQP4 in the formation and elimination of oedema fluid in ischemia-reperfusion injury. It is found
that the presence of AQP4 may help in reducing vasogenic oedema shown by the decrement of
brain tissue displacement and extracellular pressure. However, the astrocyte pressure will increase
to compensate for this, leading to cytotoxic oedema. The results are in agreement with
experimental studies.
Key words: AQP4, blood-brain barrier, ischemia-reperfusion, vasogenic oedema
1 INTRODUCTION
Aquaporin-4 (AQP4) is thought to play an important role in the formation and elimination of brain
oedema. AQP4 is a water-transporting protein, which can be found in three locations within the
brain: 1) in the subpial astrocyte processes between the subarachnoid cerebrospinal fluid (CSF) and
the central nervous system (CNS); 2) in the perivascular astrocyte processes, which can be found at
the blood-brain barrier (BBB); and 3) in the basolateral membrane of ependymal cells and
subependymal astrocyte processes between the ventricle CNS-CSF interface [1]. Many
experiments have been done to study the expression of AQP4 during CNS-related diseases and its
role in brain oedema, especially in ischaemic stroke. During early ischaemic stroke where cytotoxic
oedema occurs, deletion of AQP4 will slow the rate of water flow into the brain, particularly in the
astrocyte [2]. If ischemia continues and the BBB starts to breakdown, water will filtrate into the
extracellular space, causing vasogenic oedema. The absence of AQP4 at this stage of ischemia may
interfere with the elimination of oedematous fluid [3]. Hence, the purpose of this mathematical
model is to study the role of AQP4 in the formation and elimination of cerebral oedema after
ischemia-reperfusion.
2 METHODOLOGY
After a persistent ischemia, the BBB tends to break down and reperfusion of blood may cause
filtration of proteins and ions into the extracellular space (ECS) creating a pressure gradient that
can cause water to accumulate in the ECS, forming vasogenic oedema. Using multiple-network
poroelastic theory [4] and assuming brain tissue to comprise of 4 fluid compartments: astrocyte (𝑔),
neuron (𝑛), ECS (𝑒), and blood microvessels (𝑏) and brain tissue as the solid matrix. AQP4 is
located in the astrocyte, which allows the movement of water between the astrocyte into the
cerebral capillary and extracellular space, respectively. Water transfer is only allowed between the
ECS and the astrocyte via parenchymal AQP4, between capillary and the astrocyte via perivascular
AQP4 and also via capillary filtration into the ECS, being represented by the terms 𝑆̇ → , 𝑆̇ → and
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𝑆̇ → , respectively. Meanwhile, the net water transfer into the neuron, 𝑆̇ → , is assumed zero since
it has no astrocyte embedded to it. The processes are summarised as shown in Figure 1. The water
transfer terms are given by the eqns. (1) - (3):
𝑆̇

→

𝐴̅ 𝑛
𝑉

= 𝐹𝑛
𝑆̇

→

= 2𝑛
𝑆̇

→

2
𝑃 −𝑃 +1 𝑃 −𝑃 − Π −Π
𝐸
𝑛

= 2𝑛

𝐹 𝐿
𝑅 𝐿
𝐿
𝑅

𝐿
𝐿

  𝑓 𝑃 − 𝑃 − Π − Π

,

,

𝑓[(𝑃 − 𝑃 ) − 𝜎Π ],

(1)
(2)
(3)

where the term 𝑃 and Π represents the fluid
hydrostatic and osmotic pressure, 𝜎 is the
reflection coefficient and 𝐹 = 𝑘
is the
hydraulic permeability through AQP4 with 𝑀
the molar volume of water, 𝑅𝑇 the gas constant
and room temperature and 𝑘
the
permeability rate through AQP4 into the
astrocyte. The terms 𝐴̅ , 𝑛 , 𝐸 and 𝑉 are the
initial surface area, volume fraction, stiffness
and volume of the astrocyte, while 𝑛 and 𝑅
are the volume fraction of the blood and radius
of the capillary. Meanwhile, 𝑛
and
represent the fraction of AQP4 found in
Figure 1: Location of AQP4 in the astrocyte and water 𝑛
the
perivascular
and parenchymal astrocyte,
transfer between the compartments.
respectively. The ratios of surface area of the
capillary covered by astrocytes and ECS are represented by
and , respectively. Finally, the
function 𝑓 represents the fraction of vessels that remain open at each point in space and time,
which has a value ranging from 0 to 1 with 1 representing all vessels fully open [5].
Assuming one-dimensional and spherical symmetry, the processes are governed by eqns. (4) - (8).
The terms 𝛼, 𝑄, and 𝑘 represent the Biot constant, relative compressibility and permeability of the
fluid phases, respectively; 𝑢, 𝑣 and 𝐺 represent the tissue  displacement,  Poisson’s  ratio  and  shear  
modulus, respectively.
0=∇ 𝑢−

𝜕𝑃
2
1 − 2𝑣
𝜕𝑃
𝜕𝑃
𝜕𝑃
𝑢−
𝛼
+𝛼
+𝛼
+𝛼
,
𝑟
2𝐺(1 − 𝑣)
𝜕𝑟
𝜕𝑟
𝜕𝑟
𝜕𝑟

1 𝜕𝑃
= 𝑘 ∇ 𝑃 + 𝑆̇
𝑄 𝜕𝑡

→

1 𝜕𝑃
= 𝑘 ∇ 𝑃 − 𝑆̇
𝑄 𝜕𝑡

+ 𝑆̇
→

1 𝜕𝑃
= 𝑘 ∇ 𝑃 − 𝑆̇
𝑄 𝜕𝑡
1 𝜕𝑃
= 𝑘 ∇ 𝑃 − 𝑆̇
𝑄 𝜕𝑡

→

+ 𝑆̇

→

+ 𝑆̇
→

→

,

,

− 𝑆̇

→

,

(4)
(5)
(6)
(7)

→

.

(8)

Assuming that the permeabilities of the fluid in astrocyte, neuron and ECS are the same because
they are made up of mainly water, then 𝑘 = 𝑘 = 𝑘 = 𝑘 , where 𝑘 is the permeability of
water. Also, the ratio of the permeability of blood 𝑘 to 𝑘 is much larger than one, meaning that
the blood pressure can be assumed to be effectively constant throughout the space and equal to a
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baseline value of 𝑃 . The equations above are non-dimensionalised and are used to solve for fluid
pressures and tissue displacement. Table 1 lists the parameters and values for the model proposed.
Table 1: List of parameters and their baseline value for the proposed model.
Parameter
𝑣
𝐺
𝑘
𝑘
𝛼
𝐿
𝜎
Π
𝑃
𝑃
𝑅
𝑛
𝑀

Value
0.35
216.3 Pa
3.75 × 10
3.6 × 10
1
3.0 × 10
0.93
2445 Pa
4389 Pa
1330 Pa
5.0   × 10
0.03
18.02 × 10

m2/Pa.s
m2/Pa.s
m/Pa.s

m
m3/mol

Reference(s)
[5]
[5]
[5]
[5]
[4]
[5]
[5]
[5]
[5]
[5]
[5]
[5]
Standard

Parameter
𝑅𝑇
𝐿 ⁄𝐿
𝐴̅
𝑉
𝑘
𝑛
𝛼
𝐸
Π
𝑛
Π
𝑛
𝛼

Value
2577.3 J/mol
0.80
2.5 × 10 m2
5.7 × 10
m3
5.0 × 10 m/s
0.25
1
40 kPa
455.4 Pa
0.20
378.9 Pa
0.45
1

Reference(s)
Standard
[6]
[7]
[7]
[8]
[9]
[4]
[10]
[11]
[9]
[11]
[9]
[4]

3 RESULTS AND CONCLUSIONS
The results in Figure 2 show that when 𝑛
increases, the ECS pressure increases but the
astrocyte pressure decreases. The tissue displacement varies according to the ECS pressure. When
𝑛
= 1, water will only transfer from the capillary into either the astrocyte or ECS, but there is
no water transfer between ECS and astrocyte. This means that the vasogenic oedema fluid will
remain within the ECS if the parenchymal AQP4 is deleted. However, when 𝑛
= 0 or when
only parenchymal AQP4 exists, the ECS pressure and tissue displacement are both reduced because
water now can be transported into astrocyte, thus reducing vasogenic oedema. However, this will
increase astrocyte pressure consequently causes astrocyte swelling. This is in agreement with the
study done by [3], where deletion of AQP4 at a later stage of ischemia may inhibit clearance of
vasogenic oedema although it helps reducing cytotoxic oedema [3]. In the case when no AQP4
presence as shown in Figure 2(b), the ECS pressure remains high although the tissue swelling is
reduced compared to when the 𝑛
equals to 0 and 1. This is due to the combined effect
produced by the increment in pressure in ECS and astrocyte when AQP4 is presence, which lead to
the increase in tissue displacement.

Figure 2: Tissue behaviour with varying 𝑛
: (a) pressure and tissue displacement variation with 𝑛
;
(b) comparison of pressure and tissue displacement with and without AQP4. For both subfigures, the left and
right vertical axes represent the pressure and displacement values, respectively.

672

From this model, the presence of AQP4 during ischemia-reperfusion injury is shown to help to
reduce the effect of vasogenic oedema on brain swelling, but it is compensated by the increase in
astrocyte pressure, which will lead to the formation of cytotoxic oedema and also an increase in
tissue displacement due to the combined pressure effect. AQP4 function inhibition can possibly
become a new treatment to reduce brain oedema in many cerebral diseases [12]. However, this
technique must be applied at the right time during the formation of cytotoxic oedema, usually at the
early stages of the diseases. Inhibition of AQP4 at a later stage might prevent the clearance of
vasogenic oedema and worsen the cerebral swelling.
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SUMMARY
We compare a widely used parameter screening technique (Morris method) against a popular local
sensitivity analysis method (sensitivity functions) and show how to apply them in the context of a
multiparameter microbial reaction model. We discuss a possible discrepancy that one might obtain
from comparing local and global methods and discuss potential pitfalls that one might fall into in
computing the sensitivities in certain regions of the dynamics.
Key words: sensitivity analysis, Morris method

1

INTRODUCTION

Mathematical modeling has become a widely used tool in virtually all branches of science and engineering. The models are typically written as a system of algebraic and/or differential equations with
multiple parameters. Increases in computational power have allowed the construction and simulation
of increasingly complex models with a larger number of state variables and parameters. Over the
years new analytic and computational tools have been developed in order to identify the appropriate
modeling approach.
Here we focus on the determination of the relative importance of the parameters of a model defined by
differential equations. We consider two common sensitivity analysis approaches, one global (Morris
method [6]) technique, one local method (sensitivity functions, [2])). In particular we show how
to obtain a ranking of parameters based on those approaches, identify the intervals of the highest
sensitivity and address possible pitfalls in applying those methods.
2

METHODOLOGY

We consider the foliowing dynamic model underlying the process that we are describing
dx
= f (t, x; ✓ ),
dt

x(0) = x0 ,

(1)

where x = (x1 , . . . , xn ) 2 Rn are the state variables, x0 = (x01 , . . . , x0n ) 2 Rn the initial conditions,
and ✓ = (✓1 , . . . , ✓p ) 2 Rp the parameters. Typically only some of the state variables are observed,
thus the model output is given by y(t; ✓ ) = g(x(t; ✓ ); ✓ ). In practice we only have access to a finite
set of measurements {y1 , . . . , yd } at specific times t1 , . . . , td . The goal of this analysis is to determine
the sensitivity of the models’s output y(t; ✓ ) with respect to a subset ✓ s of the models parameters ✓ .
Now, for the above framework we introduce two widely used sensitivity methods, the Morris method
and sensitivity functions.
2.1

Morris method

The Morris method is a technique for screening the parameters of a model in an efficient manner [6].
The aim is to identify the most “important” parameters, i.e. those that produce the most variability in
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the solution, and exclude the least important from further analyses. The method is especially useful in
cases where the model has many parameters and it is computationally expensive to obtain solutions.
The main disadvantage of this method is that the sensitivity measures are qualitative, the price paid
for the efficiency of the method.
Initially the model parameters are scaled by choosing ↵j such that ✓j /↵j = ✓ˆj 2 [0, 1] and the vector
of scaled parameters defined as ✓ˆ = (✓ˆ1 , . . . , ✓ˆp ) 2 Rp . Considering the specific response xi we then
have,

↵j

@xi
@xi
=
,
@✓j
@ ✓ˆj

(2)

which is an important result when comparing to other sensitivity measures. Taking a Taylor expansion
ˆ about the point ✓ˆj ± ✓ˆj , where we have abused notation slightly defining xi (t, ✓) =
of xi (t, ✓)
ˆ
xi (t, ✓), one obtains,
ˆ
ˆ
ˆ
@xi (t, ✓)
xi (t, ✓)
xi (t, ✓)
⇡
= Ej (x),
(3)
@ ✓ˆj
± ✓ˆj

where ✓ˆ = (✓ˆ1 , ✓ˆ2 , . . . , ✓ˆj ± ✓ˆj , . . . , ✓ˆp ). Essentially the parameters ✓j are varied one-at-a-time
(OAT) to obtain an approximation of the local gradient of the function x. The scaled quantity, Ej (x),
related to the absolute sensitivity function, is defined as the elementary effect of the jth factor at a
ˆ
point ✓.
A finite distribution Fj of the elementary effects Ej (x) is then constructed by randomly sampling ✓ˆ
from the parameter space and characterised by its mean and standard deviation. A large mean would
indicate that the parameter ✓j has an important effect on the solution x. A large standard deviation
indicates that the solution also depends on the values of the other parameters, i.e. there are interactions
between the parameters, or the response is nonlinear.
2.2

Sensitivity functions

Absolute sensitivity functions (ASF) (also called traditional sensitivity functions [2]) are a common
tool used in various areas of mathematical modeling [1, 3, 5] to study the influence of the variations
in parameters on the model’s output and/or initial conditions.
Mathematically, ASF can be defined as the derivatives of the model’s state variable with respect to
the parameters and/or initial conditions
s✓j (t) =

@x(t, ✓ )
,
@✓j

r x0 =
i

@x(t, ✓ )
@x0i

(4)

where j = 1, . . . , p and i = 1, . . . , n. Here ✓j is the jth component of the parameter vector ✓ , and
x0i is the ith component of the vector of initial conditions x0 . Thus, both s✓j and rx0 are the column
j
vectors of the sensitivity matrices S(t) and R(t), respectively.
Since usually we do not have closed-form solutions of our dynamic model, the sensitivities are often
calculated using the following sensitivity equation with the corresponding initial condition
d
@f
@f
S(t) =
S(t) +
,
dt
@x
@✓✓

S(0) = 0n⇥p .

(5)

The expressions @f /x is the n ⇥ n Jacobian matrix of the dynamic model (1); and the @f /@✓✓ is the
n ⇥ p matrix of the derivatives of the vector field f = f (t, x; ✓ ) with respect to the parameters ✓ .

The ASF described above are an important tool for understanding the sensitivity of the output with
respect to individual parameters. However, since typically the parameters have different units and the
state-variables may vary within different orders of magnitude, it might be more convenient to work
instead with relative sensitivity functions (RSF), which are defined as [2]:
✓j (t, ✓ )

= s✓j

✓j
✓j
@x(t, ✓ )
=
·
.
x(t, ✓ )
@✓j
x(t, ✓ )

(6)

Similarly we define the relative sensitivities with respect to initial conditions.
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G0
R
T
Gp
k
KAc
Y
m
⌫p

Definition
Gibbs free energy
gas constant
temperature
phosphorylation energy
rate constant
half-saturation
growth yield
maintenance rate
stoichiometric number
ATP yield

Value
15802.19
8.3145
310.15
45000
2.5⇥10 6
0.005
2.1
2.2⇥10 7
2.0
0.5

Min
0.2⇥10
1.0
2.1
1⇥10 7
1.0
0.25

6

Max
6.5⇥10
29.1
4.0
3⇥10 7
2.0
0.75

6

Units
J · mol 1
kJ·mol 1 ·K
K
J · mol 1
mol·g 1 ·s 1
mmolal
g · mol 1
s 1
per reaction
per reaction

1

Table 1: Physical constants and parameters. The values of the physical constants and the baseline values of
the parameters used in the simulation and sensitivity analysis.

2.3

The model

Let mAc , mHCO and mCH4 be the molal (mol per kg water) concentrations of acetate, bicarbonate,
3
and methane, respectively; and [X] be the concentration of methanogen cells (g · kg 1 ). Following
[4] we consider a four-dimensional dynamic model
dx ⇣
=
dt

r, r, r, Y · r

⌘
m · [X] ,

(7)

where the state variable x = (mAc , mHCO , mCH4 , [X]) and the rate r (mol · kg
3
genesis can be calculated according to the following formula
r = k · [X] ·

⇥
mAc
· 1
mAc + KAc

1

·s

1 ) of methano-

⇤
Et ,

(8)

where k and KAc is the rate and half-saturation constants, respectively and
Et = exp

⇣ G+⌫ ·
p
RT

Gp ⌘

,

G=

G0 + RT ln

⇣ mHCO · mCH4 ⌘
3

mAc

.

(9)

For the definition of the parameters, their basal values and ranges see Table 1.
3

RESULTS AND DISCUSSION

Although model (7) has four state variables, only mAc is assumed to be measured. Moreover, since the
gas constant R and standard Gibbs free energy change G0 are physical constants; and the temperature T as well as phosphorylation energy Gp are assumed to be fixed; we study the local and global
sensitivity of the model with respect to the remaining six parameters: ✓ s = (KAc , m, Y, ⌫p , k, ).
Figure 1(left column) shows the results of varying the parameters over the range indicated in Table 1,
and Figure 1(middle column) shows the results of varying the parameters by ±25%. The standard
deviations of the main effects appear to be of a similar order to the means in the global (min/max)
analysis demonstrating significant nonlinearities and parameter interactions, and Kac , ⌫p and k are
the most important parameters. In the quasi-local (±25%) analysis one parameter, ⌫p , dominates
with a standard deviation much smaller than the mean indicating that the response of the model is not
dominated by parameter interactions or a nonlinear response.
Figure 1 (right column) shows the RSF with respect to the six studied parameters. Recall that the
local sensitivities are the first order measure of the units change in the variable mAc with respect to
a unit change in the one of the six parameters. Since the explicit solutions of the model (7) are not
available one computes the local sensitivities using equation (5). The gradients @f /@x and @f /@✓✓ s
are respectively 4 ⇥ 4 and 4 ⇥ 2 time-dependent matrices. Since the parameters in model (7) have
different units (and magnitudes) it is more appropriate to apply a normalized (or relative) sensitivities,
or RSF, as described in (6). Also, another importance of the sensitivity functions (both absolute and
relative) is that they allow us to identify the intervals of high information content, which is crucial in
the context of optimal design [2].
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Figure 1: Global and local sensitivities. Left: The results of the Morris method for min/max parameter ranges
given in Table 1; Middle: The results of the Morris method for varying optimal parameter values ±25%; Right:
The relative sensitivity functions.

In conclusion we note that restricting the parameter ranges in the Morris method from min/max to
±25% changes the results significantly. The advantage of the local methods, on the other hand, is that
it contains information about the optimal selection of data measurements in experimental design, but
it often leads to a different sensitivity ranking of the model’s parameters then the one obtained form
the Morris method. Thus a priori information about the ranges of parameters is of utmost importance
for a reliable ranking of the parameters with respect to their global sensitivity.
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SUMMARY
We present parallel numerical methods for the simulation of large scale problems arising from electromechanical simulations. Ideas from non-conforming discretization methods are combined with adaptive strategies in order to create efficient parallel solution methods for cardiac simulation.
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1

INTRODUCTION

The numerical simulation of cardiac electromechanics puts high demands on the used discretization
and solution methods. Models describing the activation of the heart are particularly complicated.
Indeed, in the cardiac tissue there is a strong interaction between the propagation of the electrical
potential and the related mechanical response. The former is described by the so-called mono- or
bidomain equation. It is a non-linear reaction-diffusion equation coupled with a set of ODE describing
the concentration of ions in the cells [11]. A further non-linearity is given by the fact the domain is
actually changing during the propagation of the potential. The latter is described by a non-linear
incompressible and anisotropic elastic law [5]. Coupling between the two models is usually done by
means of active stress [4] and active strain models [13].
Solution of the monodomain equation is characterised by a travelling wave of potential with steep
spatial and temporal gradients concentrated around a peak. In order to catch these characteristics and
to accurately catch the propagation speed, very fine meshes are necessary.
Due to the complexity of the considered system and due to the spatial and temporal scales investigated,
coupled large-scale systems arise, which have to be solved efficiently.
Here, we discuss different approaches as well as the related numerical frameworks for the parallel
solution of cardiac electromechanics. We first consider new adaptive strategies for solving the monoor bidomain equation, which are especially tailored for parallel simulations. We then consider the
simulation of the coupled electro-mechanical system and present our new simulation framework EWE.
2

LIGHTWEIGHT ADAPTIVITY

In this contribution, we discuss novel parallel simulation approaches and methods for the massively
parallel simulation of electrophysiology and electro-mechanical models.
We start with a novel lightweight adaptive algorithm which aims at combining the plainness of structured meshes with the resolving capabilities of unstructered adaptive meshes. Our patch-wise adaptive
approach is based on locally structured mesh hierarchies which are glued along their interfaces by a
non-conforming mortar element discretization. The use of a non-conforming discretization is central
as it gives flexibility in the choice of the local mesh widths. To further increase the overall efficiency,
we keep the spatial meshes constant over suitable time windows in which error indicators are accumulated. This approach facilitates strongly varying mesh sizes in neighboring patches as well as
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in consecutive time steps. For stability reasons, for the transfer of the dynamic variables between
different spatial approximation spaces, a discrete L2 -projection is used. Finally, we derive a spatial preconditioner for elliptic problems, which is tailored to the special structure of the patch-wise
adaptive meshes.
We analyze the (parallel) performance and scalability of the resulting method by several realistic examples from computational electrocardiology of different sizes and furthermore compare our method
to a standard adaptive refinement strategy using unstructured meshes. As it turns out, our novel
adaptive scheme provides a very good balance between reduction in degrees of freedom and overall
parallel efficiency.
3

EWE - A FRAMEWORK FOR COUPLED ELECTRO-MECHANICAL SIMULATIONS

The second part of the talk will present results from our new coupled electro-mechanical heart model
called EWE, which are part of the Center for Computational Medicine in Cardiology in Lugano. The
model is implemented using the open source general purpose C++ finite element framework MOOSE,
see [2]. While EWE initially roughly followed existing applications for nonlinear mechanics in
MOOSE, see e.g. [9], it has by now matured to a complex application featuring over 25,000 lines
of code and over 1,000 lines of comments Using the MOOSE framework resulted in a major acceleration of software development. For parallelization, the code relies on the widely used and well
developed solver library PETSc [3]: Scaling benchmarks on a Linux cluster and a state-of-the-art
Cray supercomputer will be presented and discussed.
Our coupled model EWE comprises a nonlinear mechanical model coupled (see e.g. [6, 8]) with a
monodomain electrocardiac model (see e.g. [12] for a comparison of mono- and bi-domain models).
The nonlinear material model by Ogden and Holzapfel [7] and Guccione-Costa [5] are implemented
in EWE including a corresponding framework to incorporate fibre directions. An abstract C++ interface has been defined through which different ion channel models can be linked to the monodomain
equation. At the moment, an implementation of the model by Bernus et al., [11] is implemented, but
more advanced ion channel models are in planning. The implementation relies heavily on inlining
instead of commonly used tabulation of values, but tabulation might be added at a later stage if the ion
channel model is found to have a significant affect on performance. In addition, first efforts to port
the ion channel computations to a GPU are ongoing. Figure 1 shows a visualization of the different
components of EWE and how they interact.
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Figure 1: The different components of EWE and their interconnection.

At the moment, EWE employs a loose coupling of nonlinear mechanics and electrocardio model. For
each time step, first a backward Euler step is taken for the mono domain equation together with a
Rush-Larsen step [14] for the ion channel model resulting in an updated membrane potential. This
is then used in the coupling ODE to perform a single step of a forward Euler method to provide an
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updated tension for the mechanical model which is then advanced by another backward Euler step,
completing the time step. The feedback from the mechanical to the electrical model is only through
deformation of the domain. Further developments planned for the future include in particular the use
of different spatial and temporal resolutions for electrical and mechanical model. We also shortly
discuss in what way L2 -projections can be used for the coupling of the electrical and the mechanical
part of the simulation and in what way such a variational transfer between different meshes can be
efficiently realized in parallel.
To validate our code, we implemented three benchmarks in cardiac mechanics. The first one consists
in the bending of an anisotropic bar whose fibres are aligned along one spatial direction. The second
one consists in the inflation of an isotropic ventricle with a large normal load. The third one consists
in the electrical activation of an isotropic ventricle. We show correctness and efficiency of the code
in these cases.

Figure 2: Single-cell simulation of the membrane potential (red) over one activation cycle using the Bernus
model and the corresponding tension (blue) generated by the coupling model following Nash and Hunter.

Finally, we show a simulation realised with the complete coupled model on a realistic geometry.
Figure 3 shows the membrane potential (left) and resulting active tension in cardiac fibre directions
(lower right) 1.5ms after initially pacing the electromechanical simulation with a current of 40mV/ms.
The stimulation sites schematically represent junctions between Purkinje fibres and muscle are shown
as red spheres. Cell activation is simulated through a Bernus-type ion channel model. The active
tension is derived from membrane voltages via a simplified contraction model.The discrete geometry
used for this simulation (upper right) has been constructed from a real patient’s CRT data that - after
manual segmentation - provided an appropriate surface representation of epi- and endocardium.

Figure 3: Membrane potential and active tension for coupled simulation
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SUMMARY
We propose a muscle chemo-mechanical model by which cross-bridges in sarcomeres are considered
as special chemical entities having internal mechanical variables pertaining to the actual geometric
configuration. This provides a thermodynamical basis for modeling the complex interplay of chemical
and mechanical phenomena at the sarcomere level. Important motivations for this modeling choice include the ability to represent (i) the so-called power-stroke phenomenon and (ii) short-time responses
of a muscle, e.g. to load steps, and we will present some corresponding numerical simulations.
Key words: muscle modeling, sarcomere, chemo-mechanical coupling, thermodynamics
Muscle contraction occurs at the nanoscale of a hierarchical multi-scale structure with the attachment
of so-called cross-bridges within sarcomeres, namely, the creation of chemical bonds between myosin
heads and specific sites on actin filaments. A cross-bridge in itself can be seen as a special chemical
entity having internal mechanical variables – or degrees of freedom – pertaining to the actual geometric configuration, which implies that the free energy of the cross-bridge – whether in an attached or
unattached state – must be made dependent on these internal variables [1]. This provides a thermodynamical basis for modeling the complex interplay of chemical and mechanical phenomena at the
sarcomere level. Within this framework we propose a muscle model with two mechanical variables
associated with a cross-bridge as in [2]. This means that a cross-bridge is modeled by combining two
mechanical components, here a linear spring and a bi-stable element. For the action of individual
cross-bridges occurring at the nanometer scale, the energy provided by the Langevin thermostat cannot be neglected, and we therefore propose to endow the internal mechanical variables with stochastic
dynamics. Our proposed chemo-mechanical model of a cross-bridge is summarized in Fig. 1 in each
of the four stages of the so-called Lymn-Taylor cycle [3]. Here we point out that we consider only
two chemical states – namely, attached versus unattached – instead of four in [4], albeit in our case
with two internal mechanical variables instead of one.
Important motivations for this modeling choice include the ability to represent (i) the so-called powerstroke phenomenon and (ii) short-time responses of a muscle, e.g. to load steps. Our approach allows
for systematic treatment of the model energetics, and in particular one goal of the proposed description
is to investigate the potential benefit in mechanical efficiency with systems including – in addition to
chemically-induced transformations – thermally-induced conformational changes such as the powerstroke.
In this contribution, we will first present the details of the proposed cross-bridge model, write the
corresponding Langevin (stochastic) equations and give the associated Fokker-Planck equations. We
will then show that the resulting model satisfies the essential thermodynamical requirements. This
model can then be substituted for the simpler model considered in [5] – relying on two chemical states
but only one internal mechanical variable for a cross-bridge – in order to obtain a complete muscle
behavior description in a continuum mechanics framework. Finally we will present some numerical
simulations of this model, in particular in steady-state shortening and isometric transient conditions.
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ėc < 0

s

s

x

x
µT

y

y

k+
s

s

Figure 1: Chemical-mechanical cross-bridge model in Lymn-Taylor cycle: attached (top) vs. detached (bottom) / pre-power-stroke (left) vs. post-power-stroke (right). The two internal mechanical variables are denoted
by x and y, ėc is the sarcomere strain rate, and (k+ , k ) denote the binding and unbinding reaction rates,
respectively.
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SUMMARY
In the first part of the talk we propose a new methodology for the generation of patient-specific Purkinje networks in computational electrophysiology. This genaration is obtained as a correction of a
fractal network driven by clinical measures of the activation times. We present several numerical results, both in ideal and real geometries, highlighting the suitability of our method. In the second part of
the talk we discuss the coupling between the Purkinje fibers and the myocardium when monodomain
problems are considered, studying the well-posedness of the coupled problem and presenting some
numerical results on an idealized geometry.
Key words: Monodomain and Eikonal model, Purkinje fibers, Patient-specific electrophysiology

1

INTRODUCTION

The development of biophysical models of the heart is fundamental to get deep insights in the mechanisms controlling its activity and also, in pathological cases, to give to the clinicians a powerful
instrument that could help in the diagnosis and in the design of new therapies.
A key aspect of the heart modeling is the study of electrical activation, that triggers the heart contraction. The electrical activation is regulated by the cardiac conduction system (CCS), responsible for
the fast and coordinated distribution of the electrical impulse in the heart.
In particular, in the ventricles, the activation is regulated by the peripheral part of the CCS, the Purkinje fibers (PF), located in the inner ventricular walls of the heart, just beneath the endocardium. The
electrical signal spreads rapidly in the PF and it enters the ventricular wall only at certain insertion
sites, called Purkinje muscle junctions (PMJ) [1]. From these sites the depolarization wave propagates in the myocardium, allowing the ventricular excitation and contraction thanks to the activation
of the cardiac muscle cells [2].
Therefore, since the electrical activation of the ventricle depends strongly on the PF, it is necessary to
model the presence of the latter to obtain a realistic activation model.
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2

METHODOLOGY

In the first part of the talk we discuss a method to generate a patient-specific Purkinje network starting
from clinical data of the activation times acquired in real patients [3]. In particular, we considered
the Eikonal problem to describe the electrical activity both in the network and in the left ventricle
and we applied the proposed methodology to three different pathological cases, namely the presence
of scar tissue due to an old myocardial infarction, the Wolff–Parkinson–White syndrome, and the
left bundle branch block. For the last two cases, we also discussed how to treat intra-myocardial
sources generated by the pathology. A cross-validation test performed over the results obtained in
real geometries and with real data showed the accuracy of our method in comparison with a nonpatient-specific network [4, 5].
In the second part of the talk we discuss the coupling between Purkinje network and myocardium
where Monodomain subproblems are considered [6]. The inclusion of Monodomain model is of great
interest, in particular in view of the electro-mechanical coupling in presence of Purkinje network. In
particular, we discuss the well-posedness of the coupled problem and we compare for an idealized
geometry the results obtained with this strategy with the ones given by the coupling between Eikonal
problems.
3

RESULTS AND CONCLUSIONS

The numerical results proved the essential role of the Purkinje network, both in modeling the healthy
and the pathological activation of the left ventricle. In particular, in the first part of the talk, we
proved the importance of generating a patient-specific Purkinje network to recover an accurate activation, when clinical measures are available. Instead, in the second part of the talk we investigate
the possibility to consider a sophisticated model for the propagation of the electrical activity in the
ventricle, namely the Monodomain model, both in the Purkinje fibers and in the myocardium, studying the well-posedness of the coupled problem and comparing the results with the ones obtained by
considering the Eikonal problems in both the domains.
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SUMMARY
We formulate and numerically compare different spatial discretization approaches for cardiac electrophysiology, specifically standard Continuous Galerkin (CG), Local Discontinuous Galerkin (LDG)
and Hybridizable Discontinuous Galerkin (HDG) methods. We also study the effect of the numerical
integration of the ionic current.
Key words: cardiac electrophysiology, finite element method, hybridizable discontinuous Galerkin
1

INTRODUCTION

Cardiac electrophysiological phenomen are characterized by a steep electrochemical wave front which
results in great challenges from a numerical point of view. This usually implies the usage of very small
mesh and time step sizes in classical continuous Galerking approaches (CG), generating a bottleneck
when moving towards patient-specific simulations in clinically relevant times.
If the discretization is not carefully chosen, the conduction velocity is overestimated or underestimated depending on the numerical method [1]. While adaptivity can help to overcome this difficulty
[2], in pathological situations (e.g. spiral waves), the computational efficiency can be strongly reduced
due to simultaneous activation waves along the heart.
In contrast, spatial discretizations based on discontinuous methods have received very little attention.
Only finite volume methods has been reported (see [3] and references therein), however, no detailed
comparison against other methods have been performed, to the authors best knowledge. In particular,
local discontinuous Galerkin (LDG) or hybridizable discontinuous Galerkin (HDG) methods have
not been explored yet. Application of such methods would allow speed-up of the computations in
particular for large problems when taking advantage of their parallelity features [4].
In this work we provide a detailed comparison among CG, LDG and HDG methods for the electrophysiology equations based on the monodomain model. This allows a wider comparison among
numerical refinements and treatments of the non-linear ionic current term, before moving to large
three-dimensional problems.
2

METHODOLOGY

Let us consider the monodomain equations 8 x 2 ⌦ ⇢ Rd , d = 1, . . . , 3 given as: Find the transmembrane potential u(x, t) 2 R and the gating variables w(x, t) 2 Rm , for t > 0 such that:
@t u
@t w

r · ( ru) = Iion (u, w) in ⌦,
g(u, w) = 0 in ⌦

(1a)
(1b)

with g(u, w) a non-linear gating function, (x) the diffusivity tensor, and Iion the ionic current. We
also assume homogeneous Neumann boundary conditions, as well as homogeneous initial conditions.
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2.1

Continuous Galerkin (CG)

P
Let us define the finite element approximation of the transmembrane potential u ⇡ uh = N
i=1 ui (t)'i (x),
1 (⌦) (piecewise polynomials of order p) and u (t) =
where {'i (x)}N
is
a
basis
of
S
⇢
H
i
h,p
i=1
S
u(xi , t). We define additionally Th as a collection of disjoint elements with Tk 2Th Tk = ⌦. The
usual continuous Galerkin (CG) approximation of Eq. (1a) reads as follows:
X
(@t uh , 'j )⌦ + ( r(uh ), r'j )⌦ =
Ijk , for j = 1, 2, . . . , N
(2)
k

def

with (·, ·)⌦ the usual scalar product in L2 (⌦) and Ijk = Iion (ukh , w), 'j
'k = '|Tk .
2.2

Tk

with ukh = uh |Tk and

Local Discontinuous Galerkin (LDG)

Following the derivation of [5] we obtain the LDG formulation for Eq. (1a) on one element Tk with
PNp k k
PNp k
ukh (x, t) = i=1
ui 'i (x) and qkh (x, t) = i=1
qi · ik (x) as follows

(

(@t ukh , 'kj )Tk + (qkh , r'kj )Tk
k
j )Tk

1 k
qh

+ (ukh , r ·

k
j )Tk

ck ), 'k i
k
hn · (q
j @Tk = Ij
h
ck ), n ·
h(u
h

k
j i@Tk

=0

(3a)
(3b)

for j = 1, . . . , Np , 'k 2 P p (Tk ), k 2 [P p (Tk )]d , with h·, ·i@Tk the L2 (@Tk )-scalar product on
c we
@Tk , and P p (Tk ) the space of piecewise polynomials of degree p. For the numerical flux term (·)
consider either the simple central flux or an upwind flux [7].
2.3

Hybridizable Discontinuous Galerkin (HDG)

Following the derivation of [6] we obtain the HDG formulation for the monodomain equation (Eq. (1a)):
find (ukh , qkh , eh ) such that

(

(@t ukh , 'kj )Tk + (qkh , r'kj )Tk
1 k
qh ,

k
j )Tk

X
Tk

+

(ukh , r

·

k
j )Tk

ck ), 'k i
k
hn · (q
j @Tk = Ij
h

(hqkh · n, µeh i@Tk + h⌧ (ukh

h

e
h, n

·

k
j i@Tk

e
e
h ), µh i@Tk )

(4a)

=0

(4b)

=0

(4c)

for j = 1, 2, . . . , Np , 'k 2 P p (Tk ), k 2 P p (Tk )d , µe 2 P p (e) with e a face between two elements,
P e e e
ukh and qkh as prior defined, eh (x, t) = N
= û
i=1 i µi (x) and ⌧ the local stabilization parameter.
defines the trace variable of u on the element boarder and we define the trace variable of q on the
boarder as q̂ = q + ⌧ (uh
)n. The last equation of the system (Eq. (4c)) enforces the continuity of
the normal component of q̂.
2.4

Treatment of the ionic term

Some studies have investigated different strategies for approximating the ionic term Ijk (Eq. (2))
[8, 9, 10]. We test the following methods, listed in increasing computational complexity:

1. Mass matrix lumped and ionic current at dofs lumped (CDL): w 2 Sh,p ,
P R
Ijk ⇡ Iion (uj , wj ) N
i=1 Tk 'i (x)'j (x)
2. Ionic current at dofs (CD): w 2 Sh,p , Ijk ⇡

PN

R

i=1 Iion (ui , wi ) Tk

'i (x)'j (x)
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3. Gating variables at ⇣
dofs and quadrature (GDb): w 2 S⌘h,p ,
Pb
PN
PN
k
k
k
k
Ij = l=1 ↵l Iion
i=1 ui 'i (xl ),
i=1 wi i (xl ) 'j (xl ). This requires the same number of calls of the ionic model than Methods 1 and 2.
4. Gating variables at⇣Gauss points and quadrature
(GGb): evaluating w on Gauss points xkl
⌘
P
PN
k
k
k
Ijk = bl=1 ↵l Iion
i=1 ui 'i (xl ), w(xl ) 'j (xl ) with ↵l the quadrature weights. The total
number of gating variables to be computed and stored is b times the number of elements.
3

NUMERICAL RESULTS

For presenting first results in this abstract, we investigate the behavior of different combinations of
the different spatial discretizations in combination with different treatments of the ionic current term.
For this purpose, we use the following setup: ⌦ = [0, 14] mm, and the so called “minimal cell
model” introduced in [11], which is able to reproduce physiological action potential with only four
gating variables. The results are presented in Figure 1 in terms of the conduction velocity CV, for a
physiological range of diffusivities ( = 0.001 2.0 mm2 /ms). In order to firstly isolate the effect
of the spatial discretization, we employ a backward Euler time marching scheme with small time step
of dt = 0.01 ms. We also include a reference solution computed in a finer grid (h = 2 10 mm and
dt = 0.001 ms).
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Furthermore, we compare the diffusivity-CV relation for the discretization methods CG, LDG and
HDG using a fixed scheme for the ionic term handling, see Fig 1.
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Figure 1: Comparison between different treatments of the ionic term with CG (upper left), LDG
(upper right) and HDG (lower left) method. Comparison between CG, LDG and HDG with the ionic
term approximated with CD with linear form functions (lower right). The space discretization is
h = 2.0 mm and time discretization of dt = 0.01 ms.
All methods, CG, LDG and HDG, with every approximation of the ionic current, converged to the
same reference solution for small time steps and mesh sizes. With coarser spatial discretization, in all
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methods CG, LDG and HDG, the calculation with quadratic form function is the one with the smallest
error compared to the reference solution. However, the ionic current evaluation is done in the simplest
way with CD. A comparison between quadratic or higher form functions with Gauss point integration
and nodal evaluation will be tested in future.
The error between reference solution and HDG solution was for finer mesh sizes always smaller
than the error between CG methods. In addition it should be mentioned that no superconvergent
postprocessing, that is available for HDG, has been used for these results yet.
LDG with upwind works better than with central flux, which means in the tested range of diffusivities
the conduction velocity with the upwind flux was closer to the reference conduction velocity than with
central flux. Only in the calculation with more Gauss points the conduction velocity with upwind flux
is slightly more overestimated than with central flux.
At the congress we also plan to present results in multidimensional spaces, to test HDG with static
condensation, high order form functions for the trace variable and supraconvergent postprocessing.
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SUMMARY
We consider the numerical simulation of integrated heart models for the study of the cardiac functioning with particular emphasis on the coupling of the muscle contraction, the fluid dynamics of the left
ventricle, and the interaction with the valves. We address the numerical approximation of the blood
flows inside the left ventricle by using the Finite Element method for the spatial approximation of the
fluid–structure interaction problem together with the aortic valve and the cardiac muscle, specifically
when the contraction of the latter is driven by electromechanical models. We present and discuss numerical results for the fluid dynamics of the left ventricle by analyzing the role of different coupling
strategies.
Key words: heart modeling, numerical simulation, fluid dynamics, coupled models

1

INTRODUCTION

The numerical simulation of the complete heart functioning is a challenging task from both the points
of view of the mathematical and numerical modeling. In first instance, this is due to the fact that the
fully integrated heart model is defined by the coupling and interaction of several cardiac submodels,
most of which are themselves intrinsically complex. This is the case indeed of the cell–level electrophysiology, the subcellular activation processes, the mechanical deformation of the tissue, the fluid
dynamics in the heart chambers, the dynamics of the valves, and the downstream blood circulation;
see e.g. [1, 3, 4, 8, 9, 13, 15, 17, 18]. From the mathematical point of view, all these submodels
generally involve Partial Differential Equations, whose formulation, characterization, and behavior is
significantly different among each other. This variability is also reflected at the levels of the numerical
discretization and simulation, for which ad hoc numerical approximation strategies need to be developed and tailored for the cardiac submodels, each of them requiring different spatial and temporal
resolutions at the discrete level.
As consequence, from the mathematical point of view, the fully integrated mathematical model for the
heart definitely represents a complex multiphysics problem endowed with both spatial and temporal
multiscale features, for which the characterization and strength of the coupling among the submodels
varies in space and in time during the heart beat ([19]). At the numerical level, this requires that
the fully integrated heart numerical model should not only involve the accurate approximation of the
cardiac submodels (electrophysiology, mechanical activation, fluid dynamics,...), but also the definition and use of computationally efficient coupling strategies, e.g. with monolithic or segregated
approaches; see e.g. [10, 11, 14, 19].
In this framework, even if one limits to the study of a single cardiac submodel, as for example the fluid
dynamics of the left ventricle, the effects of the interactions and coupling with the other submodels
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should still be suitably taken into account, at least in a simplified manner, in order to obtain realistic
numerical simulations. Regarding the fluid dynamics of the left ventricle, one should indeed be able
to consider the muscle contraction, eventually determined by the electromechanical model, and, at the
same time, consider the feedback response given by fluid on the tissue. On the other side, the blood
flows inside the ventricle are strongly affected by the mutual interaction with the valves, as well as
by the downstream circulation. As consequence, since the blood flow regimes in the left ventricle are
extremely variable during the heart beat, namely from laminar to transitional or nearly turbulent ([3]),
a suitable mathematical and numerical coupling among the cardiac submodels should be taken into
account to correctly represent the fluid dynamics of the heart.
In this work, we specifically address the numerical simulation of blood flows inside the left ventricle, with particular emphasis on the coupling with the deformation of the heart muscle, eventually
activated by suitable electromechanical models, and the mutual interaction with the aortic valve.
2

METHODOLOGY

We model the blood flows in the left ventricle by means of the incompressible Navier–Stokes equations in Arbitrary Lagrangian–Eulerian (ALE) formulation. For their spatial approximation, we employ Finite Elements in the framework of the Variational Multiscale (VMS) method for Large Eddy
Simulation (VMS–LES) [2]; according to the VMS–LES concept we obtain a stable numerical formulation of the incompressible Navier–Stokes equations which extends the standard SUPG stabilization
by including terms for the LES turbulence modeling. This allows us to define, in combination with
time discretization schemes based on Backward Differentiation Formulas, a computationally efficient
numerical scheme ([7]) to simulate blood flows in the left ventricle at transitional and eventually turbulent regimes. For the treatment of the fluid–structure interaction problem we consider a monolithic
approach for which the mechanical contraction of the muscle is determined by the solution of suitable electromechanical cardiac models, specifically based on transversally anisotropic active–strain
models [17, 18].
For the description of the blood flow through the aortic valve, we use an efficient 3D–0D model
for which the valve dynamics is represented in simplified, but geometrically meaningful manner by
means of the opening angle of the leaflets [5, 6]. According to this reduced model, the position and
velocity of the valve are taken into account as resistive immersed surfaces affecting the incompressible
Navier–Stokes equations; as shown in [6], the method allows the correct capturing of meaningful
quantities of interest in patient–specific aortic valves. In order to couple such reduced aortic valve
model with the fluid dynamics of the left ventricle, one can consider two strategies: in the first one, the
valve model and the ventricle are coupled by means of a geometrical multiscale method [12], while
in the second one, the valve is embedded in a computational domain geometrically representing both
the ventricle and the aorta.
The numerical simulation and coupling of the cardiac submodels into the integrated one is carried out
by means of the Finite Element library LifeV (http://www.lifev.org), a joint collaboration
between EPFL, Politecnico di Milano, INRIA, and Emory University. The open source LifeV library,
based on the Trilinos package framework, provides a platform for the parallel computing of several
models, including e.g. those for the cardiac electrophysiology, structural mechanics, and fluid dynamics, as well as modules for the multiscale coupling. Particular emphasis is dedicated to the definition
and choice of scalable preconditioners for the High Performance Computing framework, especially
for fluid dynamics and fluid–structure interaction problems; see e.g. [7].
3

RESULTS AND CONCLUSIONS

We present and discuss preliminary numerical results obtained by means of the numerical simulations of coupled electromechanical, fluid dynamics, and valve models for the heart functioning. In
particular, we focus and analyze the results related to the fluid dynamics of the blood flows in the left
ventricle and through the aortic valve during the systolic phase of the cardiac cycle; with this aim, we
consider as computational domain of the fluid problem an idealized left ventricle including the aortic
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root with valves’ leaflets, as well as the initial part of the aorta for the study of the downstream blood
circulation.
We start by considering the case for which the displacement of the cardiac muscle is prescribed
according to a suitable wall law; in this case, by means of the VMS–LES formulation of the Navier–
Stokes equations, we analyze the fluid dynamics properties of the blood flows, with particular emphasis on the study of their transitional and eventually turbulent behavior. Then, we consider an
integrated heart model for which the coupling of the mechanical and fluid dynamics components is determined by a monolithic fluid–structure interaction problem; in this case, a transversally anisotropic
active–strain model is used for description of the cardiac contraction. The mechanical activation is
determined by solving a suitable electrophysiology model loosely coupled to the fluid–structure interaction model. Finally, we discuss the role, feasibility, and efficiency of the coupling strategy on
the fluid dynamics properties of the blood flows, including the effects on relevant fluid dynamics
indicators and downstream circulation.
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SUMMARY
Gravitational effects on human cardiovascular system have been recognized over two centuries and
it has been observed that postural change can lead to significant variations in the cardiovascular
functions. In this study we propose a novel method to model transitional blood pressures and flow
rates in the human cardiovascular network during postural changes from supine to upright. A
closed-loop, multi-scale mathematical model of the entire human cardiovascular system has been
developed, which consists of one-dimensional (1D) representations of the large systemic arteries
and veins, and 0D (lumped-parameter) representations of the cardiac-pulmonary circulation and
microcirculation. A robust confluence model is incorporated into the model to handle and ensure
the smooth merging of venous flows from different venous vessels. This confluence model is
verified to be not only effective in the subcritical flow regime but also work well for the
supercritical flow. Furthermore, an effective model for venous valves is developed and distributed
throughout the venous system with consideration of their realistic numbers and locations based on
anatomic data. The simulations are validated by comparison with in vivo measurements. Our results
demonstrate that the gravitational effects are obvious and remarkable in arterial pressure, venous
pressure, venous return and cardiac output during postural changes.
Key words: Cardiovascular system, multi-scale model, confluence model, venous valve,
gravitational effects
1 INTRODUCTION
Gravitational effects on human cardiovascular system (CVS) are often ignored when ones lies
down in a horizontal position because the hydrostatic pressure caused by the gravity is of similar
magnitude in all parts of the body [1]. However, the gravitational effects can become much more
pronounced when one stands in an upright position or changes postures dynamically, which usually
have more impact on venous system rather than arterial system because of the low venous pressure
and the relatively high compliance of the veins [2]. However, compared with a remarkable increase
in mathematical modeling of the CVS, very few have considered the influence of postural changes.
In the past decades 1D mathematical models of the CVS [3] have been proven to be a
powerful tool to provide useful information on cardiovascular system in terms of flow rate and
pressure, but with relatively lower expense compared to 3D models. More recently, some attention
have been given toward to closed-loop, multi-scale mathematical modeling of the entire human
circulation [4]. However, with the introduction of gravitational effects a transcritical flow may
occur in the venous system when the flow velocity exceeds wave speed [5], and it is highly
desirable to develop a mathematical model that is capable to deal with the crucial conditions under
the transcritical state. In this study we aim at establishing a mathematical model, which is capable
to quantitatively assess the gravitational effects on CVS functions, by developing a closed-loop,
multi-scale mathematical model of the entire CVS with a robust confluence model and a novel
venous valve model incorporated.
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1

2

METHODOLOGY

The multi-scale, closed-loop mathematical model shown in Figure 1 consists of four compartments:
a 1D arterial network, a 1D venous network, a 0D cardiac-pulmonary circulation, and a 0D arterialvenous interface. The entire arterial network is divided into 55 arteries; the entire venous network
is divided into 73 veins. The 0D cardiac pulmonary is used to drain the blood from vena cava and
supply blood to aorta. The 0D lumped-parameter vascular bed based on three-element windkessels
are used to connect terminal arteries and veins, including arterioles, capillaries and venules. The
cardiac-pulmonary circulation is modeled with a lumped-parameter electrical analog model.

A

C

B

D

E

Figure 1. Schematic diagram of a multi-scale mathematical model of the CVS. A: 0D cardiac
pulmonary circulation. B: 1D arterial network. C: 1D venous network. D: 0D arterial-venous
interface. E: 0D vascular bed linking artery and vein.
The 1D governing equations for blood flow in arterial and venous vessels are derived based on the
conservation of mass and momentum such as:
∂A ∂Au
(1)
+
=0,
∂t ∂x
∂u
∂u 1 ∂p
+u +
+ f − gsin θ = 0 ,
(2)
∂t
∂x ρ ∂x
where x denotes the axial coordinate along the vessel, t time, A(x, t) the cross-sectional area of the
vessel, U(x, t) the average axial velocity, p(x, t) the average internal pressure over the cross section,

2
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ρ the density of blood, g the gravity acceleration (θ is the angle between vessel axis and horizontal),
and f(x, t) the friction force per unit length. To close the system, a tube law is employed such that:
pt ( x, t ) = p ( x, t ) − pe ( x, t ) = K ( x ) F (α ) ,
(3)
where the transmural pressure pt represents the difference between the internal pressure p and
external pressure pe, and K denotes the tube’s bending stiffness, which can be expressed as:
( 1 Eh0
for artery
*
2
*1− υ r0
,
(4)
K =)
3
"
%
h0
E
*
for vein
*12 (1− υ 2 ) $# r '&
0
+
where E is Young’s modulus, υ the Poisson’s ratio, h0 and r0 the thickness of vessel wall and vessel
radius under zero transmural pressure, respectively. Given the coefficient of α=A/A0 as reduced
area, the function F(α) based on the tube law, is defined as
F (α ) = α m − α −n ,
(5)
which is for artery with m=0.5, n=0, and for vein with m=10, n=1.5, respectively.
Furthermore, the speed of pulse wave in both arterial and venous vessels can be expressed in a
unified manner as
A∂p
K
(6)
c=
=
( mα m + nα −n ) ,
ρ∂A
ρ
where the vessel stiffness is given empirically for systematic arteries and veins.
Here we propose a new robust method as a confluence model, which is designed to be capable to
effectively evaluate flow across branching and merging points for both sub-critical and supercritical states in arterial and venous networks. A variety of benchmark tests on the confluence
model have verified the conservation of both mass, momentum and the pressure continuity at
several typical bifurcations and confirmed its validation in both sub-critical and super-critical states.
We further propose a novel venous valve model, in which the pressure and flow relationship across
the venous valve is derived from the Bernoulli equation and the time-varying venous valve area is
defined and controlled by an index of valve state. This venous valve model is then distributed in the
entire venous system based on anatomic data because it is essential to investigate the gravitational
effects of posture on venous pressure and flow.
3 RESULTS AND CONCLUSIONS
Validation of the simulations of blood pressures and flow rates with the present multi-scale
mathematical model was first performed in both arterial and venous systems, which showed
reasonable agreements with the reliable data of in vivo measurements. Figure 2 illustrates a
comparison of the pressure waveforms in main veins. Note that Figure 2A(top) shows the measured
internal jugular venous pressure waveform and Figure 2A(bottom) the computed results: the “a”,
“c” and “v” waves are well predicted by our model. The excellent agreement of the pressure
waveform in superior vena cava between is also observed between the in vivo measurement ‘Figure
2B (top)) and the simulation (Figure 2B (bottom)).
The gravitational effects on the human cardiovascular system was studied by an investigation of the
blood pressures in seven postures over a range from varying from 0° (supine) up to 90° (upright) by
an increment of 15° (Figure 3A). It is observed that both arterial and venous pressure increase
bellow heart level, but decrease above heart level, during postural change from supine to upright.
The average venous pressure along venous tree obviously shows a remarkable increase in the
upright position compared with the supine position, especially in the terminal vessels (Figure 3B).
The predicted pressure in posterior tibial vein can reach as high as 100mmHg in the upright
position, which is consistent with physiological observations. This is mainly caused by the
hydrostatic pressure exerted by the column of the blood between the heart and the veins.
Furthermore, in the upright position, blood volume is shifted towards the lower extremities under
the effect of gravity because of the high compliance of veins. Thus the pressure and blood volume
reach a high level in lower extremities.
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3

Figure 2. Comparison of pressure and flow rate in main systemic veins between model predictions
and in vivo measurements.

A

B

Figure 3. Schematic of human body postural change from supine to upright and Average venous
pressure along venous tree in supine and upright position.
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SUMMARY
In this study, we have developed a human left ventricular model using a hybrid immersed boundaryfinite element description. The left ventricle model is built based on clinical cardiac magnetic resonance images, and completed with the inflow (left atrium) and outflow (aorta) tracts. The model
is used to simulate the left ventricular dynamics with fully-coupled fluid structure interaction, with
parameters optimised to match the magnetic resonance imaging data, and the results are in reasonably
good agreement with the in vivo measurements.
Key words: left ventricular modelling, fluid structure interaction, immersed boundary method

1

INTRODUCTION

Heart diseases are the leading causes of death worldwide, claiming millions of lives every year. There
is a growing recognition that computational approach for ventricular biomechanics, when used in line
with clinical images, can provide insights into heart function and dysfunction. Cardiac dynamics are
complex multiphysics problems that involve dynamic blood flow, electrophysiology of the excitable
myocardium, anisotropic nonlinear deformation of the ventricular wall, and mostly importantly, the
interactions between them [1]. Substantial effort has been devoted to developing computational models of the heart [2–4]. However, three-dimensional modelling of the heart that fully accounts for
fluid-structure and electro-mechanical interactions still present significant computational challenges.
To date only a couple of models have been developed to simulate the fluid structure interaction (FSI)
of ventricular dynamics, in which the arbitrary lagrangian-Eulerian approach is adopted [5, 6].
The immersed boundary (IB) method is an alternative approach for FSI simulation [7]. One of the
recent extensions of IB is the hybrid finite difference-finite element method (IB/FE) [8], which is
capable of simulating left ventriclular (LV) dynamics with hyperelastic representation of the fibrereinforced myocardium [9]. In this study, we develop a more completed IB/FE human LV model with
aorta and atrium tracts, based on clinical cardiac magnetic resonance (CMR) imaging, so that the
flow field inside the LV is more realistic. In this model, both the passive and active parameters of the
myocardium are inversely determined so that the predicted LV dynamics agree quantitatively with the
image-based measurements. Preliminary results of the LV dynamics throughout cardiac cycles will
be shown with fully coupled FSI.
2

METHODOLOGY

CMR imaging was performed on a young volunteer. The study was approved by the local ethics
committee, and written informed consent was obtained before the study. Ventricular wall boundaries
were extracted at early diastole when the LV pressure is lowest. The wall boundaries were imported
into SolidWorks (SolidWorks Corp., Waltham, MA USA) to generate the three dimensional geometry
via B-spline surface fitting. The rebuilt LV geometry is shown in Fig. 1(a). Notice that the geometries
above the two valvular rings are not derived from the CMR images; they are the artificial extensions
for applying flow boundary conditions. Furthermore, only the region bellow the basal plane (referred
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to as the LV region) is modelled to have the contractility. The valvular region, the inflow and outflow
tracts, are assumed to only passively bear the load. The myofibre angle rotates from 60 to 60
from endocardium to epicardium, and the sheet angle rotates from 45 to 45 .
(a)

(b)

(c)

Figure 1: Reconstructed LV model with inflow and outflow tracts(a), schematic illustration of boundary conditions of the IB/FE LV model (b), and the lumped three-element Windkessel circulation
model (c) with characteristic resistance Rc , peripheral resistance Rp and arterial compliance C.
The IB/FE description of the fluid-structure coupled system can be found in [8] and [9]. The simulations are carried out using the open-source IBAMR software framework (http://ibamr.googlecode.
com). The LV model is immersed in a 16.5 cm ⇥ 16.5 cm ⇥ 16.5 cm fluid box, with the inflow and
outflow tracts attached to the top plane as shown in Fig. 1 (b). The inflow and outflow tracts are fixed
during the simulations using a strong tethering force. Since only the LV region can actively contracts,
the longitudinal and circumferential displacements of the LV base are set to be zero, with the radial
motion allowed. The reminder of the LV region is left free. We model the myocardial stress tensor
as the summation of the active and the passive stress tensors, i.e. s = p + a . Readers may refer
to [4] for active tension modelling. An isotropic hyperelastic material model is used to describe the
valvular region, with much lower stiffness than that of the LV region. The valvular and the LV regions
overlap slightly (⇡1mm), which allows the valvular region to follow the LV basal motion. The inflow
and outflow tracts are fixed during the whole simulation.
During diastolic filling, we apply the pressure directly to the endocardial surface of the LV region
until it reaches the end-diastolic value (8 mmHg), with volumetric flow rate Qout = 0 in the outflow
boundary @⌦out , and zero pressure in the inflow boundary @⌦in (Pin = 0), as shown in Fig. 1 (b).
These are simplified boundary conditions to mimic the sucking effect of the rapid diastolic filling
phase. During isovolumetric contraction, we set Qin = Qout = 0. When the LV pressure is greater
than the diastolic aortic pressure, systolic ejection begins, and we set the diastolic aortic pressure to
be the measured diastolic cuff pressure (85 mmHg) (taken from the brachial artery of the volunteer).
During the systolic ejection, a three-element Windkessel circulation model [10] is connected to the
outflow boundary as shown in Fig. 1(c). When Qout approaches zero, indicating the closure of the
aortic valve, we set Qout = 0, and disconnect the circulation model from the LV model. There is no
flow at @⌦in in the systole. During isovolumetric relaxation, Qin = Qout = 0. The model is then run
for another cardiac cycle. Before starting the next cardiac cycle, the LV model is allowed to reach a
fully relaxed state with Pin = 0, Qout = 0 and a = 0.
3

RESULTS

The material parameters are optimized by matching the end-diastolic and end-systolic volumes of
the healthy volunteer and the regional circumferential strain estimated from the cine images using a
multi-step optimization scheme [11]. The measured end-diastolic volume from the short axis images
is 143 mL with an ejection fraction 57%; the computed end-diastolic volumes from the optimized
model is 142.6 mL with an ejection fraction 52%, which is slightly lower than the measured ejection
fraction.
The computed LV pressure-volume loop is shown in Fig. 2 (a). The diastolic filling starts from the
left bottom corner with linearly ramped pressure until it reaches the end-diastole. The isovolumetric
contraction is the second phase where the pressure increases sharply. When the ventricular pressure
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exceeds the diastolic aortic pressure (85 mmHg), the blood is ejected towards the aorta, and ventricular ejection phase then begins. It takes about 51 milliseconds for the LV model to develop a high
enough ventricular pressure to open the aortic valve from end-diastole. Ejection continues until the
end-systole when the ventricular pressure at end-systole is 107 mmHg. Then isovolumetric relaxation occurs, during which time the ventricular pressure drops dramatically. The peak LV pressure
computed in systole is 161 mmHg, this is slightly higher than the measured systolic cuff pressure
(150 mmHg). Fig. 2 (b) compares the simulated aortic flow rate with the CMR measurements across
the aortic valve during systole. The peak flow rate from the IB/FE model is 491 mL/s, very close to
the measured peak value, 498 mL/s. However, the peak in the IB/FE LV model arrives earlier, and
with a shorter systolic duration (256 ms) compared to the in vivo measurement (300 ms).
(a)

(b)

Figure 2: (a): Simulated LV pressure-volume loop. (b): the aortic flow rates comparison between the
IB/FE LV model (black) and the CMR measurements (red). Note that 0 ms is the beginning of the
systolic ejection, or the end of the isovolumetric contraction.
Figs. 3 (a, b) show the deformed endocardial wall at middle-diastole and middle-systole superimposed
with a three-chamber long axis view from the CMR images. The simulated endocardial wall motion
agrees well with the CMR images throughout the cardiac cycle. Figs. 3 (c, d) show the streamlines
at middle-diastole, middle-systole. We can see that vortices are formed inside the LV cavity during
diastolic filling. During systole, the blood is pushed out towards the aorta with a strong jet.
(a)

(b)

(c)

(d)

Figure 3: Wall deformations at middle-diastole (a) and middle-systole (b); Ventricular flow patterns
at middle-diastole (c) and middle-systole (d), coloured by velocity magnitude.
4

CONCLUSION

In this study, we have developed a contractile human LV model with inflow and outflow tracts, using
a hybrid IB/FE formulation. It incorporates clinical in vivo measurement, fluid structure interaction,
and a simplified electro-mechanical coupling model for active contraction. The model is used to
simulate both LV wall dynamics and ventricular flow throughout a cardiac cycle. The simulated LV
deformations agree well with that from the CMR imaging, and the computed aortic flow rate is also
close to the measurement. This personalized modelling approach enables us to predict in greater
details of the fluid-structure interaction compared with the previous truncated LV models [4,9]. Work
is in progress to insert the heart valves into the LV model so that more realistic flow field can be
obtained.
Limitations of this study are as follows: (a) the current heart model does not include the other three
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heart chambers, and also the pericardium and valvular leaflets; (b) a simplified myocardial excitation
model with spatially uniform calcium dynamics is used to trigger the active contraction, the coupling
of action potential propagation with the current LV model will potentially improve the modelling
results; (c) the myocardial fibre structure is rule-based, but not subject-specific; (d) the systemic circulation model is represented by a lumped three-element Windkessel model, we are presently working
to incorporate the entire arterial tree to provide more physiological pressure and flow profiles in the
whole circulation.
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2

SUMMARY
We addressed challenges and opportunities regarding mathematical modelling of venous haemodynamics of the Central Nervous System, including physiological, mathematical, algorithmic and pathological aspects. In addition we describe a recently proposed global mathematical model for the human
circulation equipped here with a sub-model for venous valve dynamics. We show some applications
to the study of the impact of extracranial venous anomalies on intracranial venous haemodynamics
and the potential relation to neurological diseases thought to have a venous origin.
Key words: Mathematical Modelling, Venous Haemodynamics, Magnetic Resonance Imaging, Neurovascular Diseases, Numerical Algorithms

1

INTRODUCTION

Computational haemodynamics has made significant progress in recent years on the arterial side of
the human circulation [1]. Much is known about the physiology, morphology and bio-physical parameters; mathematical models and computational methods have been taken a long way. Progress on
the venous system, however, has remained well behind its arterial counterpart. Major challenges of
the venous system include knowledge on its basic physiology, morphology, its bio-physical parameters and the strong nonlinearities associated with its typical large deformations, which challenge the
robustness of numerical algorithms. Moreover, in order to pursue physiologically meaning studies
of the venous system, it becomes crucially important to regard it as a part of the complete human
circulation, which poses additional challenges. Awareness of the relevance of the venous system has
been increased by recent medical research that has identified a number of pathologies of the Central Nervous System that are or may be associated to venous blood flow. Such pathologies include
Multiple Sclerosis, Retinal Abnormalities, Transient Global Amnesia, Transient Monocular Blindness, Menieres Disease and Idiopathic Parkinson’s Disease. Therefore, advances on the mathematical
modelling of the venous side of the circulation is becoming an important research issue.
2

METHODOLOGY

A global model for the circulation, with special emphasis on the cerebral venous system, has recently
been proposed by Mueller and Toro in [2]. This includes sub-models for the arterial system, the
microvasculature, the venous system, the heart and the pulmonary circulation. The model adopts
a geometric multi-scale approach comprising 1D models for major vessels and 0D models for the
remaining components. Particular attention is paid to the brain venous system, allowing the use of
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Figure 1: Cardiac-cycle averaged flow rate in head and neck veins: computational results versus MRI flow
quantification data. SSS: Superior sagittal Sinus;StS: Straight Sinus; TS: Transverse Sinus; IJV: Internal Jugular Vein.

MRI-acquired patient specific geometries. In [3] the basic circulation model of [2] was enhanced
by refining the representation of the cerebral venous system, including models for the Starling-like
behaviour of cerebral veins and admitting the interaction of the blood with the cerebro spinal fluid.
The model has been partially validated by using available data in the literature and specially obtained
in vivo MRI cerebral flow quantification data. Fig. 1 shows a comparison of our computations against
measured MRI data for a subject in supine position. Comparisons are done for veins in the head and
neck.
In this paper we further enhance the model [2], [3] in order to study the potential link between venous
valves and some neurological diseases. We include a submodel for venous valves in the extracranial
venous system, by adapting the valve model recently proposed by Mynard et al. [4].
Fig. 2 shows the results of a sample computation for evaluating the intracranial haemodynamical
effect of a stenosis in the Left Internal Jugular Vein. Fig. 2 depicts a slight flow reduction and an
appreciable pressure increase in the right Basal Vein of Rosenthal (+1.5 mmHg, +11%). Similar
effects are seen in other intracranial veins. These calculations are motivated by the hypothesis that
Idiopathic Parkinson Disease may be linked to extracranial venous abnormalities [6].
3

RESULTS AND CONCLUSIONS

In spite of the progress made so far, many issues, at various levels, remain to be addressed. One route
is to extend the geometric multi-scale approach to include 3D fluid/structure interaction models for
specific venous districts of interest. In [5] we reported partial results in this direction, restricting the
local 3D model to rigid walls, a major limitation that needs to be addressed in the future. Concerning
mathematical and numerical algorithms, much remains to be done. Issues to be addressed in this talk
include the following: (a) treatment of variable material properties in 1D averaged models, including
discontinuities, and the appearance of resonance and ill-posedness; (b) high-order of accuracy seen
in terms of efficiency, that is how one can achieve a prescribed, small discretization error at the
lowest cost; experience tells us that high-order methods can do the job; (c) treatment of junctions to
allow the occurrence of critical flow and preserve high order of accuracy; (d) robustness of numerical
algorithms for physiological and pathological conditions.
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Figure 2: Computed pressure and flow in the Right Basal Vein of Rosenthal for a healthy control (HC) and
left-stenosed (LC) subject.
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SUMMARY
The present work aims at developing a mathematical model in order to reproduce hemodynamics
changes due to liver surgeries. First, a 0D closed-loop model is developed, to simulate hepatectomy
and compute post-operative average values. Due to the closed loop, the surgery impact both on and
from the whole circulation can be captured, including bleeding and infusion. Then, a one-dimensional
artery model is implemented to improve the closed-loop model and simulate better the changes in
arterial waveforms due to surgery.
Key words: Reduced-order model, Closed-loop model, Hemodynamics, Hepatectomy

1

INTRODUCTION

The liver is an organ which has the capacity to regenerate. To heal some pathology (like liver cancer) a partial ablation of the liver, called partial hepatectomy, is required. For a healthy human liver,
the ratio of remaining liver volume to total liver volume must be at least 20 to 25% for functional
regeneration of liver mass [1], but sometimes more would need to be resected. Patient undergoing
liver surgery often suffer from liver diseases, implying a reduction of liver function and regeneration
capacity. Thus, after liver surgery some patients suffer from post-operative liver failure due to insufficient functional liver mass.
The liver has a complex perfusion, and when partial hepatectomy is performed, even perfectly, the
remaining liver experiences significant hemodynamics changes. These changes depend on the remaining liver size. The important modifications of liver hemodynamics are hypothesized to be a reason for
non-functional liver regeneration. In this context, computational simulations of liver hemodynamics
after partial hepatectomy could help to better understand the cause of their modifications. Key parameters such as pressures or flows after different percentage of liver ablation could be predicted.
To our knowledge, few works exist on liver hemodynamics modeling. Chu and Reddy proposed a
complex mathematical model of the splanchnic circulation [2]. Their work shows that the elevation
of vena cava pressure leads to portal hypertension and increases liver interstitial fluid volume. Rypins et al. [3] proposed a Wheastone bridge model for splanchnic circulation modified by a variable
resistance. The resistance value is chosen to represent portocaval shunt of different diameters. They
predicted portal flow for different portocaval shunt diameters. Debbaut et al. modeled the impact of
partial hepatectomy in rat with an electrical analogue [4]. They performed 3D reconstructions of rat
liver vasculature to obtain a 0D model with resistances. Parametrization of the model was done based
on mean values from the literature.
In this work, temporal dynamics for blood flow and pressure are modeled and, in order to take into
account the effects of the global circulation during surgery, a closed-loop model is implemented. First
a 0D model is considered to understand the main effects of the surgery. To better capture temporal
dynamics, in a second step, the modeled in enriched by replacing part of it by a 1D model.
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Figure 1: Simulation of bleeding (left) and infusion (right) in a 0D closed-loop model. Pressure in the portal
vein is plotted over 40 cardiac cycles.

2

0D CLOSED-LOOP MODEL

The 0D closed-loop model is based on works from Liang and Liu [5] and Blanco and Feijo [6]. Five
compartments (heart and lung, liver, gut and other organs) are studied, where each compartment is a
resistance-capacitance-resistance unit (Windkessel model). The differential-algebraic equations system is solved with the IDA package from Sundials [7], using Backward Differentiation Formula and
Newton method. After manual tuning of the model parameters to have a good agreement with preoperative mean values, partial hepatectomy surgery is simulated. The post operative average values are
close to the measured ones, except for the portal vein pressure, which is overestimated. During surgeries, bleeding or infusion occur. Such a global circulation model allows to simulate these changes
and take them into account for the liver surgery simulation. Figure 1 shows the portal vein pressure
when simulation of bleeding/infusion is performed. As observed during surgeries, infusion increases
pressures and bleeding decreases pressures.
In this first model, the change in arterial waveform due to the distance to the heart is not well represented. Instead of adding compartments to the 0D model to improve the wave shapes, a 1D-0D
closed-loop model is developed. Indeed, this type of model can more naturally take into account this
phenomena than a 0D model.
3

1D-0D CLOSED-LOOP MODEL

A 1D-0D closed-loop model is developed. Blood in the main arteries is modeled by the one-dimensional
Euler equations of blood flow; the rest of the circulation, mainly the liver and the heart, are modeled
with 0D equations (figure 2). The 1D system of equations is discretized with a first order TaylorGalerkin approach. The 0D equations are discretized with an implicit Euler scheme. The coupling
between the two models is carried out during the 1D two-step algorithm (details can be found in [8]):
– First, the 1D problem is solved for the internal degrees of freedom. At the boundaries of each
branch, the values of the variables at the previous time step are imposed.
– Then, an update of the boundary node values is performed: the system of 0D equations is solved
jointly with the equations for the backward (at the inlet) / forward (at the outlets) characteristics, and continuity of pressure, by a Newton method.
The two steps are iterated until convergence. The algorithm goes then to the next time step.
With this model, changes of waveform as the artery is further away from the heart are represented.
Hepatic artery pressure and flow waveforms before surgery are better captured. Their changes due to
surgery are then simulated (see Figure 3). They are coherent with the one observed during experiments.
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Figure 2: Scheme 1D-0D closed-loop model. The dotted line arrows are all related to the vena cava compartment.

Figure 3: Hepatic artery pressure (left) and flow rate (right) over time during hepatectomy simulation.
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4

CONCLUSIONS

A 0D closed-loop model was developed. Partial hepatectomy and other phenomena such as bleeding
and infusion during liver surgery were simulated. The simulation results behaved like experimentally
observed. Then, to reproduce typical changes in arterial waveforms distally from the heart, a 1D0D closed-loop model was implemented. Liver resection surgery was simulated and hemodynamics
changes computed: the dynamics changes are in good qualitative agreement with the experiment
measurements. Future work will include better parametrization of the model (inverse problem could
be run to identify specific parameters) and finer quantification of the different mechanisms interplay.
Different size of liver resection could also be simulated to understand how the changes in wave forms
dependent on the percentage of hepatectomy.
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SUMMARY

Synthetic and a 3D reconstructed patient-specific Lumped Parameter-CFD models after the
hybrid Norwood (HN) procedure for palliative treatment of hypoplastic left heart
syndrome (HLHS) were developed to study the effects of anatomy, aortic isthmus stenosis,
and implementation of a main pulmonary to innominate shunt (reverse BT-shunt) on
overall bed perfusion and local hemodynamics. The results show consistent trends between
the synthetic and patient specific geometries on bed perfusion, vorticity, oscillatory shear
index (OSI) and wall shear stress (WSS) levels. Helicity on the other hand is shown to be
highly dependent on anatomy and level of stenosis.
Key words: Hybrid Norwood, computational model of the circulation, HLHS circulation
1 INTRODUCTION
The Hybrid Norwood (HN) procedure is a first stage procedure for neonates with HLHS that
establishes univentricular circulation and involves a less invasive strategy than conventional
treatment, avoiding cardiopulmonary bypass (heart-lung machine), deliberate cardiac arrest, and
circulatory arrest of the patient during the procedure. The HN procedure consists primarily of
branch pulmonary artery banding, stenting of the ductus arteriosus, and balloon atrial septostomy if
required. The less invasive nature of the HN and deferment of the risk of major open heart surgery
to an older age are considered to help improve survival as well as neurological and cardiac
functional outcomes. The resulting systemic-pulmonary circulation is unconventional; blood is
pumped simultaneously and in parallel to the systemic and pulmonary arteries after the procedure.
This circulation is complex and is yet to be fully understood. The HN procedure has its unique set
of complications that may arise during postoperative care, of which the most important is
obstruction in the aortic isthmus. This can occur immediately as a result of stent maldeployment or
later due to neointimal remodeling or fibrosis. Clinically important obstruction of the distal aortic
arch has been reported to occur in 24% of patients after hybrid procedures for HLHS. It has been
suggested that, in patients that develop distal aortic arch obstruction, placement of a reverse
Blalock-Taussig shunt (RBTS, main pulmonary artery-to-innominate artery shunt) could prevent
myocardial and cerebral ischemia. The RBTS is a straightforward surgical addition to the HN and,
although benefits of implementing this step remain unproven, many groups have adopted the policy
of placing this shunt as a prophylactic measure in patients with limited or absent antegrade aortic
flow, or at high risk of developing aortic arch obstruction [1].

717

2 METHODOLOGY
In order to study the complex HN circulation and the effects of shunt size and placement, a multiscale CFD model of the neonatal Hybrid Norwood circulation was developed utilizing an electrical
lumped parameter model (LPM) for the peripheral circulation coupled with a 3D Computational
Fluid Dynamics (CFD) model allowing detailed visualization of local hemodynamics.
2.1 Anatomical Models
Synthetic rigid-walled 3D models representative of an infant with HLHS following the HN
procedure were constructed assuming atresia of the aortic valve and including the ascending, mid,
and descending aorta as well as all of the aortic branch and coronary arteries. Additionally, an MRI
derived, post HN procedure, patient specific anatomy was reconstructed using medical image
segmentation software. A total of eight rigid-walled models were developed for each of the
synthetic and patient derived anatomical models separately. Model 1 is a nominal model analogous
to  the  standard  HN  procedure  with  “typical”  hypoplasia of the distal arch, Model 2 is a stenosed
model where part of the computational domain was removed at a point proximal to the patent
ductus arteriosus and distal to the left subclavian artery (LSA) to decrease the lumen of the
transverse aortic arch (90%) representing a severe discrete stenosis, while Models 3-8 were
developed by modifying Models 1 and 2 for the two anatomical models incorporating a RBTS, that
is, a 4.0mm, 3.5mm or 3.0mm diameter x 21mm length bypass graft from the main pulmonary
artery (MPA) to the innominate artery (IA). The dimensions of the synthetic model were chosen to
be representative of a typical HN patient as reported in [2]. In the patient derived anatomical
model, the coronary arteries were synthetically extended from their respective roots on the
ascending aorta and the pulmonary arteries were extended and banded synthetically because the
resolution/contrast of the MRI did not allow for an accurate reconstruction.

A

B

C
Figure 1: A) Synthetic model anatomical configurations: Nominal (Top Left), Nominal RBTS (Top Right), 90% stenosis
(Bottom Left), 90% stenosis RBTS (Bottom Right). B) Patient specific anatomical model: Nominal (Left) and Nominal +
RBTS (Right). C) Patient specific, 90% stenosis (Left) and Nominal stenosis (Right).
Table 1: Eight models for each of the two anatomical configurations: (a) synthetic (S1-8), and (b) patient-derived (P1-8).
Model type

Shunt size

Synthetic Nominal

( S1)

3mm x 21mm RBTS (S3)

3.5 mm x 21mm RBTS

(S4)

4 mm x 21mm RBTS (S5)

Synthetic 90% stenosed

(S2)

3mm x 21mm RBTS (S6)

3.5 mm x 21mm RBTS (S7)

4 mm x 21mm RBTS (S8)

Patient-derived Nominal

(P1)

3mm x 21mm RBTS (P3)

3.5 mm x 21mm RBTS

(P4)

4 mm x 21mm RBTS (P5)

Patient-derived 90% stenosed

(P2)

3mm x 21mm RBTS (P6)

3.5 mm x 21mm RBTS

(P7)

4 mm x 21mm RBTS (P8)
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2.2 CFD Model
Solid models were imported into Star-CCM+ (CD-Adapco, NY), a commercial Finite Volumebased CFD software. A high quality mesh was obtained for all models providing grid-independence
and adequate capture of the boundary layer and detailed flow features. The number of volumes
used varied in the range between 1 and 3.1 million, depending on the anatomy. Blood was modeled
as  an  incompressible  Newtonian  fluid  with  density  of  ρ=1060kg/m3 and  viscosity  of  μ=0.004Pa-s.
The time step of 4.62ms provided time-independent solution for a 130 bpm heartrate. Waveforms
provided by the LPM are used to impose an unsteady stagnation pressure inlet at the MPA root and
prescribe unsteady flow splits as arterial outlet boundary conditions.
2.3 Lumped Parameter Model
A closed-loop lumped parameter model of the
peripheral circulation was implemented as
developed in our previous work [2] and by
other groups [3] for HLHS and other congenital
heart disease applications. A 32 state variable
closed-loop circuit representation of the
systemic and pulmonary circulation leads to
coupled ordinary differential equations that are
solved via a 4th order adaptive Runge-Kutta Figure 2: LPM circuit schematic: ventricular function is
integrator. The nominal LPM parameters were simulated using a time-varying elastance and coronary
iteratively tuned to provide physiologically perfusion is controlled using a variable resistance based on
ventricular function.
correct flow and pressure waveforms based on
catheter data. The output perfusion values of the LPM are matched within 1% for both synthetic
and patient specific anatomies in the nominal case. The nominal LPM parameters are held constant
in subsequent simulations in which the RBTS, as well as various levels of stenosis in the isthmus,
are introduced into the 3D model.
3 RESULTS AND CONCLUSIONS
Stenosed configurations have an important reduction in flow (around a 30% and 15% reduction in
arterial bed perfusion in 90% stenosis cases for the synthetic or patient specific configurations,
respectively) and a loss in pressure and pulsatility. In stenosed RBTS cases, the RBTS compensated
for distal arch obstruction, restoring cardiac output, coronary and arch branch flow and pressure to
near nominal levels.
3.1 Synthetic Anatomy Flow Field
Disorganized flow patterns characterize the shunt flow field in the Nominal 4.0mm RBTS
configuration with helical flow structures developing during diastole. Generally, the 3.0mm RBTS
configurations exhibit a higher velocity and more organized shunt flow throughout the cardiac
cycle. The Nominal 3.0mm and 3.5mm RBTS configurations do not exhibit the helical flow
through the shunt during diastole while helical flow is present in the 4.0mm model
3.2 Patient Specific Anatomy Flow Field
The Nominal 4.0mm RBTS configuration features a more uniform flow through the shunt as
compared to its synthetic analog during most of the cardiac cycle, with less helical structures
forming. The Nominal 3.5mm and 3.0mm RBTS configurations exhibit similar overall
hemodynamics as in the Nominal 4.0mm case, however, the smaller diameter shunts had a less
prevalent recirculation zone at the root of the IA and a more uniform shunt flow throughout the
cardiac cycle. In general, shunt flow is more uniform and is increasingly so as the shunt is reduced
in diameter. The RBTS placement in severely stenosed cases is seen to increase retrograde flow
(away from the arch) during diastole to higher degree (153% on average for all RBTS diameters)
than it increased antegrade flow (towards the arch) (62% on average for all RBTS diameters)
relative to the nominal non-stenosed case.
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3.3 WSS and OSI
The prominent areas of high WSS in all models include shunt anastomosis sites, pulmonary
banding region, stenosis region, and the root of the LSA. Areas of high OSI in all models include
the mid-RBTS, left and right carotid roots, stenosis region, and the descending aorta (DA). Both
synthetic and patient specific configurations exhibit very similar trends with respect to the effects
of shunt diameter on WSS and OSI. Configurations with 4.0mm shunt exhibit less wall shear stress
in critical regions such as the shunt anastomosis sites and stenosis surroundings. There are no
considerable changes in OSI due to shunt diameter for the two anatomical cases.
3.4 Vorticity and Helicity
Vorticity increases as the shunt diameter decreases, and an increased velocity magnitude through
the shunt increases the vorticity generated at the walls. The cycle averaged vorticity increases from
nominal to severe stenosis. The vorticity compares similarly for patient specific and synthetic
cases, in fact, the difference from synthetic to patient specific cycle averaged vorticity for the
combined shunt diameters is 10% in nominal configurations and -1% in severe configurations. The
motivation for investigating helicity is the potential of helical flow structures to reduce shunt
stenosis by stabilizing the flow [4]. In contrast to the behavior of vorticity, helicity is highly
dependent on the anatomy under consideration. In the synthetic cases, helicity is higher in the
nominal configurations, with the opposite occurring in the patient specific cases. The results
obtained show that there is little correlation between helicity and shunt size.
3.0mm

4.0mm

3.0mm

4.0mm

Cycle Averaged Wall Shear Stress (dyne/cm2)
0.0

6.0

12.0

18.0

24.0

30.0

Figure 3: LEFT: Area averaged vorticity and helicity of flow through shunt over one cardiac cycle. RIGHT: Contour
plots of cycle averaged wall shear stress magnitude. Severe (90%) stenosis cases shown, synthetic anatomy (Top) and
patient specific anatomy (Bottom).
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SUMMARY
Baroreflex (BR) and cerebral autoregulation (CA) are two important mechanisms regulating blood
pressure and flow. However, the functional relationship between BR and CA in humans is unknown.
Since BR impairment is an adverse prognostic indicator for both cardiac and cerebrovascular diseases
it would be of clinical interest to better understand the relationship between BR and CA. Motivated
by this observation we develop a simple mathematical framework aiming to simulate the effects of
BR on the cerebral blood flow dynamics.
Key words: cerebral autoregulation, baroreflex, blood pressure, modeling

1

INTRODUCTION

Baroreflex (BR) is the main short-term blood pressure (BP) regulation mechanism of the cardiovascular system (CVS). It aims to provide adequate perfusion of all tissues by maintaining blood flow
and pressure at homeostasis by regulating heart rate (HR), vascular resistance, compliance and other
variables of the CVS. Cerebral autoregulation (CA) is a physiological mechanism which aims to
maintain blood flow in the brain at an appropriate level during changes in BP. It is achieved by regulating cerebral arteriolar vessels to match the cerebral blood flow (CBF) with the metabolic demands
of the brain.
Although it has been known that both BR and CA are central in maintaining appropriate CBF the
functional relationship between the two mechanisms in humans is unknown. Discerning the fundamental links between BR function and CBF regulation is of clinical significance, because BR impairment is a negative prognostic factor for cardiac and cerebrovascular disease [8, 7]. Motivated by this
we develop a mathematical framework aiming to simulate the effects of BR on the cerebral blood
flow dynamics. The novelty of the approach lies in inferring the neural activities (sympathetic and
parasympathetic) from the HR model and integrating them with the haemodynamic model and the
CBF regulation. The framework is based on the current understanding of the physiology underlying the regulation mechanisms (both BR and CA) and allows to hypothesize the relative influence of
sympathetic and parasympathetic firing rate on the CBF dynamics.
2
2.1

METHODOLOGY
Heart rate regulation

The control of HR is an important aspect of BR for maintaining homeostasis. Typically, BR is divided
into an afferent part, a control center, and an efferent part [2]. The firing rate of the afferent baroreceptor neurons is modulated by changes in the viscoelastic stretch of the nerve endings which are
embedded in the arterial wall of the aorta and carotid sinuses. The sympathetic firing rate increases
the concentration of noradrenaline (NAd) via a slow pathway which, in turn, raises the HR. Parasympathetic firing rate, on the other hand, increases the concentration of acetylcholine (ACh) which is
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Figure 1: Model of interaction between BR and CA. (A): Baroreflex regulation of heart rate model (HRM).
Arterial blood pressure Pa causes the changes in arterial wall strain and triggers a baroreceptor firing rate.
The sympathetic fS and parasympathetic fP activities are generated within NTS and are involved in the heart
rate control by modulating the release of acetylcholine, from the vagal nerves, and noradrenaline from the
postganglionic sympathetic nerves. (B): Haemodynamic model (HDM). Electrical analogue of the cerebral
haemodynamic and intracranial dynamics. (C) CBF regulation mechanisms. The schematic representation of
the assumed interaction between HRM and HDM.

released through a slow and fast pathways that form the total concentration leading to a reduction of
HR.
Figure 1(A) shows the block structure of the BR regulation of HR model (denoted HRM) used here
to infer the sympathetic fS and parasympathetic fP activities by fitting the HR prediction of HRM to
human HR data. For more details and the basal values of the parameters see [5, 4].
2.2

Haemodynamic model

Figure 1(B) depicts electrical circuits representation of the haemodynamic model (denoted HDM)
used in this work. It includes the arterial, capillary and venous compartments. This division reflect
some fundamental functions played by each compartment such as regulation of CBF (arteries), gas
transport (capillaries), regulation of CBV (veins). The model assumes constant intracranial pressure,
which is a reasonable assumption due to a relatively short time-series data used in our simulation.
The autoregulation mechanism is achieved by changing the compliance Ca (discussed later in more
detail) which, in turn, changes the resistance of the small arteries Rsa . Since that the objective of the
present work is to show qualitatively the influence of BR on CA, the computation of CBF via HDM
can be thought of as performed in arbitrary units. This relative CBF (denoted rCBF) is computed as
q=

Psa Psv
,
Rsa + Rsv

(1)

where Psa and Psv is the cerebral blood pressure at the nodes (sa) and (sv), see Figure 1(B). The
venous Cv and intracranial Cic compliances as well as large arterial Rla and large venous Rlv resistances are assumed constant. For the basal values of the parameters and other details see similar
approaches employed previously in, e.g., [9, 6].
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2.3

Feedback mechanisms

The flow of blood to the brain is modulated both by local and global mechanisms including neurovascular coupling, changes in arterial partial pressures of oxygen and carbon dioxide, and the CBF
feedback mechanisms. These regulatory responses act collectively to maintain CBF and oxygen supply to the brain amidst changes in arterial BP.
Figure 1(C) shows the conceptual model of the interaction between HRM and HDM, indicating the
CBF regulation mechanisms implemented in our simulations. As a first step, we assume here that the
changes in partial pressure of oxygen and carbon dioxide are constant. The CBF feedback regulation
is assumed to act with a delay via first order filter, with a time-constant ⌧q , of the form
⌧q

dxq
=
dt

q o )/q o ,

xq + Gq (q

(2)

where q o is the baseline value of the CBF and Gq is the adjustable CBF feedback gain. The reduction
of this gain can be interpreted as the impairment of the CBF regulation. Following [1, 6] the neuralbased CBF regulation mechanism is modeled as the second-order differential equation
⌧n1

d2 xneu
dxneu
+ ⌧n2
+ xneu = Gneu u(fS , fP ),
2
dt
dt

(3)

where ⌧n1 and ⌧n2 are the two time-constants, and Gneu is the gain of the neural-based stimulation.
The function u(fS , fP ) combines the influence of sympathetic fS and parasympathetic fP activities
and is modeled as the following weighted sum
(4)

u(fS , fP ) = ↵fS + fP ,

where ↵ and are the normalized proportionality constants such that |↵| + | | = 1. This produces a
quantity xneu , which represents the neural-based contribution to the CBF regulation mechanism. The
changes in arterial compliance will be influenced by a combination of the above regulatory responses,
i.e. the CBF feedback xq and the neural-based xneu . We consider here the simplest case by assuming
that all the mechanisms act in a linearly additive way
xall = xneu

xq .

Following [6, 9] the influence of all the contributions of the regulatory responses xall on the arterial
compliance Ca is modeled using an asymmetrical sigmoidal function with upper and lower saturation
levels:
8
⇣
⌘
Ca = Cao +

>
>
>
<
>
>
>
:

Ca+ tanh

Ca tanh

where Cao is the baseline arterial compliance; and
(resp. negative) change in arterial compliance.
3

2xall
,
Ca+

⇣ 2x

all

Ca

⌘

,

xall

0

xall < 0,

Ca+ (resp.

Ca ) is the amplitude of positive

RESULTS AND CONCLUSIONS

Figure 2(left) shows the simulation of the BP at various nodes of the haemodynamic model HDM
(see Figure 1(B)) and the corresponding rCBF (see (1)) during sit-to-stand experiment assuming no
neural activities, i.e. Gneu = 0. Here Pa is the input pressure (data) and Pj , where j 2 {sa, c, sv} is
the simulated pressure at various nodes indicated in Figure 1(B).
Figure 2(right) shows the input pressure (Pa ) and the inferred sympathetic fS and parasympathetic fP
activity, which are estimated by fitting HRM, schematically represented in Figure 1(A), to the BP/HR
human data. The simulated rCBF under dominant sympathetic (fS > fP ) and parasympathetic
(fP > fS ) activity are denoted by rCBFS and rCBFP (dotted black), respectively; these are plotted
agains rCBF with no neural activity, i.e. Gneu = 0 (continuous red), to facilitate the comparison of
the simulated relative changes of the CBF.
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Figure 2: Neural-based simulation during sit-to-stand experiment. Left: Blood pressure simulations at various nodes of the haemodynamic model (HDM) and the corresponding relative cerebral blood flow (rCBF)
changes during sit-to-stand experiment with no neural activities, i.e. Gneu = 0. Here Pa is the input
pressure (data) and Pj is the HDM-based simulated pressure at the node j 2 {sa, c, sv}, see Figure 1(B).
Right: The input pressure Pa and the simulated sympathetic fS and parasympathetic fP activity estimated by
fitting the heart rate model (HRM), see in Figure 1(A), to heart rate (data). Finally, the simulated rCBF under
dominant sympathetic (fS > fP ) and dominant parasympathetic (fP > fS ) activity are denoted by rCBFS
and rCBFP (dotted black), respectively; while continuous red line shows rCBF (Gneu = 0) and is plotted to
facilitate the comparison.
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SUMMARY
The muscle pump effect increases venous return during muscle contraction and perfusion during
muscle relaxation. To investigate the additional contribution of different local auto-regulation mechanisms, a 1D pulse wave propagation model representing the calf vasculature is combined with a local
auto-regulation model, which accounts for the metabolic, myogenic and endothelial regulation mechanisms. A simulated muscle contraction results in an increased arterial flow, as observed in literature.
However, the expected decrease in baseline flow in the upright position is smaller than observed in
vivo. In future research, other physiological mechanisms, such as the baroreflex, will be included.
Key words: muscle pump effect, arterial and venous 1D pulse wave propagation, local auto-regulation

1

INTRODUCTION

Post-flight orthostatic intolerance is observed in astronauts, which means that they are unable to
compensate for the footward blood volume shift in upright position. This can result in critical events
as syncope. An important mechanism compensating for this fluid shift in healthy subjects under
normal conditions is the muscle pump effect, which is known to increase venous return under muscle
contraction (Figure 1A,B). During muscle relaxation, muscle perfusion is known to increase due to
an increased perfusion pressure, as the distal venous pressure temporarily decreases due to the closure
of proximal venous valves. Besides the direct effect of the muscle pump, local auto-regulation of the
peripheral bed is also believed to be involved in regulating flow during and after muscle contraction.
Local vasodilation is regulated by three different, but interacting, mechanisms:
• metabolic: vasodilation occurs on increasing metabolic demand.
• myogenic: increasing arteriolar wall tension results in vasoconstriction.
• endothelial: increasing wall shear stress results in vasodilation.
In this study, we aim to investigate the importance of the different regulation mechanisms during the
muscle pump effect in the supine and upright position while examining the flow response. The in
vivo flow response to a muscle contraction [1] [2] in the supine and upright position is given in Figure
1C. It is hypothesized that the increase in flow shortly after the muscle contraction is mainly caused
by the metabolic mechanism, since metabolism increases during the muscle contraction. Due to the
hydrostatic pressure in upright position, the myogenic response is believed to protect the peripheral
bed against too high pressures by vasoconstriction and thereby decrease the baseline flow.

725

A CONTRACTION

artery

B RELAXATION

artery

vein
proximal
valve

C FLOW RESPONSE
TO A MUSCLE CONTRACTION

vein
proximal
valve
Arterial
flow

pex

MC

distal
valve

distal
valve

Supine
Upright
Time

microcirculation

microcirculation

Figure 1: Schematic representation of the muscle pump effect during the contraction (A) and relaxation (B)
phase. During the contraction, the embedded vein collapses increasing venous return. During the relaxation,
the vein is refilled from artery. (C) The response of arterial flow on muscle contraction, MC, in supine and
upright position. (A) and (B) adapted from Keijsers et al [3].

2

METHODS

The main model consists of 1D arteries and veins and a 0D micro-circulation (Figure 2A). It is based
on our previous work [3], where the role of venous valves, hydrostatic pressure and superficial veins
has been described under a calf muscle contraction. The regulation model (Figure 2B) is adapted
from Spronck et al [4], where cerebral auto-regulation and neurovascular coupling are modeled based
on metabolic, myogenic, endothelial and neurogenic mechanisms. The latter is not included in the
current study, as it is a result of neurovascular coupling.
2.1

1D Arteries and Veins and 0D Valves

The large arteries and veins are split into elements for which the 1D equations of mass and momentum
balance including the gravity term hold [3]. Additionally, the arterial constitutive behavior is modeled
with a linear pressure, area relation, whereas the venous constitutive law is able to capture collapse
for low transmural pressures (Figure 2C) [3]. Furthermore, a muscle contraction is simulated by an
increase in extravascular pressure pex for the venous elements (Figure 2B). Finally, valves are included
in the veins as 0D elements, and open on a positive pressure difference and close on negative flow [3].
2.2

Local Auto-Regulation

The 1D artery and vein are coupled using two windkessel elements representing the arterial and venous part of the micro-circulation. Local auto-regulation is included while adapting arterial resistance
Ra and compliance Ca based on the arteriolar radius ra , which is derived from Laplace’s law
pa r a

(1)

pex (ra + ha ) = Te + Tv + Tm = Ta ,

where ha is the arteriolar wall thickness, pa and pex are the arteriolar intra- and extravascular pressure
respectively, and Te , Tv and Tm are the elastic, viscous and muscular arteriolar tension respectively.
Muscular tension is related to the regulation state and therefore depends on the myogenic, metabolic
and endothelial mechanism. Myogenic activation Amyo is based on the total arteriolar tension Ta
Amyo =

Ta

Tmyo,0
Tmyo,s

(2)

,

where Tmyo,0 is the tension at baseline pressure and Tmyo,s is a normalisation tension. The metabolic
activation Ameta is based on the CO2 concentration in the tissue Ct,CO2 via
Ameta =
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Ct,CO2 Ct,CO2 ,0
Ct,CO2 ,s

where

dCt,CO2
1
= (MCO2
dt
V

qa (Cv,CO2

Ca,CO2 )) ,

(3)
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Figure 2: Schematic overview of the model: (A) main model, (B) regulation mechanisms with the myogenic,
metabolic and endothelial mechanism and (C) Venous constitutive law according to Shapiro’s tube law [5] (-)
and a fit by Keijsers et al [3]. (A) and (C) adapted from Keijsers et al [3].

where Ct,CO2 ,0 is the baseline CO2 tissue concentration and Ct,CO2 ,s is a normalisation concentration.
Furthermore, MCO2 is metabolic rate, qa is the arteriolar flow and Cv,CO2 and Ca,CO2 are the venous
and arterial CO2 concentration respectively. The endothelial activation Aendo scales with wall shear
stress:
qa
Aendo = Kendo 3 1,
(4)
ra
where Kendo is a constant chosen, such that Aendo = 0 at baseline. All model parameters are either
taken from Spronck et al [4] or adapted to muscle tissue based on literature.
3

RESULTS

The responses of the different regulation mechanisms and the arterial flow to a muscle contraction are
depicted in Figure 3B and C together with the time course of the extravascular pressure (Figure 3A).
The strong metabolic response (dashed) after the muscle contraction is accompanied by an increase
in arterial flow for both the supine and upright position (green and dark blue respectively) when
compared to the non-regulated simulations (red and light blue). The myogenic response (dotted line)
is only slightly increased in the upright position (dark blue) compared to the supine position (green)
and almost no difference in baseline flow is observed.
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Figure 3: Response to a muscle contraction: (A) course of extravascular pressure, (B) metabolic, myogenic
and endothelial response, and (C) arterial flow for supine and upright position, with and without regulation.

4

DISCUSSION AND CONCLUSION

The current study combined a 1D pulse wave propagation model of the arteries and the veins with
a local auto-regulation model to examine the influence of different regulation mechanisms during
the muscle pump effect. The increase in flow observed after a muscle contraction is similar to the
flow increase observed by Leguy et al [1] and Nådland et al [2] and likely results from the strong
metabolic vasodilation. However, the expected decrease in baseline flow in upright position is smaller
than observed in vivo (Figure 1C). This might be a result of the fact that the myogenic response is
only slightly increased in the upright position. We hypothesize that other phenomena, such as the
baroreflex, also play an important role in vasoconstriction under orthostatic stress [6] and might be
the missing mechanism in the current model. In future research, the model will be extended with a
baroreflex model to capture the correct decrease in baseline flow.
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SUMMARY
Many physiological indexes and methods have been suggested in order to better understand the
physiology of arterial hemodynamics (e.g. foot-to-foot pulse wave velocity, augmentation index,
central blood pressure estimation). Because these tools are most often computed from hemodynamic
measurements, their validation is time-consuming and biased by measurement errors. We present a
new methodology to assess theoretically these computed tools. We create a database of healthy fictive
subjects using a numerical 1D-0D model of the arterial hemodynamics, which parameters are varied
to cover a physiological healthy range. The generated set of simulations encloses a wide selection of
possible cases that could be encountered in a clinical study.
Key words: fictive database, 1D-0D model, population modelling

1

INTRODUCTION

Arterial blood flow modelling has become nowadays a very efficient tool to better understand the
cardiovascular physiology. Different scales of models are being developed, from three-dimensional
(3D) models of sections of arteries to lumped zero-dimensional (0D) models of the heart, arterial
and venous network. Compared to 0D and 3D models, one-dimensional (1D) models offer a good
balance between accuracy, rapidity and availability of data. When coupled with lumped parameters of
the peripheral circulation, 1D-0D models have proven very efficient to model pulse wave propagation
in healthy [7, 4] and pathological arteries [10, 8].
Thanks to the collaboration between clinicians and biomedical engineers, computed methods and
physiological indexes derived from the pulse wave analysis start to be used in clinical practice.
Among those, the pulse wave velocity (PWV) and the augmentation index are used as surrogate
measure of arterial stiffness, and have been shown to be marker of cardiovascular risks [3, 6]. In addition, the estimation of the central blood pressure from peripheral pressure pulses has become possible
thanks to generalised transfer function based methods [5].
Before being used in the clinics though, these new tools need to go through a long validation stage, as
they are being tested on cohorts of patients. Assessing the efficiency of a method is indeed a difficult
process as physiological measurements are subjected to experimental errors, are not always available
at all sites of interest, and most importantly, the estimated index can rarely be compared to its ”true”
value.
While most of numerical 1D-0D model studies focus on patient-specific applications, trying to reproduce a single set of parameters and a unique hemodynamic state [7, 2], our current work presents a
”population-specific” approach. We generate a database of fictive subjects presenting a diversity of
hemodynamic, structural and geometric characteristics. Because those characteristics are known at
every point of the numerical arterial tree, our new methodology can be used to assess theoretically
the efficiency of computed physiological indexes and methods.
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2

METHODS

We use a coupled 1D-0D model of the arterial hemodynamics in a network of the 55 large arteries [1].
The one-dimensional equations of mass and momentum are coupled with a pressure-area law that
describe the arterial wall as a thin, elastic, homogeneous and incompressible membrane. At their
peripheries, 1D arterial branches are coupled to 0D three-element RCR Windkessel models that
account for resistive and capacitive effects of the distal networks.
In order to create our fictive population, independent model parameters representing structural and
geometric properties of arteries are varied within healthy ranges observed in clinical literature. Filter
criteria are then applied to the set of data to ensure that all simulations considered are representative
of physiological hemodynamics. The database therefore created contains more than 4000 cases.
We further suggest a local sensitivity index as post-processing tool to characterise the influence of
each parameter variation on the computed physiological index of interest.
3

RESULTS

We characterise here the fictive database: we describe the ranges of blood pressure and cardiac output
observed in our set of simulations, and the distribution of pressure and flow waveforms.
Table 1 presents the average and extremes of blood pressure at the aortic root and brachial artery, as
well as the cardiac output (CO), in our complete database. The main factors influencing the mean
blood pressure (MBP) are the cardiac output and the peripheral vascular resistance (R) (Figure 1): the
MBP increases linearly with increased CO and R.
Our database covers a wide range of waveforms, as shown in Figure 2. We see that the variability of
the pressure waveform at the brachial artery is much larger than the flow variability.
These results give some insight on the generated database, and its aptitude to reproduce clinical
observations.
(mmHg)
aortic root
brachial

min
54.3
54.0

MBP
mean max
85.7 125.3
85.0 124.2

min
17.5
25.0

(l/min)
aortic root

PP
mean
44.3
53.9

max
89.2
100.0

min
41.6
40.0

min
3.5

CO
mean
5.3

max
7.2

DBP
mean max
63.7 109.9
60.7 105.8

min
63.0
67.9

SBP
mean
108.0
114.6

Table 1: (top) Minimum, mean and maximum of the mean blood pressure (MBP), pulse pressure (PP), diastolic
blood pressure (DBP) and systolic blood pressure (SBP) at the aortic root and middle of brachial artery for the
fictive population. (bottom) Minimum, mean and maximum of the cardiac output (CO) in the fictive population.

MBP (mmHg)

120
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R +10%
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6
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Figure 1: Mean blood pressure (MBP) at the middle of the brachial artery as a function of the cardiac output
(CO) and the peripheral vascular resistance (R) for the database of fictive subjects.
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Figure 2: Variability of the flow (left) and pressure (right) at the middle of the brachial artery in our fictive
population: the grey shaded area represents the area covered by all superposed waveforms from our fictive
population.

We are currently applying our database to the evaluation of one particular computed physiological
index: we assess the efficiency of central and peripheral foot-to-foot PWV as indicators of the aortic
stiffness, and the relations between these clinical indexes. Thanks to the use of our new methodology,
interesting correlations between the carotid-femoral PWV and the brachial-ankle PWV have been
highlighted. These results will be submitted as an separate study [9].
4

CONCLUSION

In this study, we describe a new methodology to assess theoretically computed physiological indexes
and clinical methods based on wave analysis. Using 1D-0D numerical modelling of arterial blood
flow, we define a database of healthy fictive subjects. This new approach could help the clinical validation of new tools, provide insight on the physiological results obtained from large clinical studies,
and therefore help design new study protocols efficiently.
Acknowledgments
MW and JA gratefully acknowledge the support of an EPSRC project grant (EP/K031546/1). JA
gratefully acknowledges the support of a British Heart Foundation Intermediate Basic Science Research Fellowship (FS/09/030/27812) and the Centre of Excellence in Medical Engineering funded
by the Wellcome Trust and EPSRC under grant number WT 088641/Z/09/Z.
REFERENCES
[1] J. Alastruey, K. Parker, and S. Sherwin. Arterial pulse wave haemodynamics., volume In Anderson (Ed.) 11th International Conference on Pressure Surges, chapter 7, pages 401–442. Virtual
PiE Led t/a BHR Group, 2012.
[2] W. Huberts, C. de Jonge, W. van der Linden, M. Inda, J. Tordoir, F. van de Vosse, and E. Bosboom. A sensitivity analysis of a personalized pulse wave propagation model for arteriovenous
fistula surgery. Part A: Identification of most influential model parameters. Medical Engineering
& Physics, 35:810–826, 2013.
[3] S. Laurent, P. Boutouyrie, R. Asmar, I. Gautier, B. Laloux, L. Guize, P. Ducimetiere, and
A. Benetos. Aortic stiffness is an independent predictor of all-cause and cardiovascular mortality
in hypertensive patients. Hypertension, 37 (5):1236–1241, 2001.
[4] C. Leguy, E. Bosboom, H. Gelderblom, A. Hoeks, and F. van de Vosse. Estimation of distributed
arterial mechanical properties using a wave propagation model in a reverse way. Medical Engineering & Physics, 32 (9):957–967, 2010.
[5] H. Miyashita. Clinical assessment of central blood pressure. Current Hypertension Reviews,
8(2):80–90, 2012.

731

[6] J. Nürnberger, A. Keflioglu-Scheiber, A. M. Opazo Saez, R. R. Wenzel, T. Philipp, and R. F.
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SUMMARY
We propose a novel method to deliver non-invasively patient-specific central blood pressure waveform. This waveform is obtained by combination of the aortic flow velocity waveform, pulsatile
blood components and some physiological principles. This approach was tested with several numerically generated pressure and flow velocity waveforms. We present here the results highlighting the
accuracy of our method.
Key words: central blood pressure, aortic flow velocity, pulse wave velocity, hypertension, noninvasive

1

INTRODUCTION

Imaging the heart is necessary to determinate the left ventricle (LV) dimensions that are essential in
the assessment of LV mechanical properties. The so-called pressure-volume loop and myocardial wall
stress are important parameters that can assist clinicians in the establishment of a diagnosis. When no
aortic valve disease or significant gradient across the LV outflow tract are noted, LV pressure during
systole is close to central aortic pressure [1] and consequently, the combination of a non-invasive
method for estimating the aortic pressure with an imaging modality would provide a new outlook
for the assessment and understanding of cardiovascular diseases. Currently, many methods assess the
aortic pressure non-invasively [2, 3, 4] with limited accuracy for high-frequency components, [2, 5, 6]
such as the first systolic shoulder which coincides with the time of peak myocardial wall stress [7].
Most importantly, the existing techniques require applanation tonometry and none can be applied
during cardiac magnetic resonance imaging (CMR): the gold standard for accurate measurements of
cardiac dimensions. An MRI scanner can however record aortic flow velocity waveforms with high
accuracy and a brachial cuff can acquire blood pulsatile components during the scan. We present a
new method for deriving central aortic pressure from data that can be acquired non-invasively by MRI
and a MRI-compatible brachial cuff.
2

METHODOLOGY

Flow waveforms and space-independent features of pressure, when constrained by physiological principles are sufficient to provide the aortic pressure waveform. We will provide full details on our novel
methodology in our presentation [8]. We have tested our methodology using a nonlinear one dimensional model of blood flow in the aorta coupled with a lumped parameter model of the compliance
(C) and resistance (R) of downstream vessels. We generated 15 samples for which the compliance C
was equal to 10.16 mm3/Pa and the pulse wave velocity (PWV) was varying between 3.55 and 7.09
m/s and 12 other samples for which PWV was set at 5.02 m/s and C was ranging from 6.1 to 28.46
mm3 /Pa. Variations in PWV have an impact on the pressure waveform during systole, while changes
in C affect mainly the diastolic decay. The agreement between the reference and reconstructed waveforms was assessed using the root mean square error (RMSE) metric and is rendered as the mean of
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the RMSEs in a batch of dataset plus or minus their standard deviations (SD). Comparisons of salient
pressure points are expressed as mean±SD; these points being the first systolic shoulder (P1 ), the
systolic peak (SBP) and the end-systolic shoulder (Pes ) (Figure 1 top left).
3

RESULTS

On average, computed and reconstructed pressure waveforms differ by less than 1.2 mmHg in all
cases (Table 1). Mean error in estimates of P1 is lower than 2 mmHg while their SD is below 3
mmHg (Figure 2). For SBP, both mean error and SD are smaller than 1 mmHg (Figure 3).
Number
of
datasets
15
12

PWV
(m/s)

C
(mm3 /Pa)

3.55-7.09
5.02

10.16
6.10-28.16

Waveform
Mean RMSE
+SD (mmHg)
1.1±0.2
0.9±0.1

P1
Mean+SD
Max
(mmHg) (mmHg)
1.7±2.9
5.7
0.3±1.1
2.4

SBP
Mean+SD
Max
(mmHg) (mmHg)
0.5±0.9
1.8
0.3±0.3
0.5

Pes
Mean+SD
Max
(mmHg) (mmHg)
1.7±0.1
1.8
1.4±0.4
2.1

Table 1: Numerical assessment of the algorithm. RMSE for the whole waveform is on average 1 mmHg and
the mean error is smaller than 2 mmHg for the main features of the waveform: first systolic shoulder (P1 ),
systolic peak (SBP) and end-systolic shoulder (Pes ) (Figure 1 top left)

C varying, PWV fixed

PWV varying, C fixed
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Figure 1: Target and reconstructed aortic pressure waveform for different values of PWV and C. In every case
considered, SBP has been estimated with less than 2 mmHg of error; RMSE for whole waveforms is always
smaller than 1.6 mmHg.

4

CONCLUSION

According to the numerical results shown in this abstract, our novel method is able to estimate noninvasively and accurately the shape of the pressure waveform at the aortic root. Clinical validation of
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Figure 2: Bland Altman plot for the first systolic shoulder pressure P1 for varying PWV (left) and C (right).
P1 is occurring at approximately the same time as the peak myocardial wall stress [7], which plays an important part in heart failure. The medium line shows the mean of the difference between the simulated and the
reconstructed dataset. The two extreme lines represent the 2 standards deviations (SD)

.
C varying, PWV fixed

PWV varying, C fixed
3

2

Difference (Reconstructed - Orginal)

Difference (Reconstructed - Original)

3

+ 2SD

1

0

Mean
−1

- 2SD

−2

−3
105

110

115

120

125

130

2

1

+ 2SD
0

Mean
- 2SD
−1

−2

−3
118

135

Systolic Blood Pressure (mmHg)

118.2

118.4

118.6

118.8

119

119.2

119.4

119.6

119.8

120

Systolic Blood Pressure (mmHg)

Figure 3: Bland Altman plot for the first systolic shoulder pressure SBP for varying PWV (left) and C (right).
Central SPB is used to diagnose hypertension and is an important predictor of cardiovascular disease [9]. The
medium line shows the mean of the difference between the simulated and the reconstructed dataset. The two
extreme lines represent the 2 standards deviations (SD)

.
the method is necessary before investigating its capacity in assessing cardiovascular mechanics. We
are currently carrying out this validation.
5
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SUMMARY
In the current work several aspects on heat transfer within the human body are investigated. We coupled a 1D finite elment model of the arterial flow with a multi-segment conduction model representing
solid tissues of the body. This comprehensive approach describes accurately heat exchange occuring
between solid and blood, while the thermo-regulatory system’s action and contributions from inner
organs are accounted for. Simulations of a body subjected to different internal and external conditions
were inline with physiological expectations.
Key words: human body, thermoregulation, finite element, blood vessels

1

INTRODUCTION

Understanding body temperature behaviour could represent an useful tool in the study of a wide range
of physiological conditions. The core temperature is affected by the balance between metabolic heat
production, which is primarily generated in muscle tissues and organs (like heart and liver ) and the
losses to the enviroment through (for the most part) skin and lungs. Unless certain disease conditions occur, a thermoregulatory system acts to restore the balance through different mechanisms. We
believe that heat transported by blood in large arteries plays an important role in the tissue energy
balance. Blood exchanges heat with interacting tissue along its pathway, causing a change in temperature. In the current work we investigate how the tissue temperature field is affected by different
external conditions and work states. More precisely, the purpose of the work is to estabilish quantitatively which factors are more significative in each specific scenario.
2
2.1

METHODOLOGY
Arterial blood flow

To represent the larger arterial system the model proposed by Low et al. [5] is adopted; this is a
branching network characterized by bifurcations and cross sectional discontinuities. Reflections due
to network singularities and terminals are also accounted for. The fluid system is described by three
variables: the cross sectional area (A), the average values of velocity (u) and temperature (T ) over
the cross section. The flow is considered incompressible, laminar and pressure (p) is linked to area
via the non-linear relation proposed by Formaggia et al. [9] and Olufsen et al. [10]. The conservation
laws for flow in big arteries can be written in terms of characteristic variables. They are useful for
prescribing inlet and outlet variables and also for transmitting information in discontinuities between
segments [5, 8]. For the fluid inlet point, the aortic valve is modelled, while the pumping action of the
heart is modelled as a prescribed forward pressure source [5, 9]. To model branch ending, tapering
vessels are used. The constant temperature condition at the inlet is straightforward to prescribe. At
exiting nodes temperature is extrapolated if velocity is positive; otherwise it is set equal to that of the
surrounding tissue. The numerical scheme used for solving the set of flow and temperature equations
is the explicit form of locally conservative Taylor Galerkin method (LCG) [8, 10, 11, 12].
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2.2

Solid tissues

For the solid tissue representation, we followed the work by Fiala et al. [1]; the body consists of
fourteen multilayer cylindrical elements representing head, neck, shoulders, thorax, abdomen, thighs,
legs, arms and forearms. Heat transfer between arteries and veins is not considered as blood velocity
in veins is significantly lower than that of arteries and temperature of back flow is close to that of
the surrounding tissue. The heart represents the inlet of the fluid network and is not included in
any cylinders. Large arteries proposed in [5] are subdivided into 3 categories: core, central and
transversal. For core arteries, adiabatic and isothermal hypotheses are assumed. Every central artery
is localized along one or more cylinder axes while each transversal one crosses transversely one or
more cylinders. The longitudinal cylinder discretization follows the 1D fluid mesh. If we consider
the cylinder as compound by several slices, the central vessel nodes are always the innermost. By
comparison a transversal vessel, lies on nodes that have also different radial coordinates. The radius
allows to localize the tissue nodes in which the vessel lies. In order to evaluate tissue temperature, the
one-dimensional bioheat transfer equation in cylindrical coordinates is solved. We know that tissues
receive heat from large arteries by convection and from small ones by perfusion. For a cylindrical
section, convection contribution is evaluated at the nodes in which arterial vessels are localized. For
central vessel nodes prescribing inner convection is straightforward while for the transversal ones
is slighty different. We assume their convection contribuitions may be seen as an inner heat source
in the nodes in which they lie. Perfusion is modeled through perfusion coefficients and assumed to
be proportional to the temperature difference between average weighted larger arterial and the tissue
temperature. Under exercise conditions an increment in metabolic activity occurs; it is modeled by
increasing the volumic heat generation in the muscle involved. The conduction problem in the walls
along radial direction is solved using the forward Euler method. As the domain accounts for more
than one tissue layer at the interface between two layers, continuity of flux is imposed. We include
respiration losses by considering a negative volumetric heat source in all the lung nodes. The flux
exchanged between the skin layer and the outside environment is the sum of the convection losses to
the ambient air, radiation losses with surrounding surfaces and sources and evaporation of moisture
from the skin.
2.3

Control system

According to [8], a state of thermoneutrality exists when the core and mean skin temperatures are
respectively 36.8°Cand 33.7°C [12]. If thermoneutrality is not satisfied, different mechanisms may
occur. Whenever core temperature drops below a determined threshold shivering occurs; thus the
volumetric heat generation rise linearly until core temperature reaches a lower saturation threshold;
after such limit all metabolic activities are reduced. Sweating occurs for increasing skin temperature
and involves latent heat losses at the external surface of the body. Vasoconstriction and vasodilatation
of skin vessels allow to vary the amount of flow and thus heat transport in the peripheral regions. We
model them assuming perfusion ratio at skin nodes depends directly on the core and skin temperatures.
3

RESULTS AND CONCLUSIONS

Tissue temperatures are recorded in abdomen, arm and leg sections. The snapshots in Figure 1 show
how external boundary conditions influence the tissue temperature field. In this case the high tissue
inertia of inner cylinder regions limits variations under different outside temperature. However in
the peripheral tissue nodes (skin) it is possible to appreciate more consistent variations. For a longer
simulation time we expect bigger variations. Figure 2 highlights the thermoregulation effects in the
three different regions. In all cases enhanced perfusion at skin layers increases the average tissue
temperatures. For observing shivering effects we need to consider a longer time as this mechanism
is triggered only for significant core temperature reductions. In Figure 3 the effects of different work
exercise states are considered. Metabolic generation rates (mgr) equal to 1, 1.6 and 2 represent respectively null, light and medium work exercise states. As exepected the increment of metabolic activity
due to exercise increases local the tissue temperarture; only for nodes corresponding to muscle tissue
a raising temperature occurs. We notice also that this effect may be limited by outside conditions.
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Figure 1: Tissue temperature snapshots at t=80 sfor different outside conditions.
Abdomen

Arm

36.5

Leg

37

37

36
36

36

35.5
35
35

34

T [°C]

34

34.5

T [°C]

T [°C]

35

34

33

33.5

33
32

33
32

31
32.5

32
11.5

12
r [cm]

30

12.5

2

3
r [cm]

With thermoregulation

31

4

3

4
r [cm]

5

Without thermoregulation

Figure 2: Tissue temperature distribution at t=80 s with or without thermoregulation.
Abdomen

Arm

36.7

36.6

Leg

36.9

36.57

36.85

36.56

36.8

36.55

36.75

36.54

36.5

T [°C]

T [°C]

T [°C]

36.4
36.7

36.53

36.3
36.65

36.52

36.6

36.51

36.55

36.5

36.2

36.1

36

8

10
r [cm]

12

36.5

1

mgr=1

2
r [cm]
mgr=1.6

3

36.49

3

3.5
4
r [cm]

4.5

mgr=2

Figure 3: Tissue temperature snapshots at t=80 s for different metabolic generation rates.

Performing the same comparison with a higher outside temperature should lead to a more significant
increment over the average tissue.
It is also important to note that the finite element scheme adopted was suitable for flow in large

739

arteries. Simulation results were reasonable and thus we believe this model can be applied to different
situations. Such work can represent a good starting point for studies on the thermal losses of the
human body in different environmental conditions. Indeed the model structure, being constructed by
separate subsystems, allows one to implement easily any improvement. A further improvement in the
results may be realized by coupling the actual model with one able to describe more complex outside
situations.
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SUMMARY
In the present work a finite element formulation that describes the smooth muscle, containing a passive and active contribution due to collagen and elastin fibres and active filaments respectively, was
developed. The finite element formulation applied multifields for eliminating the volumetric locking
due to the fact that biological tissues are nearly incompressible. The developed finite element was
used to study the mechanism the smooth muscle contractions in blood vessels.
Key words: smooth muscle contraction, finite element method, calcium ion concentration

1

INTRODUCTION

Nearly half the mass of the human body is composed from muscles, and obviously they fulfil a substantial role in our life. Three types of muscles exist in the living body: skeletal muscle, cardiac
muscle and smooth muscle. The first type is attached to the skeleton system by tendons and contracts
to create motion. The second is responsible for the heart contractions. The third exists in walls of
internal hollow organs, including blood vessels and allow the proper function of the body. By their
contractions, smooth muscles allow transportation of substances and in this manner performance of
routine actions such as digestion and regulation of blood flow takes place. Among the three types,
skeletal and cardiac muscles resemble in their structure and mechanism of contraction. Smooth muscle has different properties and much less is known about its form of contraction. The common belief
is that the smooth muscle complex behaviour stems from its responsibility over long term and constant processes in the body. The walls of blood vessels are composed of smooth muscle cells which
are involuntary muscles, in the sense that they are unconsciously activated by the nervous system.
Smooth muscle cells contract by action of the molecules actin and myosin which have the ability to
contract themselves and make the entire tissue contract. Various factors control the action of contraction, such as coincidental electrical activity, mechanical stretch and hormonal activity. The common
to all of those factors is the fact that the calcium concentration within the cell increases and causes a
chemical reaction which causes the cell to contract through a sliding mechanism of myosin and actin
filaments. Therefore, one can deduce that smooth muscle contraction is directly connected to a time
dependent chemical-biological reaction which transforms into a mechanical action. This work will
focus on developing a chemo-mechanical finite element model to model smooth muscle contraction.
The first significant work in developing a chemo-mechanical model for smooth muscle contraction
was published by Hai and Murphy [1]. This paper relied on earlier well known work done for skeletal
muscle by Hill [2] and Huxley [3]. However its significant contribution concerns the chemical kinetics within the smooth muscle. According to the model, myosin heads can be situated in one of four
states: unphosphorylated myosin; phosphorylated myosin; phosphorylated myosin attached to actin;
unphosphorylated myosin attached to actin. Since then, several attempts to use Hai and Murphy’s
chemical model and improve the mechanical part by applying tools of continuum mechanics were
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held. Regarding the latter, many papers were published in which the passive response of an arterial
tissue was described. Biological tissues are non isotropic, nearly incompressible, and are characterized by complex mechanical response. The tissues are composed of randomly distributed elastin
fibres and collagen fibres that posses clear and consistent orientation. A particular way to describe
such matter is by spliting the deformation to pure volumetric and pure distortional. Weiss et al. [4]
and Holzapfel et al. [5] applied this description and proposed to additively decompose the strain energy function into an isotropic matrix contribution and an anisotropic fibre contribution. Additional
ways to describe passive tissues were also developed, including Rubin and Bodner [6] who proposed
a single strain energy function for describing the matrix and fibre contributions, and Ehret and itskov
[7] who utilized a polyconvex strain energy function expressed by generalized invariants.
The following step was to utilize the progress that was gained in the mechanical part together with
the biochemical one in order to develop a coupled mechano-chemical model. Specifically, Stalhand
et al. [8, 9] published their mechano-chemical model, where the free energy function depending on
the stretches, temperature, calcium concentration and a state variable related to the Hai and Murphy
model. Latter work by Murtada et al. [10, 11, 12] focused on creating a model that addressees
problems accounted to earlier models and include dispersion of fibres and filament overlap. Bol et al.
[13] developed a 3D finite element model to describe smooth muscle contraction considering calcium
diffusion, and later in Schmitz and Bol [14] and Bol et al. [15] extended and implemented this model
into the finite element method. The extended model took into consideration the arteries’ residual
stresses (both axial and circumferential) and also the orientation and dispersion of smooth muscle
cells and collagen fibres (passive components). In Murtada and Holzapfel [16], the developed model
in [12] was implemented to the finite element method. In conclusion, we can see that in the past few
years, progress was gained in creating reliable models for smooth muscle contraction.
Our main objective is to develop a multifield finite element model to describe smooth muscle contraction. In particular, the developed finite element will include calcium concentration degree of freedom
in addition to motion/translational degrees of freedom. In this regard, a set of diffusion equations
that govern the calcium concentration will be added to the set of equilibrium equations. Furthermore,
the rate equations that determine the chemical reactions (due to Hai and Murphy) will be included in
the finite element formulation. This formulation will allow a comprehensive parametric study of the
different components and the chemo-mechanical interaction.
2

METHODOLOGY

This work will employ kinematic description, conservation laws and chemical kinetics to comprehensibly simulate the smooth muscle contraction. As mentioned earlier, smooth muscle behavior is
related to a coupled chemo-mechanical field. A formulation of a multifield finite element accounting
for the coupling between the mechanical and the chemical fields is necessary. By using developed
energy functions consisting of all contributions and using the principle of multi-variational calculus,
the weak form of the equilibrium equations is developed.
3

CONCLUSIONS

In the present work a multifield finite element formulation was developed and implemented in the
finite element package - ABAQUS. The developed finite element applied the mixed finite element
formulation for eliminating the volumetric locking, since biological tissues are nearly incompressible.
In particular, the mixed finite element formulation has three fields including: displacement, assumed
volume change and assumed hydrostatic pressure. Furthermore, the evolution equations describing
the Hai and Murphy model and controlling the active response of the smooth muscle cells were
solved using the Backward Euler scheme. Additional field to the mixed finite element formulation
was introduced for modeling the diffusion of calcium concentration when the tissue is exposed to
extracellular calcium.
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SUMMARY
Muscle contraction is a largely mechanical process taking place at the sub-cellular level. While
being an intrinsically active system the contractile apparatus also displays some intriguing passive
mechanical properties including negative stiffness and a fundamental nonequivalence of isometric and
isotonic loading protocols. We reveal the origin of this unusual behavior by analyzing a conceptual
model which represents a delicate generalization of the Huxley-Simmons model. Our analytically
explicit study sheds light on the crucial role of long-range interactions in this system. The model can
be easily adapted to a wide class of biological phenomena involving cooperative switching mediated
by effective backbones, from muscle power-stroke to gating, binding and folding.
Key words: Muscle, Statistical mechanics, Metamaterials, Protein unfolding, Hair cells

1

INTRODUCTION

In distributed biological systems collective effects are usually revealed through synchronized conformational changes that can be broadly interpreted as folding-unfolding transitions. A prototypical
example of such transition can be found in muscle sarcomeres which are the elementary contractile units of skeletal muscles. A schematic representation of a sarcomere, shown in Fig. 1, contains
actin (thin) and myosin (thick) filaments cross-linked by myosin cross-bridges.
(a)

(b)

(c)

F IGURE 1: Schematic structure of the three layers of organization inside a sarcomere : (a) global architecture
with domineering parallel links ; (b) structure of an elementary contractile unit shown in more detail in Fig. 2 ;
(c) individual attached cross-bridge represented by a bistable element in series with a shear spring.

Active behavior of skeletal muscles is associated with time scales of about 30 ms which allow for the
metabolic fuel (ATP) to be delivered to the cross-bridges. At shorter times (⇠1 ms) muscles exhibit
a nontrivial passive response : if a tetanized muscle is suddenly extended, it comes loose, and if it is
shortened, it tightens up with apparently no involvement of ATP. This behavior was first revealed in
the study of Huxley and Simmons [1] who attributed the observed quick force recovery (relaxation)
to the conformational change (power-stroke) taking place in myosin cross-bridges that are bound
to actin filaments. The authors proposed a chemo-mechanical model of a sarcomere where the preand post-power-stroke conformations of the myosin heads are represented as discrete chemical states
(spin model) and considered only isometric loading (hard device). While the Huxley-Simmons model
serves as a paradigm for many other similar models in biophysics involving elastically interacting
switching units [2, 3], it was not systematically studied in isotonic conditions and, in particular, it
has not been confronted with the retarded muscle response observed in the load clamp protocols (soft
device setting) [4].
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To clarify the origin of this retardation, we systematically compare in this communication the mechanical response of the Huxley-Simmons model in soft and hard device ensembles. We show that already
at zero temperature the behavior of the mechanical system in both protocols is different and we argue
that this difference is due to the long-range interactions that are present only in the soft device setting
[5]. At finite temperature the response in a hard device is characterized by uncorrelated fluctuations
of individual cross-bridges and leads to negative stiffness as in the original Huxley-Simmons model.
In a soft device the response is collective manifesting itself through synchronized oscillations of all
attached cross-bridges. We prove that in this case the equilibrium stiffness is necessarily positive.
2

THE HUXLEY AND SIMMONS MODEL
uHS (x)

(a)

(b)

T

uHS

k

N

rigid
backbone

T

v0
1

0

x

z

F IGURE 2: A reformulation of the Huxley-Simmons model as a parallel bundle of bistable cross-bridges. (a)
Energy landscape of an individual crosslinker ; (b) N crosslinkers loaded in a soft device.

We represent the Huxley-Simmons model in a non-orthodox way as a cluster of N bistable units
connecting two rigid backbones, see Fig. 2. Each cross-bridge is described by a sharply welled bistable potential so that the configurational spin variable x can take only two values x = 0 and x = 1.
With the unfolded (pre-power-stroke) state we associate the energy level v0 while the folded (postpower-stroke) configuration is considered as a zero energy state. Each bi-stable element is connected
to its own series spring with stiffness k = 1. We can write the dimensionless energy of the system
(per cross-bridge) in the form
N 
1 X
1
v(x; z) =
(1 + xi ) v0 + (z xi )2 .
(1)
N
2
i=1

In the hard device case each cross-bridge is exposed to the same total elongation z and thus the
individual units are independent. In the soft device case, where the control parameter is the total
tension T , the energy per cross-bridge is
N 
1 X
1
w(x, z; t) = v(x, z) tz =
(1 + xi ) v0 + (z xi )2 tz ,
(2)
N
2
i=1

where t = T /N is the force per cross-bridge. Now there is a mean field interaction among individual
cross-bridges.
3

RESULTS

Athermal model. Since each of the internal degrees of freedom xi , for 1  i  N , can take two discrete values, an equilibrium state is characterized by the distribution of the N cross-bridges between
these two configurations. Due to the permutational invariance, each equilibrium state is fully characterized by a discrete parameter p representing the fraction of cross-bridges in the post-power-stroke
configuration (xi = 1). At a given value of p, the energies (per crosslinker) of the marginal states
are equal to
1
1
v̂(p; z) = p (z + 1)2 + (1 p) z 2 + v0 ,
2
2
1 2
1
ŵ(p; t) =
t + pt + p(1 p) + (1 p)v0 ,
2
2
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(3)
(4)

in hard and soft device, respectively. The corresponding tension-elongation curves t = z+p are shown
2
2
for both ensembles by the gray lines in Fig. 3(a). Since we have @@pv̂2 = 0 and @@pŵ2 < 0, the global
minimum of the energy always corresponds to one of the pure states, p = 0 or p = 1 with a sharp
transition occurring at z = 0 in a hard device and t = 1 in a soft device, see bold lines in Fig. 3(a).
Hence, while the tension-elongation relation corresponding to the global minimum is characterized
by a plateau with zero stiffness in a soft device, the hard device transition shows extreme negative
stiffness. This difference which persists in the continuum limit is the signature of the fundamental
non-equivalence between the two protocols.
Notice also that the energy (3) is the combination of two limiting configurations, the first fully in
pre-power-stroke (p = 0) and the other fully in post-power-stroke (p = 1). The absence of a mixing
energy is a sign that the two coexisting populations of cross-bridges do not interact. In a soft device,
the nontrivial coupling term p(1 p) describes the energy of mixing, see (4). The presence of this
term is a signature of a mean-field interaction among individual crosslinkers. This interaction has
a simple physical meaning : if one element changes configuration, its contribution to the common
tension changes and the other elements must adjust to maintain the force balance. As a result, the
(a) tension-elongation relations
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F IGURE 3: Huxley-Simmons model at zero temperature and N = 10. (a) Gray lines : tension-elongation
relations corresponding to p = 0, 0.1, . . . , 1 ; Bold lines : the global minimum of the energy ; (b,c) Internal
energy landscape corresponding to various paths shown by dashed lines in (a).

energies of the mixed states are higher than the energies of the homogenous states and the transition
from one pure configuration to the other requires crossing a macroscopic energy barrier. In a hard
device this barrier is absent, see Fig. 3 (b) and (c). To summarize, the difference between the hard and
the soft device behaviors manifests itself already in the purely mechanical case.
Thermal equilibrium. At finite temperature the equilibrium behavior is found by computing statistical
sum. One can show, that in thermodynamic limit the free energies in hard and soft device can be
written as [4]
f (p; z, ) = v̂(p, z)

s(p)/ ,

(5)

g(p; t, ) = ŵ(p, t)

s(p)/

(6)

where v̂ and ŵ are given by (3) and (4), respectively, and is the inverse temperature. The term
s(p) = [p log(p) + (1 p) log(1 p)] is a convex function of p describing ideal mixing. Since
v̂ is convex in p the free energy f always has a single minimum representing a disordered temporal
microstructure of pre- and post-power-stroke cross-bridges. In a soft device, the function w is concave
in p and it favors homogenous states. Therefore the system in a soft device can undergo an orderdisorder phase transition. One can show that the critical temperature is c = 4. At higher temperatures
( < 4) the entropic term dominates and the system is characterized by incoherent fluctuations (see
B in Fig. 4 (a)) like in a hard device. Instead, at lower temperatures ( > 4) the mechanical energy
dominates and the power-stroke is completely synchronized so that all cross-bridges are either in the
pre-power-stroke state (p ⇡ 0) or in the post-power-stroke state (p ⇡ 1), see A and C in Fig. 4.

747

(b)
1

(a)
1

1

0.8

p

0

= 5, t = 1

0

p

1

1

0

g
B

A
0

A

0

p

A

B

C

(c)
1.5

1

t

0

B
A
time

0

1

0

Hard device

time

1

0

2

4

6

8

time

1

0.5

=2
=4
=10

1
0.5

0

z

Soft device

C

0

-0.5

C

p 0.5

C

B

B

0.2

= 4, t = 1

g

0.6
0.4

= 2, t = 1

1

0

z

1

1

0

z

1

F IGURE 4: Huxley-Simmons model at finite temperatures. (a) Bifurcation diagram showing the location of the
minima of g as function of . The inserts show typical energy landscape below and above the critical point. A,
B, C, internal configuration corresponding to the critical points of the free energy. (b) Stochastic trajectories of
p for t = 1 at = 2, 4 and 5. (c) Stress-strain relations in hard and soft devices for = 2, 4 and 5.

This phase transition has a significant impact on kinetics, see Fig. 4 (b). At low temperatures, the
system shows fast collective hoping (temporal microstructure) between the two long-living ordered
configurations which can be regarded as quasi-stationary states. At large temperatures the phase trajectory remains localized around the disordered state. In thermal equilibrium, the tension-elongation
relations can be written in the form t = z + hpi where the average hpi is the minimizer of the free
@t
energy (in the thermodynamic limit). One can show that in a hard device the stiffness @z
is always
positive if < 4 and becomes negative in a finite interval of z if > 4 while the stiffness in a soft
device is always positive, see Fig. 4(c). Hence we recover the ensemble non-equivalence which was
already present at zero temperature.
4

CONCLUSION

We have shown that the Huxley-Simmons models exhibits different mechanical responses in hard and
soft device loading protocols. The reason is that long-range interactions in the soft device create strong
mechanical feedback forcing cross-bridges to perform in a synchronized manner. As the collective
conformational change requires crossing a high energy barrier, the system may remain trapped in a
quasi-stationary state which is a possible explanation of the retarded response of skeletal muscles
observed in a force clamp protocol.
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ENHANCEMENT IN SKELETAL MUSCLES
1
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SUMMARY
We propose a new modeling approach for studying the effect of sarcomere non-uniformities on
muscle function in a quantitative manner and for a physiologically relevant number of sarcomeres.
Based on this approach, force enhancement experiments are simulated, and demonstrate a very
good agreement with experiments. In particular, we are able to show that if a physiologically
relevant number of sarcomeres is considered, non-uniformities alone can lead to residual force
enhancement on the ascending limb and to residual forces higher than the optimal force.
Key words: sarcomere, non-uniformities, residual force enhancement
1 INTRODUCTION
The muscle is a hierarchical structure with structural components that span over several scales. The
basic contractile unit of the muscle is the half-sarcomere that has a length of one micron.
Myofibrils, typically several millimeters long, are composed of thousands of sarcomeres connected
in series. In turn, the muscle fiber contains a large number of aligned myofibrils.
There is a wide evidence for the existence of sarcomere non-uniformities in skeletal muscles.
However, the importance of sarcomere non-uniformities to muscle function is still under debate.
There is some indirect evidence that these non-uniformities play a significant role in muscle
function and in phenomena such as creep, sensitivity of muscle tension to fiber length, and damage
due to eccentric contraction. Importantly, these intriguing behaviors cannot be explained by
classical cross-bridge theories (e.g. [1]). We are interested in developing a theoretical framework
that enables a systematic and quantitative analysis of the role of non-uniformities in muscle
function.
Applying the strategy of a discrete system of sarcomeres must involve thousands of sarcomeres in a
single myofibril. This is computationally expensive, and perhaps impractical for a fiber which
involves the collective behavior of millions of sarcomeres. Since several length scales are involved
(sarcomere, myofibril, fiber) it is desirable to utilize a multi-scale modeling approach. Recently, we
proposed a new approach that is based on transforming the large system of discrete elements (halfsarcomeres) into a continuum for which macro-behavior is dictated by micro-properties.
Specifically, we consider statistical properties of the ensemble rather than solving for each degree
of freedom [2, 3]. We showed that adopting a model with a small, non-physiological, number of
sarcomeres can lead to a non-realistic behavior and therefore to erroneous interpretation. In this
contribution, we utilize our approach in order to address controversial phenomena, and in particular
residual force enhancement.
Residual force enhancement (RFE) is a phenomenon where the steady-state-isometric force
following a rapid stretch remains higher than the corresponding force obtained for a purely
isometric contraction at the same final length. The two leading hypotheses for explaining RFE are a
passive force mechanism, e.g. [4], and sarcomere non-uniformities [5]. The question which of these
mechanisms dominates RFE is still open. Thus, a theoretical approach that accounts for a
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physiological number of sarcomeres with non-uniformities and physiological variability, such as
the one proposed here, can be very useful in addressing this question quantitatively. In a recent
review [4], it was argued that sarcomere non-uniformities probably play a minor role in RFE. The
two key arguments were that (i) RFE has been observed on the ascending limb, and (ii) RFE has
been observed to lead to forces higher than the optimal force. According to the authors of that
paper, these two observations cannot be explained by non-uniformities. Nevertheless, our
simulations show that the aforementioned experimental observations can be reproduced by merely
accounting for sarcomere non-uniformities, provided that the number of sarcomeres considered is
very large, as occurs in physiological conditions.
2 METHODOLOGY
We follow the approach developed by Givli et-al [2, 3]. Each half sarcomere is composed of two
parallel strands, with one representing the contracting apparatus of the actin-myosin filaments, and
the other passive forces. In accordance with experiments and theoretical models, e.g. [3, 6-11], we
assume that the force generated by each of these elements can be written as a multiplication of a
force-length relation and a force-velocity relation, i.e.
F ( L, L)  F1 ( L)   ( L)

(1)

For example, the force-length relation of the active (contracting) apparatus, F1 ( L) , is composed of
three regions, commonly termed "ascending limb", "plateau", and "descending limb", and the  ( L)
reflects the effect of the relative velocity between the thin and thick filaments on the number of
cross-bridges and the average cross-bridge force for a given filaments overlap. The active element
is connected in series with an elastic element modeled as a linear spring with a stiffness
(normalized with respect to the optimal force) of k  56m1 [7, 11]. This value is also in
agreement with observations of [12]. In addition, calcium activation is implemented by multiplying
the active force with a factor in the range [0,1], representing the relation between isometric force
and Ca2+ concentration. A value of zero corresponds to low Ca2+ concentration and therefore no
activation, while a value of one corresponds to high Ca2+ concentration and full activation.
Stimulus is modeled by a sigmoidal increase of the activation factor from zero to one.
The myofibril is comprised of thousands of half-sarcomeres connected in series. We propose to
study the evolution of statistical properties of the ensemble. This is achieved by formulating a
governing equation for the dynamics of the lengths distribution. Specifically, we define the
sarcomere length probability density function or length distribution, P( L, t ) , as the density of the
half sarcomeres at length L and time t . Thus, we derive a partial differential equation, representing
a conservation law, for the evolution of P :
P( L, t ) 
 P( L, t ) V ( L, t )   0
t
L

(2)

Here V  L ( L, Fext ) is the velocity field satisfying
FA1 ( L) A ( L )  FT 1 ( L)T ( L )  Fext

(3)

where the indexes A and T correspond to active and passive elements, respectively, and Fext is the
external force applied on the myofibril. In reality, half sarcomeres are not identical. This feature,
commonly termed physiological variability [3, 5, 7, 11, 13, 14], is accounted for by multiplying the
left-hand-side of Eq. (3) with an effective physiological variability parameter, C  [0,1] . This
parameter is statistically distributed within the sarcomeres population, yet it is assumed constant in
time for any specific sarcomere.
3 RESULTS AND CONCLUSIONS
Based on the approach described above, we simulated stretch protocols similar to those applied in
experiments where residual force enhancement had been observed and measured. Due to
constraints on length of this paper, we provide below the results of only two simulations. Fig. 1
demonstrates force enhancement on the ascending limb. In this figure, the top-left plot describes
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two different length-control protocols. In the first protocol (blue line), the myofibril is held at a
fixed length which corresponds to the optimal length (end of the ascending limb). The second
protocol involves isometric activation for one second at 90% the optimal length followed by a rapid
stretch within 0.25 seconds to a final length of 100%. The force response associated with each of
these two protocols is illustrated in the top-right plot. It is evident that although both myofibrils
have an identical final length, the second protocol involving a rapid stretch on the ascending limb,
results in a higher force. The reason for this residual force enhancement is attributed to differences
in sarcomere length distribution observed in each protocol, as illustrated in the lower plots. As
expected, the magnitude of residual force enhancement in this case, around 3%, is small compared
to the magnitude of residual force enhancement on the descending limb. These values are in well
agreement with experimental observations.

Figure 1: Numerical simulations demonstrating residual force enhancement on the ascending limb.
Next, we demonstrate that sarcomere non-uniformities can result in a residual force higher than the
optimal force. Fig. 2 shows the results of two protocols. The first (blue line) involves isometric
condition at 120% the optimal length (the descending limb), while the second includes an isometric
activation at 105% the optimal length for one second followed by a rapid stretch to 120% the
optimal length. Here, since the rapid stretch occurs on the descending limb, the magnitude of the
force enhancement is substantial – more than 13%, as illustrated in the top-right plot. Importantly,
the enhanced force is higher than the optimal force.
In a recent review [4], it was argued that non-uniformities cannot explain RFE on the ascending
limb neither residual forces higher than the optimal force. Thus, it was conjectured that sarcomere
non-uniformities play a minor role, if at all, in RFE. Our simulations clearly show that sarcomere
non-uniformities result in RFE on the ascending limb as well as residual forces higher than the
optimal force, provided that the number of sarcomeres involved in very high (as in physiological
conditions). Rapid stretches may result in the overstretching a few individual sarcomeres on the
expense of the shortening of the other sarcomeres. Thus, it is evident that rapid stretches on the
descending limb will result in RFE. However, this reasoning does not apply to the ascending limb,
and cannot explain residual forces higher than the optimal force. Based on our simulations, this
non-intuitive behavior is explained by non-uniformities as follows. The sarcomeres that get
overstretched are the weakest sarcomeres. Thus rapid stretches, which result in redistribution of the
sarcomere population, have two simultaneous effects on the force. The first involves shortening of
the stronger sarcomeres on the expense of lengthening of the weaker sarcomeres. The second effect
is due to the fact that the force at steady state is dictated by the weakest sarcomeres on the
ascending limb. Thus, rapid stretches on the ascending limb results in two opposite contributions of
non-uniformities. The first (shortening of the stronger sarcomeres) reduces the final force (negative
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RFE) while the second increases (positive RFE). Our simulations indicate that if the number of
sarcomeres is large, as in physiological conditions, the latter is slightly more dominant. Note that
on the descending limb both effects are positive, leading to significantly higher RFE. Evidently, the
second effect is also responsible for residual forces higher than the optimal force.

Figure 2: Numerical simulations demonstrating residual force higher than the optimal force.
Acknowledgement. This work was supported by the Israel Science Foundation (ISF 1500/10).
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SUMMARY
This work aims at identifying and quantifying uncertainties from cardiac output in human cardiovascular system based on stochastic simulations of a one-dimensional arterial network wave propagation
numerical model. Uncertainties arising from the shape and magnitude of the prescribed inlet flow
rate in the proximal aorta can lead to variation of both the mean value and standard deviation of blood
flow velocity and pressure dynamics due to the interaction of different wave propagation and reflection features. Resorting to a stochastic sparse pseudospectral method, we investigate the sensitivity
of the solution with respect to the different uncertainties in different locations of the arterial network
with potential physiological and pathological implications.
Key words: uncertainty quantification, computational hemodynamics, pulse wave propagation.

1

INTRODUCTION

Human cardiovascular system and its function and structure are primarily affected by aging, eating
habits, life style and other cardiovascular risk factors, inducing increased stiffness which is associated
to cardiovascular and cerebral morbi-mortality. Several recent publications [4, 5] have demonstrated
the interest of uncertainty quantification (UQ) of the cardiovascular system since many aleatory and
epistemic uncertainties exist due to its complexity, diversity and multiscale nature. Nevertheless,
this UQ analysis is nowadays out of reach for full 3D computational fluid dynamics (CFD) of timedependent hemodynamics. It relies on reduced-order models instead, due to the computational burden
related to the curse of dimensionality caused by the parametric uncertainty.
In this work, we represent the human cardiovascular system as a simple one-dimensional arterial
network wave propagation fluid-structure interaction model. The model encompasses the 55 main
arteries of the human body. This type of model is very sensitive to the variability of the mechanical
geometric and elastic properties of the arterial walls [4], as well as the boundary conditions (BC) that
are imposed to the truncated and simplified computational network. In particular the inflow BC (at the
proximal aorta level) that mimics the cardiac output is subject to uncertainties arising from the shape
and magnitude of the prescribed flow rate. This flow rate is in fact function of some physiological
parameters associated with left ventricle dynamics including heart rate (hr), or equivalently cardiac
1
cycle period T = hr
, mean cardiac output Q̄, and an estimation of the peak-to-mean flow ratio. These
parameters are patient-specific and time-dependent and are therefore difficult to calibrate. hr at rest
is for instance a significant risk factor for cardiovascular and non-cardiovascular death [1].
We propose to investigate the impact of the uncertainty inherent to the cardiac output by considering
T , Q̄ and peak flow rate Qmax as independent uniformly distributed random variables (RV). The
quantities of interest (QoI) that we monitor include pulse pressure (PP) that is known to be determined
in part by the ejection pattern of the left ventricle.
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2

METHODOLOGY

In the following, we introduce the deterministic simplified blood flow model of a human arterial
network and how we couple it with a stochastic approximation of the inflow BC that is used to
account for the pulsatile cardiac output uncertainty delivered to the ascending proximal aorta.
2.1

1-D model of the arterial circulation

We consider the main systemic arterial tree based on 55 arteries described in the work of [6]: we
have a network of thin, deformable, and axisymmetric arterial segments filled with blood, taken as
an incompressible Newtonian fluid [6]. The formulation, for each arterial segment, based on the
conservation of mass and momentum laws and on Young-Laplace equation, is:
@A @Au
+
@t
@x
@u
@u
+u
@t
@x

= 0

1 @p
f
+
⇢ @x ⇢ A
p
p
p = p0 +
A
A0 ,
=

(1)

where t denotes time, x is the axial coordinate along the arterial centerline, A(x, t) is the circular
cross-sectional area of the lumen, u(x, t) and p(x, t) are average velocity and internal pressure, respectively, ⇢ is blood density. The term f is the friction force per unit length and is related to velocity
↵
profile f = 2µ⇡
u, where µ is blood dynamic viscosity and ↵ is a correction factor account↵ 1
ing for the non-linear integration of radial velocities in each cross-section [7]. The underscript 0
denotes quantities at rest: p0 is the external pressure outside the arterial segment and A0 is taken
constant along each segment. The parameter is a measure of the arterial wall stiffness related to its
p
mechanical behaviour: = ⇡ h0 E/(1 ⌫ 2 )A0 , where h0 is the reference arterial wall thickness,
E is Young’s modulus and ⌫ is Poisson’s ratio. is also related to the local distensibility D or pulse
wave velocity c through:
=

c2
= 2⇢ p .
D A
A
2
p

(2)

In terms of BCs, all distal vessels are terminated with partially reflecting models to account for the
resistance of the distal vascular beds. Numerical values for the resistances are taken from [6]. At
the arteries bifurcations, conservation of mass and continuity of the total pressure between the outlet
of the parent vessel and the inlet of the daughter vessels are used to close the non-linear system of
equations.
We rely on a discontinuous Galerkin (DG) method with a spectral /hp spatial discretisation [3],
which is a very efficient scheme for high-order discretisation of convection-dominated flows. The
numerical scheme propagates waves at different frequencies without suffering from excessive dispersion and diffusion errors. Detailed mathematical formulation and analysis about the hyperbolic
system and the numerical scheme may be found in [2]. We use an explicit second-order AdamsBashforth scheme for time integration and inner products are evaluated by numerical integration.
Our choice of time step is dictated by the CFL condition and the number of Gauss-Legendre points
follows the 3/2 over-integration rule [3]. Convergence of PP is reached for an average mesh resolution of 13 cells per unit meter and the polynomial approximation within each cell is of order p = 3.

2.2

Inflow boundary conditions

A periodic model for the inflow BC into the ascending aorta is used to represent the pulsatile cardiac
output based on heart rate and stroke volume and capture most relevant features observed in measured
physical data [8]. It is completely specified by a minimal number of three standard input parameters
associated with left ventricle dynamics, namely cardiac cycle period T , mean cardiac output Q̄, and
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maximal flow rate Qmax , where Qmax ' 6 Q̄ for healthy resting adults. The chosen model function
describes the time-dependant arterial flow rate (in ml/s) at the inlet:
Qinlet (t, !, n, ) = A ⇥ Q̄ sinn (!t) cos(!t

(3)

),

where ! = T⇡ , 2]0, ⇡/2] is the phase angle and the term A comes from a normalizing factor:
p
1+n
A = ⇡ ( 3+n
2 )/ ( 2 ) sin( ) .

A typical value of n = 13 is selected for this study. It represents the right systolic span over the
cardiac period range. Denoting Qmax the maximum flow rate value (at t = t⇤ ), the phase angle is
then a solution of the implicit relation Qinlet (t⇤ , !, n, ) = Qmax .
In practice, once a triplet (T, Q̄, Qmax ) is chosen, the previous equations are numerically solved for
and the expression for time-dependent Qinlet is then readily available, thanks to Eq. (3).
The physical quantities of this triplet are considered in the following as independent, uniformly distributed ⇠ U[µ± ] RV within reasonable physiological data ranges, cf. Table (1). They are defined via
zero-mean, unit variance uniform RV ⇠. Despite moderate uncertainty ranges, the imposed flow rate
exhibits significant variability in time and space.
T
60/70 (s)
11.55%

mean µ
std [%µ]

Q̄
100 (ml/s)
5.77%

Qmax
650 (ml/s)
5.77%

Table 1: Inflow random variables statistics.

2.3

Pseudospectral polynomial stochastic approximation

Considering our quantities of interest (e.g. u(x, ⇠)) are sufficiently smooth, we rely on spectral expansions to approximate them. A finite set of basis functions is considered, and the solution is projected
onto the subspace spanned by these functions. Thanks to a probabilistic framework, the hierarchical nature of the representation provides a convenient functional format to perform subsequent tasks:
sensitivity analysis, calibration, etc... Here, the standard projection-based gPC approximations P(u)
is used, e.g. in one dimension:
(i)

(i)

u(x, ⇠) ⇡ Pl (u) ⌘
where

ql
X
j=0

h

E u(x, ⇠) ·

(i)
j are orthonormal Legendre polynomials
(i)
ql is the polynomial truncation at level l.

(i)
j (⇠)

i

(i)

(i)
j (⇠)

=

ql
X

uj (x)

(i)
j (⇠),

(4)

j=0

with respect to ⇢(i) along the stochastic direction

(i) and
In higher dimensions N , its multivariate polynomial approximation is obtained via full tensor products. In our case, the expansion coefficients are
(i)
calculated thanks to nested Gauss-Patterson sparse cubatures Ql of level l = 4 (i.e. totalizing 111
simulations for N = 3). In this case, the one-dimensional pseudospectral approximation S(u) of Eq.
(4) is defined as:
(i)
(i)
ql
ql
⇣
⌘
X
X
(i)
(i)
(i)
(i)
(i)
Sl (u) ⌘
Ql u · j
ũj j
(5)
j =
j

3

j

RESULTS AND CONCLUSIONS

Fig. 3 shows the distribution of PP = Psys Pdia and arterial distensibility AD = (Asys Adia )/Adia
statistics for cubic Legendre approximation polynomials. Non-linearity of the responses are illustrated: e.g. deterministic results at nominal condition under (or over) predict mean solutions. PP is
a very complex quantity as it is determined not only by the ejection pattern of the left ventricle but
also by aortic stiffness and the amplitude and timing of wave reflections. As expected, the results
show that mean values of PP propagate along the arterial tree, with higher PP values in peripheral
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Figure 1: Pulse pressure (PP) and arterial surface area distensibility (AD) statistics (mean ± std) averaged by
main cardiovascular groups. Black dots refer to deterministic simulations at nominal inflow BC.

(e.g. brachial) arteries than in central (e.g. aortic and carotid) arteries. Standard deviations results
show that the sensitivity to uncertainty is more pronounced at distal locations (e.g. legs). The other
results on AD show that on average the most compliant part of the network is the aorta with quite a
large variability due to the length of this part. Moving to the periphery the other groups are in average
less and less compliant. We notice a significant variance of AD in the legs. A large number of other
informations, not given here by lack of space, are available from this computation, that could drive
the practitioner for choosing robust locations of arterial pressure or arterial stiffness measurements.
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SUMMARY
Material parameters for Finite Element (FE) models in cardiovascular applications, as e.g. in the
assessment of the risk of rupture of abdominal aortic aneurysms (AAA), can be estimated by means
of inverse analysis. Image registration techniques used to provide measurements for the inverse analysis from medical imaging can introduce significant systematic errors to the parameter identification
process. By utilizing the concept of surface currents in the objective function of the inverse analysis
these systematic errors can be circumvented. We highlight the error possibly introduced by image
registration and show how the application of surface currents compensates for this.
Key words: parameter identification, surface currents, AAA

1

INTRODUCTION

Although not being directly measurable in-vivo, material parameters can be estimated by means of
inverse analysis procedures, which often rely on non-invasively available information obtained from
imaging technologies such as MRT, CT or ultrasound. Since often inverse algorithms for parameter identification utilize some measure of deformation as a reference solution, image processing
techniques must be deployed to extract the desired information from image data. This step can be
efficiently performed by image registration, which is able to provide pointwise information on the
deformation process encoded by a sequence of images. This has proven to be of great relevance in
many clinical applications. Nevertheless, modeling assumptions being inherently contained in every
image registration technique can cause significant systematic errors in the result of an inverse analysis
algorithm which is based on image registration measurements.
To reduce the influence of errors in these measurements, we choose to base the objective function for
the inverse analysis on a metric less susceptible to errors in measured deformation. Inspired by [1]
we utilize the mathematical concept of currents as a representation of the surfaces of a computational
model. In doing so we switch from a point-wise comparison between measures of deformation to a
global comparison between surfaces of computational models. The performance of this approach in
comparison to a classical signed distance measure has already been shown in [2].
We will analyse the influence of the use of different measures as objective function for the inverse
analysis on the identified best fit material parameters by means of a coarse discretized FE model of
an artificial AAA-geometry subject to systolic blood pressure. A reference solution is given by a
fine resolved model, with a spatial distribution ✓ˆ (see figure 1) of the parameter of a strain energy
function suited for AAA wall tissue [3]:
(I C ) = ↵(I C
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1) + (I C

3)2 .

(1)

Figure 1: Spatial distribution of material parameter of a discretized AAA-model incorporating an
asymmetric distribution of intraluminal thrombus (depicted in dark blue).
2

METHODOLOGY

The inverse problem is stated via an augmented lagrange formulation:
J(u, ✓, v) = S(u(✓)) + R(✓) + F (u, ✓)(v),

(2)

where the generic measure of similarity S is augmented with the weak form F (u, ✓)(v) of the quasi
static nonlinear elasticity boundary value problem. For the displacements u and the testfunctions v
we have u, v 2 V := {u 2 [H 1 (⌦)]3 | u | u = 0}. The goal is to find the best fit material parameters
✓⇤ such that:
✓⇤ = argmin J(u, ✓, v).

(3)

✓2L2

The augmented lagrange formulation (2) enables an efficient solution via an adjoint approach and the
BFGS-method [4]. We solve this problem based on a purely displacement based FE discretization
of both the forward problem F as well as the corresponding adjoint problem. Since we restrict the
material parameters to be elementwise constant we adopt as regularization R(✓) a weighted graph
version [5] of the total variation functional [6].
2.1

Measures of similarity

To investigate the influence of modeling assumptions in registration procedures on the final best fit
material parameters we compare the results obtained by using different measures of similarity S. On
the one hand we use a least squares error function
1
Sd (u(✓)) = kG(u(✓))
2

Ûk22 ,

(4)

where the vector of measured displacements Û 2 Z is obtained by using a surface matching algorithm
[1] - also based on surface currents - to find a mapping between the outer surfaces of the source and
the reference model. Regularity of the mapping is assured by restricting the smoothness properties
on the space of admissible solutions. G is a linear observation operator from the state space V to the
space of measurements Z. On the other hand we directly use the norm on the space of currents W ⇤
according to
Sc (u(✓)) = kCS [u(✓)]

CR k2W ⇤ ,

(5)

with the current representation CR of the reference model surface and the current representation
CS [u(✓)] of the source model surface subject to the deformation under systolic blood pressure. Lastly
we use the measured deformation Û to generate a current representation of the source model warped
by the measured deformation to construct the error function
Sc (u(✓)) = kCS [u(✓)]

CS [Û]k2W ⇤ .

(6)
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(a) k✓⇤

ˆ 2 ⇡ 14.4
✓k

(b) k✓⇤

ˆ 2 ⇡ 211.2
✓k

(c) k✓⇤

ˆ 2 ⇡ 32.8
✓k

Figure 2: Best fit material parameter ✓⇤ obtained (a) using currents of source model and reference
model given by equation (4), (b) using LSQ-error of simulated and registered displacements given by
equation (5) and (c) using currents of source model and registered source model given by equation
(6).
3

RESULTS AND CONCLUSIONS

To compare the results we show the final best fit material parameter ✓⇤ obtained for the source model
with the different measures of similarity. As can be seen from figure 2b, measurement errors can
lead to a significant deviation in the estimated solution. If the same measurements are used but
the objective function metric is evaluated in the space of currents these errors can be significantly
decreased, as shown in figure 2c.
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UNCERTAINTY QUANTIFICATION FOR COMPLEX
BIOMECHANICAL PROBLEMS AND ITS IMPACT ON PEAK WALL
STRESS PREDICTIONS OF AORTIC ANEURYSMS
Jonas Biehler1 , Michael W. Gee2 , and Wolfgang A. Wall1
1

Institute for Computational Mechanics, Technische Universität München,
Boltzmannstraße 15, 85747 Garching {biehler,wall}@lnm.mw.tum.de
2
Mechanics & High-Performance Computing Group, Technische Universität München,
Parkring 35, 85748 Garching, gee@mhpc.mw.tum.de

SUMMARY
In this work we present a framework to enable efficient uncertainty quantification for large-scale,
nonlinear biomechanical models with high stochastic dimension. We demonstrate the capabilities
of the approach by performing uncertainty quantification with patient-specific models of abdominal
aortic aneurysms (AAA). Specifically, we investigate the impact of an uncertain wall thickness on the
computed peak wall stress of the AAA. A probability distribution for the peak wall stress is computed
for three probabilistic wall models with different levels of sophistication. Thereby, the parameters of
the probabilistic wall models are estimated from experimental data.
Key words: uncertainty quantification, abdominal aortic aneurysm, Bayesian regression

1

INTRODUCTION

Methodological advances in computational biomechanics in combination with the advent of relatively cheap high-performance computing platforms have led to a tremendous improvement of computational models for various diseases and mechanobiological processes. In fact, for some specific
medical conditions, computational models have matured to the verge of clinical application.
The use of computational models in a clinical setting for diagnostic and predictive purposes of course
requires truly patient-specific models. Unfortunately, for most, if not all applications, not all of the required patient-specific model parameters can be determined to the necessary accuracy by non-invasive
measurement techniques. For example, in the context of cardiovascular structures, such as abdominal
aortic aneurysms (AAA), the overall patient-specific geometry can be determined using state-of-theart CT images. However, the patient-specific thickness of the aortic wall, which also exhibits regional
variations across the AAA surface, cannot be determined from the CT data. Moreover, the exact constitutive properties cannot be determined from the image data or any other non-invasive technique.
Furthermore, studies in which the aforementioned parameters have been determined by invasive experiments have shown that many of these parameters exhibit significant inter- as well as intra-patient
variations.
In spite of these sometimes drastic variations, most researchers have hitherto condensed the extensive
experimental findings to population averaged mean values, which are then used as input parameters for computational models. While the use of deterministic models with averaged parameters has
its merits, the predictive capability of these models is often limited. We believe that the predictive
capabilities of computational simulations can be enhanced if the aforementioned variations are considered in the computational assessment. This can be achieved by using a probabilistic description
for the varying parameters and an efficient uncertainty quantification (UQ) framework. Thereby, the
available experimental data should be used to construct the probabilistic description of the uncertain
parameters. In this work we present a new approach capable of UQ for large and complex biomechanical models and exemplarily study the impact of parametric uncertainties in computational models of
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AAAs. Specifically, we investigate the impact of uncertainties in wall thickness on mechanical quantities typically related to AAA rupture risk, such as peak wall stress or strain [1]. The probabilistic
description for the uncertain wall thickness is thereby, to a large extend, determined from extensive
experimental data
2

METHODOLOGY

The large nonlinear patient-specific finite element models in combination with the typically high
stochastic dimension render current non-sampling based UQ approaches infeasible. In order to alleviate the computational burden that is posed even by advanced sampling based UQ methods, we use
a novel approach that employs approximate models in combination with Bayesian formulations [2, 3]
The use of a non-parametric Bayesian regression model allows to not only establish a quantitative
connection between an approximate model and an accurate and expensive high-fidelity model, but
also provides confidence intervals.
With regard to the probabilistic modelling of the input parameters, we focus here on inter- and intrapatient variations of the thickness of the aneurysmatic arterial wall, which is modelled by a three
dimensional, non-Gaussian random field. However, we note that uncertainties in constitutive properties can be studied using our approach as well [3]. The parameters of the random field are estimated
based on our own experimental data. Two different data driven approaches to obtain the parameters
of the random field are investigated. In the first approach, these parameters are estimated based on
population statistics of the measured thickness directly. The other option we pursue in this work harnesses information encoded in supplementary data using machine learning techniques. Together with
experimentally obtained constitutive parameters and wall thickness measurements from more than
200 tensile tests, we have collected a set of non-invasively accessible patient-specific medical data for
each of the tested samples. The data is comprised of the patients medical history and the results of
biochemical blood analysis. Using this data as explanatory variables in a Bayesian regression analysis
yields patient-specific, probabilistic predictions for the wall thickness and the constitutive parameters
[4]. As a third probabilistic model for the wall thickness, we use a much simpler random variable
approach in which intra-patient variations of the wall thickness are neglected.
We employ a mesh moving algorithm based on a pseudo structure approach to create realisations of
the random geometry at runtime. Thereby, we can avoid the laborious and time-consuming meshing
step that would otherwise be required to create finite element models with different wall thickness.
3

RESULTS AND CONCLUSIONS

The flexibility and capabilities of the UQ method are demonstrated by performing uncertainty quantification with patient-specific nonlinear finite element models of AAAs. We show that the computational cost for UQ with a patient-specific AAA model can be reduced to the equivalent of only
a moderate number of runs of the high-fidelity model. Furthermore, this approach speeds up the
computation such that results can be obtained within one day even for large forward models.
We demonstrate that uncertainty in the wall thickness can have a significant impact on, e.g., wall
stress. This is shown in the contour plots in Figure 1, which depicts the computed von Mises stress
for six different Monte Carlo samples. In this example the wall thickness is modelled as a random
field, the variance of which is determined from experimental measurements. Thus, the random field
provides a realistic estimate of the variability of the wall thickness.
Moreover, we show that supplementary data can be used to create more accurate probabilistic models
of uncertain mechanical input parameters. By harnessing information encoded in non-invasively
available data, the wall thickness and other patient-specific input parameters can be estimated more
accurately. In addition, the remaining uncertainty, i.e., variance can be significantly reduced. The
reduced variance in the wall thickness in turn leads to reduced uncertainty in the computed mechanical
output quantities, thus enhancing the predictive accuracy of the mechanical model.
In this work, we present a framework for efficient UQ in large-scale, nonlinear biomechanical problems with high stochastic dimension. This allows us, for the first time, to perform UQ using patient-
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Figure 1: Contour plot of computed Von Mises stress for six Monte Carlo samples

specific models with respect to uncertain wall thickness. Moreover, we demonstrate the utility of a
data driven approach for the construction of patient-specific random fields for uncertain model parameters. Furthermore, by comparison to the results obtained with the random variable model, the
necessity to consider intra-patient variations of the wall thickness is evaluated.
While this work exemplarily considers models of AAAs, we note that the presented approach is very
general and can easily be applied to other biomechanical problems. We believe that the potentially
very significant impact of uncertainties in patient-specific model input parameters on computed mechanical quantities, renders UQ a necessity when patient-specific biomechanical problems are studied.
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SUMMARY
In this contribution to the FSI Benchmark of the CMBE MS10, we present results using a unified
continuum model of fluid-structure interaction discretised by an ALE finite element method. We here
describe the underlying computational technique which will be applied to the benchmark problem.
Key words: finite element method, united continuum fluid-structure interaction

1

INTRODUCTION

Simulation of fluid-structure interaction (FSI) is challenging problem of biomechanics modelling, for
which a multitude of computational techniques are employed. To assess the qualities of different
state of the art computational techniques, MS10 is centred around a benchmark problem[7] for which
experimental validation data is available. In this paper we present a computational technique based
on a unified continuum model of FSI discretised by an Arbitrary Lagrangian-Eulerian (ALE) finite
element method (FEM). The method is presented in [1], and is implemented in Unicorn [2] as part of
the open source software project FEniCS [3].
2

METHODOLOGY

To model a fluid–structure interaction problem as one single continuum, we may express the incompressible unified continuum (UC) equations (using index notation with summation over repeated
indices) as
✓
◆
@ui
@ui
@
⇢
+ ✓uj
=
(1)
ij + fi ,
@t
@xj
@xj
@uj
= 0,
(2)
@xj
@✓
@✓
+ uj
= 0,
(3)
@t
@xj
where ⇢ is density, ui is velocity, and we write the total stress as a linear combination of fluid ( f )
and solid stress ( s ) using the ✓ phase function: = ✓ f + (1 ✓) s . We can also decompose the
D
stress into a pressure p ij and deviatoric part: ij = ij
p ij . The phase function ✓ defines the
solid (⌦s ) and fluid domains (⌦f ) by:
⌦s (t) = {x : x 2 ⌦, ✓(x, t) = 0}

⌦f (t) = {x : x 2 ⌦, ✓(x, t) = 1}
The initial condition for the phase information is stated in the problem definition, and is convected
with velocity u.
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2.1

ALE finite element discretization for the fluid problem

We split the time interval I into subintervals In = (tn 1 , tn ), with associated space-time slabs Xn =
⌦ ⇥ In , over which we define space-time finite element spaces, based on a spatial finite element space
W n over a spatial mesh Tn discretizing the spatial domain ⌦. We use a cG(1)cG(1) method [4],
where we seek an approximate solution Û = (U, P ) which is continuous piecewise linear in space
and time. With W n a standard finite element space of continuous piecewise linear functions, and W0n
the functions in W n which are zero on the boundary , the cG(1)cG(1) method for constant density
incompressible flow with homogeneous Dirichlet boundary conditions for the velocity takes the form:
for n = 1, ..., N , find (U n , P n ) ⌘ (U (tn ), P (tn )) with U n 2 V0n ⌘ [W0n ]3 and P n 2 W n , such that
((U n

Un

1

)kn 1 + ((Ū n

h)

(P n , r · v) + (r · Ū n , q)
n

n

· r)Ū n , v) + ✓(2⌫✏(Ū n ), ✏(v))

n

+ SD (Ū , P ; v, q) = (f, v) , 8v̂ = (v, q) 2
where Ū n = 1/2(U n + U n

1)

V0n

⇥W

(4)

n

is piecewise constant in time over In , with the stabilizing term

SDn (Ū n , P n ; v, q) ⌘

( 1 (Ū n · rŪ n + rP n

f ), Ū n · rv + rq)

+( 2 r · Ū n , r · v),
and where

X Z

(v, w) =

K2Tn

(✏(v), ✏(w)) =

3
X

K

v · w dx,

(✏ij (v), ✏ij (w)),

i,j=1

with the stabilization parameters
1
2

= 1 (kn 2 + |U n
= 2 h n ,

1 2

| hn 2 )

1/2

,

where 1 and 2 are positive constants of unit size. We choose a time step size
kn ⇠ min(hn /|U n
x2⌦

1

|).

We note that the least squares stabilization is not fully consistent since it omits the time derivative in
the residual, which is a consequence of the test functions being piecewise constant in time for a cG(1)
discretization of time [4]. h is the chosen grid velocity.
2.2

ALE finite element discretization for the Fluid-structure interaction problem

For the Unified Continuum FSI model, we introduce a piecewise constant solid stress term Ss , and
the mesh motion adds an ALE mesh velocity h (which is equal to U in ⌦s and computed using a
mesh smoother in ⌦f ) to the convective velocity:
(⇢((U n
+ (1
n

Un

1

)kn 1 + ((Ū

h)
n

n

· r)Ū n ), v)

✓)(Ss , rv) + ✓(2µf ✏(Ū ), ✏(v))

(P , r · v) + (r · Ū n , q)

+ SDn (Ū n , P n ; v, q) = (f, v) , 8v̂ = (v, q) 2 V0n ⇥ W n
Mesh smoothing in the fluid part of the domain is handled by Laplacian mesh smoothing, or using
an elastic analogy for deforming the fluid mesh [1]. With suitable boundary conditions and a constitutive law for the solid stress, the method models incompressible fluid-structure interaction with a
Newtonian fluid.
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3

RESULTS AND CONCLUSIONS

The computational methodology has previously been validated for 2d benchmark problems [1], and is
applied e.g. to model the FSI problem of human vocal folds dynamics [5] and to model aortic valves
in the human heart [6].
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SUMMARY
We study a monolithic numerical approach to a fluid-structure interaction problem in arbitrary
Lagrangian-Eulerian (ALE) formulation. The problem is discretized using conformal tetrahedral
meshes fitted to an FSI interface. We introduce a semi-implicit scheme that requires only a linear
system of algebraic equations has to be solved on every time step. The displacement extension in the
fluid subdomain is based on the linear elasticity equation with sliding boundary conditions and heterogeneous Lame parameters. The advantage of such extension is robustness of mesh deformations
without tangling.
Key words: Fluid-structure interaction, arbitrary Lagrangian-Eulerian formulation, finite element
method, semi-implicit scheme

1

FSI PROBLEM

We develop a numerical method for the approximate solution of the FSI problem defined below.
Assume that the domain ⌦ of FSI problem is decomposed into fluid and structure time-dependent
subdomains ⌦f (t), ⌦s (t). At the initial time t = 0 these subdomains coincide with the reference
subdomains ⌦f , ⌦s and for t > 0 a transformation maps ⌦f , ⌦s to ⌦f (t), ⌦s (t). We use v and u
b := ⌦f [ ⌦s .
to denote the velocity and displacement vector fields defined on the reference domain ⌦
Set (x) := x + u(x) and denote F = r = I + ru, J = det(F). The Cauchy stress tensors and
pressures are denoted as f , s and pf ,ps in the fluid and the structure, respectively. The structure
and fluid densities in a reference state are denoted by ⇢s , ⇢f and assumed to be constant.
The dynamic equations written in the reference subdomains read:
8
>
⇢s 1 div (J s F T )
@v <
✓
✓
◆◆
=
@u
1
T
1
>
@t
v
: (J⇢f ) div (J f F ) rv F
@t

in ⌦s ,
in ⌦f .

(1)

The kinematic and extension equations are:
@u
= v in ⌦s ,
@t

div (

m (div u)I

+ µm (ru + ruT )) = 0 in ⌦f ,

(2)

where elasticity parameters m and µm vary in time and space depending on ⌦f (t). Fluid incompressibility equation in the reference subdomain takes the form:
div (JF

1

v) = 0 in ⌦f .

(3)
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The continuity of the normal stress on the interface
fF

T

n=

fs
T

sF

between ⌦f and ⌦s is imposed as

n on

(4)

f s.

b consists of the inlet and the outlet fluid parts f 0 and out , a rigid part w , and the
The boundary of ⌦
structure part s0 . Given inlet flow data g and initial velocity field v0 , one complements the system
with the boundary conditions
v = g on

v = 0 on

f 0,

w,

T

fF

n = 0 on

out ,

u = 0 on

s0 [

f0 [

w[

out ,

(5)

and the initial conditions
u(x, 0) = 0 in ⌦,

v(x, 0) = v0 (x) in ⌦.

(6)

The constitutive relation for the fluid stress tensor is
f

=

pf I + µf ((rv)F

1

+F

T

(rv)T ).

The incompressible structure material is treated by the Blatz-Kho model with the potential (FT F) =
µs
((tr(FT F))2 tr((FT F)2 ) 6). In this case the stress tensor takes the form
4
s

=

ps I + 2F

@
FT =
@(FT F)

ps I + µs F(tr(FT F)I

FT F)FT .

(7)

Here µf and µs denote the fluid viscosity and the material parameter, respectively. Due to Piola
identity div (JF T ) = 0, the incompressibility condition (3) is equivalent to
Jrv : F
2

T

(8)

= 0.

NUMERICAL SCHEME

For a tensor A 2 R3⇥3 , we denote its symmetric part by {A}s := 21 (A + AT ). Let
Du v := {rvF

1

(u)}s , S(u1 , u2 ) := µs (tr({F(u1 )T F(u2 )}s )I

{F(u1 )T F(u2 )}s ).

Let Th denote a collection of tetrahedra which form a consistent regular triangulation of the reference
b and respects the interface f s . Within the monolithic approach we consider conforming
domain ⌦
b 3 and Qh ⇢ L2 (⌦)
b for trial functions and the following two subspaces for
FE spaces Vh ⇢ H 1 (⌦)
0
0
the test functions: Vh = {v 2 Vh : v| s0 [ f 0 = 0} and V00
h = {v 2 Vh : v| f s = 0}. We assume
0
that Vh and Qh form the LBB-stable finite element pair: there exists a mesh-independent constant
b such that
c0 (⌦),
(qh , div vh )
b > 0.
inf sup
c0 (⌦)
qh 2Qh v 2V0 krvh kkqh k
h
h

The semi-implicit in time Galerkin formulation reads as follows.

For every time level k, find {uk+1 , vk+1 , pk+1 } 2 V0h ⇥ Vh ⇥ Qh such that vk+1 = gh (·, (k + 1) t)
on f 0

@u
= vk+1 on f s
(9)
@t k+1
and the following equations hold:

Z
Z
@v
e k ) : r d⌦
⇢s
d⌦ +
Jk F(e
uk )S(uk+1 , u
@t k+1
⌦s
⌦s

^ !
Z
Z
@v
@u
ek
+
⇢f J k
d⌦ +
⇢f Jk rvk+1 F 1 (e
uk ) v
d⌦
@t k+1
@t k
⌦f
⌦f
Z
Z
k+1
+
2µf Jk Due k v
: Due k d⌦
pk+1 Jk F T (e
uk ) : r d⌦ = 0 8 2 V0h ,
⌦f
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⌦

(10)

Z

⌦s

+

Z



@u
@t

⌦f

d⌦
k+1

(2µm {ru
Z

⌦f

k+1

Z

vk+1 d⌦
⌦s

(11)

}s : r +

Jk rvk+1 : F

m div u

T

k+1

div ) d⌦ = 0 8 2

(e
uk )q d⌦ = 0

V00
h ,
(12)

8 q 2 Qh .

Here Jk = J(e
uk ) and for a vector function f we used the notations

@f
3f k+1 4f k + f k
k
k
k 1
e
f = 2f
f
,
=
@t k+1
2 t

1

,

which implies the second-order time discretization (9)–(12). Note that although strong coupling (9)
is imposed on the interface, only a linear algebraic system should be solved on each time step. Thus
the considered scheme is semi-implicit.
3

VALIDATION IN 2D

The method described above was successfully tested on the FSI3 2D benchmark problem from [1].
A circle with a rectangular stick attached to its side is placed inside a rectangular domain, the stick
being parallel to the longest side of the domain. The circle is assumed rigid, while the stick obeys
Saint Venant-Kirchoff constitutive relation. A parabolic inflow is prescribed on the left inlet side
of the rectangle, the “do-nothing” condition is imposed on the opposite outlet side. The particular
values of fluid, elasticity and geometrical parameters can be found in [1]. According to the numerical
results reported in [2], the stick reaches a regular oscillatory regime. The method presented here was
0
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Figure 1: Deformed coarse mesh and the structure at T = 7.96. Right plots show the x- and y-displacements
of the midpoint on the downstream end of the stick

implemented in Fortran open source software Ani2D [4]. In order to avoid mesh tangling near the
deforming solid, an appropriate extension equation for u in ⌦f is required [3]. Both the Laplace
equation and the elasticity equation (2) with constant Lame parameters failed to provide mesh nondegeneracy condition J
c1 > 0. Therefore, we use piece-wise constant Lame parameters m ,
µm in (2): in the four-cell neighbourhood of the stick the Lame parameters are 20 times larger than
the far-field values. Numerical simulations were found to be fast, stable, they reproduce the correct
oscillatory behaviour of the FSI system, see Figure 1, and computed values for the displacement of
the midpoint on the downstream end of the stick, as well as computed drag, lift forces values and
Strouhal number were in good agreement with those from [2].
4

3D PROBLEM SETTING

A three-dimensional domain is represented by a flow phantom. This is a solid symmetric with respect
to both xz- and yz- planes. It has two circular inlets for incoming fluid, the centers for both lying
on the yz-plane. The fluid leaves the phantom through a single outlet. A flexible filament of parallelepiped shape is attached to the wall inside the phantom and is also symmetric with respect to the
xz- and yz- planes. The filament is made of incompressible material in the sense of (7). From the experimental observations given in the benchmark challenge, the material parameter µs was estimated
to be 118622 Pa. Figure 2 presents the snapshot of the domain and the tetrahedral mesh.
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Figure 2: Fluid domain and tetrahedral mesh.

The semi-implicit scheme with varying in space auxiliary Lame parameters m , µm for the fluid
subdomain and the sliding boundary conditions for the displacement field will be tested on the given
3D problem and the results obtained with Fortran open source software Ani3D [5] will be presented
at the minisymposium.
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SUMMARY
In this work, we present a non-conforming monolithic fluid-structure interaction (FSI) method to
solve the 3D FSI Benchmark Challenge1 that has been designed to complement well-known numerical FSI benchmark tests. The fluid and the solid domains were modelled using the non-conservative
Arbitrary Lagrangian-Eulerian Navier-Stokes equations and the finite elasticity equations, respectively. Coupling is enforced using Lagrange multipliers and the resulting system is solved monolithically using the Finite Element method. Results are also compared using different coupling modalities
at the fluid-solid interface.
Key words: fluid-structure interaction, benchmark, monolithic, arbitrary Lagrangian-Eulerian, finite
elasticity

1

INTRODUCTION

Solving fluid-structure interaction (FSI) problems are the key for analysing many phenomena in a
wide range of engineering disciplines, e.g. aeronautics and cardiovascular biomechanics. In many
cases, numerical investigations in these fields do not only complement theory and experimental approaches, but lead to new insights and broaden the knowledge about the studied system. In cardiovascular biomechanics, computational FSI models are increasingly being used in tandem with medical
imaging data – e.g. such as in the heart [1, 2] or aorta [3] – providing complementary results on the
kinetics behind observed kinematics.
With increased availability of powerful computer systems, a wide range of methodologies for FSI
problems have been proposed and applied. While in most circumstances, numerical tests are used to
verify mathematical correctness, fewer methodologies are validated against experimental data. In this
paper, we assess the validity of the non-conforming FSI method proposed by [4, 5] against the FSI
Benchmark proposed in [6], introduced to extend other well-known FSI benchmark tests, e.g. [7, 8, 9].
Designed for cardiac FSI in the heart, this finite element technique uses non-conforming meshes
which are coupled via Lagrange multipliers at the fluid-solid interface. We compare this technique
with conforming methods, assessing the differences in results using these different methodological
approaches. Below we briefly outline the modelling approach and methodology followed for this
validation experiment.
2

METHODOLOGY

In this section, the governing equations for the fluid and solid system are given along with imposed
interface conditions and associated boundary condition data. Furthermore, the weak form for the FSI
1
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Figure 1: Two dimensional schematic of the FSI benchmark problem and table of material parameters.

problem is described within a finite element formulation using Lagrange multipliers. The section
concludes with details about the numerical solution.
2.1

The fluid problem

The fluid flow was modelled using the non-conservative ALE Navier-Stokes equations [10, 11] for
incompressible Newtonian fluid flow on the fluid domain ⌦f ⇢ R3 ⇥ [0, T ]. The fluid domain
W
C
I
O
W
boundary f = If [ O
f [ f [ f was partitioned into inlet f , outlet f , wall f and the
coupling interface C
f subdomains (cf. Figure 1). The velocity and pressure variables, v f and pf ,
then satisfy,
⇢f @t v f + ⇢f (v f

w) · rx v f

=0

in ⌦f ,

rx · v f = 0

in ⌦f ,

rx ·

f

vf = vd

f

· nf = 0

on
on

I
W
f [ f ⇥ [0, T ],
O
f ⇥ [0, T ],

(1)

with fluid density ⇢f (cf. Figure 1), domain velocity w, the outward boundary normal nf and the
gradient operator rx , and Cauchy stress f . Here, the Cauchy stress is written as
f

:= µf (rx v f + rTx v f )

'f I

(2)

with dynamic viscosity µf and 'f = pf ⇢f x·g Po denoting a change of variables for the pressure
to account for the gravitational field (with g = [0, 9.80665, 0]T m s 2 ) and for the unknown mean
outlet pressure Po . Here we extended the outlet of the computational domain to regularize flow
downstream and assumed that shear stresses at the outlet were negligible. The initial velocity was set
to zero and the problem driven to steady state or periodic steady state (depending of the phase of the
3
FSI benchmark [6]), subject to measured boundary condition data v d : If [ W
f ⇥ [0, T ] ! R at the
inlets and outer walls. On the coupling surface C
f , dynamic and kinematic constraints are enforced,
cf. Section 2.3.
The ALE motion problem was solved in a partitioned fashion from the main FSI problem. An
anisotropic springs model was employed to compute w and handle the large domain motions encountered in the problem.
2.2

The solid problem

To model the deformation of the silicone material, we solved the governing equations for finite elasticity describing the deformation of the solid on the deformed domain ⌦s ⇢ R3 ⇥ [0, T ] (related to a
C
reference domain, ⌦0s , through a Lagrangian mapping [12, 13]). The solid boundary, s = W
s [ s,
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is partitioned into subdomains for the wall W
s and the coupling surface
displacement and pressure variables, u and ps , satisfy,
⇢s @ t v s

rx ·

J(u)

s

= ⇢f s g

C
s

(cf. Figure 1). The

in ⌦s ,

1=0

in ⌦0s ,

u=0

W
s

on

(3)
⇥ [0, T ],

with solid density ⇢s (cf. Figure 1), the mapping Jacobian J(u) = det [rX u + I], solid velocity
v s , Cauchy stress tensor s and the difference in density ⇢f s = (⇢s ⇢f ). Initial displacement and
velocity were set to zero. Interface conditions on C
s are detailed in Section 2.3.
A one-parameter isotropic incompressible neo-Hookean model was selected for the solid silicone
structure. The Cauchy stress tensor in Equation (3) is given as,
✓
◆
µs
F :F
T
(u,
p
)
:=
F
F
I
's I,
(4)
s
s
3
J 5/3
with deformation gradient tensor F = rX x and material parameter µs . The material parameter,
µs , was fit to experimentally determined uniaxial stretch data provided by the benchmark using a
non-linear least-squares fit. Again, a change of variables for the pressure 's = ps ⇢f x · g Po is
introduced to ensure compatibility with the fluid stress tensor defined in Equation (2).
2.3

Interface conditions

On the common fluid-solid interface, C = f \ s , dynamic and kinematic interface conditions
enforce the coupling of the fluid and solid domain, i.e.
tf + ts = 0,

vf

(5)

vs = 0

with equal but opposite tractions, tf := f · nf and ts := s · ns , and the no-slip condition, i.e.,
equal velocities at the interface C . While a substitution was made in the pressure variable, we note
that both conditions in Equation (5) are satisfied irrespective of the change of variables, yielding an
equivalent formulation. Interface conditions are maintained by introducing a Lagrange multiplier
variable,
= tf = ts , on the boundary C . Within the continuous weak form for both fluid
and solid mechanical systems, the resulting boundary terms are substituted with , constraining the
multiplier through the no-slip interface condition.
This approach is compared to the conforming single field FSI approach. In this case, we model the
fluid velocity and solid velocity on a single computational domain, making the traction constraint
held implicitly (in the continuous weak form) and the no-slip condition is ensured by piece-wise
continuous interpolation.
2.4

Finite element formulation using Lagrange multipliers

The non-conforming monolithic FSI scheme was solved in Cheart (http://cheart.co.uk) - a multiphysics software tool. Finite element discretizations were constructed and quadratic-linear interpolations for fluid velocity and pressure as well as solid displacement and pressure were used. The added
Lagrange multiplier variable was interpolated using quadratic functions and nested into the trace of
the richest space on C . The discrete solution at each step n in time can then be written as:
Find (v n+1
, v n+1
, n+1 , 'n+1
, 'n+1
) 2 V hD ⇥ U hD ⇥ M h0 ⇥ Wsh ⇥ Wfh such that,
s
s
f
f
#
" n+1
Z
vf
v nf
n+✓
n+✓
n+✓
⇢f
+ (v f
w f ) · rx v f
· y + n+✓
: rx y + qf rx · v n+✓ dx
f
⌦n+1
t

+

t



Z

v n+1 v ns
J n+1 ⇢s s
⇢f s g · w + P n+✓
: rX w + qs (J n+✓
s
0
t
⌦s
Z
n+✓
+
· (y w) + q · (v n+✓
v n+✓
) dx = 0,
s
f

1) dX

C
0
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for every (y, w, q, qs , qf ) 2 V h0 ⇥ U h0 ⇥ M h0 ⇥ Wsh ⇥ Wfh . Here, P n+✓
is the first Piola-Kirchhoff
s
n+1
n+✓
n
n+✓
n+1
stress tensor, u
= u + ✓ t v k and the notation Y
= ✓Y
+ (1 ✓)Y n . The benchmark
problems were solved on a 2.3 GHz AMD Opteron Abu Dhabi 64 processor and 6x 3.2 GHz AMD
Opteron Abu Dhabi 32 processor machines.
3

RESULTS AND CONCLUSIONS

In this paper, we will present our modeling approach and results for both Phase I and Phase II of the
3D FSI Benchmark Challenge. Efficiency of this approach will be reviewed for different numerical
discretization strategies for the fluid and solid domains, and performance and scalability detailed.
Further, we will compare the predicted results using conforming single field approaches and the nonconforming approach outlined.
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SUMMARY
A partitioned approach using multi-code coupling for Fluid-Structure Interaction (FSI) problems in
HPC systems is presented. Two extreme scale parallel codes are used following a staggered scheme
with two different under-relaxation schemes. The coupling algorithms, the parallel performance and
the intra-code communication strategy are presented. The developed tool was tested with a well
known case, and a benchmark problem with experimental data available will be addressed.
Key words: Fluid Structure Interaction, Partitioned approach, Multi-code coupling

1

INTRODUCTION

The Fluid-Structure Interaction (FSI) problem has received great attention in the recent years. The
correct modeling of the physical coupling of the involved agents is crucial in the design of numerical tools to cope the main difficulties present in such problems. In the development of these tools,
two main branches arise. The first one is known as the monolithic approach, where the full problem
is discretized and advanced in time ’monolithically’. This approach is robust and can provide very
accurate results. However, it doesn’t allow the use of preexisting independent solvers for the solid
and the fluid, and a large amount of coding is usually required in its development. Some examples
of the monolithic approach can be found in [1, 2, 3, 4]. The second one is known as the partitioned
or staggered approach, where the problem is solved in separated domains, and the solution of the full
problem is achieved by the correct use of the physical coupling conditions. This approach allows
to use pre-existing solvers for the fluid and the solid, and even use black-box commercial solvers.
However, care must be taken, because it is prone to present divergence and it usually doesn’t preserve
the degree of accuracy of the independent solvers.
Numerous studies of FSI problems using the partitioned approach have been developed through years,
identifying the most defiant problems of the formulation and proposing diverse solutions in order to
obtain robust and stable simulation tools, for example [5, 6, 7, 8, 9, 10, 11]. In the previous contributions, besides the general theoretical framework for FSI, two main difficulties are pointed out.
First the fulfill of the Geometric Conservation Law, which is a consistency criteria obtained from the
statement that an arbitrary movement of the mesh must not alter a constant flow. The studies reveal
that if this criteria is not considered, divergent schemes are obtained. Second, the presence of the
added mass effect, which is an instability arising for incompressible fluid flow and that depends on
the fluid and solid densities.

1.1

Multi-code coupling in parallel applications

Multi-code coupling poses different computational challenges, as it is necessary to exchange data between applications that can be written in different programing languages, and normally with different
mathematical formulations and data structures. Also, new synchronization points appear and a new
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level of load balance is created in parallel applications.
The communication issue will be addressed using an integrated approach, where the inter-code communication functions are included as part of the code. This approach is advantageous when two
different instances of the same code have to be coupled, because the data structures don’t have to be
modified and the communications functions can be designed in order to fully exploit the already existing data structures. It is of prime importance that the data exchange between the codes is performed
in parallel. This is mandatory in order to obtain the lower impact possible in the performance of the
parallel codes.

1.2

Parallel definition of the coupling surface

In order to define the coupling interface between the two parallel applications, an initial phase of communication is needed. The codes exchange the coordinates of the points of the contact surface. Then,
each code performs a search in its computational domain to locate the element or cell where the points
are. Once all the points are located, each parallel process in both the fluid and solid software creates
data structures with the information of the points that has to be processed, the element/cell where the
point is, the interpolation functions and the MPI task in the other application that requests the point.
With this information the parallel processes can communicate directly and only among ‘neighbours’,
which means that only parallel processes that intersect in the coupling surface communicate.

Figure 1: Schematic representation of the parallel definition of the coupling surface.

2

METHODOLOGY

As a starting point, the coupling strategy is based in a staggered approach with a constant or an Aitken
relaxation factor. Iterations over the coupling cycle are performed in order to obtain the accuracy of
the monolithic approach. The coupling cycle is as follows:
• Solve the fluid with the position of the flexible body coming from the solid solver (Alya-Solidz)
• Calculate the forces on the contact surface and send them to the solid solver
• Solve the solid problem subjected to the stresses coming from the fluid solver (Alya-Nastin)
• Send the new position of the contact surface to the fluid solver
Two extreme-scale codes are used, Alya-nastin for the CFD simulation and Alya-solidz for the CSM
simulation.
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3

TEST CASE RESULTS

A well known test case, analyzed in the work of [12] and shown in the Fig.2 was solved with the previous strategy. The properties of the fluid are ⇢f = 1.18 ⇥ 10 3 g/cm3 and µ = 1.82 ⇥ 10 4 g/(cm · s),
while the properties of the solid are ⇢s = 0.1g/cm3 , Young’s modulus E = 2.5 ⇥ 106 g/(cm · s2 )
and Poisson’s ratio ⌫ = 0.35. The inflow velocity is U = 51.3cm/s, the dimensions of the bodies
are a = 1cm, b = 4cm, c = 0.06cm. d = 12cm and e = 21cm, thus, the Reynolds number based in
the square length is Re = 333. Typical results for the velocity field are shown in Fig.2

Figure 2: Typical result for the velocity field.

The oscillatory response of the flexible beam can be characterized by the amplitude and the frequency
of its movement and is shown in Fig.3. The resulting main frequency of this process is f = 3.29Hz
and compares well with the reference study.
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Figure 3: Vertical displacement of the tip of the flexible beam as a function of time.

4

ON GOING WORK

The outlined scheme is being used to address a FSI benchmark case where experimental data is
available.
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SUMMARY
Aim of this work is to present a Fluid-Solid Interaction (FSI) experiment for the validation of FSI
techniques and methodologies1. Using a well-defined geometry, we present comprehensive set of
experimental measurements characterizing the interaction between a moving fluid and a flexible
nonlinear solid. Here, Magnetic Resonance Imaging (MRI) allowed the measurement of fluid
velocity, solid geometry and solid motions under stationary and oscillatory flow conditions. This
work has provided a comprehensive dataset with which we will compare the accuracy and efficacy
of various FSI techniques.
Key words: FSI, FSI Benchmark Challenge, experiment, validation
1 INTRODUCTION
Numerical simulation of the interaction between fluids and immersed solid structures permits low
cost, and repeatable investigations into a complex mechanical phenomena. Modelling of these
fluid-structure interaction (FSI) problems has been applied to various industries including
aeronautics [1], power generation [2], defense [3] and medical devices [4, 5]. From these diverse
applications, a wide range of numerical techniques have been developed to solve these multiphysics problems, providing predictions of the complex interaction between solid deformation and
fluid flow. The need for verification of FSI techniques has prompted the development of standard
numerical benchmark problems [6, 7], offering FSI practitioners a reliable point of comparison for
new algorithms. However, the widespread testing of predictive power and validity of these
algorithms on a similar experimental problem – such as [8] – has yet to be realized.
In this paper, we will present the design and results for an experimental benchmark problem for
FSI along with blind results from leading FSI practitioners worldwide [9]. The primary
components of the experiment were devised with FSI simulation validation in mind, using this aim
to guide the selection of geometry, materials, and MR imaging protocols. Measurements were
acquired for both constant inflow (Phase I) and pulsatile inflow (Phase II) conditions. Details of
the problem geometry and boundary conditions were supplied to participating groups, who ran
predictive simulations of the fluid/solid behavior. Results were compared with measurements of
solid motion and flow velocity, testing the predictive capacity of a wide range of FSI techniques.
2 METHODOLOGY
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2.1 Experimental Setup
In order to assess various FSI techniques, we developed a MRI compatible experimental phantom
to create steady and oscillatory motion of an elastic structure within a moving fluid domain.
Geometry of both the flow domain and solid were defined using CAD tools and 3D printing,
enabling precise definition both within the experiment and simulation environment. The phantom
was designed using SolidWorks (3DS, France) modelling software, 3D printed (Projet HD
3000Plus, 3D Systems, CA, USA) using in UV curable acrylic plastic (VisiJet® EX200, 3D
Systems, CA, USA) with printing resolution of 750 x 750 x 890 DPI and polished. The total length
of the flow phantom being 149 mm with the relevant length in contact with fluid 119 mm (setting
of the model depicted in Figure 1). Design of the experimental phantom aimed to provide
unambiguous boundary conditions for three-dimensional modelling.
A solid filament was mounted between the two inlets, pointing in the direction of flow. The
filament had a rectangular section (11×2 mm), extending 60mm into the fluid domain. The 11 mm
sides of the rectangular section filament were oriented to face either inlet, such that the inlet flow
jets impact on the filament’s wider faces. The filament was supported by a cylindrical insert,
which fit into a hole in the phantom wall between the two inlets enabling use for different size /
shaped filaments. So as to not disturb the flow, the cylinder’s circular fluid-contacting face was
aligned with the inner surface of the flow phantom.
The fluid circuit used comprised of a centrifugal pump, (EWP80, Davies Craig, Vic, Australia),
which pumped the fluid through 1 m of flexible tubes, via a Y-junction into two 6m long tubes
connected to 2 m long inlet pipes (ID ⌀21.9 mm). These pipes ran along the MRI bed into the
phantom that was positioned at the isocentre of the bore (see Figure 1). A larger outlet pipe (ID
⌀76.2 mm) conveyed the fluid from the phantom, 1.5m downstream into the fluid reservoir.
Finally, the circuit was completed with 11m of flexible tubing back to the pump.
In Phase I pump was kept at a constant flow rate throughout the measurement whereas Phase II
consisted of the same setup where pump was pulsating in synchrony with the MRI acquisition.
All known experimental and measurement errors are listed in Table 1.

Figure 1: MRI setup of phantom, reservoir and pump configuration, and zoomed section of the
phantom indicating location and orientation of the silicone filament
2.2 Material Properties
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Fluid properties and solid properties were optimized to minimize turbulent effects without
compromising FSI interaction, providing a straightforward testing platform for FSI algorithms.
For the experiment, silicone gels were selected for their simple mechanical properties, making
simulation of mechanical stresses more straightforward. A number of different silicone gels were
considered for use in the model (Sylgard 527 (Dow Corning Corporation, USA ) ratios 1:1, 1:2,
1:3, 1:5; RTV Silicone Rubber 13 and 30 Shore A (Stomps, UK)), exhibiting varied ease of use as
well as stiffness properties. Selection of the appropriate material for our filament aimed at
reducing the mechanical stiffness – minimizing the flow forces required for driving solid motion –
and optimizing ease of use. While some gels were constructed with minimal stiffness, these were
typically extremely sticky and challenging to work with. For the experiment, the silicone filament
used was RTV Silicone Rubber 13 Shore A (Stomps, UK) with density of ρ = 1. 0583 × 10-3 g.mm3
and stiffness measured using uniaxial tensile load-displacement testing.
A key consideration for the flow experiment was the selection of the fluid, where we aimed to
minimize the potential for turbulence without compromising the interaction between fluid and
solid. For this reason, a more viscous fluid was selected, minimizing the Reynolds number and
increasing the fluid shear stresses exerted on the filament. A water/glycerol mixture was used as
the working fluid with a density of ρ = 1.1633×10-3 g/mm3, therefore 9.9% more dense than the
silicone. Viscous parameters was measured using a Stabinger viscometer, (Anton Paar, Graz,
Austria), where dynamic viscosity of be µ = 12.5×10-3 g mm-1 s-1 and the kinematic viscosity was
found to be ν = 10.75 mm2 s-1.
Solidworks meshing
3d printing accuracy
3d model smoothening
Silicon filament dimensions
Silicon density
Fluid density
Fluid dynamic viscosity
Fluid kinematic viscosity
Position of the pressure sensor
Tensile testing - displacement
Tensile testing - load

Method
SolidWorks in-build mesh generator
(parameter: meshing resolution
tolerance)
provided by manufacturer
Sandpaper (500, 1000 grit
size)(parameter: estimated max error due
to material removal)
Vernier calipers
Archimedes suspension method[9] (error
estimated as 95% confidence interval of
12 measurements)
Stabinger Viscometer
Stabinger Viscometer
Stabinger Viscometer

Estimated experimental error
± 0.011 mm

From MRI image
Vernier calipers
Incremental water volume injected by
20ml syringe

± 0.1 mm
± 0.2mm
± 0.1 g

± 0.025-0.05 mm
- 0.1mm
± 0.2mm
± 0.014 g/cm3
± 0.0005 g/cm3
± 0.044 mPa*s
± 0.038 mPa*s

Table 1: List of measurement error intervals.
2.3 Data Acquisition
Transient geometry and fluid velocity fields were obtained using a 3T MRI scanner (Philips
Achieva, Philips Healthcare, Best, The Netherlands) at King’s College London, UK. Two
experiments were carried out, one during steady flow through the phantom, and one with
oscillating flow through the phantom. Oscillating flow was achieved using a waveform generator
and custom built current amplifier combination to provide low frequency current pulses to the
pump. Steady state free precision (SSFP) images were acquired of the of the phantom under zero
flow conditions, providing validation data for use by groups for tuning material parameters.
Subsequently, both steady and transient 2D phase contrast MRI images were acquired in an image
stack, encoding velocity components individual. This was essential to ensure that an appropriate
VENC was selected based on estimates of flow component magnitudes. Motion of the filament
itself was observable within the magnitude of the flow.
3 RESULTS AND CONCLUSIONS
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At the conference, quantitative results of flow and solid deformation from both Phase I and Phase
II experiments will be presented. These quantitative results will be compared with simulated
results from participating groups at standardized locations in the flow domain. While geometry
and boundary conditions were provided to participants, details of flow within the interior of the
domain were not analysed until results were submitted, providing a glimpse at the predictive
capacity of FSI techniques. Blind comparison results and statistics will be presented.
Using a simple geometry, we were able to experimentally create and measure the interaction
between a moving fluid and a flexible structure. MRI allowed fluid velocity to be measured, along
with the geometry of the stationary or oscillating silicone filament. This work has provided a
comprehensive data set with which to compare various different FSI simulations’ accuracy and
efficacy.
Figure 2: Orientation of the
2D planes used to compare
simulated local fluid
velocities (left), and filament
positions (right). Red
markers illustrate flow datapoints in each of the slices.
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SUMMARY
This article summarizes recent results obtained with image-based computational fluid dynamics
models of cerebral aneurysms treated with flow diverting devices both in humans and in animal
models. In particular, we focus on the effects on side branches crossed by the devices, the flow
conditions that induce fast thrombosis within the aneurysm cavity, and the tissue growth and
endothelialization that takes place at the neck. These studies have been enabled by the use of
parallel computer architectures and simulation software.
Key words: Cerebral Aneurysms, Hemodynamics, Flow Diverters
1 INTRODUCTION
Flow diversion (FD) treatment of intracranial aneurysms has received considerable attention over
the past years. However, the effects of FD devices on the local hemodynamics and subsequent
thrombosis and tissue responses that determine the long term outcome of these treatments are not
well understood. This article summarizes recent results obtained with image-based computational
fluid dynamics (CFD) models of cerebral aneurysms treated with FD devices both in humans and
in animal models. We present results of validation studies using animal models, comparisons of
flow conditions between aneurysms that occluded quickly vs. aneurysms that remained open for
long periods of time both in humans and in animal models, estimations of flow reductions in side
branches crossed by FD devices in animal models, and findings related to tissue growth around FD
devices implanted in animal models. These studies took advantage of efficient numerical modeling
software and hardware to create and run many demanding simulations to obtain statistically
significant results.
2 METHODOLOGY
2.1 Clinical Data and Models
A total of 23 human cerebral aneurysms treated with FD devices with known long term outcomes
were modeled with image-based CFD [1]. Vascular models were reconstructed from pre-treatment
3D rotational angiographies (3DRA). Physiologic conditions were derived from flow
measurements in normal subjects.
2.2 Animal Data and Models
A total of 36 elastase-induced aneurysms were created in rabbits and subsequently treated with FD
devices and modeled using CFD. Vascular geometries were reconstructed from 3DRA images
acquired prior to treatment and used to generate unstructured grids. Subject-specific flow
conditions were derived from Doppler Ultrasound (DUS) measurements [2]. Animals were
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sacrificed 2, 4 and 8 weeks after treatment. 3DRA imaging was repeated immediately prior to
sacrifice and used to assess the degree of aneurysm occlusion and to identify the region of the
aneurysm that had occluded using a manual rigid registration and voxelization technique [2]. The
segment of the parent artery containing the FD device and aneurysm were harvested, photographed
and analyzed with histology [3].
In 4 rabbits, FD devices were deployed in the aorta, crossing a lumbar artery (side branch) to study
the effects of the FD on the flow in the jailed branch. Corresponding CFD models were created and
ran with resistive outflow boundary conditions derived from pre-treatment DUS measurements to
estimate the changes in flow rate through the side branches once the FD were implanted [4].
2.3 CFD Simulations
Models of the FD devices were created and virtually deployed into the subject-specific vascular
models of both human and animal aneurysms. Meshes were adaptively refined to resolve the wires
of the devices. CFD calculations were carried out with and without the devices using finite
elements and immerse boundary methods [2]. Numerical solutions of the incompressible NavierStokes equations were obtained for two cardiac cycles. The meshes containing the FD devices
ranged from 20-120 million elements. All calculations were performed in parallel on shared
memory architectures using OpenMP. Flow variables were calculated in the aneurysm and parent
artery to characterize the hemodynamic environment and to compare between aneurysms with
different behaviors after flow diversion treatment. These variables included: mean wall shear stress
(WSS), aneurysm inflow rate (Q), mean velocity (VEL), mean shear rate (SR), vortex core line
length (CORELINE) – a measure of flow complexity, and mean aneurysm transit time (MATT).
3 RESULTS
3.1 Validation
The CFD models were evaluated with data from the rabbit aneurysms. First, a comparison of the
FD cell angles obtained after virtual deployment in the CFD models and corresponding
measurements on gross anatomical photographs of ex-vivo samples showed good agreement
(relative differences were between 1-14%) [2]. In at least one case, this comparison was not
possible because the sample straightened after harvesting, changing the angles of the FD cells.
Secondly, the relative differences between peak velocities obtained with the CFD models and
corresponding DUS measurements in the parent artery in the vicinity of the aneurysm were
between 1-14%, i.e. were in good agreement [2]. On the other hand, the relative differences of CFD
and DUS velocities at the aneurysm ostium were between 2-60%. The largest differences occurred
in cases where the DUS measurements were taken not exactly on the orifice but either further
inside the aneurysm or outside towards the parent artery, thus precluding a fair comparison.
Thus, the CFD results were consistent with in vivo observation and measurements of flow velocity
in the parent artery and the aneurysm. Furthermore, CFD results were also qualitatively in
agreement with in vivo DSA observations of the location of the inflow jet and outflow zone, and
the intra-saccular flow patterns, both before and after FD implantation [2].
3.2 Aneurysm Occlusion Characteristics
Regional differences in hemodynamic conditions were analyzed in a series of 20 rabbit aneurysm
models. The regions that were occluded were identified by aligning angiographic reconstructions
pre-treatment and at 8 weeks after treatment. It was found that the velocity, vorticity and shear rate
were significantly lower in occluded regions than in regions that remained open [5] (Fig.1, left
shows the mean velocity in the occluded and open regions for each case, ordered by % occlusion).
Hemodynamic conditions created immediately after FD treatment were compared between
aneurysms that were quickly occluded (fast occlusion group) and aneurysms that remained open for
a long time (slow occlusion group), using both rabbit models (n=15) and data from human
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aneurysms treated with FD (n=23). Rabbit aneurysms that were completely occluded before 4
weeks after treatment were included in the fast occlusion group, and aneurysms that remained open
at 8 weeks were included in the slow occlusion group. Human aneurysms that were completely
occluded at 3 months were classified into a fast occlusion group and those that were still open at 6
months were included in a slow occlusion group. It was found that aneurysms in the fast occlusion
group had significantly smaller inflow rates and average intra-saccular velocity that those in the
slow occlusion group, for both the rabbit and human cohorts [1, 6] (see Fig. 1, right).

Figure 1: Left: Mean velocity in occluded and patent (open) aneurysm regions. Right: Difference in
hemodynamic variables between fast and slow occlusion aneurysm groups.

3.3 Side Branches
CFD models of side branches crossed by FD in four rabbit models showed that the mean flow rates
through the jailed branch were reduced by 10-20%, even though the areas of the branch origins
were occluded by 50-90% (Figure 2) [4]. In all cases, the side branches remained open at a follow
up angiographic exam 8 weeks after treatment. These results suggest that flow diverting devices do
not block the flow through side branches and therefore seem safe with respect to perforator
occlusion. However, these models did not consider possible effects related to thrombosis or
complete occlusion of side branches located at the inner walls of vessels with significant curvature.

Figure 2: Flow change in side branches occluded by flow diverting devices.

3.4 Tissue Growth and Endothelialization
In general, the proximal (PPA) and distal (DPA) portions of the parent artery in contact with FD
wires were well endothelialized [3] (see examples in Fig.3, Left-top/bottom). Endothelial cells also
grew over the FD struts covering the origin of side branches, but they did not occlude the device
cells that remained open allowing blood to flow to the side branches (e.g. Fig.3, Left-middle).
Endothelial cells (i.e. CD31+) seem to grow from the peripheral neck over the device wires. Tissue
islands were found attached to the devices towards the center of the ostium. These tissue islands
were CD31- and were consistent with inflammatory cells [3]. In incompletely occluded aneurysms,
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there was persistent flow after treatment and presumably this precluded further coverage of the
neck with endothelial cells (see example in Fig.3, top). In completely occluded aneurysms, the flow
through the device was substantially reduced and the neck was frequently entirely covered with
tissue, although not always composed entirely of endothelial cells (see example in Fig. 3, bottom).

Figure 3: Left: Endothelialization of the parent artery keeping side branches open. Top: Incompletely
occluded aneurysm. Bottom: Completely occluded aneurysm.

4 CONCLUSIONS
CFD modeling of blood flow in cerebral aneurysms treated with flow diverting devices is
computationally demanding because of the need to resolve the thin device struts and pores.
Furthermore, in order to compare aneurysms with different behaviors after flow diversion treatment
it is necessary to run a large number of these challenging calculations. Immerse boundary methods
based on unstructured grids provide great flexibility, automation and simplicity for modeling blood
flows past endovascular devices such as flow diverters, which may have complex geometries and
may not be perfectly adherent to the vascular walls. These methods are also well suited for parallel
calculations and therefore allow us to perform studies with large number of cases to obtain
statistically significant results and draw conclusions that may help the clinical practice and the
development and improvement of medical devices.
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SUMMARY
This work introduces an HPC-optimized cardiovascular coupled model. Two previously developed
models were coupled by a black-box decomposition approach: on one hand, Alya, which is a fluidelectro-mechanical tridimensional cardiac model and on the other hand ADAN, which is a onedimensional vascular arterial model. In this paper we present some preliminary results for simple
geometries: an elipsoidal contracting cavity pumping to a reduced 55-branch arterial network.
Key words: cardiovascular computational modelling, dimensionally-heterogeneous coupling, fluidstructure interaction

1

INTRODUCTION

Alya is an HPC-based simulation code for solving multiscale/multiphysics problems in large supercomputers, developed at BSC (Spain), which in this case is used to simulate the cardiac fluid-electromechanical coupling. As a Computational Cardiac Modeller, Alya was introduced in [1, 2]. The
Anatomically Detailed Arterial Network (ADAN) model is developed in LNCC (Brazil). ADAN
simulates the arterial network of an average human body, solving the condensed 1D Navier- Stokes
formulation in compliant vessels [3].
Both codes are coupled in a staggered way using a black-box decomposition approach previously
proposed in [4]. At each time step the Fluid Structure Interaction (FSI) problem is solved by Alya in
the ventricle, computing the output flow through the aorta. Using this flow rate as an input, ADAN
computes the flow and pressure in the arterial system, giving back to Alya a pressure response. The
process is iterated until convergence and a new time step is computed.
It is worth to remark that both Alya and ADAN can run standalone, being used so far to simulate
different scenarios. However, by coupling them, a much more realistic solution can be obtained
eliminating the need of ad-hoc pressure and flow rate boundary conditions at the aortic level (see
figure 1). On Alya’s side, a more physiological response to the blood ejection is obtained, as the
systemic impedance is the result of the entire 1D arterial model. On ADAN’s side, using the heart
model output as ADAN’s input, offers a physiological feedbacked stimuli is generated, that varies
with changes in the arterial system.
2
2.1

METHODOLOGY
Governing equations

At organ level and as a multi-physics system, cardiac pumping action can be seen as the propagation
of the action potential, which induces the mechanical deformation of the solid (myocardium), which
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Figure 1: The heartbeat and bloodflow circulation seen as a coupled electromechanical system (modified from [1] ).
in turn do work on the blood, pumping it to the arterial system. The governing equations for the
electrophisology potential model are described in [2]. The form of the electrical activation potential
φ propagation, is:
!
"
Dij ∂φ
∂φ
∂
Cm
=
+ Iion
(1)
∂t
∂xi Sv ∂xj
The latin subscripts count the space dimension of the problem. The difusion term is governed by the
diffusion tensor Dij which represents the cells spatial properties. The constants Cm and Sv are the
membrane capacitance, and the surface-to-volume ratio, terms introduced by the model. The term Iion
differ with the activation propagation model used. In this case the simpler and fast Fitrzhug-Nagumo
[5] (FHN) is used, defining the ionic current as:
Iion = c1 φ(φ − c3 )(φ − 1) + c2 W
∂W
= #(φ − γW )
∂t

(2)

where W is called recovery potential. The constants c1 , c2 and c3 define the shape of the propagation
wave, and # and γ control the recovery potential evolution.
The mechanical deformation governing equations are described in [1]. The local form of the linear
momentum balance in Ωo for a Lagrangian formulation, is written as follows:
ρo

∂ 2 ui
∂PiJ
=
+ ρBi
2
∂ t
∂XJ

where ρo is the initial density of the body, Bi is the body force and PiJ is the first Piola-Kirchoff
stress tensor. The different constitutive models determine the Cauchy stress tensor, which is related
with the first Piola-Kirchoff, by σ = (detF )−1 P F T , wich can also can be expressed by its energy
W (b), as:
∂W (b)
σ = 2(detF )−1
b
∂b
where b = F F T is the right Cauchy stress. The constitutive model used here is described in [1], and
uses, as energy function, the following expression:
W =

$ K
af #
a b(I1 −3) a
e
− (I1 − 3) +
ebf (I4 − 1)2 − 1 + (detF − 1)2
2b
2
2bf
2

being a, b, af , bf parameters defined as I1 = trb, I2 = (trb)2 − tr(b2 ), I3 = det(b), I4 = f0 bf0 .
respectively.
The excitation-contraction (EC) coupling is the way in which the fibres contract after the activation
potential propagates trough them. In this heart model it is assumed that the active stress is produced
only in the direction of the fibre, so the total cauchy stress can be expresed as:
# %
&$
σ = σ pas + σact λ, Ca+2 f ⊗ f

where σpas is the passive stress defined in [1] as a function of the four invariants and the strain energy
function defined by Holzapfel and Ogden in [6], f is a unit vector aligned to the fibre, and λ is the
fiber stretch. The active stress used in this work is the defined by Hunter in [7].
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Inside the cavity, the fluid is modeled by the incompresible Navier-Stokes equations:
ρ

∂u
+ ρ (u · ∇) u − ∇ · [2µ# (u)] + ∇p = ρf
∂t
∇·u = 0

(3)

where µ is the viscosity of the fluid, ρ the density, #u the velocity,
$ p is the mechanical pressure and f
1
t
the force term. The velocity strain rate is #(u) = 2 ∇u + ∇u . This sets of equation can be solved
in an Eulerian domain or by an Arbitrary Lagrangian-Eulerian (ALE) description. In this paper fluid
viscosity is taken as a constant.
The governing equations in the arterial network, and the way they are solved, are described in [4].
Blod flow in large arteries can be modeled using the condensed 1D Navier-Stokes equations in compliant vessels, which comprise momentum and mass conservation as follows:
!
"
∂Q
∂
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A ∂P
2πR
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+
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τo = 0
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A
ρ ∂x
ρ
∂A ∂Q
+
=0
∂t
∂x
where A is the luminal area, R is the radius, Q is the flow rate, P is the mean pressure, ρ is the
density, αm is the momentum correction factor and τo accounts for the viscous effects since it is
τo = fr ρU |U |/8. In this equation U is the mean velocity (U = A/Q) and fr is the Darcy friction
factor corresponding to a fully parabolic velocity profile. This equations are complemented with a
constitutive relation for the arterial wall induced pressure:
'(
)
Eh
A
Kh
1
∂
√
P = P0 +
−1 +
R0
A0
R0 2 A0 A ∂t
where index 0 refers to reference values, h is the wall thickness and E and K are the material parameters that characterize the elastic and viscoelastic material responses, respectively.
2.2

Numerical test and results

In this paper we present the scheme through two simplified scenarios. First, method’s convergence is
tested and calibrated by coupling 3D to 1D cylinders, solved respectively with Alya and ADAN. All
the equations are spatially discretized by the Finite Element Method and temporaly discretized by a
θ generalized scheme. In the figure 2 it can be seen that the value of the solved variables converges
to a figure within each time step.

Figure 2: Convergence in a simple case.

Figure 3: Pressure and flow for the cardiovascular
coupled model.

Next, a ventricle is simulated using an ellipsoidal cavity made of active cardiac tissue, with fibers
arranged vertically, with a short non-active tubular part playing the role of the aorta. The activation
potential is started at the bottom. The arterial network is also simplified, including 55 segments, called
ADAN55. Figure 3 shows the flowrate and a scaled (1%) pressure in the coupling point. Figure 4
shows the ventricle-like geometry and part of the ADAN55 mesh.
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Figure 4: Transmembrane potential, pressure and flow for the coupled model.
3

CONCLUSIONS

In this work we show preliminary results of a coupled simulation tool that widens the possibilities in
cardiovascular modelling. A complete simulator of the cardiovascular system will allow bioengineers
and medical researchers to study the response of the full model to changes in any of the components,
extending the predictive and descriptive capabilities of the standalone versions of the models, and
providing further insight in the cardiac-systemic interactions.
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SUMMARY
The accuracy and usefulness of computed flow data in an artery is dependent on the initial
geometry, which is in turn dependent on image quality. Often smaller branching vessels are not
captured with CT, and thus neglected in flow simulations. We used a high-quality CT dataset of an
isolated common iliac aneurysm, where the small branching vessels of the internal iliac artery were
evident. Simulations were performed both with and without these branches. Results show that the
haemodynamics in both cases were very similar and therefore, small downstream arteries may not
be vital to accurate computations of upstream flow.
Key words: iliac aneurysm, computational fluid dynamics, wall shear stress
1 INTRODUCTION
An aneurysm is a localised dilation of an artery wall which is life threatening when ruptured.
Aneurysms in the iliac arteries can occur in isolation, or in association with other large vessel
aneurysms, such as abdominal aorta or femoral artery aneurysms. Large-scale population screening
studies of abdominal aortic aneurysms (AAA) show that, for people older than 65 years, the
prevalence of an AAA is approximately 5–6% in men and 1–2% in women. In 25% of these cases,
sufferers also have aneurysms in one or both common iliac arteries; and in 7% of these cases
aneurysms also exist in the internal iliac arteries. However, the underlying causes of most
aneurysms in these medium-to-large arteries are unknown and specific pathological causes are
generally only identified in a small number of cases [1].
In the past decades computational fluid dynamics (CFD) has emerged as a powerful and
popular tool for the study of blood flow dynamics and its role in the development, diagnosis, and
treatment of aneurysms and related cardiovascular disease [2,3]. With appropriate boundary
conditions and model assumptions, CFD can simulate the blood flow through any vessel of the
body using patient-specific geometries, typically derived from computed tomography (CT).
However, CT imaging methods have limited spatial resolution (e.g. 1 mm voxel size) and in many
studies the minor arteries are lost or excluded from the models, reducing their fidelity.
For this case study we have an exceptional geometry, reconstructed from a patient with a
common iliac aneurysm (CIA). The geometry contains a number of the minor arteries, branching
from the internal iliac arteries; these minor arteries are often not-captured by CT and neglected in
CFD studies of the normal or diseased aortic bifurcation. The objective of this case study is to
analyse the effect that these minor arteries (present versus not present) (Figure 1) have on the
haemodynamics and physical flow phenomena commonly associated with aneurysmal disease:
specifically regions of low and oscillatory wall shear stress (WSS).
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Figure 1: A) Original CT-reconstructed geometry. B) Trimmed geometry. C) Healthy anatomy of
the iliac arteries. (a. = artery)
2 METHODOLOGY
2.1 3D reconstruction and trimming
Contrast-enhanced CT data (pixel size = 0.82mm; slice thickness = 1 mm) of a 91 year old male
with an isolated CIA was imported into Mimics v17 (Materialise, Belgium). Following previous
methods, we reconstructed the lumen into 3D and conservatively smoothed the resulting surfaces
[3]. The  patient  had  a  ‘pocket’  within  the  CIA  lumen  which  was  expected  to  produce  complex  flow.  
The trimmed geometry was created by removing all branching arteries from the internal iliac
arteries. We created an outlet boundary where the rectal and obturator arteries once were on the
patient’s   non-aneurysmal side, as the internal iliac artery progressed directly into these minor
arteries. We then extended the inlet surface by 120 mm and each outlet by 10 times the outlet
diameter to ensure flow was fully developed entering the infra-renal aorta and that our outlet
boundary conditions did not affect the haemodynamics in the vessels. The resulting reconstructions
can be seen in Figure 1.
2.2 Meshing
The volume mesh was constructed within
STAR-CCM+ (v9.04) (CD-adapco Group)
using a core polyhedral mesh and a prismlayer mesh near the wall boundary. The prismlayer mesh was progressively refined
approaching the wall. The thickness of the
prism-layer mesh and the surface size (edge
length) were defined relative to the local
lumen diameter so that the minor arteries were
well discretised. Any areas that were expected
to have rapid changes in velocity (i.e.
bifurcations) were also subject to refinement.
In order to determine a sufficient level of Figure 2: Mesh cross-section through the CIA
(uniform) mesh refinement (number of prism- ‘pocket’, highlighting the prism-layer mesh and
layers and polyhedra density coefficient) the local mesh refinement.
Grid Convergence Index (GCI) was calculated
from the results of three different mesh densities (using the untrimmed geometry). The GCI
calculated for the time-averaged WSS, spatially-averaged over the cells spanning the CIA was
0.08% (<2% is considered robust). The finest and chosen mesh (Figure 2) contained 16 prismlayers and a total cell count of 5.8 million (4.8 million for the trimmed geometry).
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2.3 Physical assumptions and boundary conditions
The blood flow was approximated as laminar and the blood was considered to be an
incompressible,   Newtonian   fluid   with   a   dynamic   viscosity   of   0.0035   Pa∙s   and   a   density   of   1050  
kg/m3. The walls of the arteries were characterised by no-slip, rigid wall boundary conditions [2,
3]. For both the original and trimmed geometries, the Navier-Stokes equations were solved using
STAR-CCM+. The temporal discretization was set to second order, with 103 steps per cardiac cycle
and 15 inner iterations: the convergence of both the continuity and momentum residuals remained
below 10-3 throughout the cardiac cycle. A mass flow waveform was applied at the supraceliac (SC)
inlet, this scaled waveform was derived from volumetric flow data by Les et al. [4] (Figure 3).

Figure 3: Left: SC inlet waveforms and  the  patient’s  systolic  and  diastolic  blood  pressures. Right:
An example of the Windkessel Model used at each outlet boundary, where Z is the proximal
resistance, R is the distal resistance and C is the vascular compliance. Patm is atmospheric pressure.
The model explicitly couples the 3D CFD simulation with a Windkessel model (RCR circuit) at
each outlet boundary (Figure 3) in order to approximate the resistance and compliance of the
downstream vascular beds. This improves the estimation of pressure throughout the domain and
allows the pressure waveform at the SC inlet to be set-to/abide-by  the  patient’s  measured  systolic  
and diastolic pressures [4]. The Windkessel parameters are calibrated according to previous
methodology [5], with 30% of the common iliac flow passing through to the internal iliac artery.
Furthermore, downstream of each internal iliac artery, the flow leaving the domain is split (directly)
proportional to the area of each outlet boundary and the shape of the flow waveform leaving each
of the iliac outlets is configured to resemble the infrarenal aortic waveform. These assumptions are
often used as patient-specific flow and pressure data for each outlet are not routinely collected.
2.4 Data Analysis
Once the pressure waveform at the inlet converged to the desired systolic and diastolic pressures,
the time-averaged WSS (TAWSS) and oscillatory shear index (OSI) were calculated over three
cardiac cycles. Following this, histograms were used to quantify the distribution of TAWSS and
OSI across the areas of interest: the common and internal iliac arteries. The characteristics of the
flow in these regions were observed by time-averaging the velocity profile across plane sections.
3 RESULTS
Throughout both the geometries, there were only slight differences in the TAWSS and OSI
distributions. The results show extremely low TAWSS (at <0.4 Pa we expect monocyte adhesion
and inflammation [6]) and a high OSI at the aneurysmal location,  in  particular,  within  the  ‘pocket’
(Figure 4). In Figure 5 we see the area-weighted distribution of TAWSS over the CIA region. This
histogram reinforces the similarity seen in Figure 4 and is characteristic of the marginal differences
in TAWSS and OSI that were observed throughout both geometries. There was, however, slightly
more variation observed in the average velocity profiles, most prominent for the section through
the CIA ‘pocket’ where the flow field is the most complex. Although this bares less significance
than the TAWSS and OSI fields, it is effective in highlighting how far upstream the changes made
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have affected the flow field. Also, we observed very little difference in flow dynamics in the
internal iliac artery where the trimmed geometry resembled the original geometry with respect to
flow features, TAWSS and OSI.

Figure 4: A) TAWSS distribution (left: original geometry, right: trimmed geometry). B) OSI
distribution (left: original geometry, right: trimmed geometry).

Figure 5: Area-weighted TAWSS histograms for the CIA region in both the original (left) and
trimmed geometry (right).
4 CONCLUSION
Logically, the accuracy with which a CT reconstruction captures the true in vivo anatomy will have
implications on the computed flow field. However, the inclusion of the smaller branch beyond the
carotid bifurcation (i.e. the superior thyroid artery) was shown to insignificantly affect the flow in
the common carotid artery [7]. Here, in the diseased aortic bifurcation, we came to a similar
conclusion. By employing a typical set of large artery CFD assumptions that omit smaller
branching vessels, we observed negligible qualitative or quantitative differences in computed flow
dynamics in the CIA or the internal iliac artery. This work validates the omission of smaller
branches of the internal iliac artery and forms the basis for a larger investigation into isolated CIAs.
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SUMMARY
Fraction flow reserve (FFR) is the gold standard assessment of the hemodynamic significance
of coronary stenosis. Non-invasive FFR derived from coronary CTA (FFRCT) is a promising
new technology and remains unexamined. Patient-specific models of stenotic coronary artery
were utilized to compute FFRCT via CFD simulation by using finite element analysis. The
numerical results show that FFRCT by the noninvasive method is of consistency with the
invasive FFR to a acceptable degree. The individual boundary conditions especially the
entrance velocity and the quality of CTA images are very important to get an accurate result.

Key words: Fractional flow reserve, computational fluid dynamics, finite element analysis

1

INTRODUCTION

At present, Fraction Flow Reserve (FFR) is the gold standard assessment of the hemodynamic
significance of coronary stenosis. FFR derived from coronary CTA (FFRCT) is a non-invasive
method for diagnosis of ischemic coronary lesions. To date, the diagnostic performance of
FFRCT for lesions of intermediate stenosis severity remains unexamined [1]. FFRCT was

798

studied in this paper by using real models including patient models and experimental pig
models.
2

METHODOLOGY

A series of CTA images obtained from 17 patients (including patients with and without calcified
plaque respectively) and 9 experimental pigs with coronary lesions of intermediate stenosis
severity were utilized to establish geometrical models for numerical simulation with
computational fluid dynamics (CFD). Then numerical simulations of the hemodynamics in
these models were performed using the finite element method. The pressure of the models was
obtained from the result of the CFD. FFRCT is calculated with the ratio of mean coronary artery
pressure divided by mean aortic pressure under conditions of simulated maximal coronary
hyperemia [2].
The fluid is assumed to be incompressible and Newtonian with properties that approach those
of normal blood   (density   ρ=1.05×103 kg/m3 and   dynamic   viscosity   μ=3.5x10-3 kg/m-s) and
the wall is rigid satisfying no-slip conditions [3]. The axial velocity waveform at the inlet was
shown in Fig. 1. The outlet boundary is of the opening condition with the average pressure
assumed as zero. The FFRCT calculations based on CFD simulation were performed on a work
station but not a HPC system.

Fig.1 Inlet velocity of coronary artery
3

RESULTS

Tab 1 to 3 shows the Comparison between FFRCT and invasive FFR. The numerical results
demonstrate that: (1) FFRCT is of consistency with the invasive FFR to an acceptable degree. (2)
The absence of individual boundary conditions such as entrance velocity may make the results
inaccuracy in the patients as shown in Table 1 and Table 2. The low resolution quality of CTA
images will result in the 3-D models inaccuracy and large relative difference as shown in Table
3. (3) The FFRCT in diastole is of little difference with the FFRCT in systole in the patients.
There is only a little difference between the FFRCT in diastole and FFRCT in systole, and the
FFRCT in diastole is larger than the FFRCT in systole as a whole.
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Table 1 Comparison between FFRCT and invasive FFR of patients without calcified plaque
Computed pressure
Patients

difference across the

Invasive pressure
FFRCT

stenosis/ mmHg

difference across the

Invasive

Relative differences

FFR

|FFRCT-FFR|/FFR

stenosis/mmHg

Case 1 LAD

11.5

0.82

10

0.84

2.3%

Case 2 LCX

17.2

0.83

16

0.84

1.2%

Case 3 LCX

17.06

0.80

8

0.90

11.1%

Case 涛
4 LAD

24.8

0.72

34

0.62

16.1%

CaseLCX
5 LCX
普通入口速度
Case 6 LAD

5.35

0.94

11

0.88

6.8%

7.8

0.92

-

0.95

3.2%

Case 7 LAD

5.25

0.94

20

0.77

22.1%

Case 8 LAD

14.84

0.82

20

0.75

9.3%

Case 9 LAD

23.04

0.85

34

0.78

9.0%

6

Case 10

systole

5.9

0.91

LAD

diastole

7.19

0.90

Case 11

systole

0.55

0.99

LAD

diastole

1.03

0.99

0%

0.91

7

1.1%
7.6%

0.92

7.6%

Table 2 Comparison between FFRCT and invasive FFR of patients with calcified plaque
Computed pressure
Patients

difference across the

Invasive pressure
FFRCT

difference across the

stenosis/ mmHg

Invasive

Relative differences

FFR

|FFRCT-FFR|/FFR

stenosis/mmHg

Case 1

74.3

0.54

34

0.65

16.9%

Case
LAD2
Case
LCX3

17.7

0.82

17

0.83

1.2%

5.6

0.94

9

0.91

3.3%

Case
LAD4
Case
LCX5

41.87

0.65

18

0.77

15.6%

10.84

0.88

18

0.80

10%

Case
LAD6

51.85

0.47

34

0.65

27.7%

LCX
Table 3 Comparison between FFRCT and invasive FFR of the experimental pigs
Computed pressure
Pig

difference across

Invasive pressure
FFRCT

the stenosis/ mmHg

Pig4
Pig11
Pig13
Pig14

800

difference across
the stenosis/mmHg

Invasive

Relative differences

FFR

|FFRCT-FFR|/FFR

Pig5

11.12

0.76

18

0.62

22.6%

Pig9

15.67

0.85

20

0.81

4.9%

63

systole

81.83

0.31

diastole

66.71

0.44

systole

36.31

0.52

diastole

32.91

0.57

systole

29

0.60

diastole

19.95

0.73

systole

10.45

0.81

diastole

3.95

0.93

9
51
31

0.47
0.88
0.31
0.45

34.0%
6.4%
40.9%%
35.2%
93.5%
135.5%
80%
99.9%

Pig15
Pig16
Pig17

4

systole

6.47

0.90

diastole

8.10

0.86

systole

21.67

0.78

diastole

16.10

0.83

systole

11.97

0.89

diastole

17.43

0.84

11
22
32

0.83
0.78
0.70

8.4%
3.6%
0%
6.4%
27.1%
20%

CONCLUSIONS

FFRCT is of consistency with the invasive FFR to an acceptable degree. FFRCT is feasible for
diagnosis of hemodynamic significance of coronary stenosis. However, there is a defect for
accurate assessment of coronary artery disease (CAD) with FFRCT. The defect is that the
individual boundary condition and high resolution quality of CTA images is critical to the
evaluation of FFRCT. The entrance velocity of the coronary artery is difficult to obtain and the
CTAs are always of low resolution when exported from the CT machine. FFRCT will provide
accurate diagnostic and suggestion compared with invasive FFR or CTA alone if the defect is
solved. FFRCT is a promising new technology as a noninvasive method for diagnosis of
intermediate stenosis severity of CAD. The new technology can help select patients for
invasive angiography and revascularization or medical therapy. Further the clinical
effectiveness and economic implications of noninvasive FFRCT are now being explored.
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SUMMARY
We perform a sensitivity analysis and quantify uncertainty in a wave propagation model of the arterial
tree. In particular, the impact of uncertain arterial stiffness on pressure waves in the ascending aorta
is investigated. Further, we assess the sensitivity of pressure waves with respect to uncertain arterial
stiffness in different locations of the arterial tree.
Key words: wave propagation, uncertainty quantification, sensitivity analysis, blood flow simulations

1

INTRODUCTION

In recent decades numerical modeling has become a helpful resource for cardiovascular research.
In particular, one-dimensional wave propagation models have been used to investigate healthy and
pathological conditions of the systemic arterial system [1]. These models have been successfully
applied in the research of intervention planning, diagnosing diseases, and improving preventative
health care. However, despite their potential range of applications, wave propagation models are not
yet used in clinical settings, mainly because the process of model personalization by incorporating
patient-specific data, poses challenges. First, the number of measurement procedures required to
acquire patient-specific parameters should be low having the burden of the patient in mind. Second,
measured parameters are uncertain due to limitations in measurement methods, day-to-day variation
of the biological system, and inability to directly measure some parameters (e.g., the arterial stiffness).
Sensitivity analysis can be used to reduce the amount of required patient-specific parameters and
uncertainty quantification can be applied to evaluate the impact of parametric uncertainty on the model
output [2]. In this paper, we apply methods for sensitivity analysis and uncertainty quantification to
study uncertain arterial stiffness in a wave propagation model for the systemic arterial tree.
2

METHODOLOGY

To investigate the impact of uncertain arterial stiffness, we coupled stochastic methods (generalized
polynomial chaos and Quasi-Monte Carlo) with an advanced deterministic wave propagation model.
The deterministic wave propagation model was based on our previous work [3, 4, 2]. A 1d distributed
approach to model the arteries is coupled with non-reflective Riemann Invariants to 0d lumped parameter models as boundary conditions. The conservation laws for mass and momentum in the arteries
were discretized with a MacCormack scheme (2nd order in space and time).
To incorporate the effects of uncertain parameters the wave propagation model solutions u(x, t) pressure and flow over space x and time t -, we applied a generalized polynomial chaos method
[5] and Quasi-Monte Carlo method to approximate the stochastic solutions U (x, t, z), where z is
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a random vector representing uncertain arterial stiffness. The polynomial chaos method is more
efficient for a low number of uncertain variables (less than 20). For simulations with larger sets of
random variables the Quasi-Monte Carlo method is used.
The sensitivity of the stochastic solution U (x, t, z) with respect to uncertain arterial stiffness was
determined with first order sensitivity indices:
Si(zd ) =

Var [E [U | zd ]]
Var [U ]

d = 1, . . . , D,

(1)

where, U is the stochastic solution and zd is a random variable describing the uncertain arterial stiffness in an artery. These indices represent the significance of each uncertain parameter zd .
We considered the following statistics to quantify the impact of uncertain arterial stiffness on the wave
propagation solution: mean (E), variance (Var) and 1 ↵ credible interval. The mean and variance
of the stochastic solution U (x, t, z) characterize the impact of the uncertain stiffness on pressure and
flow. 1 ↵ credible intervals depict the range where pressure and flow is expected to be with a
(1 ↵)100% chance, taking the uncertain arterial stiffness into account (see also Figure 1).

Figure 1: 99% credible interval of the backward propagating pressure wave in the ascending aorta, taking
parametric uncertainty of arterial stiffness into account.

3

RESULTS AND CONCLUSION

We will present the application of sensitivity analysis and uncertainty quantification of an arterial
network representing the largest systemic arteries. In particular, we will show the impact of uncertain
arterial stiffness on amplitude and timing of pressure and flow in the ascending aorta.
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SUMMARY
Ageing effect on pulse wave velocity (PWV) in a single arterial bifurcation is studied by means of a
0D distributed vascular model. A Gaussian process emulator is trained on a small set of simulations,
and PWV is computed at system inlet. The emulator is used to predict PWV for a distribution of
inputs covering physiological ranges from a typical ageing individual. Predictions are employed to
compute Sobol sensitivity indices for each input parameter. Sensitivity analysis indicates vessel wall
Young’s modulus as the most influential input on PWV variance. This work shows the potential of
using emulators to drastically reduce computational time in a model sensitivity analysis.
Key words: ageing, 0d distributed, Gaussian processes, variance based sensitivity analysis

1

INTRODUCTION

Blood flow is pulsatile and blood pressure propagates within the arterial tree as a wave. Pulse wave
propagation velocity (PWV) is affected by the mechanical properties of the vessel and their anatomy.
Sudden changes in stiffness or bifurcations generate reflected back-propagating waves. Pressure
waveforms result from the superimposition of a forward and a reflected wave. Arteriosclerosis, the
natural stiffening of arteries, is a common cardiovascular condition occurring with age. Structural
changes due to ageing affect the entire arterial tree, focusing on the larger elastic vessels, and concern
primarily vessel local properties rather than the global geometry. Stiffer vessels cause an increase in
PWV and, as a consequence, an early superimposition of forward and backward waves, resulting in
an overall increase in systolic pressure.
Given that pulse wave propagation is affected by arterial tree characteristics, age parameter should
be included to drive the selection of numerical models parameters. A fundamental step toward an
age-driven parametrisation is represented by the model sensitivity analysis. This would provide a
description of the model behaviour for all the combinations of inputs. Inputs can be ranked with
respect to their ’weighted’ influence on the final model output. This would decrease the number of
parameter changes to be considered in the model, and also to be measured in-vivo.
Mono dimensional and 0D distributed models of the arterial circulation are capable to simulate the
physics of pulse wave propagation and reflections in the arterial tree. One draw-back of these approaches resides in the high number of parameters to be specified for each simulation. A sensitivity
analysis inform this approach by identifying those parameters that will have an effect on the output of
interest, and worth to be considered. Although less computationally expensive than 3D simulations,
a thorough analysis of the entire inputs space would still be extremely expensive in the case of 1D
or 0D distributed models. Sensitivity analysis of cardiovascular models are commonly performed
considering variation of one parameter at-a-time. This approach, however does not allow to study
the effects on the model when input parameters are varied in combination to each other. Statistical
emulators can be employed to overcome this limitation [1]. Emulators catch models mean behaviour,
predict output for all the points in the parameter space, including combined variations of the model
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input parameters. Emulator computational running time can be infinitely shorter than a single model
run.
In this work, a generic arterial bifurcation model is presented. The system is represented by a series
of lumped-parameter compartments and solved numerically in the time-domain. Pressure and flow
waveforms are obtained at each point of the system and PWV is computed by means of wave intensity
analysis [2]. A statistical emulator of the bifurcation model is built starting from a training set of direct
simulations. This is used to predict PWV results in the entire parameter space. Sensitivity analysis is
subsequently performed on the latter set of results and sensitivity indices are produced.
2

METHODOLOGY

The vascular model is based on the 1D form of the Navier-Stokes’ equations for incompressible flows
within narrow, thin-walled elastic tubes [3]. Equations are then linearised by means of integration
along the vessel length, and further simplified by assuming that mean quantities (pressure and flow)
along the vessel can be expressed in terms of inlet and outlet quantities. This results in a lumpedparameter model representing the physics (flow and wall mechanics) of a segment of each vessel. The
vascular model was solved numerically by means of a first order Euler’s scheme, and the time step
was set according to the stability criteria described in [4]. To simulate the effects of the peripheral
vasculature, the tube model was coupled with a three-element windkessel model. The principle of
mass conservation (continuity) was applied to solve blood flow at bifurcations. Only symmetric
bifurcations were implemented. The branching geometry follows Murray’s law whereby the uniform
wall shear stress is hypothesized on the luminal surfaces of the bifurcation vessels (Figure 1). PWV
was obtained from pressure and flow waveforms computed at the inlet of the system by means of the
PU-loop method described in [2].
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Figure 1: Bifurcation model scheme. Three elastic vessel models are connected at bifurcation point b. Each
vessel is discretised in a number of nodes i. In between two nodes a RLC cicuit is solved. Inlet
boundary condition is given in form of a flow waveform. Outlet boundary conditions are computed
automatically at each time step by solving a three-element windkessel model.

A model emulator of the physics-based original model was then adopted. The emulator was trained
on a set of 100 simulation outputs. Model inputs (Table 1) were chosen within physiological ranges
typical of an ageing population [5]. A homogeneous coverage of the entire parameter space was
ensured by means of Latin hypercube sampling [1]. The emulator consists of a Gaussian process
regression model [6] whose kernel function is the sum of a radial basis function kernel and a multilayer perceptron kernel. Kernel hyperparameters optimisation was done by maximising the marginal
likelihood with a ten-fold cross-validation strategy. The set of hyperparameters minimising the meansquared-error on predictions was selected as optimal set.
Sensitivity of the model output to individual inputs or combinations of them was assessed by means of
Sobol sensitivity indices [7]. Sensitivity indices were computed from output variance through analysis
of variance decomposition [8]. First-order and total sensitivity indices were computed starting from
3200 PWV predictions produced by the model emulator.
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3

RESULTS

Emulator cross-validation results are reported in Figure 2a. Emulator predictions are reliable and are
close to the mean line. For PWV higher than 5 m·s 1 , predictions tend to spread away from the mean
line. This indicates a non-stationary behaviour of the model within the input space, and the need for
more information about the model behaviour in that particular area. In Figure 2a emulator outputs are
plotted against model outputs. Points lying on the line of equality indicate a good agreement between
emulator predictions and model outputs. Outliers indicate areas where emulator predictions can be
improved.
Emulator runs for sensitivity analysis are shown in Figure 2. Scatter plot shows how PWV is affected
by vessel wall Young’s modulus E. The effect of E on PWV is captured by both model and emulator
outputs. Model outputs are close to a hypothetical mean line as long as E is smaller than about 6MPa.
A further increase of E is characterised by a spreading of outputs over a wider area. This is probably
the reason why the emulator, which computes the model mean behaviour, compares better with the
source model when predicting small values of PWV (Figure 2b), which is directly correlated to small
values of Young’s modulus. Scatter plots for other input parameters showed no influence on PWV.
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Figure 2: (a) Comparison between emulator output and model output. (b) Emulator outputs for sensitivity
analysis inputs set (grey), and model emulator training runs (black).

Parameter
Blood viscosity µ [cP]
Blood density ⇢ [kg·m 3 ]
Vessel length ` [m]
Lumen radius r [m]
Wall thickness h [m]
Young’s modulus E [kPa]
Peripheral resistance Rs [g·cm

4s 1]

Range
[1, 4]
[0.7, 1.3]
[0.2, 0.8]
[0.005, 0.040]
[0.001, 0.005]
[30, 13000]
[1000, 2000]

1st Order index
0.049 ± 0.125
0.098 ± 0.121
0.018 ± 0.114
0.024 ± 0.117
0.032 ± 0.124
0.770 ± 0.385
0.018 ± 0.116

Total effect
0.052 ± 0.012
0.051 ± 0.012
0.048 ± 0.011
0.046 ± 0.010
0.051 ± 0.012
0.707 ± 0.098
0.045 ± 0.011

Table 1: Ranges and normalised sensitivity indices for each model parameter.

Sensitivity indices (Table 1) give an insight about the relative influence of each model input on PWV.
With the exception of the index for E, all other indices are low, meaning a weak correlation to the
output of interest, PWV. Those inputs effect on PWV variation is negligible. Thus, the main source of
variation for the output resides in the variation of Young’s modulus. The difference between E firstorder and total indices is small, indicating that the influence of other inputs on the E effect is small.
The computational time required to run the 100 training simulations of the 0D distributed model was
of about 32.6 hours. This is mainly because the number of nodes required by the numerical scheme
to reach convergence was about 50, and because the numerical stability analysis required a time step
depending on E. As E increased of one order of magnitude, the time step decreased of one order
of magnitude, resulting in a significant increase of the total simulation time. On the other hand, the
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entire process of Gaussian process training, optimisation, and prediction of 3200 new outputs required
roughly 1 minute, 0.0018 seconds of which for the prediction part.
4

CONCLUSIONS

A distributed 0D vascular model was used to simulate pulse wave transmission and reflection within
an arterial vessel bifurcation. From computed pressure and flow waveforms, PWV was computed at
the inlet of the system. A statistical emulator of the model was built by means of Gaussian process
regression trained on a set of 100 model simulations. The emulator was employed to predict a set of
3200 outputs to study the sensitivity of the model output to changes in its input parameters affected
by age.
Results show good agreement between model and emulator outputs. A higher variability in outputs
when E is higher than 6MPa indicates where more source model simulations should be performed
and used to train the statistical model. Moreover, PWV showed to increase with E, and therefore
age, as expected. Sensitivity analysis showed that the most influential parameter is E, indicating the
importance of accuracy in its patient-specific measurements. Other parameters variation did not show
a significant influence on the output.
The introduction of the Gaussian process emulator reduced significantly the computational time required by a robust sensitivity analysis. Such a thorough description of the model and the effects of its
parameters would not be possible by running the source model alone. This has particular relevance
in a potential scenario where use of these modelling approaches could be used in a clinical setting to
support patient-specific diagnosis and predictions of certain cardiovascular conditions.
Further work will focus on development of the vascular model to represent the entire arterial circulation. The bifurcation models presented in the manuscript, however, represents the fundamental
building block for a complete model. The Gaussian process emulator will be trained to predict multiple outputs, e.g. not only PWV but the entire pressure (flow) waveform could be predicted as a
set of pressure (flow) values at each time step. This will allow a more complete investigation of the
influence of the input physiological parameters, and the identification of waveform biomarkers that
might be closely correlated to diseases.
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SUMMARY
Sensitivity indices obtained from a global variance-based sensitivity analysis can help by identifying
which parameters need to be measured accurately and which parameters can be fixed for patientspecific applications. However, the computational cost for obtaining the sensitivity indices becomes
prohibitively large with the current gold standard approach when the number of model parameters
becomes too high (> 25). We propose an efficient two-step approach for model personalization.
Using this approach personalization of an existing model could be performed using O(103 ) model
runs, compared to O(105 ) runs had the current gold standard approach been used.
Key words: sensitivity analysis, uncertainty quantification, polynomial chaos expansion, model personalization

1

INTRODUCTION

Advances in cardiovascular modeling have led to initiatives that aim to predict the outcome of an intervention for individual patients using these models. This patient-specific approach requires that the
parameters and boundary conditions are adapted to the individual patient and that the uncertainty in
the prediction is properly quantified (uncertainty analysis). Since it is impossible in practice to measure all model parameters, it is required to identify the parameters that have the largest influence on the
model output and are therefore most rewarding to measure. A variance-based sensitivity analysis can
be used to apportion the outcome variance (uncertainty) to the direct effects and the interaction effects
of the model parameters and it can thereby help guide the formulation of the measurement protocol
that will minimize the model outcome uncertainty. Two sensitivity indices are defined per parameter
to indicate their direct influence (main sensitivity index) and their direct influence plus their influence
through interaction with other parameters (total sensitivity index) [1]. These sensitivity indices are
defined by multi-dimensional integrals. Monte Carlo estimates of these integrals can be calculated
efficiently using Saltelli’s method [2]. However, for models with many model parameters, Saltelli’s
method becomes impractical, as the number of required model runs is in the order of O(k · 103 ),
with k the number of parameters, which can be prohibitively large. Other methods for deriving the
main and total sensitivity indices have also been reported in literature [3]. In these approaches, a
metamodel of the output space is constructed using multivariate polynomial basis functions. The sensitivity indices can be derived analytically from the metamodel [3, 4]. Compared to Saltelli’s method,
the metamodeling approach requires much fewer model runs if the number of model parameters k is
not too large (k < 25). For the sensitivity analysis of models with many parameters, it is therefore
advised to reduce the number of parameters before the metamodeling approach is used. Therefore,
we introduce a two-step approach where the effective number of parameters is reduced by first applying a screening method [5]. After fixing parameters that were identified as non-important within
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their uncertainty domain, a metamodel is constructed with a basis in the remaining parameters. This
metamodel is used to derive the sensitivity indices. In this work, we demonstrate the efficiency of this
approach by applying it to a pulse wave propagation model with 73 parameters.
2
2.1

METHODS
Variance decomposition and sensitivity indices

~ = f (X1 , . . . , Xk ) with k parameters Xi with domain ⌦i . The model f can
We denote a model f (X)
be decomposed to [1]:
f (X1 , . . . , Xk ) = f0 +

k
X

fi1 +

i1 =1

k X
k
X

fi1 i2 +. . .+

i1 =1 i2 >i1

k X
k
X

i1 =1 i2 >i1

···

k
X

is >is

fi1 i2 ...is +. . .+f12...k , (1)
1

where f0 is a constant representing the expected value of f and all other summands fi1 i2 ...is =
fi1 i2 ...is (Xi1 , Xi2 , . . . , Xis ) with 1  i1 < . . . < is  k have zero mean, are unique and orthogonal
to each other [1]. Taking the variance of each summand and normalizing by the total variance results
in the Sobol variance decomposition:
1=

k
X

i1 =1

Si 1 +

k X
k
X

i1 =1 i2 >i1

Si 1 i 2 + . . . +

k X
k
X

i1 =1 i2 >i1

···

k
X

is >is

Si1 i2 ...is + . . . + S12...k ,

(2)

1

with Si1 ,i2 ...,is the Sobol sensitivity indices defined by:
ZZ
Z
Vi i ...i
1
Si1 i2 ...is = 1 2 s =
· · · fi21 i2 ...is d⌦i1 d⌦i2 · · · d⌦is ,
V(f )
V(f )

(3)

where the partial variance Vi1 i2 ...is ⌘ V(E(f |X i1 ,i2 ,...,is )), i.e. the variance in the expected value of
f when fixing the inputs in the set {Xi1 , Xi2 , . . . Xis }.

A main sensitivity index Si = V(E(f |{Xi }))/V(f ), i = 1, . . . , k quantifies the direct contribution
of parameter Xi to the output variance, whereas a total sensitivity index ST,i1 = 1 S i1 = 1
V(E(f |X \ Xi )/V(f ), i1 = 1, . . . , k quantifies the total contribution of parameter Xi (directly
and through interaction with other parameters) to the output variance [2, 4]. To reduce the model
outcome uncertainty the parameters with large main sensitivity indices are most rewarding to measure
with high accuracy, whereas parameters with a small total sensitivity index can be fixed within their
uncertainty domain.
2.2

Two-step approach

Step one: screening for non-important parameters
Non-important parameters are identified by calculating the elementary effect di of each parameter Xi ,
as defined by Morris [5]:
f (~x + ~ei ) f (~x)
di =
,
(4)
where f is the model under investigation, ~x is a vector containing the parameter values and
is
the size of a step through the input space in the direction ~ei (i.e. the direction of parameter Xi ).
An elementary effect for each parameter is obtained from a trajectory through the input space that
is generated by randomly taking steps into parameter directions such
that each parameter is varied
1 P Nt
⇤
exactly once. The average absolute elementary effect µi = Nt r=1 |di (r)| of parameter Xi is
determined from Nt different trajectories started at randomly selected locations in the input space. A
parameter is considered non-important if its average absolute elementary effect µ⇤i is below a userdefined threshold value µ⇤T . and is thereafter fixed at a value within its uncertainty domain ⌦i . The
~ = g(X1 , . . . , Xl ) with l the number of
remaining parameters are not fixed, yielding a model g(X)
important parameters.
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Step two: metamodel construction
A metamodel ggPCE of the model g is constructed using a truncated polynomial chaos expansion
(PCE) [3, 4]:
P
X1
g ⇡ ggPCE =
ce e (X1 , . . . , Xl ),
(5)
e=0

where P = l+z
is the number of expansion polynomials e with a maximal polynomial order of z
z
and ce are the expansion coefficients. The expansion coefficients can be estimated using least-square
regression of the system c = y, where is a matrix of size N ⇥ P where i,e = e (~x(i) ) (the
eth basis function evaluated at the ith sample point), y a column vector of size N ⇥ 1 containing the
model evaluations where yi = g(~x(i) ) (the model evaluated at the ith sample point) and c is a column
vector of size P ⇥ 1 containing the unknown expansion coefficients ce . The least-squares solution ĉ
is given by [3, 4]:
ĉ = ( T ) 1 T y.
(6)
The samples ~x(i) are generated using the quasi-random Sobol sequence [6].
Once the metamodel is constructed by estimation of the expansion coefficients, the expansion in
Equation (5) can be written in the form of the variance decomposition of Equation (1). The sensitivity
indices can then easily be derived from the obtained expansion because the (partial) variances of the
basis polynomials are known analytically [3, 4].
3

SIMULATION AND ANALYSIS

Model and reference values
The proposed two-step approach will be demonstrated on a 1-D pulse wave propagation model with
73 parameters [7]. We consider a single output of interest (a mean flow at a specific arterial location),
but the analysis can be extended to multiple outputs of interest. Reference values for the main and total
sensitivity values are obtained using the method of Saltelli, which directly estimates the sensitivity
indices by Monte Carlo integration. A Monte Carlo parameter that indicates the number of runs per
parameter, NMC of order O(103 ), must be selected. For the reference values, we set NMC = 5000.
To show the convergence of the obtained sensitivity indices towards the reference values, the analysis
is also performed using NMC = 250, 750, 1250, 2500.
Two-step approach
In the first step, screening is performed using Morris’ method with Nt = 50 trajectories, based on
previous experience. For a model with k = 73 parameters, this means Ns = 3700 model runs must
be performed during the first step of the analysis. In the second step, metamodels will be constructed
with a maximum polynomial order of z = 1, 2, 3. To show convergence of the obtained sensitivity
indices towards the reference values, we will perform the analysis using N = P, 2P, . . . , 10P model
runs, where P is the number of expansion functions.
Analysis
The error in the obtained sensitivity indices is quantified by the relative L2 -error:
v
u 2k ⇣
⌘2
uP
u
Ŝ
S
i
i
u i=1
✏ L2 = u
,
u
2k
P
t
2
Ŝi

(7)

i=1

where Si is a main or total sensitivity index (note that the index i therefore runs from 1 to 2k) and Ŝi
is the reference values of that sensitivity index
4

RESULTS AND CONCLUSIONS

The relative L2 -error in the obtained sensitivity indices of both methods is shown as a function of
the (total) number of model runs in Figure 1. The reference analysis, performed using the Saltelli’s
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method, requires more than 105 runs to obtain ✏L2 < 10 2 (i.e. slow convergence). In contrast,
the proposed two-step approach requires fewer than 104 runs to obtain ✏L2 < 10 2 (i.e. very fast
convergence), especially if a sufficient polynomial order z (second- or third order) is selected.
We conclude that the proposed two-step approach can be used to obtain accurate estimates of the sensitivity indices at a relatively low computational cost. This means that at a fraction of the traditional
computational cost, the same conclusions can be drawn with regards to which parameters should be
measured with high accuracy and which parameters can be fixed within their uncertainty interval,
i.e. the same model personalization can occur. Given that a sensitivity analysis must be performed
every time a model is changed, the obtained reduction in computational cost is significant. Therefore, we have made an important step towards making model personalization routinely achievable for
researchers in the biomedical engineering community.
10 1
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Figure 1: The relative L2 -error (✏L2 ) in the sensitivity indices for the flow obtained using the metamodel at
maximal polynomial orders z = 1, 2, 3 as a function of the total number of runs. The same L2 error is plotted
for the reference analysis against the total number of runs for NMC = 250, 750, 1250, 2500 Monte Carlo
samples per parameter. The number Ns indicates the number of runs used for screening.
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SUMMARY
We present results from coupling a state of the art baroreflex model to our extensible blood flow simulation framework STARFiSh, which incorporates uncertainty quantification and sensitivity analysis
to evaluate of the quality and significance of simulation predictions of the baroreflex response (i.e.
the effects on cardiac contractility, heart rate, and peripheral vasoconstriction) on blood flow at key
points in the arterial tree (e.g. the aortic arch and carotid sinuses).
Key words: Blood flow, 1D modeling, baroreflex, hypertension, sensitivity analysis, stochastic modeling

1

INTRODUCTION

The baroreflex mechanism is the primary control system regulating blood pressure and flow on the
time scale of minutes and seconds [6]. This study demonstrates the coupling of a comprehensive
baroreflex model, which modulates heart rate, cardiac contractility, and peripheral resistance, to a 1D
distributed fluid model of arterial blood flow. Most previous studies have used lumped parameter
approaches when studying the baroreflex [9, 7, 8, 1]. Two exceptions are the recent work of Lau and
Figueroa [5], which used a 3D FSI model to simulate the baroreflex under hemorrhage conditions,
and that of Blanco et al. [2], which also studied hemmorhage conditions using a 1D-3D model of the
arterial tree. Our comprehensive coupled model provides a unique system able to simulate both reflex
control and wave propagation phenomena, both of which are of importance when investigating the
cardiovascular system’s response to different pathological situations, such as hemorrhage, autonomic
denervation, and hypertension.
We extend up this previous efforts to couple a baroreflex model to a 1D distributed fluid model of
the arterial tree by integrating a more physiologically detailed baroreflex model which takes wall
strain as an input as opposed to a pulse averaged pressure used as an input by Blanco et al [2].
Further this baroreflex model also accounts for the interaction of sympathetic and parasympathetic
efferent signals. In addition previous studies have sought to validate models against available data
and subsequently considered model predictions when changing parameters to correspond to specific
etiological hypotheses, such as increased arterial stiffening as the origin of hypertension [8]; however,
to our knowledge no effort has been made to quantify the uncertainty of these predictions, or to use
sensitivity analysis to identify parameters and subsystems dominating the response.
To address the uncertainty of these predictions, we developed a model combining the baroreflex model
presented by Pettersen et al. [8] and the 1D blood flow model discussed in our previous work [4]. To
incorporate the effects of uncertainty, we use a stochastic collocation method to estimate a generalized
polynomial chaos (gPC) representation of uncertainty in the model’s output.
2

METHODOLOGY

To quantify uncertainties in simulations of baroreflex regulation, we first couple a 0D baroreflex
mechanism to a distributed 1D blood flow model. Second we systematically propagate uncertainty in
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model inputs and parameters to yield estimates of the uncertainty in model predictions of baroreflex
effector levels, as well as the resulting blood pressure and flow through key points in the arterial
tree (e.g. the aortic arch, and the carotid bodies). Analysis of the uncertainty of the model’s predicted
mean aortic and carotid pressure, heart rate variability, peripheral resistance, and baroreflex sensitivity
quantified uncertainty and sensitivity of the impact increased arterial stiffening has on baroreflex
regulation. Using a distributed model allowed accounting not only for uncertainty in global stiffness,
but further incorporating variability of stiffness throughout the arterial network.
The model is implemented by coupling the inputs and outputs of the system of ODEs describing the
baroreflex to a 1D distributed blood flow model that couples arteries using non-reflective Riemann
Invariants, and implements 0D lumped parameter models as boundary conditions. The system is
solved numerically using a MacCormack scheme with 2nd order approximations in space and time.
In addition to coupling the deterministic models of blood flow and baroreflex, this work incorporated
uncertainty about the baroreflex system associated with the following parameters: strain threshold,
baroreceptor firing gain, background firing rate, adaptation time scales, efferent sympathetic and
parasympathetic gains, and heart rate sensitivity to acetylcholine and norepinephrine. These are associated with the following set of parameters, q = (L0 , n0 , g, τ1 , τ2 , Gp , Gs , ∆HRs,max , ∆HRp,max ).
See Tables 2 and 3 in [3].
Uncertainty about the baroreflex pathway was evaluated by assuming a probability distribution or each
parameter qi and using the stochastic collocation method to estimate the model output as a random
variable Y = p(q), where p(q) is a polynomial. From this approximation, we generate (1 − α)
credible intervals such that the probability Y is in the interval is equal to (1 − α).
Additionally, this procedure also allows the calculation of variance based sensitivity indices, which
decompose uncertainty in model outputs into portions due to uncertainties of particular inputs. Mathematically the sensitivity of the model to parameter qi is quantified as the reduction in uncertainty of
a model output conditioned on knowing qi exactly. This is the Sobol Sensitivity index of parameter
qi defined as
Var{E(Y |qi )}
Si =
.
(1)
Var(Y )
We used this model to evaluate the effects of parametric uncertainty on simulation of a head up tilt
experiment, which is commonly used clinical assessment of baroreflex health. Uncertainty quantification of model predictions (e.g. cardiac contractility, heart rate, and peripheral resistance) is key to
evaluting the utility of this computational model alongside current clinical practices.
3

RESULTS AND CONCLUSION

We will present a comparison between our 1D blood flow model with baroreflex and previous results
using 0D lumped parameter models. These results affirm the feasibility of simulating baroreflex control in a distributed network model, which provides an ideal framework for evaluating the multifaceted
effects of aging, disease, and intervention in the cardiovascular system, particularly if such a model
is also able to quantify the level of certainty a given change in a particular physiology may have on
a specific output variable. This is advantageous as a combined analysis of systemic blood flow with
awareness of changes in wave propagation and local blood volume is critical when evaluating the
holistic physiological state of a particular individual.
Beyond developing this coupled model, we also provide a systematic evaluation of uncertainty associated with model predictions of a baroreflex regulation. This process demonstrates the effects
uncertainty about arterial wall stiffness and heart rate response may have on overall predictions of the
baroreflex response.
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SUMMARY
A novel mathematical and computational model of the cardiac left ventricle is presented. The model
is being used for simulating and analyzing ventricular electrical and mechanical activity in normal
and pathological conditions of the heart.
Key words: left ventricle, myocardial anisotropy, heart model

1

INTRODUCTION

Studies of normal and abnormal cardiac function are among the most important in both physiology
and clinical medicine. One of the greatly exciting recent developments in this area is application
of multiscale modelling methods to these problems. These methods have turned out to be effective
for understanding mechanisms of cardiac arrhythmias. Cardiac arrhythmias remain the largest cause
of death in the industrialized world. They are caused by the abnormal excitation of the heart and
the formation of vortices in cardiac tissue. One of the main problems in studying them is that they
quite often occur at the level of whole organ, and thus, relation of cellular processes to the onset
of the arrhythmias is non-trivial. Valuable contributions to that area are made using the multiscale
modelling approach, in which the heart is described by models from the cellular to the whole organ
level. Such models are used to study the mechanisms of initiation of cardiac arrhythmias and to learn
how the changes at the single-cell level affect the onset of arrhythmias.
In order to build such a multiscale model, one needs to combine models of cardiac cells with structural
data on the cardiac anatomy. The development of single cell cardiac models started in 1962 with
the classic Noble model of Purkinje fibres of the heart. Currently, this is a well-developed area,
and many models of cardiac cells of different complexity are available including electromechanical
model of cardiomyocyte “Ekaterinburg–Oxford” that was introduced earlier by some of us [1, 2].
The area of anatomical cardiac models is substantially less developed. The main problem here is to
characterize the anisotropy of cardiac tissue, as it is one of the most important factors affecting the
wave propagation in the heart.
The aim of this paper is the development of an analytical model of cardiac anisotropy in an anatomically accurate setting and its application to study normal cardiac excitation-contraction coupling at
the level of the whole ventricle and the processes involved with the formation of cardiac arrhythmias.
2

METHODOLOGY

First, we introduce a theoretical rule-based model for the anatomy and fibre orientation of the left
ventricle (LV) of the heart and compare it with experimental data. We propose an explicit analytical
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Figure 1: A meridional section of the symmetrical
LV model and parameters of the model.

Figure 2: A spiral surface with two fibres on it.
A bottom and a side views.

formulation that allows us to obtain the LV shape and its fibre direction field. In our approach,
anisotropy of the heart is derived from some general principles [3]. We assume that the LV can be
constructed as a set of identical spiral surfaces, each of which can be produced by the rotation of a
certain curve around a vertical axis. Each spiral surface is filled with non-intersecting curves which
represent myocardial fibres. The complete construction is conducted in a special coordinate system
set by the LV form. The formulae for transforming the special coordinates ( , , ') to cylindrical
ones (⇢, , z) are
⇢ = (r + l) (✏ cos + (1 ✏)(1 sin )) ,
= ',
z = (d + h) (1 sin ) + (1
)h.
Parameters determining the shape are (Fig. 1) an inner radius r near the equator, a thickness l near the
equator, a thickness h at the apex, a height H = d + h, a dimensionless parameter ✏ 2 [0, 1] showing
whether the LV shape is conical (✏ = 0), elliptical (✏ = 1) or between them. Spiral surfaces have
equation
= 0 + max ,
where 0 2 [0, 2⇡) is a parameter determining different surfaces, and
Examples of spiral surfaces with modelled fibres are shown in Fig. 2.

max

> ⇡ is a model constant.

The developed formalism is closely associated with anatomic observations presented by Streeter in
his classical work [4]. Moreover, we used experimental data from the same work as well as from [5]
for the model verification. In particular, the model proved to reproduce adequately both the looping
arrangement of the muscle fibres (Fig. 1) and the specific pattern of the fibre relative positions in the
transmural direction through the ventricle wall (Fig. 2). The special features of the fibre arrangement
are of great importance for the concordant mechanical performance of the ventricle.
In addition to describing well the path of the myofibres in LV wall, our model is based on clearly
represented geometric structures and it is constructed entirely analytically. The possibility of an
analytical calculation of many differential-geometric characteristics of the model surfaces and curves
appreciably facilitates its analysis. The model may be used for calculation of electrophysiological
and mechanical activity of the myocardium in the human heart left ventricle.
3

RESULTS AND CONCLUSIONS

Based on this analytical description and the special curvilinear coordinate system, we formulate a
numerical approach for mesh constructing and use it for the numerical integration of the reactiondiffusion systems describing cardiac cells. With this anatomical model, electrophysiological simula-
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tions were performed on a rectangular coordinate grid. We apply our method to study the effect of
fibre rotation and electrical anisotropy of cardiac tissue (i.e., the ratio of the conductivity coefficients
along and across the myocardial fibres) on wave propagation using the ten Tusscher–Noble–Noble–
Panfilov (2006) ionic model for human ventricular cells [6]. We show that fibre rotation increases
the speed of cardiac activation and attenuates the effects of anisotropy [7]. Our results show that the
fibre rotation in the heart is an important factor underlying cardiac excitation. We also study the initial phases of scroll wave dynamics in our model and show the drift of a scroll wave filament whose
velocity depends non-monotonically on the fibre rotation angle [7].
The model was also used in a detailed study of scroll wave dynamics. Namely, we perform a systematic study of the dynamics of scroll wave filaments for the cases of positive and negative tension in our
anatomical model. We study the various possible shapes of the LV and different degrees of anisotropy
of cardiac tissue. We show that for positive filament tension [8], the final position of the scroll wave
filament is mainly determined by the thickness of the myocardial wall; however, anisotropy attracts
the filament to the LV apex. For zero tension, filament is stable and tends mostly to the thinnest place
but the attractor can differ in cases of small anisotropy. For negative filament tension, the filament
buckles, and in most cases, tends to approach the apex of the heart with no or slight dependency on the
thickness of the LV. We discuss the mechanisms of the observed phenomena and their implications
for cardiac arrhythmias.
The anatomical model has been later generalized into a non-axisymmetric cardiac LV model built on
the basis of spiral surfaces as well. Compared to the symmetrical model, it provides a more accurate
description of cardiac anatomy and can be easily modified for patient-specific modelling. In this
model, the ventricle is composed of surfaces which have slightly more complicated form than in
the axisymmetric one. After fitting the ventricular shape to experimental data on human and canine
hearts, the resulting fibre orientation angles in the local coordinate system are calculated in our model.
The predicted angles are compared to experimental data on fibre orientation. A good qualitative
and – in some LV wall areas – quantitative agreement between the model and experimental data is
demonstrated [9]. The model can be used for various numerical experiments studying influence of
anisotropy on the electrical excitation spread and simulating cardiac mechanical function.
The logical continuation of the anatomical and electrophysiological modelling is LV mechanical activity simulations.
A tetrahedralisation of the initial symmetrical LV model was made analytically. The meshes obtained
are of enough good quality, do not contain tetrahedra prone to everting, and have about 200,000
elements.
We use O. Jarrousse’s “virtual hexagon” approach [10] to calculate forces (viscous friction,
passive elastic force, active force, gravity, and
blood pressure force) in the mesh. We incorporate the Hunter model of passive myocardium
[11]. Simulated blood pressure in the LV cavity corresponds to the 4 phases of the ventricle contraction-relaxation cycle (Fig. 3): passive diastolic filling (No. 1 and 5), isovolumic
contraction (2), ejection (3), and isovolumic relaxation (4). After the end of the second diastole, the ventricle is in resting state (phase 6 in
Fig. 3). In the isovolumic periods, blood is modelled as a hardly compressible medium. To prevent the LV rotation, it is suspended on a few Figure 3: Dynamics of the LV cavity volume, ml (the
Hookean springs attached to its base (they model red line) and dimensionless blood pressure in the cavity
(the blue line) as a result of our simulations. Phases of
the blood vessels wall).
the LV cycle are shown under the time axis.

As numerical methods, we use the explicit Euler
method for solving systems of ordinary differential equations, and Verlet method for finding an equilibrium state of the mechanical system. As basic
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cell-level models, we use in different realizations either Aliev–Panfilov model with one additional
variable (active tension) [12] or Ekaterinburg-Oxford model [2] that includes 25 phase variables and
accounts for both ionic currents and intracellular electromechanical coupling together with mechanoelectric feedback.
All the work has resulted in a complex 3D computer model of the anatomy, the structure, and the
electromechanical properties of the LV. The program calculates values of all electrophysiological
phase variables, as well as the timing of coordinates, velocities and active forces in all points of the
LV. The program parallelizes some areas of the code with the help of the OpenMP technology.
The calculations, after selection of some coefficients, show good results. Left ventricular ejection
fraction is in the normal range; LV epi- and endocardial surfaces twisting during ejection is observed;
blood pressure during two isovolumic periods grows and falls fast enough.
One of the important results of the numerical experiments is that quite moderate shortening of the
fibres distributed between 2 and 20% together with relatively small torsion of the LV (change of
twist angles of the individual fibres lies between 0.5 and 10%) provides 60% ejection fraction of the
ventricle.
The work is supported with the RSF grant 14-35-00005.
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SUMMARY
There is a complicated interplay between different factors contributing to the calcium regulation of
the heart muscle contraction. Mathematical modeling is an efficient approach to analyze this
compound system and recognize the key links. In this work the modeling is applied to the analysis
of mechano-calcium feedback mechanisms and their role in the cardiomyocyte calcium activation.
Key words: myocardium contraction, calcium activation, sarcomere length
1 INTRODUCTION
Mechano-Calcium Feedback (MCF) and Mechano-Electric Feedback (MEF) effects are important
regulatory links for the Excitation-Contraction Coupling (ECC) in the myocardium. They reveal
themselves e.g. in load-dependent relaxation in isotonic twitches, in inactivating effects of quick
deformations during isometric twitches, accompanied with specific responses of calcium transients
and action potentials [1]. In general, MCFs provide a fine tuning of electrical and calcium
activation to the mechanical conditions of myocardium contractions. There is much experimental
and theoretical evidence that cooperative dependence of CaTnC kinetics on the cross-bridge
concentration ([Xb]) is a key mechanism underlying MCFs in the intact cardiomyocytes [2-4].
Nevertheless, a discrepancy seems to arise between these arguments for role of cooperativity and
experimental data obtained on skinned (demembranized) heart muscles showing that the muscle
length significantly affects only calcium sensitivity of the 'pCa-force' relationship but practically
does not affect its Hill coefficient of cooperativity [5]. These findings have prompted the authors of
the cited work to doubt that cooperativity contributes to the mechano-calcium feedbacks in
muscles. Trying to overcome this discrepancy we suggest and verify by means of mathematical
modeling a refined concept of the cooperativity that seems to explain both mechano-dependence of
calcium activation in the intact myocardium and the data obtained on the skinned muscles. The
concept makes the cooperativity behave differently in steady-state and transitional processes.
2 METHODOLOGY
We have earlier developed and published mathematical model of the ECC in the cardiomyocyte [611]. The model allowed us to simulate and explain (ibidem) the whole range of MCF effects and a
number of MEF effects observed in the twitches (i.e. contraction-relaxation cycles) of the intact
cardiac muscles in vitro. Mechanisms of the cooperativity of the contractile and regulatory proteins
(cross-bridges and CaTnC complexes) underlie these effects within the model.
The following differential equations describe cross-bridge and CaTnC kinetics in the model:

dN
dt
822

k (v) M ( A) n1 (l1 ) Loz (l1 ) (1 N ) - k (v) N

(1)

dA
aon ( Atot A) Ca(t ) aoff A
dt
Here l1 is a sarcomere length, v = dl1/dt, N = [Xb], A = [CaTnC], and aoff

(2)

aoff

(N ) e

kA A

,

where (N) is an explicit function defining Xb-CaTnC cooperativity (see below).
The model also includes equations linking N with myocardium mechanics and equations describing
Ca2+ handling and action potential development during myocardium twitches [10].
(N), k (v) , k (v) , M ( A), n1 (l1 ), Loz (l1 ) are explicit functions defined in detail elsewhere [10].
In particular, function n1(l1) in the equation (2) prescribes dependence f the cross-bridge
attachment probability on the distance between thick and thin filaments of the sarcomere, which in
turn depends on the sarcomere/muscle length due to the constancy of the muscle volume during its
contraction. It is n1(l1) that together with the Xb-CaTnC cooperativity defined next underlie
mechano-dependence of the calcium activation of the myocardium contractions.
A few types of cooperativity are included in the kinetic equations. Two of them enter into the term
aoff of the eqation (1):
- Xb-CaTnC cooperativity (function (N) in the formula describing aoff): CaTnC affinity increases
with the average number of strongly attached cross-bridges around each CaTnC complex;
- CaTnC-CaTnC cooperativity (function e k A A in the formula describing aoff): CaTnC affinity
increases with concentration of other CaTnC complexes as a result of troponin-tropomyosin
conformations after Ca2+ binding to TnC.
The above definition of both Xb-CaTnC and CaTnC-CaTnC cooperativity based on the explicit
functions (N) and e k A A led to the equivalent occurrence of the cooperativity in numerical
experiments simulating two different type of the real experimental conditions: (i) steady-state
conditions typical for the experiments on skinned muscle preparations to furnish 'pCa-force'
relationship, (ii) transients typical, in particular, for the twitches of the intact heart muscle.
As we have already noted, such cooperativity used in previous versions of our model allowed us to
reproduce adequately and explain the key MCF and a MEF effects in the intact myocardium. At the
same time, when simulating 'pCa-force' we obtained correct features of this relationship (including
length-dependence of its calcium sensitivity rather than of its Hill's coefficient) in the model only
for a quite low degree of the cooperativity, e.g. for small values of the parameter kA, which was not
sufficient for reproducing MCF and a MEF effects in intact myocardium twitches.
The novelty we have recently introduced in the model allowed us to avoid this inconsistency and
thus reconcile the seemingly opposing concepts suggested by different teams of muscle
physiologist regarding the role of cooperativity in MCF and a MEF, as those concepts had been
produced alternatively from the analysis of experimental data obtained either on the intact muscle
preparations or on the skinned ones.
Now both types of cooperitivity (Xb-CaTnC and CaTnC-CaTnC) manifest themselves in distinct
ways for steady-state and transitional processes. This is done by means of the modified definition
of the the CaTnC dissociation rate "constant" aoff in the equation (1):

aoff

[ aoff

(N) e

kA A

] (1

) [ aon aeq_limit ]

aoff2

aoff1

(3)

Here aoff1 is a dynamic component of the CaTnC dissociation rate "constant" aoff , and aoff2 is its
stationary component. The dynamic component coincides with the total rate "constant" aoff used in
the former definition of the cooperativity described above) and implemented in the previous
versions of our model [6-11].

1,_ for_ [ aoff

(N) e

kA A

]

aon aeq_ limit

the solution of the eq. (6),_ for_ [ aoff

(N) e

kA A

] aon aeq_ limit

(4)
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d
dt

1

(5)

The initial condition for the solution is: (t0) = 1, where t0 is a moment, when the inequality
[aoff ( N (t0 )) e k A A(t0 ) ] aon aeq_ limit turns out violated. Thus ( t ) exp(( t0 t ) / ) .
In other words, contribution of both components to the total dissociation rate starts to change, when

aoff1 has moved below the stationary border aoff2 . Then aoff1 initially dominates in the total sum,
but gradually aoff returns to the border value. Particular rate of the aoff restitution depends on the
time constant

in the equation (6). This constant is a model parameter.

Modified equations rearrange the cooperative dependence of CaTnC on [Xb] so that the latter
manifests itself quite differently in steady-state (for fixed [Ca2+], and consequently for fixed
[CaTnC] and [Xb]) and during transients in response to a change in [Xb]. Specifically, attachment
of cross-bridges as well as an increase in [CaTnC] generally heighten TnC affinity to Ca2+, but in
steady-state the constant of this affinity can't exceed some maximum that may be designated AL
(i.e. Affinity Limit) determined by the parameter aeq_ limit . Nevertheless, more significant changes
in the affinity may occur directly in response to a change (increase/decrease) in [Xb] (or in
[CaTnC]). In particular, immediately in response to the attachment of new cross-bridges the
affinity constant may surpass AL considerably, while then it gradually lowers to the AL level.
Thus, innovate cooperativity is less pronounced in steady-state than immediately in response to
changes in [Xb] and at the beginning of the transient process initiated by such changes.
3 RESULTS AND CONCLUSIONS
3.1. Results
Characteristics of the ‘pCa-force’ relationship are determined in the model by the steady-state
conditions of the cooperativity. Specifically, at low [Ca2+] (and low [Xb], respectively), were TnC
affinity to Ca2+ is less than AL, the steady-state cooperativity is quite sensitive to the difference in
[Xb]-s, unlike higher [Ca2+]. Hence, Ca2+ sensitivity of the ‘pCa-force’ (i.e. shift of the curve along
the ‘pCa’ axis depends on the [Xb] (and therefore on the muscle lengthening via the inter-filament
distance) much stronger than Hill's coefficient (i.e. the slope of the curve). Respective numerical
data represented in Fig. 1 are in a good concordance with experimental results obtained on skinned
trabeculas [5]. Now we are being verifying these data involving in vitro motility assay
experimental method that enables us to assess ‘pCa-force’ relationship for fast and slow cardiac
isomyosins [12].

Fig. 1. Simulation of the length-dependence
of ‘pCa-Force’ relationship in the skinned
heart muscle: l1=2.2 µm/sarc. (A - blue line),
l1=2.0 µm/sarc. (B - red line)

Fig. 2. Simulation of the phenomenon of
load-dependence in the intact myocardium.
Isometric twitch and isotonic twitches under
6 various afterloads are represented.

On the other hand, the same cooperativity behaves during twitches of the intact cardiac muscles as
in permanently interlacing transient processes, because [Xb] permanently changes during the twitch
following the quick changes in the Ca2+-transient. As a result the cooperativity is pronounced quite
strongly during contraction/relaxation phases of the twitches. For sufficiently big values of the time
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constant
the modified cooperativity manifests itself in the twitches just as the non-modified
underlying a number of the mechano-dependence effects observed in the intact myocardium and
simulated in our previous works cardiomyocyte [6-11]. Numerical simulation of the most important
phenomenon of LOAD-DEPENDENCE is shown in Fig. 2.
At last but not at least, transitional process in skinned muscles were also simulated and analyzed
within the model with modified cooperativity. These simulations also revealed a good agreement
with corresponding real experimental.
3.2. Conclusion
The modified concept of the cooperativity was verified in mathematical model where the
cooperativity revealed itself differently in steady-state and transitional processes:
- it affected noticeable calcium sensitivity of the 'pCa-Force' relationship, but had no essential
effect on its Hill's coefficient;
- at the same time just this cooperativity in the model underlied well-known effects of the
mechanical conditions on the intact myocardium contractions, e.g. a phenomenon of loaddepenence in the heart muscle.
The study is supported with RFBR grants # 13-04-00365, # 13-04-96027 and with the RAS
Program "Mechanisms of integration of molecular systems implementing physiological functions".
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SUMMARY
We consider a new technique for computer and mathematical modeling of biomedical data processing
for the cases when multiple sensors transmit compressed information about their measurements to the
fusion center which should reconstruct the original data with a minimal mean square error. The technique is called the multi-sensor Principal Component Analysis (PCA) and is based on an extension
of the known second degree transform in a combination with ideas of the generic PCA.
Key words: principal component analysis, model order reduction, computational modelling

1

INTRODUCTION

Arguably all biological and biomedical processes involve a large number of constituent elements N .1
A process behavior and function takes place as a result of N 2 pair-wise interactions, at least. Consequently, the detailed behavior of such complex processes is impossible to describe on a molecular
level or to follow by means of a single probing technique [1, 2]. Fortunately, it is often that steady
state behavior or even transient phenomena are governed by a more reasonable number of key components, interacting through well understood potentials and dynamically subject to a reasonable number
of key reactions or processes. Even so, it is generally accepted that it is not possible to quantify all
such factors in a single experimental procedure. Indeed, it is necessary to apply a number of complementary techniques, either simultaneously or sequentially, in order to extract meaningful quantitative
information about these key process features.
This introduces two problems. Firstly, the techniques often deduce information about different process aspects, sometimes involving different key features of interest and sometimes with feature overlap. Moreover, sometimes the sought-after information is only inferred, indirectly couched in terms
of other less relevant quantities.
A second problem is that a new task is necessarily introduced, that of bringing these disparate pieces
of information together in a meaningful way to describe a quantitative picture of the process as a
whole. It is this second problem that we address in this paper.
The problem could seemingly be solved in terms of a Principal Component Analysis (PCA) [3]2 ,
a well known mathematical technique that allows us to represent the intrinsic large amount of data
in a reduced (or compressed) form, called principal components, with which one can reconstruct the
complete data in an optimal way.3 The difficulty is that a PCA cannot be applied to the above scenario
for the following reason. To discover principal components of a particular process one requires use
of a special sensor. From the argument above, any biological process involving a large number of
1
In particular, N might be of the order of Avogadro’s number NAv = 6.022169 × 1023 atoms, molecules or elements
per mole of material.
2
In signal processing, this technique is called the Karhunen-Loève transform [4].
3
The latter means that the PCA provides a highest accuracy among all other linear transforms.
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aspects of interest, multiple sensors must be used. Further, to bring all principal components together
to reconstruct and describe the system as a whole, a special device, called a fusion center, is required.
On the other hand, the classical PCA method was developed for a single sensor only and, therefore,
is not applicable here.
As a consequence of this deficiency, several approaches to mathematical modeling the above scenario
have been considered. In particular, in the information-theoretic context, distributed compression
has been considered in the landmark works of Slepian and Wolf [5] and Wyner and Ziv [6]. A
transform-based approach to distributed compression and subsequent signal recovery was developed
in [7, 8, 9, 10, 11]. The intimate relation between these two perspectives was described and discussed
in [12]. The methodology developed in [7, 8, 9, 10, 11] is based on a dimensionality reduction by
means of linear projection. Such an approach has received considerable attention (see, for example,
[13, 14, 15, 16]).
2

METHODOLOGY

In computational and mathematical terms, the key problems are to find mathematical models of the
sensors and of the fusion center, denoted respectively by A1 , . . . , Ap and F, and so incorporate these
in an overall computational framework. This is illustrated schematically in Fig. 1. Each sensor, Aj ,
transmits compressed information vj about its measurement to the fusion center whose purpose is to
reconstruct the original data with minimal mean square error (MSE).
Our approach to the above problem is through a new framework based on a second degree transform
[17] combined with properties of the generic PCA [4]. It has been shown in [17] that the transform
provides better overall accuracy than that associated with the optimal linear transform, the PCA. For
the case under consideration, this property leads to increased accuracy of signal estimation compared
with known methods based on linear signal transforms. In particular, the sensor model is represented
in the form (see Fig. 2)
vj ≡ Aj (xj ) = B j,0 + B j,1 (xj ) + B j,2 (C j (xj )),

(1)

where yj ∈ L2 (Ω; Rnj ) is the observation made by the sensor, Aj , and where vector B j,0 ∈
L2 (Ω, Rm ) and linear operators B j,k : L2 (Ω, Rm ) → L2 (Ω, Rm ) are to be determined. The ‘weight’
linear operator C j is introduced to enhance model accuracy. The sensor output is denoted by vj ∈
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L2 (Ω; Rrj ) where rj is the number of assumed principal components with rj < nj . The term
B j,2 (C j (xj )) can be interpreted as a ‘second degree term’. We choose to adopt a specific form for C j
that allows us to avoid the requirement of providing additional information needed to use the second
degree term in (1).
We show that B j,0 and B j,k can be determined from a special least squares problem which leads
us to a new transform called the multi-compressor second degree PCA. The required models of the
compressors and the fusion center then follow. The new transform is given and justified in terms
of pseudo-inverse matrices and, therefore, is numerically stable and always exists. In other words,
the proposed model provides compression, de-noising and reconstruction of distributed signals for
the cases when known methods either are not applicable or produce larger associated errors. Furthermore, despite the special structure of our method, the same initial information is required for the
method’s implementation compared with that required by known techniques. Under the practical and
reasonable assumption of knowledge of estimates of the covariance matrices (a weaker assumption
than knowledge of exact covariance matrices) we have developed a computational procedure for the
determination of the multi-compressor second degree PCA.
30

25

MSE

20
Methods [7,11]
15

10
Our method
5
0

(a) p = 2, m = n1 = n2 = 100 and r1 = r2 = 35.

10

20
30
Iterations

40
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(b) p = 3, m = n1 = n2 = n3 = 100 and r1 = r2 =
r3 = 25.

Figure 3: Diagrams of mean square errors (MSEs) associated with our method and those of methods [7, 11].
In Fig. (b), MSEs associated with methods [7, 11] coincide.

Example 1 Here, we provide results of numerical experiments with EEG data. To simplify computation we consider two cases of two and three sensors only, i.e. for p = 2 and p = 3, respectively.
An extension to the case with more sensors is straightforward. We compare our method with known
methods [7, 11].4 In all experiments, our method provides better associated accuracy than that for
the methods in [7, 11] (and methods in [8, 9, 10] as well, since these follow from [11]). The sensor
observation is represented as xj = B j y + ξj where x ∈ L2 (Ω, Rm ), B j : L2 (Ω, Rm ) → L2 (Ω, Rm )
is a linear operator defined by matrix Bj ∈ Rm×m with uniformly distributed random entries, and
ξj ∈ L2 (Ω, Rnj ) is a random noise. Typical examples of MSE’s associated with our method and
methods [7, 11] are presented in Fig. 2.
3

RESULTS AND CONCLUSIONS

We have addressed the problem of multi-compression and recovery of an unknown source of stochastic biomedical data when the data cannot be observed directly. In our mean square estimation framework, the objective is of finding the optimal data representation that minimizes the associated error.
This scenario is based on multiple noisy data observations made by distributed sensors. Each sensor compresses the observation and then transmits the compressed information to the fusion center,
which decompresses the data to within a prescribed accuracy. In this paper, we have developed a new
4

Note that method [11] represents a generalization of methods [8, 9, 10] and therefore, the provided comparison
includes, in fact, a comparison with methods [8, 9, 10] as well.
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method for determining models of sensors and of the fusion center, based on a non-linear, second degree transform [17]. Since this transform has been shown in [17] to provide greater overall accuracy
than that associated with the optimal linear transform, the proposed methodology leads to improved
associated accuracy compared with known methods based on linear data transforms.
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SUMMARY
Since patient-specific flow measurements at boundaries are not easily available, most CFD
simulations usually use boundary conditions that are not patient-specific. This study investigated
the potential effects of inlet boundary condition on the wall shear stress (WSS) and oscillatory
shear index (OSI) on three cerebral aneurysms. The simulation demonstrated that the variability of
the frequencies of the inlet boundary conditions do not affect the time-averaged WSS distribution,
but have an effect on the magnitude and distribution of OSI.
Key words: cerebral aneurysm, wall shear stress, CFD, hemodynamics
1

INTRODUCTION

WSS has been thought to play a key role in understanding the initiation, growth and rupture of
cerebral aneurysms. The initiation of cerebral aneurysms is widely believed to be associated with
the high WSS [1]. However, both high-WSS and low-WSS theories have been proposed to explain
the growth and rupture of cerebral aneurysms. Xiang et al. [2] proposed that low WSS and high
OSI correlated with aneurysm rupture from statistical analysis of 119 aneurysms, which is
consistent   with   other   groups’   conclusions   [3].   On   the   contrary,   Castro   et   al.   [4]   observed   the  
average maximum intra-aneurysm WSS in the ruptured group (271 dyne/cm2) was much higher
than that in unruptured group (114 dyne/cm2) from analysis of 26AcomA aneurysms. Cebral et al.
[5] also correlated elevated levels of Maximum WSS with a clinical history of prior aneurysm
rupture from study of 210 aneurysms. It is still unclear whether the complex rupture mechanism or
different experiment designs (small sample size, inconsistent parameter definitions and model
assumptions) lead to the controversy results [6]. The mechanism of aneurysm growth and rupture is
still not completely defined.
There are too many assumptions in the CFD modeling. One of these assumptions is the inlet
boundary condition. Due to the lack of patient-specific flow measurements, most CFD simulations
usually employ boundary conditions that are not patient-specific. In order to assess the assumption
made on the inlet boundary condition, several studies have been carried out to figure out the
relationship between the boundary conditions and the hemodynamic factors, but the previous
researches employed waves for qualitative analysis [7-8]. It is still not clear how the frequency
components of the inlet boundary condition affect the hemodynamic factors. In our study, we
explored the relationship between the boundary conditions and the distributions of WSS and OSI in
three cerebral aneurysms.
2 METHODOLOGY
Three dimensional imaging of the aneurysm models were obtained from the open Aneurisk
database and Aomori Hospital. The blood flow was modeled as an incompressible Newtonian fluid
in this study. Vessel walls were assumed rigid, and non-slip boundary conditions were implemented
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on the walls. The blood density and kinematic viscosity were defined as 1025kg/m3and 0.0035Pa s
respectively. Solutions were generated with ANSYS CFX 15.0, with a second-order implicit solver.
2.2 million finite volume tetrahedral and prism elements were generated with ANSYS ICEM 15.0.
The governing equations for the fluid are unsteady 3D Navier-Stokes equations for an
incompressible Newtonian fluid. We imposed different harmonics ranged 1-8Hz with a peak flow
rate of 1ml/s at the inlet. Traction-free boundary conditions were imposed at the outlets.
3 RESULTS AND CONCLUSIONS
Fig.1 shows the time-averaged WSS and OSI distribution of three models with the inlet of different
harmonics (n＝1-8). Different harmonics under the same average flow rate produced the same
WSS distribution as shown in Fig.1(a). Fig.1(b) demonstrates that the general OSI distributions are
similar with the inlet of different harmonics, but considerable difference could be observed at the
bleb. Fig.2 indicates that the average magnitude of OSI is variable with the inlet of different
harmonics.

Fig.1. (a) Time-averaged WSS and (b) OSI distribution of the aneurysm with the inlet of different
harmonics (n＝1-8)
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Fig.2. Average OSI of the aneurysm with the inlet of different harmonics (n＝1-8)
The simulation showed that the variability of the frequencies of the inlet boundary conditions do
not affect the time-averaged WSS distribution. However, the average magnitude and distribution of
OSI is affected by different frequencies of the inlet boundary condition.
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SUMMARY
A mathematical model of human thermoregulation is presented. A total of seven cylindrical
segments are used to represent the human body, and each element is subdivided into two layers:
core and skin. A closed-loop, multi-scale mathematical model of human cardiovascular system is
first incorporated into the thermoregulation model to predict blood perfusion in core. For the
purpose of simplification, here we adopt an empirical equation to calculate the skin blood perfusion.
The cardiovascular responses when thermal model is exposed to a neutral environmental
temperature are predicted. The numerical results show that the presented thermoregulation model is
able to give a reasonable prediction of the core temperature and blood temperature at neutral
environmental temperatures.
Key words: thermoregulation, cardiovascular system, blood perfusion
1 INTRODUCTION
According to Guyton: humans have the remarkable capability to regulate its core temperature
somewhere between 36.7°C and 37.8°C when the ambient temperature is between approximately
20°C and 54.4°C, this presumes a nude body and dry air. The average ‘normal’ temperature of core
is regarded as 37°C, and relatively small increase in core temperature (as little of~3°C) can lead to
injury and even death [1], and heat stress can result in significant cardiovascular responses.
Mathematical modeling of the human body thermal regulation is a valuable tool to understand the
human body thermal behavior under different environmental conditions and activity levels. An
important benefit is the ability to simulate the behavior of a complex system under almost any
imaginable set of circumstances using mathematical models with great savings in time and expense.
Therefore it is highly desirable to develop a mathematical model of human thermal regulation.
Plenty of single-segment and multi-segmental models for the human body and its thermoregulatory
responses have been developed [2,3,4,5,6,7]. The most famous models are Gagge’s one segment
two-layer (core and skin) lumped model and Stolwijk ’ s five cylindrical segments mathematical
model[2,3]. All subsequent contemporary multi-segment multi-mode bioheat models are
modifications and improvements on Stolwijk model parameters and thermal control equations such
as the Berkeley Comfort Model of Huizenga et al. Human thermal regulation are accompanied by
important cardiovascular adjustments. As pointed out by José [9], heat transfer via the flowing
blood (i.e. vascular convective heat transfer) is the most important heat-exchange pathway inside
the body. However, few of above mentioned models use actual CVS to predict exact blood
perfusion among human body. The aim of this study was to develop a human thermoregulation
model with a special attention on cardiovascular system.
2

METHODOLOGY
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A total of seven cylindrical elements model is used to represent the thermal characteristics of the
anatomical model of the human body including head, thorax, abdomen, arms and legs. And each
element is subdivided into two layers: core and skin (see figure 1, C). Here we presume that each
layer has a uniform temperature. The detailed information about the body thermal model is shown
in figure 1. Figure 2 shows the details of a two-layered model for one element and its interaction
with surrounding environment.

A

B

C

a

a

Figure 1. Schematic representation of the multi-segment body thermal model. A: human body, B:
seven-element human body thermal model (1: head and neck, 2: thorax, 3: abdomen, 4: right arm, 5:
left arm, 6: right leg, 7: left leg.), C: section a-a.

Body element

Figure 2. The schematic of artery, vein, core node, skin node, environment and their interactions
The energy balance equation for core tissue is expressed as equation (1)

dTcr
M cr  M shiv  W    Qres  Qcr  sk
dt
  h (t )  Aartery  Tcr  Tbl ,a   m perfusion ,total  cbl  (Tbl ,a  Tcr )  m skin  cbl  (Tsk  Tcr )

C cr 





(1)

artery

where Ccr is thermal capacity of core tissue, Tcr is core temperature, Mcr is core metabolic heat
production, Mshiv is heat generated by shivering, M is external work, Qres is external work, Qcr-sk is
heat exchanged between the skin and core, h(t) is pulsating heat convection coefficient of the blood
flow, Aartery is surface area of artery vessel, Tbl,a is temperature of artery blood, ṁperfusion,total is the
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total perfusion rate of blood entering core tissue, cbl is blood specific heat, ṁskin is skin blood flow,
Tsk is skin temperature.
Skin is the primary mode by which exchange heat with the environment via convection,
evaporation and radiation. Therefore, the energy balance equation for skin can be expressed as
equation (2)

dTsk
 M sk  Qcr  sk  A sk hc  (Tsk  T )  hr  (Tsk  Tmrt )  he  ( Psk  P ) 
dt
 m skin  cbl  (Tcr  Tsk )

C sk 

(2)
where Csk is thermal capacity of skin, Msk is skin metabolic heat production, Ask is surface
area of skin, hc is the external convection heat transfer coefficient between the skin and the
atmosphere, hr is the radiation transfer coefficient, he is the evaporation coefficient, T∞ is the
surroundings radiant temperature.
Here we presume that the arteries are all distributed within the core tissues, therefore the energy
balance equation for artery blood is expressed as equation (3)

(Tbl ,a )
t



q (Tbl ,a )
h A
 ves s (Tbl ,a  Tcr ) 0
A
x
ca ,b a ,b A

(3)

where q is blood flow rate, A is cross-sectional area of artery vessel, hves is heat transfer coefficient,
As is surface area of artery vessel per unit.
The merit of this work is that a global, multi-scale, closed-loop mathematical model of the entire
human circulation system, which was developed by Liang [8], was first used to predict blood
perfusion in body. Because of the venous network is represented as lumped parameter models and
blood velocities are slow in veins, herein the venous blood temperatures are assumed to be equal to
the corresponding core tissue temperatures. Elevations in skin blood flow and sweating are the
primary heat exchange mechanisms in humans that protect against a heat-related injury. During
pronounced passive heat stress, skin blood flow is estimated to increase from 300ml/min
to7500ml/min, the cardiac output can be as high as 13L/min, with half of that value is directed
towards skin (Rowell et al.1969, Rowell 1986). For the purpose of simplification, here we adopt an
empirical equation to calculate the skin blood perfusion [7]

m skin 

m skin ,dil  m skin ,con
m skin ,basal

m skin , min for Tsk  27.8 C

 T  27.8
m skin , con   sk
 m skin ,basal  m skin , min  m skin , min
33
.
7

27
.
8

m skin ,basal for Tsk  33.7 C
for Tcr  36.8 C
mskin ,basal

 Tcr  36.8
m skin ,dil  
 m skin ,max  m skin ,basal  m skin ,basal
 37.2  36.8
m skin ,max for Tcr  37.2

(4)

for 27.8 C Tsk

33.7 C

(5)

for 36.8 C Tcr

37.2 C

(6)

The combination of human thermal regulation model and circulation model can be used to calculate
CVS responses to the external heat environment, which is characterized by cardiac output, stroke
volume, arterial pressure and blood flow to the brain, skin and muscle.
3

RESULTS AND CONCLUSIONS

The presented thermoregulation model is tested at neutral condition, and the initial conditions of
our thermal model are Tbl,a=36.75, Tcr=36.75℃, Tsk=33.7℃. The thermal model is then exposed to
an ambient temperature of T∞=28.5℃ at rest. Figure 3(A) shows the core temperature of the throax,
the result suggests that a stable temperature is reached after about 14 periods. Figure 3(B) shows
the blood temperature in ascending aorta, the temperature varies with the pulsation of the blood
flow corresponding to the heart beat period. The results show that the thermoregulation model is
able to reproduce the main features of temperatures distribution within human body.
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A

B

Figure 3. Simulation results. A: Predicted average core temperature of throax. B: Predicted blood
temperature in ascending aorta.
Future researches will be focused on the following aspects.
(a): Implementing a closed-loop, multi-scale mathematical of the entire human cardiovascular
system with one dimensional representation of both arteries and veins.
(b): Countercurrent heat transfer between closely spaced arteries and veins, which play an
important role in human thermal regulation, can be considered.
(c): Adding the thermoregulatory feedback mechanisms exist in human beings.
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SUMMARY
Effects of bicuspid aortic valve on the hemodynamics in the aorta and its correlation with aortic
aneurysms are presented by means of left ventricle-aorta coupling computation. A computational
model of the left ventricle to aorta was constructed based on medical images. An in-house code was
utilized for hemodynamic analysis. Four phenotypes of aortic valves including tricuspid and
symmetric / asymmetric bicuspid were modeled. The results demonstrated that higher OSIs were
detected in the ascending aorta and aortic arch for the bicuspid aortic valve models compared to
tricuspid aortic valve model and configuration of the valve affected the distribution of high OSIs.
Higher OSIs in the bicuspid aortic valve may influence progression of aneurysms in the ascending
aorta.
Key words: bicuspid aortic valve, computational biomechanics, medical image, hemodynamics
1

INTRODUCTION

Bicuspid aortic valve (BAV) is one of the common congenital heart diseases and has been gaining
attention since the BAV is associated with aneurysmal formation in the ascending aorta [1]. A
report [2] suggested that different type of BAV would develop aortic aneurysms in the different
location. The cause of the aortic dilatation has been explained by genetic reasons and hemodynamic
factors. From the hemodynamic point of view, researchers attempted to clarify relationship between
aortic aneurysms and BAV through magnetic resonance imaging (MRI) or computational analysis
and so forth. Hope, et al. [3] reported that in MRI, an eccentric flow jet and helical flow were seen
in a BAV patient. Katayama, et al. [4] computed blood flow through BAV by means of fluidstructure interaction (FSI). However, the mechanism for the BAV to form the aortic aneurysm is
still inconclusive.
The purpose of this study was to investigate the effects of BAV on hemodynamics in the aorta
through left ventricle-aorta coupling model. We especially focused on the effect of the blood flow
on the aortic wall by measuring indices such as wall shear stress (WSS) and oscillatory shear index
(OSI), comparing four types of BAV morphology.
2

METHOD

Computational models of left ventricle and aorta were constructed based on three-dimensional
echocardiography and CT angiography from a healthy volunteer. Head vessels were not included
for the simplicity of the model. Three-dimensional computational models of these images were
created by approximating each cross-section as an elliptic (Fig. 1).
An in-house solver [4] was employed for fluid dynamic computation. Governing equations were
three–dimensional, unsteady, incompressible Navier-Stokes equations and equations of continuity
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Fig. 1 An image-based coupled model of left ventricle and aorta at end-diastole in front view
(left) and lateral view (right). A boxed drawing shows four types of valve morphology: A, TAV; B,
LR-BAV; C, AP-BAV; D, asymmetrical AP-BAV.
accompanied with pseudo-compressibility method. These equations were discretized with finite
volume method. Computation at each physical time step had been repeated until the
convergentsolutions were derived. Pressure waveforms of left ventricle, left atrium and ascending
aorta imposed on the corresponding region as boundary conditions were derived from a closed-loop
lumped parameter model [6]. Interface of the models were interpolated each other in every
computational step [7]. Reynolds number and Strouhal number were set to be 1042 and 0.10,
respectively. BAV bicuspid aortic valve were reproduced based on a previous study [8]. The
maximal opening ratios of all the BAV models were set to be approximately 67% whereas that of
tricuspid model was 100% [8]. Computational results were visualized with FIELDVIEW
(Intelligent Light, USA). To evaluate hemodynamic characteristics, oscillatory shear index (OSI),
which indicates oscillation of flow in a cardiac period, was employed. OSI is defined as follows:
OSI =
where
838

1
𝜏
1−
2
𝜏

,

(1)

𝜏

=

∫ 𝜏𝑑𝑡 ,   𝜏

= ∫ |𝜏| 𝑑𝑡,

(2)

Here T denotes cardiac duration and is wall shear stress. OSI is introduced to connect
hemodynamics with aortic diseases because higher OSI is said to be correlated with arterial
dysfunction such as aneurysms and stenoses.

Fig. 2 Streamlines of four models at end-systole from lateral view. The characters correspond to
those of Fig. 1.

Fig. 3 OSI distribution of four models from right side (upper row) and left side (lower row) of
the model. The characters correspond to those of Fig. 1.
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3

RESULTS AND DISCUSSION

Larger flow disturbance was seen in BAV models. Larger vortices were detected in the aortic root
in all BAV models whereas relatively smaller vortices were observed in tricuspid model. In
addition, flow deviation in the ascending aorta was seen more significantly in BAV models
regardless of their symmetry of aortic valve as reported in the previous work [9]. Another flow
characteristic is detected in terms of OSI. In LR-BAV model, significantly higher OSIs were
detected in the ascending aorta (Fig. 3). On the other hand, outer curvature of aortic arch had higher
OSIs in AP-BAV and asymmetrical AP-BAV model. This trend was more obvious in the
asymmetrical model. Area opening of the aortic valve influenced the downstream flow in the
ascending aorta and aortic arch.
4

CONCLUSIONS

The effect of BAV on hemodynamics in the aorta was investigated through computational
approach. Our results demonstrated that the opening area of BAV influenced the downstream flow
and distribution of elevated OSIs in the aorta. These results may explain the relationship between
the BAV and development of aortic aneurysm.
ACKNOWLEDGEMENT
This work was partly supported by the Grant-in-Aid for Scientific Research of No. B17300141,
JSPS, Japan.
REFERENCES
[1] M. G. Keane, S. E. Wiegers, T. Plappert, A. Pochettino, J. E. Bavaria, and M. G. Sutton.
Bicuspid Aortic Valves Are Associated With Aortic Dilatation Out of Proportion to Coexistent
Valvular Lesions. Circulation, 102: 35-39, 2000.
[2] B. M. Schaefer, M. B. Lewin, K. K. Stout, P. H. Byers, and C. M. Otto. Usefulness of bicuspid
aortic valve phenotype to predict elastic properties of the ascending aorta. The American journal of
cardiology, 99: 686-690, 2007.
[3] M. D. Hope, T. A. Hope, A. K. Meadows, K. G. Ordovas, T. H. Urbania, M. T. Alley, and C. B.
Higgins. Bicuspid aortic valve: Four-dimensional MR Evaluation of Ascending Aortic Systolic
Flow Patterns. Radiology, 255: 53-61, 2010 .
[4] S. Katayama, N. Umetani, T. Hisada, and S. Sugiura. Bicuspid aortic valves undergo excessive
strain during opening: a simulation study. The Journal of Thoracic and Cardiovascular Surgery,
145: 1570-1576, 2013.
[5] K. Sughimoto, Y. Takahara, K. Mogi, K. Yamazaki, K. Tsubota, F. Liang, and H. Liu. Blood
flow dynamic improvement with aneurysm repair detected by a patient-specific model of multiple
aortic aneurysms. Heart and Vessels, 29: 404-412, 2014.
[6] F. Y. Liang and H. Liu. A Closed-Loop Lumped Parameter Computational Model for Human
Cardiovascular System. JSME International Journal Series C, 48: 484-493, 2005.
[7] M. Nakamura, S. Wada, T. Mikami, A. Kitabatake, and T. Karino. A Computational Fluid
Mechanical Study on the Effects of Opening and Closing of the Mitral Orifice on a Transmitral
Flow Velocity Profile and an Early Diastolic Intraventricular Flow. JSME International Journal,
Series C, 45: 913-922, 2002.
[8] F. Robicsek, M. J. Thubrikar, W. Cook, and B. Fowler. The congenitally bicuspid aortic valve:
How does it function? Why does it fail?. The Annals of Thoracic Surgery, 77: 177-185, 2004.
[9] E. Faggiano, L. Antiga, G. Puppini, A. Quarteroni, G. B. Luciani, and C. Vergara. Helical flows
and asymmetry of blood jet in dilated ascending aorta with normally functioning bicuspid valve.
Biomechanics and modeling in mechanobiology, 12: 801-813, 2013.

840

4th International Conference on Computational and Mathematical Biomedical Engineering – CMBE2015
29 June - 1 July 2015, France
P. Nithiarasu and E.Budyn (Eds.)

NUMERICAL MODELLING OF BLOOD VELOCITY WAVEFORMS
IN HUMAN COMMON CARTOID ARTERY

Agata  Dróżdż1,2 and Kazimierz Rup2
Faculty  of  Mechanical  Engineering,  Cracow  University  of  Technology,  al.  Jana  Pawła  II  37,  31-864
Kraków,  Poland
2
Jagiellonian  Centre  for  Experimental  Therapeutics,  Jagiellonian  University,  ul.  Bobrzyńskiego  14,  30348  Kraków,  Poland
1

SUMMARY
The purpose of this article is to verify the applicability of the developed algorithm of pulse wave
propagation in the arterial system, particularly in the common carotid artery. The model includes
partial differential equations resulting from the balance of mass and momentum for the fluid-filled
area and the balance equation for the area of the wall and vessels. As a result of the numerical
solution time-dependent velocity profiles were determined and compared with waveforms
measured with ultrasound system.
Key words: blood flow, pulse wave propagation, hemodynamics.
1 INTRODUCTION
Cardiovascular diseases are associated with stiffening of the arteries and forming atherosclerotic
plaques in the vessel wall. These phenomena lead to alterations in blood flow and pulse wave
propagation [1], [2]. Local factors, such as hemodynamic forces, play a major role in the regional
localization of atherosclerosis [3]. Shear stress (SS) is related to plaque growth in atherosclerosis,
lesions form at specific arterial regions, where low and oscillatory endothelial SS occur [4].
The pulse wave has been examined by a variety of modalities and under varied treatments,
conditions and locations along the arterial tree [5]. One of the most crucial part of arterial tree is
carotid section and its stenosis may result in a stroke.
The interaction between the forces acting on fluid and vessel walls often leads to a non-linear
pressure drop, wave-flow phenomena and the complex instabilities in the circulation. An existing
need to possess a knowledge of these phenomena is some kind of a challenge for experimental
research, analytic and numerical calculations [6]–[8].
The aim of this work is to employ an algorithm based on the method of characteristics and develop
a one-dimensional model for velocity and pressure calculation in common carotid artery (CCA),
depending on the parameters defining the geometry and elasticity of its wall. The model allows to
perform an analysis of the performance of a carotid artery.

2 METHODOLOGY
The common carotid artery is assumed to have the shape of a circular cylinder, constant wall
thickness b and fixed length L. The arterial wall undergoes substantial elastic deformations only in
the radial direction. Pressure wave p(s,t) and velocity propagation υ=υ(s,t) occur along the s axis.
The flow is laminar, while blood is assumed to be a Newtonian fluid demonstrating a constant
viscosity and a slight compressibility.
The blood flow in the artery is described by the equations, known in the literature for modeling
water hammer [9], resulting from the analysis of the overall mass and momentum balance
equations for blood and from the equilibrium equations for an elastic blood vessel wall material:
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Where ρ is the blood density, a is the pulse wave propagation and D is the arterial end-diastolic
diameter.
The model includes partial differential equations solved in MATLAB (Mathworks) environment.
These equations are analyzed by the methods of characteristics.
Calculations included real pressure waveforms in the initial segment of carotid artery obtained
from subjects differing in age and disease history, as well as other arterial parameters.
Systolic and diastolic pressures of each subject mere measured. The arterial diameters and intimamedia thickness were determined directly with ultrasound system and 9 MHz linear transducer.
Pulse wave velocity was assessed by mean of tonometric method with piezo-electronic sensor and
ECG  leads.  Young’s  modulus  of  elastic was calculated from the equation [10]:
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Where Δp is the difference between systolic and diastolic pressure and ΔD is the difference between
systolic an end-diastolic artery diameter.
Real velocity waveforms were obtained by means of Doppler ultrasound.

3 RESULTS AND CONCLUSIONS
The paper presents one-dimensional numerical of a blood flow in the human CCA. The parameters
describing wall properties are taken from the in vivo measurements in 3 subjects (table 1).
Pulse waves in CCA collected for each subject with piezo-electronic tonometer (fig. 1-4) were the
input data for the simulation.

Fig 1. CCA pulse wave in subject 1

Fig 3. CCA pulse wave in subject 3
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Fig 2. CCA pulse wave in subject 2

Table 1: Common carotid artery properties
Parameter

Subject 1

Subject 2

Subject 3

Age

28

73

79

CCA
end-diastolic diameter D [mm]

5.8

6.7

7.3

Pulse wave velocity a [m/s]

6.6

11.0

9.1

Wall thickness (intima-media) b [mm]

0.486

0.827

0.885

Circumferential modulus of elasticity Eϑ [Pa]

5.29·105

8.39·105

2.44·106

The blood properties have been adopted from the literature [11]:
dynamic viscosity η = 0.0035 Ns/m2,
density ρ = 1030 kg/m3,
bulk modulus K =  2.15•109 Pa.
The results of numerical calculations are presented in figures 4-9. Figures show time-dependent
local changes in velocity calculated in the sixth heart cycle. The shapes, as well as the maximum
values of velocity, differ in each subject. The shapes of simulated waveforms are similar to those
assessed with Doppler ultrasound. The maximal velocity differs significantly in subject 1, while in
subjects 2 and 3 the difference is within 10-20 percent.

Fig 4. Calculated velocity waveform for Fig 5. Real velocity waveform in subject 1..
subject 1.

Fig 6. Calculated velocity waveform for Fig 7. Real velocity waveform in subject 2.
subject 2.
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Fig 8. Calculated velocity waveform for Fig 9. Real velocity waveform in subject 3.
subject 3.
Presented calculations account for the waveforms in the cross section of the considered arterial
segment. The parameters describing wall properties are taken from the in vivo measurements and
the nature of the flow is influenced by these properties. The model can be used to calculate the
wall deformations and wall shear stress.
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SUMMARY
In vitro organoid cultivation requires simultaneous provision of necessary vascularization and
nutrients perfusion of cells during organoid development. However, the aspects of sufficient
transport function development are still discussed. Functionality of vascular network intergrowth is
limited during early stages of organoid development. Basing on these features, we propose a
structural network model of vascularization for in vitro and in vivo perfusion simulations. The
model can be used for computational assessment of nutrients supply rate after transplantation of
clinically relevant size organoids during in vitro stages of their development.

Key words: organoid cultivation, perfusion systems, computational modeling
1 INTRODUCTION
Adequate vascularization is essential milestone for successful in vitro cultivation of clinically
noticeable tissue samples (organoids). This is the limiting factor in the size of any tissue construct
grown in vitro, as well as the subsequent integration of these constructs in vivo, regardless of the
tissue-speciﬁc  goal.  In vivo most cells are located less than 100–200mm from the nearest capillary.
It allows sufﬁcient oxygen and nutrients supply and metabolites elimination by diffusion [1]. The
underlying mechanisms of the new blood vessels formation and the effect of various factors
involved in the processes are not clear. Insufficient vascularization remains one of the major
challenges in tissue engineering [2]. Over the last two decades researchers have investigated
sophisticated methods for manipulating proangiogenic factors, cells, and scaffold properties in
order to overcome this challenge and promote rapid and extensive scaffold vascularization.
However, optimizing the chemical, mechanical, and geometrical characteristics of scaffolds for
different tissue engineering applications is a complicated and time-consuming task requiring both
experimental and theoretical work.
2 METHODOLOGY
We study the distribution of nutrient intake cells in a collagen gel in a scarce environment. It was
set for 5 days without replacement of culture medium (unfed culture) for normoxia (21% oxygen)
and for hypoxia (5% oxygen) conditions. We use enzymatic glucose-oxidase method for glucose
measurements. Contraction was evaluated using free-floating fibroblast-populated collagen gel that
contract by migratory forces [3,4]. Type I collagen gel has been a major material extracellular
matrix for 3-D culture systems and for investigating cell differentiation and maturation mimicking
in vivo environment [5]. Diffusion based mathematical model is used for perfusion evaluation
under gel contraction and cells growth conditions.
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3 RESULTS AND CONCLUSIONS
Floating collagen gel was produced and equilibrium state achieved on 3-4th day of our experiment
(see figure 1).

Figure 1. Floating collagen gel with green-fluorescent fluorescein dye fibroblasts (х  100).
In vitro vascularization is currently the main issue within   the   ﬁeld   of   tissue   engineering.   As  
perfusion and oxygen transport have direct effects on cell viability and differentiation, researchers
are currently limited only to a tissues of few millimeters in thickness. These limitations are
imposed by   mass   transfer   and   are   deﬁned   by   the   balance   between   the   metabolic   demand   of   the  
cellular components in the system and the size of the scaffold. As a result, reducing the distance for
oxygen diffusion can only be addressed through perfusion and or the development of a functional
vasculature. Current approaches include growth factor delivery, channeled scaffolds, perfusion
bioreactors,   microﬂuidics,   cell   co-cultures, cell functionalization, modular assembly, and in vivo
systems. These approaches may improve cell viability or generate capillary-like structures within a
tissue construct. Thus, there  is  a  fundamental  disconnect  between  deﬁning  the  metabolic  needs  of  a  
tissue through quantitative measurements of oxygen and nutrient diffusion and the potential ease of
integration into host vasculature for future in vivo implantation [6].
In this work we propose a model of growing organoid perfusion based on joint simulations of
nutrients diffusion in solution supplied by pumping device, nutrient diffusion to the hydrogel
matrix through the contact surfaces and microchannels walls, nutrient consumption by the cells of
expanding organoid, including biomatrix contraction during tissue development, which is
associated with changed consumption rate of growing organoid cells. Our model allows computing
effective microchannel network design giving minimally required level of nutrients concentration
in all parts of growing organoid. It is suitable for preliminary planning of microchannel network
design and simulations of nutrients supply rate depending on the stage of organoid development.
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SUMMARY
The goal of this study is to examine the influence of left ventricular assist device (LVAD) on the
electromechanical delay (EMD). Our hypothesis is that LVAD can shorten EMD by reducing
mechanical load. Using computational method, we simulated fourteen canine ventricle models in
combination with LVAD model as well as calcium concentration variation in seven level. The
results showed that LVAD shortened EMD in the low concentration of calcium model which
considered as heart failure (HF). We conclude that LVAD can support failed ventricle to reduce
EMD in severe HF condition.
Key words: electromechanical delay, ventricular assist device, computational simulation
1 INTRODUCTION
Heart failure (HF) is a chronic and progressive condition in which the heart muscle is unable
to   pump   the   appropriate   amount   of   blood   to   fulfill   the   body’s   needs   for   blood   and   oxygen.
Basically the heart could not keep up with the workload [1]. According to Heart disease and stroke
statistical research, HF is a major cause of morbidity and fatality, contributing hugely to health
expense around the world [2].
Time interval between the heart depolarization (electrical activation) and onset myo-fiber
shortening in the cycle of heart rhythm known as electromechanical delay (EMD) [3]. The normal
EMD typically last for 10ms, long EMD means low synchrony of cardiac electromechanical
activation and decreases the ventricular pumping efficacy [4]. A computer simulation study of
electromechanical model on normal and failing canine heart by Constantino et al. showed that
EMD is prolonged in HF [4]. Another simulation study by Gurev et al. stated that EMD is not only
governed by the period between membrane depolarization and myofilament activation, but also the
mechanical load [5]. Experimental study of Russell et al. in dog and human heart showed that high
mechanical load also contribute to prolonged EMD [6].
The goal of this study is to examine the influence of left ventricular assist device (LVAD) to
the electromechanical delay (EMD). LVAD used to support the cardiac muscle function and blood
flow in people who have weakened hearts [7]. LVAD reduces mechanical load of the ventricle and
improve the cardiac output. We also studied the calcium concentration contribution to the
simulation. The reason why we include calcium to the EMD is that according to Constantino et al.,
[3] there are four major aspects that contribute to prolong the EMD in HF condition. The four
factors are geometry of the structure (both shape and fiber structure), electrical conduction,
disarranged Ca2+ handling, and stiffness of the tissue. Among those four factors, they proved that
disarranged Ca2+ handling is the primary culprit that makes the most contribution to prolonged
EMD while the other three are also contribute but insignificantly.
Considering these facts, we hypothesized that left-VAD (LVAD) can shortens EMD by
reducing mechanical afterload of the ventricle in low concentration of calcium which considered as
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severe HF. Previous study [4] which aimed to shorten EMD focused on the electrical activation part
but in this study we try to reduce the EMD on the mechanical load part. To our best knowledge,
there is no study which quantify the effect of LVAD on EMD. It is necessary to conduct this study
that could leads to a novel way in order to shorten EMD. However, to measure the LVAD effect in
Three-dimensional (3D) EMD distribution cannot be obtained experimentally so far due to the
limitation of measurement devices. We used computational method involving mathematical model
of cardiovascular, calcium concentration and LVAD in order to observe EMD.
2 METHODOLOGY
The electromechanical model is composed by two components which are the electrical
component and the mechanical component. Both components then coupled via intracellular
calcium transient using weak coupling scheme in order to reduce computational load. The
mathematical model of the electrical component part was based on bidomain representative of the
ventricular tissue. The initiation pacing region adopted Durrer et al. which was in endocardium of
left ventricle [8]. The electrical model was established only for obtaining the electrical activation
time (EAT) which specifically used as the trigger to the mechanics model. The ventricular
mechanics model was based on continuum mechanics equation. It has 365 nonlinear elements. We
adopted the myofilament dynamics model from Rice et al. [9] that geometrically shaped as canine
heart. The mechanical simulation was sustained up to 42 seconds with basic cycle length (BCL) of
600ms. Only the last rhythmic cycle taken which was from 41.4 to 42 seconds for measuring the
EMD. To construct an integrated model of an LVAD implanted in the cardiovascular system, we
combine the 3D image based electromechanical model of failing canine ventricles [10] with a
lumped model of the circulatory system and LVAD function [11].
We used geometry of the canine ventricle based on MRI to simulate severe HF, moderate HF,
and normal heart. The simulation conducted was involved 14 canine ventricle models. These
models categorized into 2 groups. Seven models that incorporated with LVAD were categorized
into first group. The second group was the 7 models which were not incorporated with LVAD. We
use 7 models in each categories to observe the effect of various calcium concentration levels.
To simulate the HF condition, we excluded any other failing conditions such as geometry
dilatation, wall thickness, and electrical conduction alteration except calcium concentration
alteration. Here, we set the variation of calcium transient concentration (CaT) categorized into 7
level. This CaT was based on the equation no. 55 from Rice et al. in 2008 [8]. We set the scale for
CaT1 = 0.4µmol, CaT2 = 0.6µmol, CaT3 = 0.8µmol, CaT4 = 1µmol, CaT5 = 1.2µmol, CaT6 =
1.4µmol, and CaT7 = 1.6µmol. CaT1, CaT2, and CaT3 have low concentration of calcium which
represented severe HF. CaT4 and CaT5 have medium calcium concentration which represented
moderate HF. CaT6 and CaT7 both represented non failing or normal condition. Fig. 1 shows the
calcium concentration level during one cycle to be incorporated in this study.

Fig. 1 Calcium concentration variation level.
We determined EMD as the time interval of the local electrical activation time and the local
onset of myofiber shortening. The local electrical activation time defined as the transmembrane
voltage exceeded 0mV, and the local myofiber shortening defined as the highest peak value of the
ATP activation of the ventricle models. The electrical activation and the mechanical activation both
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were compared between the group with LVAD and the group without LVAD, and to each calcium
transient percentage categories as well. In order to compare numerically, we computed the total
electrical and mechanical activation time then integrate it into a value. After that, we set a scale for
comparing the percentage in between the groups through the calcium concentration variation.
3 RESULTS AND CONCLUSIONS
3.1 Observation
Our simulation showed that as the calcium concentration level decreased, the MAT and EMD
was increased. The gradient of EAT, MAT and EMD shown in Fig. 2. The models that categorized
as severe HF, the models with LVAD have shorter MAT and EMD compared to the control. In
CaT1 condition, MAT and EMD of the model that incorporated with LVAD was 88% shorter than
control. In CaT2 and CaT3 conditions, the MAT and EMD of the model that incorporated with
LVAD showed the same interval value which is 32% shorter compared to the control. In the
category of moderate HF, the models with LVAD have longer MAT and EMD compared to the
control. In CaT4 and CaT5 conditions, the MAT and EMD of the model that incorporated with
LVAD were 39% and 58% longer than the control respectively. When we applied CaT6 and CaT7
condition in normal heart, MAT and EMD of the model that incorporated with LVAD were longer
than control (47% for CaT6 and 36% for CaT7).

Fig. 2 Gradient of EAT, MAT, and EMD

3.2 Discussion
This study shows that in case of lack of calcium concentration that considered as severe HF,
EMD could be shortened using LVAD by mechanical unloading up to 88% compared to the control
model. However, on the other case which categorized as moderate HF and normal heart, LVAD
slightly prolonged the EMD. The mechanism analysis on this case is that using LVAD in normal
heart, which is unnecessary, could prolonged the MAT hence EMD. This might be due to the blood
flow did not directly transported into the aorta, instead the blood distributed partially to the LVAD
first thus a delay occurred mechanically.
3.3 Conclusion
Our results are consistent with our hypothesis that LVAD can shorten EMD by reducing
mechanical afterload of the ventricle in severe HF. This finding provides a novel solution to the
treatment of the patient that has long EMD. LVAD will not only shorten the MAT and EMD, but it
will also improve cardiac output. Finally, prolonged EMD caused by severe HF especially that has
low concentration of calcium could possibly be treated by LVAD.
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SUMMARY

Wearable system has been intensively studied and applied on different areas, such as healthcare,
sports monitoring, etc. In addition, an accurate wearable healthcare system (WHS) is needed to
meet the rapidly increasing demands for patients’ electrocardiogram (ECG) monitoring. However,
the standard ECG signal monitoring for patients is still challenging in the existing systems. On one
hand, sample rate, channel numbers, resolution and power consumption have strict requirement in
this application; on the other hand, the standard ECG electrodes placement also increases the
difficulty in patient’s ECG monitoring at home by wearable device. In this paper, different analog
front ends (AFE) for ECG signal detection have been studied and compared, and a standard, low
power, real-time WHS with 8 channels, 1000Hz sample rate and 16-bits resolution is proposed.
Meanwhile, a Flexible and Breathable plastic based substrates (FBPS) is designed to help patients
finding the correct ECG electrodes position at home.
Key words: Wearable healthcare system (WHS); Flexible and Breathable Plastic based Substrates
(FBPS); standard ECG monitoring; real-time display.
1

INTRODUCTION

According to Allied Business Intelligence (ABI) Research, the wearable computing device market
will grow to 485 million annual device shipments by 2018. With the rapid growth in electronic
healthcare (E-Healthcare), wearable healthcare system (WHS) has become one of the most popular
research areas all over the world. Many researches on WHS with different applications have been
studied, such as sleep monitoring [1], Electrocardiogram (ECG) and Electromyography (EMG)
analysis for bicycle [2], etc. In these applications, ECG signal has become one of the most
significant factors to monitor and analyze physical condition. Considering the high necessity for
precision and effectiveness while dealing with the emergency of patients, the accuracy of these
applications need to be improved not only in clinical diagnosis, but also in daily healthcare
monitoring. Among numerous factors that may affect the accuracy of ECG signal, the channel
numbers, data sample rate and resolution are mostly decisive. However, the previous studies in
WHS are lack of consideration in accuracy and user-friendly feature for patients monitoring at
home.
In order to collect the ECG signal from patients, an analog front end (AFE), which includes
amplifiers and analog-to-digital converters (ADC), plays a significant role. Regarding the ECG
signal monitoring, AFE’s parameters have an important influence on the performance of wearable
healthcare device. Therefore one of the challenges in this research is to build an ECG monitoring
system with standard sample rate, resolution and channel numbers for heart disease monitoring.
Some of recent researches use less sample rate and less channels on different fields, such as
256.4Hz sample rate, single-lead for biking analysis [2] and 300Hz sample rate, single-lead for
respiration rate detection [3]. However, according to the standard of ECG measurement, the sample
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rate should be at least 500Hz and the leads number should be 12 for heart disease patients ECG
monitoring, so none of these devices can fulfill the requirement [4] [5].
Another noteworthy problem is that if the channel numbers increase, the professional expertise for
correct electrodes placement over thorax would be foremost factor that impact the accuracy of ECG
signal. However, this has been considered by only few of wearable systems. According to Kirti
Khunti’s research in 2014, only 50% of nurses and less than 20% of cardiologists can place the
electrodes correctly [6]. In order to fulfill the standard ECG monitoring, we propose a feasible
substrate, which can help patients find the correct ECG electrodes placement. However, regarding
the user-friendly character for wearable device, the property of substrate material must be
concerned carefully and patients’ sweating problem is also a challenge for long-term ECG
monitoring.

Fig. 1. Standard 12-lead ECG electrodes placement

The goal of this research is to implement a standard and user-friendly WHS with low power
consumption. The first task is to compare different types of AFEs in different aspects and select a
most suitable AFE for our WHS. Secondly, a flexible and breathable plastic based substrate (FBPS)
is firstly proposed to help patients find the standard ECG electrodes placement. Then an early
version of WHS is implemented including ECG signal measurement, data transmission and remote
real-time server for the WHS improving and substrate integrating in the future.
2

METHODOLOGY

A. Analog Front End (AFE)

AFE can determine the quality of detected ECG signal, which plays a crucial role in the later signal
processing stages, for example, PQRST complex detection as well as more advanced feature
extraction. So different types of AFEs should be studied and compared to select an appropriate one
to fulfill our wearable device. This study compares five different types of AFEs based on sample
rate, channel numbers, resolution and power consumption as shown in Table 1.
Type

Maximum Sample rate
per second (KS/s)

Channel
Numbers

Resolution
(Bits)

Power consumption
(mW/Channel)

ADS1298

8

8

24

0.75

ADS1196

8

6

16

0.55

ADS1198

8

8

16

0.55

ADAS1000-4

128

3

19

1.66

HM301D

125

3

16

3.6

Table. 1 Different types of AFEs

Regarding the sample rate, the first three AFEs have only 8K samples per second (KS/s) while
ADAS1000 and HM301D can reach to 125 KS/s. In Timo Bragee’s research in 2012, the minimum
sample rate of ECG signal detection should be 500S/s in order to estimate R-wave occurrence time
[5]. Therefore all of these AFEs are qualified. Moreover, the sample rate of these AFEs are
changeable, for example, ADS1198 provides six different sample rates selections from 125 S/s to 8
KS/s, which can be used in more different applications such as heart rate (HR) detection, QRS
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detections with 500 S/s [5], etc. Regarding the channel numbers, the 8-channels (12 leads) ECG is
considered to be the non-invasive gold standard [4]. Therefore only ADS1198 and ADS1298 meet
this standard. And to fulfill the requirement of a standard 12-lead medical ECG detection, three
more integrated amplifiers are used to generate the Wilson Center Terminal (WCT) and the
Goldberger terminals in ADS1198 and ADS1298. Regarding the resolution, the research of
S.Narayanaswamy in High resolution Electrocardiography [6] proves that 12-bit is the minimum
resolution for ECG signal detection and all five AFEs fulfill this requirement. Regarding the power
consumption, to achieve higher resolution, the system needs to pay the price of higher power
consumption on both AFE and transmission module. In the Table 1, ADS1196 and ADS1198
consume less power per channel. Overall, ADS1198 has better performance than the other four
AFEs with low-power, multichannel, high sample rate, 16-bit resolution with integrated PGAs.
B. Flexible and Breathable Plastic based Substrate (FBPS) design

The selection of AFE has solved the problem of high-resolution ECG signal, but the traditional
PCBs and cables are not user-friendly and it is difficult for users to operate at home. Moreover, the
electrodes need to be replaced frequently, at least once a day, so the possibilities of deviation for
ECG electrodes placement may be increased, especially for those users who do the real-time ECG
measurement at home. Based on Anthropometry, the correctness of electrodes placement should be
considered seriously. The precordial electrodes require careful positioning guided by palpation of
the bony structures of the chest as Fig. 1 [4]. The users can get advice of correct placement at
hospital, but the deviation caused by repeat operation at home cannot be ignored. Therefore, a
necessary solution should be proposed to help users find the correct electrode placements.
In this paper, a plastic material is first proposed as substrate of WHS because of its flexibility, nontoxic and chemical resistance. Fig. 2 (a) illustrates 3D of substrate with six electrodes, buttons and
wires, which is corresponding to the placement from V1 to V6 in Fig. 1. In order to connect buttons
and ECG electrodes, six 0.5-centimeter diameter holes are designed on the substrate, which are
placed between buttons and electrodes, so the relative place of electrodes can be fixed by this
substrate. This substrate is composed of low-density polyethylene (LDPE), which is always used in
food packaging, because of its high chemical resistance and non-toxic at room temperature [8].
Meanwhile, the lightweight, flexibility and softness properties of LDPE make the ECG monitoring
system user-friendly on both comfort and wearable property. Regarding body structure in the
substrate design, the chest on both genders is a convex in physical, so a solution is provided to
design the shape of subtract to match human physical structure as shown in Fig. 2. Meanwhile, in
order to implement a long-term ECG monitoring wearable device, patients’ sweating problem must
be considered seriously. Moreover, the heat generated by battery and circuit on printed circuit
board (PCB) can also cause the patients’ discomfort. Fig. 2 (b) illustrates the flexible and
breathable plastic based substrate, 21 holes with one-millimeter diameter on the plastic substrate
are designed to make it breathable and 8 more holes with two-millimeter diameter are around PCB,
which can enhance the cooling capacity of the PCB. This FBPS cannot only help patients find the
correct placement at home, but also provide a comfortable and user-friendly wearable healthcare
device.

(a) Flexible Plastic based Substrate

(b) Flexible and Breathable Plastic based Substrate
Fig. 2. 3D drawing of Substrate

C. Implementation of ECG Monitoring System

In order to realize and improve the wearable healthcare system, an ECG monitoring device is
implement, which includes of ADS1198, transmission module, printed circuit board (PCB) and
FBCS. Different transmission methods are also studied during the system implementation. In this
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paper, wifi module is used because of its higher transmission rate than Bluetooth, lower cost and
power consumption than 3G modules. Meanwhile, a real-time server is built in computer to receive
and display the ECG data. Fig. 3 illustrates the process of ECG signal transmission from users to
server. Firstly, the ECG signal be collected and stored by WHS on patients. Secondly the WHS
transfers the data to communication base station (CBS) by wifi. Then a remote server receives the
data from CBS and displays the real-time ECG signal on a graphical user interface
(GUI).

Fig. 3 WHS transmission process

3

Fig. 4 WHS attached on users
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RESULTS AND CONCLUSIONS

At last, the first version of a wearable ECG monitoring device has been implemented including
PCB design and software integration. Moreover, the real-time remote server is also designed to
display the ECG signal and test the device. Fig. 4 shows the first version of WHS attached on users
and the basic functions have been achieved, which includes 1KS/s sample rate, 16 bits resolution, 8
channels and wifi module.
In this study, the accuracy of wearable ECG monitoring system is concerned and optimized from
different aspects such as sample rate, resolution and channel numbers. Moreover, a flexible and
breathable plastic based substrate is firstly proposed to make the WHS user-friendly and accurate.
In the future, the WHS should be improved from different aspects. For example, more materials
could be studied and used as the substrate to build a user-friendlier WHS.
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SUMMARY
A stress-concentration methodology investigating the suture line response of end-to-side vascular
anastomosis is proposed. By applying the stress concentration factors results obtained from the
analysis of pipe connections to the problem at hand, closed-form expressions for the suture line
response are derived. Results suggest that lower values of the graft radius, the distance between
sequential stitches, and the intersecting angle decrease the response values. The method compares
favorably with finite element results available in the literature. The derived results can improve the
end-to-side anastomosis technique through the optimal selection of the intersecting angle, graft
radius, and continuous suturing parameters.
Key words: stress concentration, suture force, post-surgery complications
1 INTRODUCTION
Several studies have investigated the topic of end-to-side vascular anastomoses, aiming to assess
potential post-surgery complications. The drawback of many studies is that they limit their research
to a low number of investigated models (due to the fact that they utilize numerical methods) or they
do not address sufficiently the response of the individual sutures [1–3]. This study proposes a
general mathematical end-to-side anastomosis model, aiming to provide solutions for models with
different geometrical characteristics of the artery and the graft, or different geometrical and
mechanical characteristics of the continuous suturing. Three possible failure modes are considered,
namely suture failure, blood-vessel tearing, and suture line blood leaking.
2 METHODOLOGY
From the mechanics point of view, an end-to-side anastomosis technique can be parallelized with a
K- or Y-joint of a circular hollow pipe section. The proposed method is based on the stress
concentration factors (SCF) results for the junction line of K- and Y-joints, obtained from the
analysis of pipe connections (field of offshore structural engineering).
Figure 1 shows the end-to-side vascular anastomosis model considered in this study, along with the
continuous stitching detail. The host artery has outer radius R and wall thickness T, while the vein
or artificial graft that is connected to the artery side has outer radius r and wall thickness t. By is
denoted the intersecting angle of the graft with respect to the artery, attaining values in the range
0
90 . The mathematical model adopts the following assumptions: (a) the artery and the
graft are thin-walled structures; (b) the thicknesses of the blood-vessels wall are constant along the
centerline; (c) the artery and the graft consist of a single homogeneous layer; (d) the graft has
comparable elastic modulus to that of the artery; and (e) viscous effects are ignored.
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Figure 1: (a) Model of distal end-to-side anastomosis (CT: Crown Toe; S: Saddle; CH: Crown
Heel), (b) Detail of continuous stitching technique.
The tensile force R acting along the direction of the graft depends on the flow rate at the distal
anastomosis and the induced blood pressure [4]. For the case of large- and medium-size arteries,
R can be approximated by
R

(1)

Ap

in which A denotes the cross section of the graft lumen and p denotes the blood pressure of the
host-artery, adjacent to the distal anastomosis. Based on the stress concentration methodology, the
local stress acting at any point of the artery-graft intersection area is calculated from the axial stress
along the graft and the SCF. The axial tensile stress along the graft is given by
R
2 rm t

(2)

where rm is the mean radius of the graft. Thus, the local stresses at the stitching zone of the artery
and graft side are expressed respectively as
a

SCFa

(3)

g

SCFg

(4)

in which SCFa and SCFg are the stress concentration factors corresponding to the artery and the
graft side, respectively.
The SCFs are obtained from parametric investigations, available in the literature. The parametric
investigations were derived based on a large number of experiments and finite element analyses,
for different values of the geometric parameters
t /T .
r / R,
R/ ,
Perhaps the most representative SCF prediction studies in the literature are those by the American
Petroleum Institute [5] and American Welding Society [6]. In these studies, the SCFs for the artery
and the graft are given respectively by
SCFa(1)

(5)

2.16 sin

SCFg(1) 1.375 0.375

/ SCFa(1)

(6)

Another representative study is the work of Shao et al. [7]. They proposed a SCF solution for all
angles of the intersection plane
[0, 2 ] , measured from the crown heel (CH). Their parametric
SCF equations for the artery and the graft are expressed respectively as
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SCFa(2)
SCFg(2)

C0

C0

C1 cos

C1 cos

C2 cos(2 ),

0

(7)

2

C2 cos(2 ) C3 cos(3 ) C4 cos(4 ),

0

2

(8)

The complete forms of the Ci coefficients are available in the original paper of Shao et al. Note
that, we usually set equal to , where the peak SCF value frequently exists.
2.1 Suture line response
The local stresses directly affect the suture line response. Herein, we consider three possible failure
modes (post-surgery complications) caused by the interaction of the suture with the blood vessels.
In particular, the suture may fail or the suture knot may slip or relax if the suture tensile force f s
exceeds the suture/knot tensile strength; the wall may rupture and injury (promoting the
development of intimal hyperplasia) may be caused if the embedding stresses s , at the stitching
holes, exceed the limit value of wall shear strength; and blood leakage may occur due to large gaps
between the edges of the two blood vessels.
In the case of end-to-side anastomoses, the continuous (running) technique with diagonal 45° angle
(Figure 1(b)) is frequently applied. The proposed continuous stitching model has suture diameter
d s , distance between two sequential stitches s, stitch length ls , and Young's modulus of the suture
Es . Due to the maximum local stress at the artery or graft side, a uniform tensile force along the
suture length is induced. The suture tensile force is obtained as
f scont

sT
1.7
a

max

f s0 ,

g

st

1.7

f s0

(9)

where f s0 is the pre-tension of the suture caused while the suture knot is tied by the surgeon. The
suture-wall contact interaction at the stitching holes results in the development of embedding
stresses. The maximum embedding stress is given by
cont
s

1.7 f s0
sT 1.7 f s0
g st
,
d s min T , t
d s min T , t
a

max

(10)

Note that, on dividing with the artery thickness T we obtain the peak embedding stress at the artery
side, whereas by dividing with the graft thickness t we obtain the peak embedding stress at the graft
side. Moreover, by applying Hooke's law, the gap created between the two blood vessels is
expressed as
4ls
max
d s2 Es

lscont

sT
1.7
a

0

f s0 ,

g

st

1.7

f s0 , for max
, for max

sT
g st
,
1.7
1.7
a

g st
a sT
,
1.7
1.7

f s0

(11)
f s0

The two condition inequalities of equation (11) denote that a gap will be formed only if the suture
tensile force caused by the blood pressure exceeds the pre-tension value.
3 RESULTS AND CONCLUSIONS
The proposed methodology is compared against the finite element study of Perktold et al. [3]. In
their work they modeled different end-to-side anastomoses (conventional, Taylor-patch, and Millercuff techniques). In addition, they modeled the continuous stitching detail at the junction. The
blood vessels and suturing parameters used in the study of Perktold et al. are listed in Table 1. For
the conventional anastomosis, the normalized maximum and minimum principal stress
concentration ( a , g / ave
T / 2) ) were calculated as 4.7 and 0.7, respectively. By
a , g 2T / p1 ( R
862

using the SCF of Shao et al., we obtained a good approximation of the principal stress
concentration for the artery side, equal to 4.55. In addition, we calculated the suture tensile force,
by utilizing the maximum SCF of Shao et al., as 0.034 N (equation (9)). This value does not
compare well with the solution calculated by Perktold et al. since their model has asymmetrical
geometry and they modeled the stitching of the saddle region only. Aiming to obtain a better
approximation against their work, we used the SCF (of Shao) for the saddle and calculated a
hypothetical value for the tensile force. The hypothetical tensile force resulted in 0.005 N, making
our calculated values (0.005-0.034 N) comparable to corresponding values obtained in the work of
Perktold et al. (0.008-0.017 N).
Table 1: Parameters of the model of Perktold et al. [3]
Parameter
Value
Blood vesssels
p (kPa)
13.3
(degrees)
25
R (mm)
2.15-2.25
r (mm)
2.075-2.175
T (mm)
t (mm)

0.5
0.35

Parameter
Value
Continuous suturing
d s (mm)
0.093
1
s (mm)
ls (mm)
1
Es (GPa)
1.44
0
f s (N)
0

In conclusion, the present study proposes a methodology for the calculation of the suture line
response of the end-to-side anastomosis technique, aiming at the prevention of post-surgery
complications. The SCFs investigation revealed that lower values of the graft-to-artery radii ratio
(r/R), the graft-to-artery thicknesses ratio (t/T), and the ratio of the artery radius to the artery
thickness (R/T), frequently decrease the SCFs. Furthermore, results suggests that the risk of postsurgery complications is reduced for low values of anastomosis angle
(equations (5)-(8)),
increased suture diameter (equation (10)), decreased distance between sequential stitches
(equations (9)-(11)), graft radius smaller than the artery radius, and low suture pre-tension values
(equations (9) and (10)). The derived closed-form expressions compare well with studies available
in the literature. We believe that the proposed methodology can become a valuable tool for the
selection of the optimum suturing details, intersecting angle, and graft radius.
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SUMMARY
Arterial stenosis is a common result of cardiovascular disease and carries a high risk of mortality. This
pathology is defined as a narrowing of the arterial lumen, which is commonly due to the formation of
plaques on the arterial wall. Stenoses are modelled in this research as discontinuities in the area of the
artery. When arterial pressure waves encounter such discontinuities, reflected and transmitted waves
are generated. In this research we are interested in the resulting pressure at the entry of a stenosis
after the passing of an arterial pressure wave.
Key words: biological fluid mechanics, cardiovascular system, wave theory, mathematical modelling

1

INTRODUCTION

Arterial stenosis is one of the most dangerous and mortal cardiovascular disease [1]. This pathology is
defined as the narrowing of the arterial inner radius. Commonly, atherosclerosis is responsible for the
formation of stenoses in our arteries. Atherosclerosis is the pathology where plaques of cholesterol
and lipids block the arterial blood circulation by forming such stenoses. Many studies have shown
how these plaques modify the blood flow in the artery [2,3], while others included the fluid-solid
interaction [4,5] of the blood flow with the plaque cap to predict potential rupture that could lead to
thrombosis and the occlusion of smaller downstream branches.
This research aims to understand the effect of a stenosis on arterial pressure waves. The results of
the research could lead to detection of a stenosis and also information about its severity by simply
measuring the pressure waveform at a nearby location. This could be particularly important both in
the cerebral and the coronary circulation where invasive measurements are either impossible or very
dangerous. When an arterial pressure wave encounters a stenosis in an artery, a reflected wave will
travel back upstream in the artery and a transmitted wave will propagate within the stenosis. This
transmitted wave will be trapped in the stenosis and multiple reflections and transmissions will occur
at the extremities of the stenosis.
A simplified 1-D model of this phenomenon is developed, in which the stenosis is modelled by a step
change in arterial radius and the pressure waveform is approximated as a Heaviside function. This
model is appropriate only if the stenosis involves a sudden change in radius and is also isolated from
other reflection points. The model was extended to consider the effect of non isolated stenoses such as
stenoses followed by a bifurcation, stenoses in series and also graduated stenoses. We also considered
realistic pressure waveforms by treating them as the sum of successive Heaviside functions. The
results predict the changes in the pressure waveform, showing that these changes are very small
unless the stenosis is severe.
2

METHODOLOGY

Model and notation
In this research we are studying the propagation of pressure waves in arteries. We consider the blood
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flow to be incompressible. Moreover, we are neglecting viscous effects, gravity and other force
densities. Using these assumptions, we get from the Navier-Stokes equation:
⇢(

@2U
@U
+U
)=
@t2
@x

@P
@x

(1)

where U is the the velocity of the blood flow, ⇢ the blood density and P the blood pressure.
By applying the mass conservation equation on a differentiable element we get the following equation:
@A
=
@t

@AU
@x

(2)

where A is the local area of the blood vessel.
From the tube law assumption A(x, t) = A(P (x, t), t) we can express the area as a function of
pressure and time. We can rewrite the mass conservation equation in the same pressure and velocity
variables used in equation (1):
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From equation (1) and equation (3) we obtain the following matrix system:
!
!
✓ ◆
✓ ◆
U Ax
U AAp
@ P
@ P
Ap
+ 1
=
U @x U
@t U
0
⇢

(4)

By solving the eigenvalues of this matrix system we introduce two important characteristics of the
problem: c the speed of propagation of the waves through the arteries, and D the distensibility of the
artery.
s
r
A
1
c=
=
(5)
⇢Ap
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From basic 1D wave theory, we know that when a wave encounters a discontinuity, it is reflected and
transmitted on both sides of the discontinuity. In this research, we are studying the effect of stenoses
on arterial pressure waves. Thus, the discontinuities we are studying are local change in the area of
the blood vessel.

Figure 1: Effect of a discontinuity in the area of a blood vessel on the incoming presure wave Pi
In order to express the reflected and transmitted wave from the incident wave, we use the reflection
and transmission coefficients defined as:
r=

kPr k
kPr k
and t =
kPi k
kPi k

(6)

with Pi the incident pressure wave, Pr the reflected pressure wave and Pt the transmitted pressure
wave.
Analytical study of an isolated stenosis
An isolated stenosis is modelled as an infinite tube with two discontinuities in its area (cf. Figure
2). TA is the time of propagation from A to the entry of the stenosis, TS is the time of propagation
through the stenosis and the reflection coefficient of the stenosis.
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Figure 2: 2D axisymmetric model of an isolated stenosis
We first model the incoming pressure by a Heaviside function H(t). From an induction proof, we are
able to derive the analytical formula of the pressure at point A, near the entry of the isolated stenosis.
8t 2 R⇤+ PA (t) = H(t) + H(t

2TA ) + (1

2

)

1
X

(

)2k

1

H(t

(2TA + 2kTS ))

(7)

k=1

Figure 3: PA (t) for a Heaviside incoming wave
However, a Heaviside incident wave is not a realistic pressure wave. In order to study the effect of
isolated stenoses on more realistic pressure waves, we can approximate the waves by a finite sequence
of Heaviside functions. We use a half-sinusoidal wave as an example.
Computational study of non isolated stenoses
Non isolated stenoses are stenoses nearby other reflection points such as bifurcations of the artery
or stenoses in series. The previous analytical method cannot be used for non isolated stenoses. In
this part, we are introducing an algorithm that allows us to know the amplitude of all the returning
waves with their time of return. A wave is characterized by the list of reflection and transmission
coefficients of all the reflections and transmissions the wave went through before returning at the
entry of the system. The algorithm we introduce is able to return all the lists of transmission and
reflection coefficients of all the returning waves. From these lists, we are able to know the pressure
versus time at the entry of the system when the incoming wave is modelled by a Heaviside function.

Figure 4: First lists of coefficients stored in matrices returned by the algorithm
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3

RESULTS AND CONCLUSIONS

From the analytical study of the isolated stenosis we are able to get the response of the system when
the incident wave is a Heaviside function. Moreover, by using an approximation with finite sequences
of Heaviside functions we are able to know the effect of an isolated stenosis on more realistic pressure
waves such as a half-sinusoidal wave.

Figure 5: Pressure at the entry of a 10mm stenosis after the passing of a half-sinusoidal pressure wave
For the half-sinusoidal response the more the reflection coefficient of the stenosis is important, the
more the amplitude of the reflected wave is important. Moreover, the amplitude of the reflected wave
depends also on the length of the stenosis. We show that the more the stenosis is long, the more its
effect on arterial pressure waves is important.
The computational study of non isolated stenoses gives us the response of the system only for a
Heaviside incident wave. In future work, the response for the half-sinusoidal incident wave will be
studied with this computational method.
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